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Heavy-ion fusion and scattering with Skyrme

energy density functional
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In our recent studies, an empirical barrier distribution was proposed for a unified description of the
fusion cross sections of light and medium-heavy fusion systems, the capture cross sections of the re-
actions leading to superheavy nuclei, and the large-angle quasi-elastic scattering cross sections based
on the Skyrme energy-density functional approach. In this paper, we first give a brief review of these
results. Then, by examining the barrier distributions in detail, we find that the fusion cross sections
depend more strongly on the shape of the left side of the barrier distribution while the quasi-elastic
scattering cross sections depend more strongly on the right side. Furthermore, by combining these
studies and the HIVAP calculations for the survival probability, the formation probability of the com-
pound nucleus is deduced from the measured evaporation residue cross sections for “cold” and “hot”
fusion reactions.
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In our recently published papers[1−5], we proposed
an approach for a unified description of the fu-
sion cross sections of light and medium-heavy fu-
sion systems, the capture cross sections of the reac-
tions leading to superheavy nuclei, and the large-
angle quasi-elastic scattering cross sections based
on the Skyrme energy-density functional approach.
In this paper, we first give a brief review of this ap-
proach. Then, the influence of the shape of the bar-
rier distribution on fusion cross sections and quasi-
elastic scattering cross sections is studied carefully.
Finally, we attempt to deduce the formation prob-

ability of compound nucleus from the measured
evaporation residue cross sections of superheavy
nuclei combining the proposed approach.

It is known that theoretical support for the time-
consuming experiments to produce superheavy
nuclei is vital in choosing the optimum target-
projectile-energy combinations, and for the estima-
tion of cross sections of evaporation residues. In
the practical calculation of the evaporation residue
cross section, the reaction process leading to the
synthesis of superheavy nuclei is divided into two
or three steps[6−9]. The simplified version of the
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evaporation residue cross section is given by

σER(Ec.m.) = σcap(Ec.m.)PCN(Ec.m.)Wsur(Ec.m.).
(1)

Here, σcap, PCN and Wsur are the capture cross sec-
tion for the transition of the colliding nuclei over
the entrance channel Coulomb barrier, the prob-
ability of the compound nucleus formation after
the capture and the survival probability of the ex-
cited compound nucleus, respectively. There are
several unsolved questions in each component of
the right side of eq. (1) which leave a certain mar-
gin of uncertainty in the estimates of the evapo-
ration residue cross section[10]. In addition, there
could be several parameters in the practical mod-
els which are hardly unambiguously determined by
a very limited number of measured evaporation
residue cross sections of superheavy nuclei. For
example, the calculated formation probability PCN

of the compound nuclei for reaction 58Fe+208Pb in
ref. [7] is of about two orders of magnitude larger
than that obtained in ref. [8], both of the models
can, however, reproduce the measured evaporation
residue cross sections satisfactorily. Therefore, it
is very necessary to test and determine the inter-
action and parameters adopted in each component
of eq. (1) individually.

To study the three components in eq. (1) indi-
vidually, we first investigate the influence of the
fission and quasi-fission on the fusion-fission re-
actions. It is generally thought that for systems
with the compound-nuclear charge number ZCN

smaller than about 60, the fission barrier is high
enough to make fission an improbable decay mode
at incident energies close to the fusion barrier[11].
Thus for these reactions, σER � σfus � σcap holds
at near-barrier energies. To see it more clearly, we
present a schematic figure (Figure 1). The horizon-
tal and vertical axes denote the compound-nuclear
charge number ZCN and the mass asymmetry of
the reaction system η = (A2 − A1)/(A2 + A1),
respectively. Here, A1 and A2 are the projectile
and target masses. The fusion reactions in region
I have PCN � Wsur � 1 as discussed before. There
are quite a large number of experimental data of
evaporation residue cross sections for the reactions
in region I accumulated in recent decades, which

makes it possible to establish a reliable model for
systematic description of the capture process with-
out the influence of fission and quasi-fission. For
heavier compound systems the fission increases
rapidly with the Z 2

CN/ACN and the angular mo-
mentum. For sufficiently asymmetric systems with
ZCN well below 100 (systems in region II of Fig-
ure 1), and at energies close to the fusion barrier,
it is generally recognized that σfus = σER + σFF.
Here the σfus, σER and σFF are the cross sections
for fusion, evaporation residue and fission, respec-
tively. For systems in region II, it is thought that
the quasi-fission barrier is high enough and thus
PCN � 1. The available experimental data of the
evaporation residue cross sections for reactions in
region II are less than those in region I, but they
seem to be much enough for a systematic investi-
gation to test and determine some key parameters
of a statistical model for calculating the survival
probability Wsur, combining the model for describ-
ing the capture cross sections, without the influ-
ence of the quasi-fission. In addition, the measured
fusion cross sections for reactions in region II can
further test the theoretical model for calculating
σcap. For ZCN larger than about 100 (systems in
region III of Figure 1), quasi-fission occurs. Thus
in the calculation of the evaporation residue cross
sections for these reactions, the influence of quasi-
fission should be taken into account (PCN < 1). If
both σcap and Wsur can be predicted reliably, the
fusion (formation) probability PCN of compound

Figure 1 A schematic figure for different types of fusion reac-

tions. The horizontal and vertical axes denote the compound-

nuclear charge number ZCN and the mass asymmetry of the re-

action system η = (A2 − A1)/(A2 + A1), respectively.
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nucleus could be deduced from the measured evap-
oration residue cross sections of superheavy nuclei
which is important to check and develop theoret-
ical model for describing PCN, and to understand
the dynamics of fusion and quasi-fission.

In addition, it is found that both the heavy-
ion fusion and quasi-elastic scattering at energies
around the Coulomb barrier can provide an ideal
opportunity to obtain the information of nucleus-
nucleus interaction which plays a key role to the
mechanism of fusion reactions and is of great im-
portance for the synthesis of super-heavy nuclei.
Based on the quantum tunnelling concept, it is
thought that the quasi-elastic scattering (a sum
of elastic, inelastic scattering, and transfer chan-
nels) is a good counterpart of the fusion reaction
in the sense that the former is related to the re-
flection probability of a potential barrier while the
latter is related to the penetration probability[12].
In addition, it has been shown that the fusion
barrier distribution generated by the coupling of
the relative motion of the nuclei to internal de-
grees of freedom can be extracted from precisely
measured fusion excitation functions[13,14]. The
similarity of the barrier distribution can be ex-
tracted from large-angle quasi-elastic scattering
excitation functions[15] which can be more easily
measured than the fusion excitation functions[16].
Therefore, it is also necessary to investigate the
nucleus-nucleus potential and the barrier distribu-
tion through the heavy-ion large-angle quasi-elastic
scattering.

