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Controlled remote implementation of  
partially unknown quantum operation 

FAN QiuBo† & LIU DongDong 
College of Mathematics and Physics, Xuzhou Institute of Technology, Xuzhou 221008, China 

A protocol for controlled remote implementation of a partially unknown operation 
on an arbitrary quantum state is proposed. In this protocol, a task can be performed 
using a GHZ state shared among three distant parties: Alice, Bob and the controller 
Charlie. This protocol is also generalized to the multi-party control system based 
on sharing an N-qubit GHZ state. 

remote implementation, GHZ state, Hadamard operation 

Quantum teleportation and remote state preparation (RSP) are two ingenious applications in the 
quantum information field. The quantum teleportation process, originally proposed by Bennett et 
al.[1], may transmit an unknown quantum state from a sender to a spatially distant receiver via a 
quantum channel with the help of some classical information[2－7]. Two bits of forward classical 
communication and one ebit of entanglement (a maximally entangled pair of qubits) per teleported 
qubit are both necessary and sufficient, and neither resource can be traded off against the other. 
RSP[8－18] is an interesting new method to transmit known pure quantum states using a prior shared 
entanglement and some classical communication when the sender completely knows the trans-
mitted state. In RSP, the goal is the same as that of quantum teleportation－for the receiver to end 
up with a single specimen of a state－but here the sender starts with complete classical knowledge 
of the state.  

Teleportation of a quantum operation may be understood as an unknown quantum operation 
being transferred from a local system to a remote system without physically sending the device. 
Taking into account quantum teleportation, RSP, and the action of a quantum operation, one can 
denote it as “remote implementation of operation” (RIO). In recent years, RIO has attracted a lot of 
attention[19－22]. For example, Wang[19] proposed the protocol of remote implementations of par-
tially unknown quantum operations of multiqubits belonging to the restricted sets. In this protocol, 
the quantum operation to be remotely implemented belongs to one of the two restricted sets de-
fined by  
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They are partially unknown in the sense that the values of their matrix elements are unknown, 
but their structures, that is, the positions of their nonzero matrix elements, are known. Then, 
Wang[22] proposed a protocol to realize controlled and combined remote implementations of par-
tially unknown quantum operations of multiqubits using N GHZ states. 

Recently, the remote application of operators of the form 
 i .e A BV φ= n σ  (2) 
has been considered[23], where ΦA is an angle known to Alice, σ a vector with three components {σx, 
σy, σz}, and nB the unit vector along a direction known to Bob. The specific feature of the operator 
V is a splitting of its structure into two parts, and the angle σ is managed by Alice, but the direction 
nB is governed by Bob. Consequently, Alice can by no means implement V locally by herself. In 
other words, bidirectional quantum state teleportation (BQST) turns out to be useless in this case. 

An interesting protocol of remote application of hidden operators was presented in ref. [21]. In 
this protocol, Alice and Bob were two distant parties. The remote application was dealt with on 
Bob’s arbitrary quantum state of an operator which was immersed in a lump operator given to 
Alice. It was shown that the task may be performed using a GHZ state shared between Alice and 
Bob, and a quantum protocol was proposed to control the task by a number of the third parties on 
sharing a multipartite GHZ state[24－26]. 

Here, to enhance security in managing the task, we propose a controlled remote implementation 
of a partially unknown quantum operation protocol. First, we put forward a protocol for imple-
mentation of the partially unknown quantum operation with one controller. Then, we generalize the 
protocol to the multi-party controlled system. 

1  The protocol for implementation of partially unknown quantum op-
eration with one controller  

Firstly, for concreteness, suppose the operators Ud (d = 0; 1) (Alice does not know the two op-
erators Ud (d = 0; 1)) that Alice can locally manipulate have the form 
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with arbitrary real Φ and θ. We say that they are partially unknown in the sense that the values of 
their matrix elements are unknown, but their structures, that is, the positions of their nonzero matrix 
elements, are known. The task is to let Alice remotely apply Ud on Bob’s qubit b(Ψ ) with the 
controller Charlie. Since Ud is unknown to the sender Alice, we refer to this kind of task as a remote 
application of the partially unknown quantum operation. 

