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The deformation in granular material under loading conditions is a problem of great 
interest currently. In this paper, the micro-mechanism of the localized deformations 
in stochastically distributed granular materials is investigated based on the modi-
fied distinct element method under the plane strain conditions, and the influences 
of the confining pressure, the initial void ratio and the friction coefficient on the 
localized deformation and the stability of granular materials are also studied. It is 
concluded, based on the numerical simulation testing, that two crossed shear 
sliding planes may occur inside the granular assembly, and deformation patterns 
vary with the increasing of transverse strain. These conclusions are in good 
agreement with the present experimental results. By tangential velocity profiles 
along the direction normal to the two shear sliding planes, it can be found that 
there are two different shear deformation patterns: one is the fluid-like shear mode 
and the other is the solid-like shear mode. At last, the influences of various material 
parameters or factors on localized deformation features and patterns of granular 
materials are discussed in detail. 

granular material, localized deformation, modified discrete element method 

1  Introduction 

Granular material is a collection of a large number of discrete particles which can move inde-
pendently from one another and interact only at contact points. These discrete characteristics of 
granular material would result in many complex behaviors different from the common solid and 
fluid materials. In order to investigate these micro-mechanical and physical behaviors of granular 
material, much research work has been done in many application fields over the last decades. 
Within these research fields, the deformation in granular material under loading conditions is a 
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problem of great interest because it has many important industrial applied backgrounds, such as 
processing of groundwork in civil engineering, stability analysis of slope and human-built em-
bankment, storage, transport and handling of grains and powders, design and maintenance of 
granular pavement[1,2]. In many industries involving granular materials, the localized deformation 
is the major cause of the whole assembly’s inefficiencies and failures which may often involve 
serious financial penalties. Over the last few decades, many investigations have been carried out to 
study the deformation of granular material, including experiments, theories and numerical simu-
lations.  

So far, many experiments have been done to reveal the deformation characteristic of granular 
material under different boundary and loading conditions[3－5]. These experiments pay more atten-
tion to macro-deformation features of granular material, such as failure pattern, occurrence of shear 
band, and stress-strain relation. However, the micro-deformation mechanism leading to instabili-
ties and failures of granular material has not been well understood yet. A primary reason is that it is 
a technical challenge to observe the micro-deformation processes taking place inside granular 
material[3].  

The theory analysis is a practical approach to investigating the deformation features of the dense 
granular material. This approach is based on the continuum mechanics model and the finite ele-
ment method or other numerical schemes, and can solve many deformation problems under dif-
ferent boundaries or loading conditions[6－8]. The constitutive equations play an important role in 
these continuum mechanics-based numerical processes. Most theoretical investigations on granu-
lar material focus on developing proper continuum constitutive equations, which distinguish 
granular material from other common materials. Though many scientists and engineers have de-
voted great efforts in this field, there is no theoretical model that is widely accepted for granular 
material at present[7]. The major cause is that most of the constitutive equations cannot completely 
take account of the material’s micro-structures and contact features between individual particles. 
However, the localized deformation in granular material is completely controlled by these mi-
cro-factors, so the results derived from the continuum mechanics-based numerical processes 
cannot exactly reflect the actual deformation patterns in granular material.  

In order to satisfy the current engineering requirements, investigators pay more attention to the 
numerical simulations to solve the existing problems involving granular material[5]. The discrete 
element method is a popular numerical simulation method to simulate the deformation of granular 
material, and many investigators have done some research work combining different problems. 
Under quasi-static loading conditions, Iwashita and Oda have concluded, based on the numerical 
simulation testing, that the basic micro-deformation mechanism ending up with the formation of 
shear bands is the generation of a column-like structure during the hardening process and its col-
lapse in the softening process[9,10]. Also, some research papers have shown that the rolling resis-
tance in DEM simulations of granular material plays an important role[9－11]. Hu et al. have studied 
the phenomenon of the strain localization in densely distributed metallic assemblies and analyzed 
the influences of Young’s modulus, coefficient of friction, unaxial yield stress, and the rolling 
resistance on the characteristics of shear bands[12]. 

Although a lot of investigations have been done by experimental, theoretical and numerical 
simulation approaches on the localized deformation of granular material, there is still a lack of 
understanding for localized deformation of stochastic distributed granular material under durative 
loading conditions, i.e. how various external factors or materials parameters combine to influence 
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patterns and evolve features of the localized deformation. Based on the numerical simulation 
method, this paper analyzes the localized deformation features in granular material in which the 
distributions of diameter magnitude and position are stochastic under plain strain conditions, and 
investigates the influence of external factors or materials parameters on localized deformation 
features in granular material, such as initial void ratio, confining pressure and coefficient of fric-
tion. 