Based on the above discussions, the main aim of
this work is to establish a theoretical model to cal-
culate the fusion (capture) cross sections of heavy-
ion fusion reactions, which is the first and essen-
tial step to study the mechanism of synthesis of
superheavy nuclei. In this model, the Skyrme en-
ergy density functional is applied to make a sys-
tematic study of fusion reactions. Firstly, we will
use the semi-classical expressions of the Skyrme
energy density functional to study the energies
and the density distributions of a series of nu-
clei by the restricted density variational (RDV)
method[17−19]. Secondly, with the density distri-
butions obtained, the entrance-channel potentials
of a series of fusion reactions are calculated. Then,

based on the entrance-channel potential obtained,
an empirical barrier distribution is proposed to
take into account the multi-dimensional character
of real barrier, and then apply it to calculate the
fusion excitation functions in terms of barrier pen-
etration concept. In addition, the empirical bar-
rier distribution is further tested for describing the
large-angle quasi-elastic scattering reactions. Fur-
thermore, this approach is extended to study the
fusion-fission reactions in which the quasi-fission
is not important. To study this kind of reactions
we employ the Skyrme energy density functional
approach to obtain the capture cross sections of
the reactions. For calculation of Wsur, the well-
known standard statistical model (with HIVAP
code[11,20,21]) is used. The evaporation residue cross
sections of a series of fusion-fission reactions will
be investigated for a systematic test of the model
and refining the parameters. Finally, the formation
probability of compound nucleus will be deduced
from the measured evaporation cross sections.

1 The model for description of fusion
cross section

The energy density functional theory is widely used
in many-body problems. In the framework of the
semi-classical Extended Thomas Fermi (ETF) ap-
proach together with a Skyrme effective nuclear in-
teraction, the energy density functional can be de-
rived systematically. We take the Skyrme Hartree-
Fock (Skyrme HF) formalism of the energy density
functional[18,22] and based on it we calculate the
proton and neutron densities of nuclei by means of
restricted density variational method[17−19]. With
the neutron and proton densities determined in this
way we calculate the fusion barrier for fusion reac-
tion based on the same energy density functional.
Then, based on the fusion barrier obtained, an em-
pirical barrier distribution is proposed to calculate
the fusion excitation functions in terms of barrier
penetration concept.

1.1 Skyrme energy density functional

The total binding energy of a nucleus can
be expressed as the integral of energy density
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functional[19,22]

E =
∫

H dr. (2)

The energy density functional H includes the ki-
netic, nuclear interaction and Coulomb interaction
energy parts

H =
�

2

2m
[τp(r) + τn(r)] + Hsky(r) + Hcoul(r). (3)

For the kinetic energy part, the extended Thomas-
Fermi (ETF) approach includes all terms up to
the second order in the spatial derivatives (ETF2).
With the effective-mass form factor
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where ρi denotes the proton or neutron density of
the nucleus and ρ = ρp+ρn, τ = τp+τn, W0 denotes
the strength of the Skyrme spin-orbit interaction.
The nuclear interaction part with Skyrme interac-
tion Hsky reads
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where t0, t1, t2, t3, x0, x1, x2, x3,and α are Skyrme-
force parameters. The last term in the right hand
of expression (6) is the semi-classical expansions
(up to second order in �) of spin-orbit densities[22].
The Coulomb energy density can be written as the
sum of the direct and exchange contribution, the
latter being taken into account in the Slater ap-
proximation,

HCoul(r) =
e2

2
ρp(r)

∫
ρp(r′)
|r − r′|dr′

− 3e2

4

(
3
π

)1/3

(ρp(r))4/3. (7)

From the above expressions (2)–(7), one can see
that the total energy of a nuclear system can be
expressed as a functional of protons and neutrons
densities [ρp(r), ρn(r)] under the Skyrme interac-
tion associated with the ETF approximation.

1.2 Neutron and proton densities of nuclei

By minimizing the total energy of the system given
by expression (2), the neutron and proton densities
can be obtained, that is to solve the variational
equation:

δ

δρi

∫
{H[ρn(r), ρp(r)] − λnρn(r) − λpρp(r)} dr

= 0, (8)

with the Lagrange multipliers λn and λp to ensure
the conservation of neutron and proton number.
This density variational problem has been solved
in two different ways in the past: either by resolv-
ing the Euler-Lagrange equation[17] resulting from
eq. (8) or by carrying out the variational calcula-
tion in a restricted subspace of functions[17−19]. In
this work we take the neutron and proton density
distributions of a nucleus as spherical symmetric
Fermi functions

ρi(r) = ρ0i

[
1 + exp

(
r − Ri

ai

)]−1

, i = {n, p} .

(9)
For the three quantities ρ0i, Ri and ai in the
equation, only two of them are independent be-
cause of the conservation of particle number Ni =
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∫
ρi(r)d(r), Ni = {N,Z}. In other words,

ρ0i = Ni

[∫
dr

1 + exp (r − Ri)/ai

]−1

. (10)

Here, Rp, ap Rn, an are the radius and diffuseness
for proton and neutron density distributions, re-
spectively. By using optimization algorithm, one
can obtain the minimal energy E as well as the
corresponding Rp, ap, Rn, an for the neutron and
proton density distributions.

The Skyrme force SkM*[24] is adopted in the
calculations since SkM* is very successful for de-
scribing the bulk properties and surface properties
of nuclei. In Figure 2 we show the relative devi-
ations of the calculated charge root-mean-square
radii for a series of nuclei from the experimental
data. The obtained charge root-mean-square radii
in this work for shell closed nuclei are very close
to the corresponding experimental data. We also
find that the neutron skin thickness of nuclei can
be described well with this approach[25].