For the sake of clearness, we first consider the three-party case. Alice is set as a sender, Bob as a 
receiver, and Charlie as a controller. The role of the controller is that Charlie takes the responsi-
bility to decide whether or not and when the task should be done. If for some reasons the controller 
does not agree on the task, Alice and Bob are unable to start it. In this paper, we present a quantum 
scheme in which Alice and Bob could go only when all the controllers agree. Thus, the initial state 
in the joint system composed of qubits controlled by Alice, Bob, and Charlie is as follows: 
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 ,ABCb ABC bGHZχ ψ= ⊗  (4) 

where 

 ( )1 000 111 .
2ABC ABC

GHZ = +  (5) 

Qubit A is held by Alice, qubit B by Bob, and qubit C by Charlie. Bob’s qubit b is in an unknown 
state Ψ  (all partners do not know the state of b): 

 0 1 ,bψ α β= +   2 2 1.α β+ =  (6) 

(i) Step one: Charlie’s operation.  If Alice and Bob want to do remote implementation of a 
partially unknown quantum operation, they ask Charlie to carry out a Hadamard operation on C. If 
Charlie wants Alice and Bob to do remote implementation of the partially unknown quantum op-
eration, he carries out a Hadamard (H ) operation on his qubit C; whereas, he does nothing. Suppose 
Charlie would like to help Alice and Bob, he carries out a Hadamard operation. The Hadamard 
operation has the form: 

 10 ( 0 1 ),
2

H = +  (7) 

 11 ( 0 1 ),
2

H = −  (8)   

which transforms the state shown in eq. (4) into 

 1 [( 00 11 ) 0 ( 00 11 ) 1 ].
2 AB ABABCb b C b Cζ ψ ψ= + ⊗ + − ⊗  (9) 

Charlie measures qubit C, and if the outcome is 0  ( 1 ),  he will record it as κ = 0(1). If he 

obtains the outcome 0 ,C  qubits (A; B; b) will collapse into the state 

 0
1 ( 00 11 ) ;
2 AB bζ ψ= + ⊗  (10) 

otherwise, we propose that the state of qubits (A; B; b) be 

 1
1 ( 00 11 ) .
2 AB bζ ψ= − ⊗  (11) 

After measuring qubit C, Charlie informs Alice and Bob of his measurement results κ (1 clas-
sical bit). 

(ii) Step two: Bob’s preparation.  In order to receive the remote control, Bob performs some 
operations as 
 0 0 1( ) ( )( 0 0 1 1 ),b B B

B B b bω η η η σ σ σ= ⊗ ⊗ + ⊗  (12)   

that is, Bob sends qubits b and B through a controlled-NOT with b as the control qubit and B the 
target one. Then Bob measures qubit B in the computational bases ,bη η  where η = 0, 1. If the 

outcome is 0  ( 1 ),  then he will record it as η = 0 (1), and each occurs with a probability of 1/2. 

He sends the outcome η to Alice (1 classical bit). 
(iii) Step three: Alice’s sending.  After receiving Bob’s (η) and Charlie’s (κ) classical bits, 

Alice first applies the corresponding operation  

0 1 2 3( , , i , )u x y zIσ σ σ σ σ σ σ σ= = = =  
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on her qubit A dependent on ,κ η⊕  where ⊕  denotes an addition mod 2. As a consequence, the 
state that Alice and Bob share becomes 
 1 ( 00 11 ) .Abζ α β= +  (13) 

The unknown coefficients α, β of Bob’s state are now “visible” to Alice. Next, Alice carries out 
the quantum operation Ud (i.e. U0) on qubit A, which transforms 1ζ  to 

 2 i i1 ( e 00 e 11 ) .
2 Ab

φ φζ α β −= +  (14) 

Finally, Alice executes the Hadamard transformation H and measures her qubit on the compu-
tational basis ,Aυ υ  where υ = 0, 1. If she obtains the outcome 0 ,A  qubit (b) will collapse 

into the state 
 2 i i

0 e 0 e 1 ;b b
φ φζ α β −= +  (15)  

otherwise, the state of qubit (b) will be 
 2 i i

1 e 0 e 1 .b b
φ φζ α β −= −  (16)  

After measuring qubit A, Alice informs Bob of her measurement result υ (1 classical bit[27,28]). If 
the outcome is 0  ( 1 ),  recorded by her as υ = 0(1), all of Alice’s local operations and meas-

urement are just 
 [ ].A A

A d kAS H U Uη η=  (17) 

(iv) Step four: Bob’s recovery.  In order to obtain the remote implementation of this quantum 
operation in a faithful and determined way, Bob has to perform his recovery operation in general. 
That is, if Alice’s measurement result is 0 ,  then Bob performs a σ0 operation on qubit b; if 

Alice’s measurement result is 1 ,  then Bob performs a σ3 operation on qubit b. 