2  Modified discrete element method 

The discrete element method (DEM) proposed by Cundall is a promising numerical tool for 
simulating various problems involving granular material. The position of each particle in the sys-
tem is obtained by integrating twice with respect to time in Newton’s second law of motion[13]. 
DEM is in fact a time-driven soft-particle method that allows two particles to interpenetrate so as to 
mimic particle deformation. Also it allows the relative motions between individual particles and 
does not need to satisfy displacement continuous conditions, so this method can efficiently simu-
late more complex mechanical characteristics of granular material, such as large deformation and 
nonlinearity.  

2.1  Equations of motion 

The calculations in DEM are performed using the Newton’s second law of motion and the 
force-displacement law at the contact point. The governing equations of motion for particle i 
are[14,15] 

 d
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where mi and Ii are the particle mass and moment inertia, vi and ω i are the particle translational and 

rotational velocity, Fi and Mi are the non-contact forces and non-contact moments, c
jiF  is the 

contact force of particle i due to particle j, Ri is the vector directed from the center of particle i to the 
contact point, and jiM θ  is the rolling resistance moment between particle i and j due to the 

asymmetric normal stress in the contact plane. 

2.2  Evaluation of contact forces     

The interactions between two particles can be described using the relative distances between 
centers of the two particles, as shown in Figure 1. So the contact condition of the two particles i and 
j is simply given by 

 ( ) 0,n i j ijR R Dδ = + − >  (3) 

where Dij is the distance between centers of particles i and j with radius Ri and Rj, respectively. The 

contact force c
jiF  between particles i and j, which can be decomposed into the normal contact 

force cn
jiF  and the tangential contact force cn

jiF , is given by 

 ,c cn cs cn cs
ji ji ji ji ji ji jiF F= + = +F F F n s  (4) 

where jin  and jis  are the unit vectors of normal direction and tangential direction respectively at  
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Figure 1  Interaction between two particles. 
 

the contact plane between particles i and j. The normal force between the particles is modeled by a 
linear spring-dashpot model[16,17]. The spring force provides an elastic restoration and the damping 
force dissipates the energy as the particles collide with neighboring particles or with the walls. So 
the normal contact force cn

jiF  acting on particle i from particle j is given by 

 ( ),cn
ji n n n e r ijF k c mδ= − ⋅v n  (5) 

where ( ) ( ) ,e i j i jm m m m m= +  em  is the effective mass, nk  the normal elastic constant, nc  

the normal dashpot coefficient, and rv  the relative velocity vector between particles. The tan-

gential contact force cn
jiF  acting on particle i from particle j is given by 

 ( )sign( ) min( , ) ,cs cn
ji s s s ji s e r ijF k F c mδ δ μ= − − ⋅v s  (6) 

where sk  is the tangential elastic constant, sc  the tangential dashpot coefficient, μ the friction 

coefficient, and sδ  the tangential displacement during the contact. When the magnitude of the 

sliding frictional force cn
jiFμ  exceeds the magnitude of tangential elastic force s sk δ , the slid-

ing frictional force becomes active and replaces the tangential elastic force. 

2.3  Rolling resistance 

It is assumed in the conventional DEM that particle rotations are controlled by the moments solely 
resulting from the tangential contact forces at particle contacts or suppressed to zero in the simu-
lation. However, the current experiment and numerical simulation results show that the particle 
rotation, in particular, the rolling resistance, plays an important role in deformation characteristics 
of granular material[9－11]. Generally, when a particle i contacts with another particle j, the initial 
contact point can gradually evolve to a finite contact area due to the particle deformation around the 
contact point. At the contact interface, if the tangential component of contact force is non-zero, the 
normal component of contact force will distribute asymmetrically about the centre of the contact 
interface as shown in Figure 2, resulting in a force couple known as the rolling resistance[11]. So we 
can modify the discrete element method through the added rolling resistance so as to make the 
simulation results closer to the actual deformation of granular material.  



 

 WANG DengMing et al. Sci China Ser G-Phys Mech Astron | Sep. 2008 | vol. 51 | no. 9 | 1403-1415 1407 

 
 

Figure 2  Sketch for rolling resistance at the contact interface. 
 