1.3 Calculations of fusion barriers

The interaction potential V (R) between reaction
partners can be written as

V (R) = Etot(R) − E1 − E2, (11)

where R is the center-to-center distance between
two nuclei, the Etot(R) is the total energy of the
interacting nuclear system, E1 and E2 are the en-
ergies of individual nuclei (projectile and target at
an infinite distance), respectively. The interaction
potential V (R) is also called entrance-channel po-
tential in ref. [23] or fusion barrier, in the follow-
ing we take the term of fusion barrier. The Etot(R),
E1, E2 are calculated with the same energy-density

functional as that is used in the calculations of nu-
clear densities,

Etot(R) =
∫

H[ρ1p(r) + ρ2p(r − R), ρ1n(r)

+ ρ2n(r − R)] dr,

E1 =
∫

H[ρ1p(r), ρ1n(r)]dr, (12)

E2 =
∫

H[ρ2p(r), ρ2n(r)] dr. (13)

Here, ρ1p, ρ2p, ρ1n and ρ2n are the frozen proton
and neutron densities of the projectile and target,
determined in the previous section.

For a certain reaction system, the entrance-
channel potential is calculated in a range from
R = 7 fm to 15 fm with a step size ΔR =0.25
fm. Figure 3 shows the entrance-channel potential
of 48Ca+208Pb, 128Sb+128Sb and 16O+240Pu. The
solid, crossed and dashed curves denote the results
of this approach and of the proximity potential[26]

and modified Woods-Saxon potential (see sec. 2),
respectively. The results of Skyrme energy-density
functional approach are generally close to those of
proximity potential in the region where the densi-
ties of the two nuclei do not overlap. The barrier
height B0, radius R0 and the curvature �ω0 near
R0 as well as the position of fusion pocket Rs can
be obtained from the calculations (see Figure 3).
Here, the curvature �ω0 of the barrier is obtained
through fitting the entrance-channel potential in
the region from R0 − 1.25 fm to R0 + 1.25 fm by
an inverted parabola (if R0 − 1.25 fm< Rs, then
from Rs to R0 + 1.25 fm). We would like to em-
phasize that the fusion barrier is obtained without
any adjustable parameters in this approach.

Figure 2 Relative deviations of the calculated charge root-mean-square radii for a series of nuclei from the experimental data.
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Figure 3 The entrance-channel potential for reactions 48Ca+

208Pb, 128Sb+128Sb and 16O+240Pu. The solid and dashed

curves denote the results of Skyrme energy density functional

within ETF2 and modified Woods-Saxon potential. The crossed

curves denote the proximity potential. The compound nucleus of

the three system is 256No.

1.4 Empirical barrier distribution

For fusion reactions with heavy-ions, it is known
that the coupling of other degrees of freedom (such
as deformation and vibration of nuclei) to the dis-
tance between two nuclei is obvious. We take into
account the multi-dimensional character of realis-
tic barrier due to the coupling to internal degrees of
freedom of the binary system empirically. We as-
sume that the one-dimensional barrier is replaced
by a distribution of fusion barrier D(B). The dis-
tribution function D(B) satisfies∫ ∞

0

D(B)dB = 1. (14)

Motivated by the shape of the barrier distribu-
tion extracted from experiments, we consider the
weight function to be a superposition of two Gaus-
sian functions D1(B) and D2(B), which read

D1(B) =
1

2
√

gπw1

exp
[
−(B − B1)2

g (2w1)2

]
, (15)

and

D2(B) =
1

2
√

πw2

exp
[
−(B − B2)2

(2w2)2

]
, (16)

with
B1 = Bc + w1, (17)

B2 = Bc + w2, (18)

w1 =
1
4
(B0 − Bc), (19)

w2 =
1
2
(B0 − Bc). (20)

Here B0 is the barrier height from the entrance
channel potential obtained above. We set Bc =
0.926B0. From the expressions of (15) and (16)
one can find that the peaks and the widths of
D1(B) and D2(B) only depend on the height of
the fusion barrier B0 except the g in D1(B). The
quantity g in D1(B) is a factor which empirically
takes into account the structure effects and has a
value 0 < g � 2. The larger the value of g is,
the larger the fusion cross section at sub-barrier
energies is. For the fusion reactions with neutron-
shell open nuclei but near the β-stability line we set
g = 1. From a systematic investigation we learn
that for the reactions with neutron-shell closed nu-
clei we have 0 < g < 1 while for the reactions
with neutron-rich nuclei 1 < g � 2. The en-
hancement of fusion cross sections for reactions
with neutron-rich nuclei (1 < g � 2) compared
with non-neutron-rich nuclei has been found in refs.
[27–29]. It is attributed to the neutron transfer
and neck formation which lower the fusion barrier
and thus enhance the fusion cross sections at sub-
barrier energies[27,29]. For neutron closed-shell nu-
clei (0 < g < 1), the strong shell effect suppresses
the lowering barrier effect. For the reactions with
neutron-shell closed nuclei or neutron-rich nuclei
an empirical formula for the g values is proposed,

g =
[
1 − c0ΔQ + 0.5(δprog

n + δtarg
n )

]−1
, (21)

where ΔQ = Q−Q0 denotes the difference between
the Q-value of the system under consideration for
complete fusion and that of the reference system.
The Q0 is the Q-value of reference system. c0 = 0.5
MeV−1 for ΔQ < 0 cases and c0 = 0.1 MeV−1 for
ΔQ > 0 cases. δproj(targ)

n = 1 for neutron closed-
shell projectile (target) nucleus and δproj(targ)

n = 0
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for non-closed cases (the shell-closure effects of 16O
are neglected in this work). In addition, we intro-
duce a truncation for g value, i.e. g should not
be larger than 2. The reference system is chosen
to be the reaction system with nuclei along the β-
stability line. More detailed introduction is in ref.
[1].

With the D1(B) and D2(B), an effective weight
function Deff(B), by which the fusion excitation
function can be calculated, is proposed,

Deff(B) =

{
D1(B): B < Bx,

Davr(B): B � Bx,
(22)

with Davr(B) = (D1(B) + D2(B))/2. The Bx de-
notes the position of the left crossing point between
D1(B) and Davr(B).

It was shown in refs. [13,13,28] that the distribu-
tion of the fusion barrier heights could be extracted
directly from a fusion excitation function using the
second derivative of the product of cross section
σfus multiplied by the energy E, i.e.

