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Evolution of the field quantum entropy and
entanglement in a system of multimode light
field interacting resonantly with a two-level
atom through N;-degenerate N*-photon
process
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The time evolution of the field quantum entropy and entanglement in a system of
multi-mode coherent light field resonantly interacting with a two-level atom by de-
generating the multi-photon process is studied by utilizing the Von Neumann re-
duced entropy theory, and the analytical expressions of the quantum entropy of the
multimode field and the numerical calculation results for three-mode field inter-
acting with the atom are obtained. Our attention focuses on the discussion of the
influences of the initial average photon number, the atomic distribution angle and
the phase angle of the atom dipole on the evolution of the quantum field entropy
and entanglement. The results obtained from the numerical calculation indicate that:
the stronger the quantum field is, the weaker the entanglement between the quan-
tum field and the atom will be, and when the field is strong enough, the two sub-
systems may be in a disentangled state all the time; the quantum field entropy is
strongly dependent on the atomic distribution angle, namely, the quantum field and
the two-level atom are always in the entangled state, and are nearly stable at
maximum entanglement after a short time of vibration; the larger the atomic dis-
tribution angle is, the shorter the time for the field quantum entropy to evolve its
maximum value is; the phase angles of the atom dipole almost have no influences
on the entanglement between the quantum field and the two-level atom. Entangled
states or pure states based on these properties of the field quantum entropy can be
prepared.
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1 Introduction

The Jaynes-Cummings model (JCM)[I] is an exactly solvable model of a single quantized elec-
tromagnetic field mode interacting in rotating wave approximation (RWA) with a single two-level
atom in a lossless cavity. In resent years, investigators have paid much attention to the properties of
the entropy in JCM and its generalizations due to the quantum entropy theory of the interaction of
the field with an atom presented by Phoenix and Knight (P-K)"* *. They have shown that the
quantum entropy is a very convenient and sensitive operational measure of the purity of the
quantum state because it automatically includes all moments of the density operator of the system.
The time evolution of the field (atom) quantum entropy reflects the time evolution of the degree of
the quantum entanglement between the field and the atom. The higher the quantum entropy is, the
greater the quantum entanglement will be. While one of the elementary resources of the quantum

[7-

information processing”’, such as quantum cryptography'®, quantum computer” *! and quantum

teleportation''®'?!

, is the quantum entanglement. Therefore, it is important to quantify the quan-
tum entanglement so as to assess the efficacy of quantum information processing and to prepare the
quantum entangled states under well-controlled experimental conditions.

Some investigators have studied the evolution of the field quantum entropy and entanglement of
the field-atom in the one-photon JCMP**!'¥ two-photon JCM™*'*'%) and multiple-photon
JCM!""!®) Other investigators[w] have examined the evolution of the field quantum entropy and
entanglement of the two-mode field interacting resonantly with a two-level atom by non-degen-
erating the two-photon process. However, up to now, less attention has been paid to the study of the
evolution of the field quantum entropy and entanglement of the multi-mode field interacting with a
two-level atom. This paper investigates the evolution of the field quantum entropy and entangle-
ment of the multi-mode coherent fields interacting resonantly with a two-level atom via the
Nj-degenerate N 2—photon transition process by regarding the atom as the environment. The
quantum entanglement is studied between the multi-mode coherent fields and the two-level atom
by utilizing the quantum reduced entropy theory.

2 The model and its solution

We consider a single two-level atom interacting with the multi-mode (¢g-mode) coherent field
through the Ni-degenerate N *_photon transition process. The effective Hamiltonian of this system
can be written in the RWA as (71=1)

H=H,+H,,

q
Hy =S, +) wala,, (1)

J=1

el

where §, and S_ are the usual pseudo-spin operators of the single two-level atom with a tran-
sition frequency wj; a}' (a;) 1s the photon creation (annihilation) operator of the field with fre-
quency @;(j=12,---,q); g is the coupling constant between the atom and the g-mode coherent

fields and N; is the degree of degeneration. For simplicity, we consider only the N *_photon reso-
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q

nance conditions so that @, = ZN ;- Using the standard techniques in ref. [2], from the effec-
j=1

tive Hamiltonian we can obtain the following time evolution operator in the interaction picture:

A u —iu
U y=e =( S ] )
Tl Uy
Here we have written the operators as
. . . 9 N, |sin(Bgt
i, = cos(Agt), i, = Haj’ &,
= B
. 4 v, |sin(Agt . .
Uy = (H a;N’ j&;lg)’ il,, = cos(Bgt), 3)
=1