In this paper, the common physical model of the rolling resistance between particles is modeled 

by the spring-dashpot model, in which each contact point is replaced by a set of torsion spring and 
dashpot. Similar to the Mohr-Coulomb criterion, the rolling resistance can be calculated by 
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where Kr is the stiffness of the torsion spring, Δθ  the relative rotation between two particles, and η 
the rolling friction coefficient. It is shown that parameter η is related with the interface area of 
contact particles, so η can be decomposed into two components: the interface width B and the 
parameter α which depends on the distribution of contact force at the contact interface. Through 
the theoretical analysis[11], the parameter α equals 1/3 approximately. 

3  Numerical investigation 

3.1  Numerical model 

In order to investigate the localized deformation characteristics in granular material, it is necessary 
to put forward an appropriate numerical model. As 
shown in Figure 3, we consider a two-dimensional 
model containing numerous stochastic distributed 
discs under the plain strain conditions. The rectan-
gle assembly is controlled by four boundaries: the 
bottom boundary is the fixed rigid platen, and the 
top boundary moves vertically down with a given 
speed as a loading platen. The left and right 
boundaries add a confining pressure to ensure the 
initial stability of granular material. When the 
transverse strain exceeds the limit value, the local-
ized deformation will occur inside the granular 
material. 

The granular assembly consists of about 4000 
discs with stochastic distributed diameters and po-
sitions. The diameters of the whole granular mate-
rial obey uniform distribution between 1－3 mm, 

 
 

Figure 3  A physical model under plane strain condi-
tions. 
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and D is the median particle diameter. We prepare the initial granular system by the gravitational 
deposited method that the particles with stochastic velocities in magnitudes and directions are 
randomly dropped into a rectangle container and tracing motions of particles until the final state is 
achieved. After compaction and relaxation of residual stresses[18], an initial rectangular assembly 
under the plain strain conditions is prepared.   

In this paper, the width and height of rectangular assembly are l = 88 mm and h = 178 mm, re-
spectively. The model parameters in numerical simulation are given as follows[16,17]: particle den-
sity ρ = 2850 kg/m3, friction coefficient between particles μ = 0.3, friction coefficient between 
particle and loading plate  μ1 = 0.35, normal spring constant kn = 1.0×107 N/m, tangential spring 
constant ks = 2/3×Kn, rolling spring constant kr = 1.3×102 N·m/rad, normal damping coefficient and 
tangential damping coefficient between particles are cn = 8.33×10−2 N·s/m and cs = 8.33×10−2 
N·s/m, respectively, and coefficient of rolling damping cr = 1.0×10−2 N·m·s/rad. The increment 
of time step Δt = 10−6 s. 

3.2  Characteristics of localized deformation 

Different from the common solid materials, granular material under external loading conditions 
exhibits distinct features of localized deformation. Because the granular material also possesses 
some behaviors of the fluid materials, localized fluidities can take place inside granular material 
during durative loading and may gradually evolve into shear sliding planes. The moving velocities 
of the particle at the one side of shear plane are obviously greater than those at another side. Unlike 
the common annular shear or plane shear flows[19], two crossed shear sliding planes can occur 
along the top of the granular assembly under the plane strain condition. The transverse strain is 
defined as follows: 

 ,h
h

ε Δ
=  (8) 

where Δh is the transverse displacement of the top loading plate, and h is the initial height of 
granular assembly. Figure 4 shows velocity vectors of all particles at different transverse strain 
stages (median particle diameter D = 2 mm, confining pressure σc = 15 kPa, loading speed v = 0.3 
m/s). The arrow’s lengths are scaled relative to each other to show the magnitudes of individual  

 

 
 

Figure 4  Velocity vectors of all particles at different transverse strain stages. 
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particle velocities. From the figure, we can see that deformations localized into narrow zones and 
two crossed shear sliding planes have occurred along the top of granular material under these 
loading and boundary conditions. These localized deformation patterns approximately agree with 
the experiment results under the parallel conditions[3]. 