Dfus(E) =
1

πR2
fus

d 2(Eσfus)
dE2

. (23)

The differentiation is performed using the point-
difference approximation[14,28]. In Figure 4 we
present a comparison between the extracted fu-
sion barrier distributions Dfus and the empirical
ones Deff for the reactions 12C+92Zr, 19F+208Pb
and 16O+144,154Sm[3]. The squares and the crossed
curves denote the results for Dfus and Deff , respec-
tively. The shapes of the fusion barrier distribu-
tions extracted from experimental data are well re-
produced by the parametrization of the empirical
barrier distribution proposed.

1.5 Calculations of fusion cross sections

With the proposed empirical barrier distribution,
and the fusion radius Rfus and the curvature of the
barrier �ω obtained with the entrance channel fu-
sion barrier, the fusion excitation function (or the
capture excitation function of reactions in region
III of Figure 1) can be obtained (details in ref. [1])

σfus(Ec.m.) = min[σ1(Ec.m.), σavr(Ec.m.)], (24)

with

σ1(Ec.m.) =
∫ ∞

0

D1(B) σWong
fus (Ec.m., B)dB, (25)

Figure 4 Fusion barrier distributions for the reactions 12C+92Zr, 19F+208Pb and 16O+144,154Sm. The squares and the crossed

curves denote the results for Dfus and Deff , respectively.
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and

σavr(Ec.m.) =
∫ ∞

0

[
D1(B) + D2(B)

2

]
σWong

fus

× (Ec.m., B)dB. (26)

Here, σWong
fus denotes Wong’s formula[30] for pene-

trating an one-dimensional parabolic barrier,

σWong
fus (Ec.m., B0)

=
�ωR2

fus

2Ec.m.

ln
(

1 + exp
[

2π

�ω
(Ec.m. − B0)

])
(27)

with the center-of-mass energy Ec.m.. B0, Rfus and
�ω are the barrier height, radius and curvature, re-
spectively. The influence of angular momentum in
the entrance channel has already been taken into
account in Wong’s formula with the assumption
that the barrier position Rfus and the barrier cur-
vature �ω do not change with angular momentum.

Figure 5 shows some calculation results and ex-
perimental data for comparison for a series of fu-
sion reactions[1]. More calculation results are given

in refs. [1,2]. All the fusion excitation functions
can be reproduced very well, which indicates our
parametrization of D1(B) and D2(B) is quite use-
ful and reasonable.

Further, we find that at energies near and above
the fusion barrier, calculated fusion cross sections
are not sensitive to the value of g which implies
that we can calculate the fusion cross sections at
energies near and above the fusion barrier for un-
measured fusion system by simply taking g = 1 in
the empirical barrier distribution. For sub-barrier
fusion, more sophisticated investigation for g value
is required. We have systematically calculated the
fusion (capture) excitation functions of 120 fusion
reactions at energies near and above the barrier
(with g = 1) and their average deviation χ2

log from
the experimental data is defined as

χ2
log =

1
m

m∑
n=1

[log(σth(En))

− log(σexp(En))]2. (28)

Figure 5 The fusion excitation functions for reactions 33S,50Ti+90Zr, 35Cl+54Fe, 16O,19F+208Pb and 17O+144Sm with neutron-shell

closed nuclei near the β-stability line. The squares denote the experimental data. The solid denote the calculation results with the g

values obtained by formula (21).
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Here m denotes the number of energy-points of
experimental data, and σth(En) and σexp(En) are
the calculated and experimental fusion (capture)
cross sections at the center-of-mass energy En

(En � B0), respectively. The calculated results[4]

for χ2
log are shown in Figure 6. The average devi-

ations of about 70% systems in χ2
log are less than

0.005, with which we can estimate the systematic
error (about 18% of σfus) of this approach for the
description of the fusion (capture) cross sections at
energies near and above the barriers. With g � 0
and g = 2 we estimate the lower and upper limits
of the fusion (capture) cross sections at sub-barrier
energies respectively. From the calculation results,
we can see that the empirical barrier distribution
approach for description of fusion cross sections is
simple, reliable and powerful. It provides a solid
base for the study of unmeasured fusion reactions.

Figure 6 The average deviations χ2
log for a total of 120 fusion

reactions. A1 and A2 denote the projectile and target masses,

respectively.

2 Application of the model to quasi-
elastic scattering reactions

In this section, we first introduce an empirical
nucleus-nucleus potential based on the Skyrme
energy density functional within the extended
Thomas-Fermi approach. Then, the quasi-elastic
scattering and the transfer probabilities are de-
scribed with the empirical barrier distribution.
Some calculated results are also presented in this
section. Finally, we study the influence of the
shape of the barrier distribution on fusion and
quasi-elastic scattering.

2.1 Modified woods-saxon potential

The nucleus-nucleus interaction potential reads as
V (R) = VN(R) + VC(R). (29)

Here, VN and VC are the nuclear and Coulomb
interactions, respectively. We take VC(R) =
e2Z1Z2/R, and the nuclear interaction VN to be
of Woods-Saxon form with five parameters deter-
mined by fitting the entrance channel potentials
obtained in sec. 1.3.

VN(R) =
V0

1 + exp[(R − R0)/a]
, (30)

with

V0 = u0[1 + κ(I1 + I2)]
A1/3

1 A1/3
2

A1/3
1 + A1/3

2

, (31)

and
R0 = r0(A

1/3
1 + A

1/3
2 ) + c. (32)

I1 = (N1 − Z1)/A1 and I2 = (N2 − Z2)/A2 in eq.
(31) are the isospin asymmetries of projectile and
target nuclei, respectively.

By varying the five free parameters u0, κ, r0, c

and a of the modified Woods-Saxon (MWS) po-
tential, we minimize the relative deviation between
the fusion barrier height obtained with the Skyrme
energy-density functional with SkM*[24] force and
the barrier height of the MWS potential obtained
with eq. (29). The corresponding optimal values
of these parameters are obtained at the minimum
of the relative deviation. In this work, 66996 re-
actions with Z1Z2 � 3000 were used to determine
the parameters of the modified Woods-Saxon po-
tential. The obtained optimal values of the pa-
rameters are listed in Table 1. Part of results with
the MWS potential are shown in Figure 3 by the
dashed curves.