[ i) - o[ e

We consider the situation that the single two-level atom is in a coherent superposition state of the
excited state |e> and the ground state |g> at the initial time =0, that is

v, (O))zcos(§)|e>+ei¢ sm@| g, )

while the field is in the g-mode coherent state, namely

|1//f(0)>=|a1,a2,~--,aq>= i P(nl)P(nz)---P(nq)|n1,n2,--~,nq>,
0

IRIRENES

o )
7o) a
P(n,)= exp[——fj—’,
J 5 \/nj.!
where 0< @ <m with @ denoting the atomic distribution angle, 0 << ¢ <2n with ¢ being the
phase angle of the atom dipole, «; = ﬁ exp(ip;), where 7; and ¢;(0< ¢, <2m) represent

the initial average photon number and the direction angle of the excitation for j(j=1,2,---,9)

mode, respectively. So, the initial state of the system can be written as

v (0) =]y, () ® |y, (0). (6)
At any time 7> 0 the state vector of the system is given by
lv(©)=U, 0|y (0)=|C)|e)+|D)|g), (7)

with

o0

q
|C> = Z {Hq(nj)} exp{i(z n;Q; H[cos%cos(ﬁ;'j t)|nl,n2,- . -,nq>
J=

ny,my ey =0 j=I

_

—ie™ ¥ singsin(.Q,;t)|n1 - N,,n, —Nz,-”,nj —Nj,---,nq —Nqﬂa (8)

|D) = i l:ﬁQ(nj)}exp{i(Zq:nj%H[—icosgsin(.@jz‘)
=

iy ey =0[ j=1
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_ig . 0O -
x|y + Nyt + Nyyoony + Njyeeen, +Nq>+e 1¢s1n§cos(g,jt)|n1,n2,-~-,nq> ,

— I’l /2
( )

q(n;)= eXp(—_—j \/7‘

+ | (£ N))! - T n;! "
ool ] i)

are the parameters relevant to the Rabi frequency of the atom.

Therefore, at any time #> 0, the density matrix for the system is given by

w11 ]

and the reduced density matrix of the g-mode coherent field is given by
p; () =tr,[p(1)] =|C)C|+|D)(D.

)

(10)

(11)

(12)

By using the standard techniques in ref. [2], it can be shown that the eigenvalues of the reduced

density operator p, () are given by

75 (1) =(C|C) £ exp(8)|(C| D)| = (D| D) £ exp(x5)|(

where
1

5 —sinh-" {W«q@—ww»},

m,ny .y

(c|c)= w {I_HQ(H )| ] cos (Q, f) +sin’ (g) 1n2(.(%‘_t)}
l:Hq(n = N;)q(n; ):Ismé?cos(.@, t)sin(£2” t)smHiNjgoj]—qﬁ}},

LRCTY

(D|D)= w {(I—ﬂq(n) ] sm (27 0) +sin’ gj osz(@:t)}

j=1 =1

l:Hq(n +N; )q(n ) sm&cos(.q t)sm(!%, t)sml:{zq: %J—¢}},

oo q 2 1 ) _IZN ?;
(c|p)= H|‘I(”,-)| [E ~sin@cos(43' 1) cos(42, t):|+le =
n, nz Jj=1

X Kﬁ q(nj )q(nj —-N; )] sin? [gj sin(g,; t) cos(.(%}N 1)

J=1

_ [ﬁ q(n; + N )q(n, )J cos” [g) cos(Q,tJrth) sin(Q;t)}

J=1
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q (. q .
+{1}1q(n ;+2N,)q(n j)] % . (¢ 2ZN¢] sin@sin(€J, ,, 1)sin( Q;t)} (17)

3 The field quantum entropy and quantum entanglement between the
g-mode coherent fields and the two-level atom

Following the work by P-K in ref. [2], we can express the reduced quantum entropy Sy(f) of the
g-mode coherent fields in terms of the eigenvalue ﬁf (t) of'the field reduced density matrix py(?),
given by expression (13), that is

Sy(0)= —[ﬂ} (®)In 71; (O + 7, (O)nz, ()] (18)
If the minimum value of S;(¢) is taken to be zero, the g-mode coherent fields and the atom are
disentangled; if the maximum value of Sy(?) is taken to be one, the g-mode coherent fields and the
atom are in a maximal entangled state; if the value of Sy(?) is between zero and one, the g-mode
coherent fields and the atom are in usual entangled states. It seems to be impossible to express the
sums in eqgs. (15)—(17) in a closed form, but as for a not too large 7, the direct numerical

temporal evolution of the entropy can take place based on the analytical solution presented by
expression (18). In what follows, we shall consider the behaviors of the field quantum entropy and
the quantum entanglement of the system. It should be emphasized that by computing all the infinite
series for the eigenvalues of the reduced field density operator, we have mathematically invoked
the sound truncation criteria.