After carrying out the above steps from one to four, we directly obtain Ud ( 0 1 )α β+  in the 

qubit b of the joint system. The controlled remote implementation of an unknown quantum op-
eration has been successfully completed. 

2  The protocol for implementation of partially unknown quantum op-
eration with a multi-party controlled system 

This protocol may also be generalized to a multi-party control system. The quantum resource 
required for that purpose is a (N + 2)-qubit GHZ state of the form 
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1 ,
2 p

N

B A cpn
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and Bob’s qubit b is in 
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0
,mb bm
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=
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where α0 = α and β1 = β. So the initial state of all the qubits involved reads 
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If all controllers agree to help Alice and Bob to do remote implementation of the partially un-
known quantum operation, C1, C2, ..., CN respectively carry out an H operation on his/her qubit. 
Then all controllers measure his/her qubit on the basis (0, 1) with the result 0  (kp = 0) or 1  (kp 

= 1). The initial state eq. (20) is rewritten in the form: 

 
1

, 0

1 .
2 m B A bn m

n n mα
=

∑  (21)  

Bob carries out a CNOTbB (b is the control qubit and B is the target one) to transform the state in 
eq. (21) to 

 
1

, 0

1 .
2 m B A bn m

n m n mα
=

∑ ⊕  (22) 

After the above operation, Bob measures qubit B on the z-basis ( 0 , 1 ).  The state of the two 

qubits b and A collapses into 

 
1

iπ

0
e .nk

l n b An
l n nα−

⊕
=
∑ ⊕  (23) 

At this moment, if all the controllers agree on the task, they tell their measurement results kp to 
Alice and Bob. Then Alice calculates the value of k, where 

 1 2 1
.

N

N pp
k k k k k

=
= ⊕ ⊕ ⊕ = ⊕  (24) 

Bob tells his measurement outcome l to Alice, too. The key point of controlling the task by all 
the controllers is that Bob needs to know the value of k to decide whether or not to apply σz on his 
qubit b. If one of the controllers refuses to cooperate, the task cannot be started because the value of 
k is determined by the value of all kp. 

For any possible values of l and k, Alice and Bob are able to establish with certainty the nec-
essary shared state eq. (13) by the operation ( ).k l

z zσ σ⊗  So Alice and Bob may also realize con-
trolled remote implementation of the partially unknown operation. The working scheme of the 
controlled remote application of the partially unknown quantum operation is illustrated in Figure 1. 

3  Discussion and conclusions 

In conclusion, we proposed a protocol for controlled remote implementation of a partially un-
known operation on an arbitrary quantum state with local operation and classical communication. 
The main differences between controlled RIO and controlled teleportation (quantum state sharing) 
are: (1) The goal is different. The purpose of controlled RIO is to let the sender do remote im-
plementation of the unknown operation on an arbitrary quantum state with the help of the controller, 
while in controlled teleportation (quantum state sharing) Alice sends an unknown quantum state to 
the receiver with the help of the controller. (2) In controlled RIO, Alice need not know the opera-
tion that she carries out remote implementation, while in controlled teleportation (quantum state 
sharing) Alice must own the teleported state. Compared with the previous protocol[22], the present 
one has some difference. That is, in our protocol, for a multi-party control system, we use one 
N-qubit GHZ state as a quantum channel. But in the protocol given in ref. [22], N GHZ states are 
needed. We can say that different quantum resources have different features in quantum informa-
tion processing and communications. The obvious advantage in our protocol is that the sources are  
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Figure 1  The quantum scheme for remote implementation of a partially unknown quantum operation. 
 

saved. So, we hope that using the existing technology it is possible to realize the controlled remote 
implementation of a partially unknown quantum operation protocol with ease. 

We would like to thank Drs. Xia Yan and Song Jie for useful discussions, and acknowledge the valuable suggestions from the peer 
reviewers. 
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