Table 1 Parameters of the potential

r0 (fm) c (fm) u0 (MeV) κ a (fm)

1.27 −1.37 −44.16 −0.40 0.75

2.2 Elastic scattering at the above barrier
energies

The proposed nucleus-nucleus potential is based
on the frozen density approximation. The
time-dependent Hartree-Forck (TDHF) calcula-
tions show that the nucleus-nucleus potential de-
pends on the incident energy at energies close
to the Coulomb barrier and when the center-of-
mass energy is much higher than the Coulomb
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barrier energy, potentials deduced with the mi-
croscopic theory identify with the frozen density
approximation[31]. We test the modified Woods-
Saxon potential for the description of heavy-ion
elastic scattering at energies much higher than the
Coulomb barrier, since the reaction time is rela-
tively short and the frozen density approximation
seems to be applicable at these energies. Based on
the optical model, we solve the Schroedinger equa-
tion for a given nucleus-nucleus potential using the
traditional Numerov method to obtain the partial-
wave scattering matrix that is used to describe the
elastic scattering data[32]. The real and imaginary
parts of the optical potential adopted in the calcu-
lations are described by the modified Woods-Saxon
potential.

We have calculated the elastic scattering an-
gular distributions for the reactions 12C+208Pb,
16O+208Pb, 12C+90Zr and 16O+63Cu at different
laboratory energies[5]. The calculated results (solid
curves) are shown in Figure 7, and the correspond-

ing experimental data (squares) are also presented
for comparison. The experimental data of the four
reactions at different energies are reasonably well
reproduced by the modified Woods-Saxon poten-
tial in which the potential parameters are fixed.

2.3 Description of large-angle quasi-elastic
scattering

As a good counterpart of the fusion reaction, the
large-angle quasi-elastic scattering is studied to ex-
plore the nucleus-nucleus potential. In this work,
we explore the influence of the empirical barrier
distribution proposed for the fusion reactions on
the large-angle quasi-elastic scattering.

It is thought that the quasi-elastic differen-
tial cross section can be expressed as a weighted
sum of the eigenchannel elastic differential cross
sections under the adiabatic and iso-centrifugal
approximation[38,39]. Similarly to the description
of fusion with the empirical barrier distribution,
we describe the large-angle quasi-elastic scatter-

Figure 7 Elastic scattering angular distributions for the reactions 12C+208Pb, 16O+208Pb, 12C+90Zr and 16O+63Cu at different

laboratory energies. The solid curves and the squares denote the calculated results with the modified Woods-Saxon potential and the

experimental data, respectively. The experimental data are taken from refs. [33–37].
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ing cross section with the effective weight function
Deff(B) at energies around the Coulomb barrier:

dσqel

dσR

(Ec.m.) = Peff + Pcorr, (33)

with

Peff =
1
F0

∫ ∞

0

Deff(B)
dσel

dσR

(Ec.m., B)dB, (34)

and Pcorr is a small correction term. dσel/dσR is the
ratio of the elastic cross section σel to the Ruther-
ford cross section σR. F0 is a normalization con-
stant F0 =

∫
Deff(B)dB. Within the semi-classical

perturbation theory, a semi-classical formula for
the backward scattering (θ = π) is given[12,40],

dσel

dσR

(Ec.m., B)

=

(
1 +

VN(Rc)
Ec.m.

√
Z1Z2e2

Ec.m.

π

a

)

×
exp

[
− 2π

�ω
(Ec.m. − B)

]

1 + exp
[
− 2π

�ω
(Ec.m. − B)

] , (35)

where the nuclear potential VN(Rc) is evaluated at
the Coulomb turning point,

VN(Rc) =
(

B − Z1Z2e
2

Rf

)

×
(

1 + exp[(Rf − R0)/a]
1 + exp[(Rc − R0)/a]

)
, (36)

with the distance of the closest approach between
two nuclei Rc = Z1Z2e

2/Ec.m.. a is the diffuse-
ness parameter of the nuclear potential. Z1, Z2,
Ec.m. denote the charge numbers of the projectile
and target nuclei and the center-of-mass energy, re-
spectively. Rf and �ω are the barrier position and
curvature of the modified Woods-Saxon potential,
respectively.

The correction term Pcorr in eq. (33) takes into
account some effects in the quasi-elastic scattering
that are not involved in the empirical barrier dis-
tribution (which was proposed for describing fusion
reactions). In this work, we assume that the cor-
rection term mainly comes from nucleons transfer.
In principle, the transfer process also affects the fu-
sion process and the effect of nucleons transfer may
have been implicitly taken into account in the em-
pirical barrier distribution. However the influence
of nucleons transfer on the quasi-elastic scattering

may differ from the influence on the fusion process,
and a small correction term seems to be required.

We assume the Pcorr approximately equals the
transfer probabilities Ptr. The detailed introduc-
tion about the calculation of Ptr is in ref. [5].
Both the fusion and quasi-elastic scattering cross
sections of a series of reactions have been studied
with the proposed approach in this work. Fig-
ure 8 shows the calculated quasi-elastic scatter-
ing and fusion cross sections for the reactions
16O+92Zr, 16O+186W. The experimental data are
also presented for comparison. The solid circles
and squares denote the measured fusion cross sec-
tions σfus and large-angle quasi-elastic scattering
cross sections, respectively. The solid curves in Fig-
ures 8(a) and (c) denote the calculated results for
σfus with the proposed empirical barrier distribu-
tion (see details in refs. [1,4]). The crossed curves
in Figures 8(b) and (d) denote the calculated quasi-
elastic scattering cross sections with eq. (33). The
dashed curves denote the results for Peff , i.e. the
contribution of the empirical barrier distribution
to the quasi-elastic scattering. We find that both
the fusion excitation functions and the quasi-elastic
scattering excitation functions of the four reactions
can be satisfactorily well reproduced. More calcu-
lation results are given in ref. [5]. Figure 8 indi-
cates that the modified Woods-Saxon potential to-
gether with the empirical barrier distribution can
simultaneously describe the quasi-elastic scattering
and fusion reactions reasonably well.

2.4 Influence of the shape of barrier distri-
bution on fusion and quasi-elastic scattering

We further study the influence of the shape of the
barrier distribution on the fusion cross section and
the quasi-elastic scattering cross section. Here, the
fusion and quasi-elastic scattering cross sections
are calculated with

σfus(Ec.m.)

=
1
F0

∫ ∞

0

D(B) σWong
fus (Ec.m., B)dB, (37)

and
dσqel

dσR

(Ec.m.)