Firstly, we examine the influence of the initial average photon number (namely, the intensity of
the field) on the time evolution of the three-mode coherent field entropy Sy(f). For simplicity, here we
have set n, =n, =n;, and you can take each of them with different values according to your need.

According to the plots in Figure 1, one can see that the field and the atom are always in the
maximum entangled state, and with the increase of n, =7, =#n;, the value of the quantum field
entropy decreases, especially when n, =n, =n; are very large (the strong quantum field condi-
tion), the quantum field entropy Sy(f) nearly tends to its zero value in the overall time evolution
process (see Figure 1(c)), which indicates that the stronger the quantum field is, the weaker the
entanglement between the quantum field and the atom is, and when the field is strong enough, the
two subsystems may be in a disentangled state all the time.

Secondly, we investigate the evolution of the three-mode quantum field entropy with different
atomic distribution angles & under the condition that ¢ =3, ¢=0, ¢, =¢,=¢;,=0, N, =N,

=N, =1, n =n, =ny; =5. Figure 2 presents the numerical results.

Comparing these plots in Figure 2, one can find that the quantum field entropy is strongly de-
pendent on the atomic initial state. The quantum field entropy reaches its maximum value after a
very short time of oscillation, and then the field entropy almost remains in that sustained maximum
value, and the larger the atomic distribution angle @ is, the shorter the time for the field entropy to
evolve its maximum value is, which means that the quantum field and the two-level atom are al-
ways in an entangled state, and are nearly stable at maximum entanglement after a short time of
vibration.

Thirdly, we see the time evolution of the three-mode coherent quantum field entropy under the
condition that 6 =n/3, ¢, =¢, =@, =0, Ny =N, =N; =1, i, =n, =n; =2 and different values
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Figure 1 The evolution of the quantum field entropy S;(¢) as a function of the scaled time gt withg =3, =0, ¢=0, ¢, = @, =
@3=0,Ny=N,=N;=2.(a) mj=my=i3=2;(b) m=my=m3=5;(c) m=n,=n3=10.
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Figure 2 The evolution of the quantum field entropy S;() as a function of the scaled time gt with ¢ =3, ¢=0, ¢, = @, = ¢3=0,
I, m=m=m=5 (a) 6=0;(b) =7/3;(c) =n/2;(d) 6=m.

Ni=N,=N;=
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of the phase angle of the atom dipole ¢.

It is shown that the changes of the phase angle of the atom dipole have no obvious effects on the
quantum field entropy, except for ¢ =7 (see Figure 3(c)), which means the phases of the atom dipole
almost have no influence on the entanglement between the quantum field and the two-level atom.
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Figure 3 The evolution of the quantum field entropy S;(#) as a function of the scaled time gt with (a) ¢ =m/3; (b) =n/2; (c) ¢=
m; (d) p=51/4; (e) p=4n/3; (f) ¢p=137/8.

4 Conclusions

We have not only examined the time evolution of the quantum field entropy and the entanglement
of the multi-mode field resonantly interacting with a two-level atom via any N-degree degenerate
N*-photon process and obtained the analytical expression of the quantum field entropy S¢(#) for the
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g-mode coherent field. Besides, we have presented the numerical results for three modes coherent
field (¢ =3) and discussed in detail the influence of the different parameters 7;, ¢ and ¢ on the

evolution of the quantum field entropy. Our numerical calculation results show that: (1) With the
increase of the initial average photon number 7, =7, =n,, the value of the quantum field entropy

Sr(f) decreases, especially when n) =n, =n; are large enough, the quantum field entropy Sy (¢)

nearly tends to its zero value in the overall time evolution process, which indicates that the stronger
the quantum field is, the weaker the entanglement between the quantum field and the atom is, and
when the field is strong enough, the two subsystems may be in a disentangled state all the time. (2)
The quantum field entropy is strongly dependent on the atomic initial state. The quantum field
entropy reaches its maximum value after a very short time of oscillation, and then the field entropy
almost remains in that sustained maximum value, and the larger the atomic distribution angle & is,
the shorter the time for the field entropy to evolve its maximum value is, which means that the
quantum field and the two-level atom are always in an entangled state, and are nearly stable at the
maximum entanglement after a short time of vibration. (3) The changes of the phase angle of the
atom dipole have no obvious effects on the quantum field entropy, except for ¢ =, which means
the phases of the atom dipole almost have no influence on the entanglement between the quantum
field and the two-level atom.
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