=
1
F0

∫ ∞

0

D(B)
dσel

dσR

(Ec.m., B)dB + Pcorr, (38)
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Figure 8 Fusion cross sections and quasi-elastic scattering cross sections as a function of energy for the reactions 16O+92Zr and

16O+186W. The solid circles and squares denote the measured fusion cross sections σfus and quasi-elastic scattering cross sections,

respectively. The solid curves in (a) and (c) denote the calculated results for σfus. The crossed curves in (b) and (d) denote the

calculated results with eq. (33). The dashed curves denote the results for Peff . The experimental data are taken from refs. [14,15,41].

with F0 =
∫

D(B)dB. Figure 9 shows the com-
parison of the calculated fusion excitation func-
tion and the quasi-elastic scattering cross sections
with D(B) = D1(B) (dash-dotted curves) and
D(B) = Deff(B) (solid curves) for the reaction
16O+144Sm. From the sub-figure of Figure 9(a),
one can see that the left sides of the two barrier
distributions D1 and Deff are close to each other
while their right sides are quite different, the calcu-
lated fusion excitation functions shown in Figure
9(a) have not very large difference (the results with
D1 are a little higher than the experimental data
at energies near and above the barrier). However,
the calculated large-angle quasi-elastic scattering
cross sections with the two barrier distributions D1

and Deff show very obvious difference. The results
with D1 can not reproduce the experimental data
at energies around the barrier. To illustrate this
point more clearly, we compare the calculation re-
sults of fusion and quasi-elastic scattering for the
reaction 48Ca+208Pb with the barrier distribution
obtained by different approaches. In the sub-figure
of Figure 10(a), we show the barrier distributions of
our approach (the solid curve) and of Zagrebeav[7]

(the dash-dotted curve), respectively. We find that

the capture cross sections obtained with two dif-
ferent barrier distributions are very close to each
other, though there exists very large difference on
the right sides of the barrier distributions. Both
of them can reproduce the experimental data very
well. However, the obtained large-angle quasi-
elastic scattering cross sections are different at en-
ergies around the barrier which can be seen clearly
in Figure 10(b). We suggest to measure the quasi-
elastic scattering cross sections of 48Ca+208Pb to
test these two barrier distributions.

Figures 9 and 10 indicate that the fusion cross
sections depend more strongly on the shape of
the left side of the barrier distribution while the
quasi-elastic scattering cross sections depend more
strongly on that of the right side. This conclu-
sion has already been given by the difference of
the statistic errors of the extracted barrier distribu-
tions from the fusion excitation functions and from
the quasi-elastic scattering cross sections, respec-
tively. The former increases with incident energies
while the latter decreases with energies[16]. The
calculations demonstrate that the non-symmetric
empirical barrier distribution is reasonable and
necessary for a unified description of fusion and
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Figure 9 Comparison of the calculated fusion excitation function and the quasi-elastic scattering cross sections with D(B) = D1(B)

(dash-dotted curves) and D(B) = Deff (B) (solid curves) for the reaction 16O+144Sm. The experimental data of fusion and quasi-elastic

scattering are taken from refs. [14,15], respectively.

Figure 10 Comparison of the calculated fusion excitation function and the quasi-elastic scattering cross sections with the barrier dis-

tribution proposed in this work (solid curves) and Zagrebeav’s barrier distribution[7] (dash-dotted curves) for the reaction 48Ca+208Pb.

The experimental data (squares and full circles) are taken from refs. [42,43].

quasi-elastic scattering.

3 Application of the model to fusion-
fission reactions

In this section, we apply the Skyrme energy den-
sity functional approach to study the fusion-fission
reactions (region II in Figure 1). Firstly, the sta-
tistical model HIVAP is briefly introduced and the
influence of some key parameters is studied. Then,
a number of calculated results are compared with
experimental data, Finally, the formation proba-

bility of compound nucleus is deduced based on
the measured evaporation residue cross sections for
“cold” and “hot” fusion.

3.1 Fission barrier and level density pa-
rameters in evaporation calculations

The calculations of the survival probabilities Wsur

of the compound nuclei were performed with the
statistical evaporation code called HIVAP which
uses standard evaporation theory and takes into
account the competition of γ-ray, neutron, pro-
ton, α-particle emission with fission using angular-
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momentum and shape-dependent two-Fermi-gas-
model level density formula[21]. Although it is a
standard statistical model for describing the de-
excitation process, one has to reconsider some pa-
rameters adopted for describing a wide range of
fusion-fission reactions. The sensitive parameters
involved are primarily fission barriers and level
density parameters.

In the standard HIVAP code, the fission barrier
at zero angular momentum is calculated by

Bf = Bmac
f − S. (39)

The macroscopic barrier Bmac
f is usually described

with a liquid-drop model refined by Cohen and
Swiatecki[44], Sierk[45], and Dahlinger et al.[46]. The
shell correction S is calculated from the difference
of the experimental mass and the liquid-drop mass,
S = Mexp−MLD. In this code, the liquid-drop mass
is calculated with the parameter set proposed by
Myers and Swiatecki in 1967, and the Mexp is in
fact taken from the mass table of Möller-Nix[48]

which was obtained with the finite range droplet
model and has an rms deviation of only 0.656 MeV
for 2149 measured masses of nuclei[49].

In the present work, we calculate the macro-
scopic fission barriers with the proposed modified
Woods-Saxon (MWS) potential model in which
the parameters of MWS potential are obtained
based on the Skyrme energy density functional.
The value of Bmac

f is empirically estimated by the
depth of the potential pocket, as shown as an ex-
ample in Figure 11. This figure is for the 256

102No
(formed in reaction 48Ca+208Pb) fissioning into two
128
51Sb. The obtained barrier is 1.74 MeV. The cor-

responding data from refs. [44–46] are 1.44, 1.02
and 1.19 MeV, respectively. The barrier for 244Pu
from our method and from refs. [44–46] are 4.16,
5.17, 3.95 and 4.13 MeV, respectively. The devi-
ations between our calculated results and the re-
sults of liquid-drop models for heavy nuclei are
in a permitting region. To see it more clearly, in
Figure 12 we show the comparison of the macro-
scopic fission barriers obtained with different mod-
els for a series of nuclei along the β-stability line
which is approximately determined by the formula
Z = A/2[1 − 0.4A/(A + 200)]. For heavy nuclei
the four models give similar trend. The results

of MWS potential are slightly higher in the re-
gion 260 < A < 294, and sharply decrease when
A > 300. For medium mass nuclei, our results are
in agreement with those of refs. [50,51] in which
the reduction of the liquid-drop barriers was dis-
cussed.

Figure 11 The macroscopic fission barrier Bmac
f for 256

102No fis-

sioning into two 128
51Sb obtained with the modified Woods-Saxon

potential.

Figure 12 The macroscopic fission barrier Bmac
f for nuclei

along the β-stability line obtained with different models. The

solid curve, the open circles, the solid circles and the dash-dotted

curve denote the results of the modified Woods-Saxon potential,

Cohen and Swiatecki[44], Sierk[45], and Dahlinger et al.[46], re-

spectively.

We know that the nuclear shapes during fis-
sion are more elongated than during fusion. In
this empirical approach, the neck and elongation
of the system at fission configuration can not be
described well in the sudden approximation. We
concentrate on the height of the fission barrier in
this method. We will systematically investigate
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51 fusion-fission reactions with the fission barri-
ers obtained with four different models (MWS po-
tential model, Cohen-Swiatecki’s[44], Sierk’s[45] and
Dahlinger’s[46] methods). The results will be dis-
cussed in the following paragraph.

In this code, the level density is[20]

ρ(J,E∗) =
1
24

(
�

2

2θ

)3/2

(2J + 1)a1/2U−2
J

× exp[2(aUJ)1/2], (40)

UJ = E∗ − Er(J). (41)

Here Er(J) is the yrast energy of either the equilib-
rium configuration (light-particle and γ-emission)
or the saddle-point configuration (fission) and
reads

Er(J) = J(J + 1)�2/2I, (42)

in which I is the moment of inertia. The level den-
sity parameter a is obtained from[11] as

a = ã[1 + f(E∗)S/E∗], (43)

with
f(E∗) = 1 − exp(−E∗/Ed) (44)

with the shell damping energy Ed being 18.5
MeV[20]. In the standard HIVAP code, the smooth,
shell-independent level-density parameter reads

ã = 0.04543 r3
aA + 0.1355 r2

aA
2/3BS

+ 0.1426 raA
1/3BK , (45)

which takes into account the volume, surface and
curvature dependence of the single-particle level
density at the Fermi surface. BS and BK denote
the surface and curvature factors defined in the
droplet model[47]. For evaporation channels we set
BS = BK = 1. For the fission channel, the val-
ues of BS and BK are tabulated as a function of
the fissility parameter in ref. [47]. The ratio ãf/ãn

(ãf level density parameter for fission channel, ãn

for neutron channel) is larger than 1. It decreases
towards a unit with the increase of the fissility pa-
rameter. The results of ãf/ãn for a series of nuclei
in ref. [20] can be well reproduced. ra is the radius
parameter found to be ra = 1.153 fm[20].

With this parametrization 51 fusion-fission re-
actions have been systematically investigated
with the MWS, Cohen-Swiatecki’s, Sierk’s and

Dahlinger’s fission barriers, respectively, incorpo-
rating the proposed approach for describing the fu-
sion (capture) cross sections (see eq. (24)). Calcu-
lations of the fission and particle emission widths
with the traditional statistical theory were intro-
duced in ref. [50]. The average deviation χ2

log (see
eq. (28)) of the evaporation (and fission) cross
sections from the experimental data for these re-
actions are listed in Table 2. We find that the
average deviation obtained with the MWS poten-
tial is much smaller than those obtained with the
other barriers. By varying the volume, surface and
curvature coefficients in eq. (45) and the damp-
ing energy Ed, and searching for the minimum of
χ2

log with the MWS fission barriers, we find that
the values proposed by Reisdorf[20] (adopted in the
present work) are very close to the corresponding
optimal ones. In some references the shell damp-
ing energy was written as Ed = k0A

1/3 or similar
forms. We find that the minimal deviation is not
much improved by changing the value of the coef-
ficient k0. Therefore, in our calculations we conse-
quently keep Reisdorf’s coefficients, eq. (45), that
contains only one empirically adjustable parameter
ra.

Table 2 Average deviation of the evaporation (and fission)

cross sections from experimental data for 51 fusion-fission reac-

tions with ra = 1.153 fm

Model Cohen-Swiatecki Sierk Dahlinger MWS

χ2
log 0.2295 0.2177 0.2373 0.1339

Through a variation of ra we can find the optimal
values of ra for a certain model to describe the fis-
sion barriers. The optimal value of ra could be dif-
ferent for different fission barrier models. Through
systematical investigation of the minimal average
χ2

log of the 51 fusion-fission reactions, we search for
the optimal parameters set (including the param-
eters of fission barrier and the ra in level density
parameter). The minimal average χ2

log of the 51
reactions and the corresponding optimal values of
ra for the four fission barrier models are listed in
Table 3. By taking the optimal values of ra, the
average deviations χ2

log from the experimental data
get obviously smaller for all of these models, espe-
cially for the models of Sierk and Dahlinger. The
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deviation obtained by the modified Woods-Saxon
potential is still the smallest one.

Table 3 The minimal average deviation χ2
log and the cor-

responding optimal value of ra adopting different models for

calculating the fission barriers

Model Cohen-Swiatecki Sierk Dahlinger MWS

χ2
log 0.1813 0.1428 0.1642 0.1086

ra 1.106 1.091 1.095 1.120

Finally, we obtain the optimal parameters set of
the HIVAP code: MWS potential model for the
fission barriers, with ra = 1.120 fm and together
with the 1967 parametrization of the liquid-drop
energies of nuclei for the shell corrections.

3.2 Comparison between the calculated re-
sults and the experimental data

With the modified Woods-Saxon potential for the
unified description of the entrance channel fusion
barrier and the macroscopic fission barrier BMWS

f ,
with ra = 1.120 fm, and together with the 1967
parametrization of Mayers and Swiatecki for the
shell corrections, we obtain the deviations χ2

log of
the evaporation (and fission) cross sections from
the experimental data for the 51 fusion-fission re-
actions which are shown in Figure 13. We find that
68.3% reactions have values smaller than 0.0714,
with which we can estimate the upper and lower
confidence limits of the systematic errors of the
HIVAP code for Wsur (the values are 1.85Wsur and
Wsur/1.85, respectively). In Figure 14, we present
the calculated results together with the systematic
errors (the shades in the figures) of σfus and W [4]

sur.

The experimental data are also presented for com-
parison. One finds that the experimental data can
be systematically well reproduced (within about 2
times deviations) at energies near and above the
fusion barriers.

Figure 15 shows calculated neutron evapora-
tion residue cross sections for heavy systems with
208Pb[4]. Because the quasi-fission has not been
taken into account in these calculations yet, we find
that the deviations from the experimental data in-
crease exponentially with the increase of ZCN (the

positions of the peaks for the evaporation residues
can be roughly reproduced). This implies that the
quasi-fission plays an important role in the reac-
tions leading to superheavy nuclei. With the pro-
posed approach for σcap and Wsur, the ambiguity in
predicting the probability of quasi-fission (or the
formation probability PCN of compound nucleus)
could be reduced.

With the proposed approach for calculating the
capture cross sections σcap and the survival proba-
bilities Wsur of the compound nuclei, one may de-
duce the value of the formation probabilities PCN of
the compound nuclei from the measured evapora-
tion residue cross sections σER of some superheavy
nuclei produced in “cold” fusion or “hot” fusion
according to eq. (1). Because the dependence of
PCN on the incident energy of the reaction system is
not so clear and the available experimental data are
very limited in present, it is difficult (even impos-
sible) to obtain the exact values of PCN presently.
Here, we just give some very preliminary and rough
estimation of the mean values of PCN in the region
Bm.p. < Ec.m. < B

[52]
0 . Here, Bm.p. denotes the

most probable barrier height based on the barrier
distribution Deff(B). B0 is the barrier height of the
entrance channel potential. Figure 16 shows the
deduced mean values of logarithm of PCN (which
gives the order of magnitude of PCN) as a function
the charge number of the compound nucleus. The
squares denote the results with the “cold” fusion,
i.e., the reactions with Pb and Bi targets[54−56].
The open circles denote the results with the “hot”
fusion, i.e., the reactions with 48Ca bombarding on
actinite targets[57,58]. The error bars are roughly
estimated by the systematic errors in the σcap

Figure 13 Deviations χ2
log of the calculated evaporation (and

fission) cross sections from the experimental data for 51 fusion-

fission reactions.
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Figure 14 The cross sections of reactions 16O+182,186W, 16O+197Au, 16O+208Pb, 19F+169Tm, 19F+181Ta, 19F+197Au and

19F+208Pb. The shade in (h) denotes the systematic errors of the capture cross sections. σFF denotes the fission cross section.

σER denotes the evaporation residue cross section (a sum over all evaporation channels). The shades in (a)–(g) denote the systematic

errors of the present approach (including both the systematic errors of σcap and those of Wsur).

Figure 15 The neutron evaporation residue cross sections of heavy reactions with 208Pb target. The quasi-fission is not taken into

account in the calculation.
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Figure 16 The deduced mean value of the logarithm of PCN as

a function of the compound-nuclear charge number. The squares

and open circles denote the results with “cold” fusion and “hot”

fusion, respectively. The star denotes the corresponding result

of the deduced mean value of the logarithm of PCN around the

Coulomb barrier in ref. [54]. The experimental data of evapora-

tion cross sections are taken from refs. [55–58].

and Wsur, and the error bars of the measured σER.
One can see that the PCN exponentially decreases
with the charge number generally in the “cold” fu-
sion reactions. However, the decrease of the PCN

with Z is not very obvious in the region Z � 114
in the “hot” fusion reactions. The star denotes the
result of the deduced mean value of logarithm of
PCN around the Coulomb barrier for 50Ti+208Pb
in ref. [53]. It is encouraging to note that the two
methods of deducing PCN give similar results for
this system.

4 Conclusion and discussion

In this work, we give a brief review of the Skyrme
energy density functional approach which has been
applied to study heavy-ion fusion and scattering
reactions. The properties of ground state nuclei
are studied with the Skyrme energy density func-
tional together with the semi-classical extended
Thomas-Fermi approach (up to the second order
in �). With the proton and neutron density dis-
tributions obtained in this way, the fusion barriers
of a series of reaction systems are calculated by
the same Skyrme energy density functional. We
propose an empirical barrier distribution which is

based on the fusion barrier calculated with the
Skyrme energy density functional and is assumed
to be the superposition of two Gaussian functions.
With the empirical barrier distribution, a large
number fusion, fusion-fission and quasi-elastic scat-
tering reactions have been studied systematically.
1) A large number of measured fusion excitation
functions for light and medium-heavy fusion sys-
tems around the fusion barriers can be reproduced
well. In the calculated the fusion (capture) excita-
tion functions of 120 fusion reactions at energies
near and above the barrier, about 70% systems
have very small deviations from the experimental
data. 2) All of calculations adopt the same pa-
rameters (Skyrme force SkM* and several param-
eters in the empirical barrier distribution) with-
out any adjustable parameters. 3) The shell ef-
fects and neutron-rich effects which influence the
fusion cross sections at sub-barrier energies have
been taken into account by the structure effect fac-
tor g empirically. 4) An analytical expression with
Woods-Saxon form for the nucleus-nucleus poten-
tial is proposed based on the entrance channel fu-
sion potential obtained by the Skyrme energy den-
sity functional approach. 5) The elastic scatter-
ing angle distributions of a series of reactions at
energies much higher than the Coulomb barrier
can be reasonably well reproduced by the modi-
fied Woods-Saxon potential which is based on the
frozen density approximation systematically. 6)
With the same empirical barrier distribution and
taking into account the correction term that mainly
comes from the nucleons transfer, the calculated
large-angle quasi-elastic scattering cross sections of
these reactions are in good agreement with the ex-
perimental data. 7) The fusion cross sections de-
pend more strongly on the shape of the left side
of the barrier distribution while the quasi-elastic
scattering cross sections depend more strongly on
the right side. 8) Incorporating a statistical model
HIVAP for describing the decay of the compound
nuclei, the evaporation residue (and fission) cross
sections of 51 fusion-fission reactions have been sys-
tematically studied simultaneously to investigate
and refine some key parameters of the HIVAP code.
The experimental data can be systematically re-
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produced reasonably well. 9) The mean value of
the fusion probability PCN is roughly deduced from
the measured evaporation residue cross sections.
The obtained PCN decreases exponentially with the
charge number of the compound nucleus generally
in “cold” fusion while the decrease is not very ob-

vious in the region Z � 114 in “hot” fusion.
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