In this paper, adding a constant speed to the top plate, once the transverse strain exceeds the 
assembly’s limit strain, the localized deformation will occur inside the granular material. We need 
some measurable parameters to reflect localized deformation inside the granular material. It is 
obvious that the localized deformation of granular material must result in variance of counterforce 
on the top plate from the granular material. This force can translate into the averaged stress on the 
top loading plate using the statistical averaged method. So it is convenient to reflect the localized 
deformation of granular material indirectly through the variance of the averaged stress acted on the 
top loading plate. Here we can define the predicted parameter η is the ratio of the averaged stress 
acted on the top loading plate to the confining pressure acted on the granular assembly laterally as 
follows: 

 ,v

c

σ
η

σ
=  (9) 

where vσ  is the averaged stress acted on the top loading plate, and cσ  is the lateral confining 
pressure. Figure 5 shows the relationships between the stress ratio η  and the transverse strain ε. It 
can be found that the stress ratio increases up to the corresponding peak and then begins to drop 
with the increasing transverse strain. The decrease of the stress ratio indicates the reduction of load 
carrying capability which is caused by the localized deformation inside granular assembly. These 
localized deformations evolve into the shear sliding planes gradually. The limit strain is a limit state 
of the transverse strain before the shear planes occur and exactly correspond to the peak value of 
stress ratio. Before this point, the granular material is in the hardening stage, and when exceeding 
this point it gets in the softening stage and the localized deformation occurs. The similar phe-
nomenon is also observed by experiments[3]. Figure 6 shows a schematic diagram of all tangential  

 

      
 

        Figure 5  Stress ratios versus the transverse strains.            Figure 6  Tangential contact forces between particles. 
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forces between particles in granular assembly (ε = 0.017). The direction and magnitude of tangen-
tial contact forces between particles are shown by force chains. It was found that tangential contact 
forces become larger distinctly around shear planes. However, this phenomenon was not found 
from normal contact forces between particles. This result shows that tangential contact forces play 
an important role in localized deformation of granular material. 

Now we can analyze the characteristics of localized deformation and shear sliding planes. Figure 
7 shows the schematic diagram of two shear planes in the 
reference model. Because the macro-shear planes in granular 
material are controlled by the micro-particle motions, we can 
use individual particle motions to define the characteristics of 
macro-shear planes, such as shear plane inclination angle. In 
this paper, the inclination angles of shear sliding planes are 
defined as the averaged value of angles between some particle 
motion directions and the horizontal direction. These particles 
can be selected to satisfy some restrictions, for example, the 
particle velocities in one direction exceed the median value of 
all particle velocities in this direction. In this paper, the in-
clination angle of shear sliding plane is defined as follows: 

1

1 cN

ci ci
ic

w
N

θ θ
=

= ∑                (10) 

where θci is the angle between the particle motion direction 
and the horizontal direction, ciw  the weight value corre-
sponding to θci which reflects the influence of different parti-
cle velocity on the whole inclination angle of shear sliding planes, and Nc is the number of particles 
which satisfy the given restrictions. After two inclination angles of the shear sliding planes are 
defined, we can analyze their geometrical characteristics and evolving patterns with various ex-
ternal factors. 

According to the definition of the inclination angle, we can decompose the velocity vectors 
along tangential directions of the two shear sliding planes. Figure 8 is the typical decomposed 
results (D = 2 mm, ε = 0.017). It can be seen obviously that two shear sliding planes occurred at this 
strain stage. 

In order to analyze the shear sliding planes in detail, we divide the granular assembly into many 
sub-regions along the normal direction of shear sliding plane and calculate the corresponding 
averaged tangential velocities in each sub-region, and then we can get the shear velocity profile 
along the direction normal to the shear sliding planes. Figure 9 shows the evolving characteristics 
of two velocity profiles at different strain stages, where y1 and y2 are the local coordinates normal to 
the two shear sliding planes. From the figures we can find two different shear deformation modes. 
In the first shear mode illustrated in Figure 9(a), shear velocities decay very fast from the boundary 
in a near-exponential fashion along the direction normal to the first shear plane. In the second shear 
mode illustrated in Figure 9(b), the shear velocities decay in a near-linear fashion except for a little 
part near the boundary, indicating that it is a diffuse shear mode. In this mode, we can find transient 
shear bands at some conditions. Aharanov et al. have also observed two different shear modes from 
2D numerical simulation of the plane shear granular layers[19]. One is the fluid-like shear mode  

 
 

Figure 7  Schematic diagram of two shear 
planes. 
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Figure 8  Decomposing process of whole deformation along two shear planes. (a) Velocity vector diagram of whole deformation; 
(b) velocity vector diagram along the first shear plane; (c) velocity vector diagram along the second shear plane. 
 

 
 

Figure 9  Shear velocity profiles along the normal direction of shear sliding planes at different strain stages. (a) The fluid-like 
shear mode; (b) the solid-like shear mode. 
 
(mode F) whose velocity decays from the boundary in a near-exponential fashion, and another is 
the solid-like shear mode (Mode S) whose velocity decays from the boundary in a near-linear 
fashion. Through some numerical results we can find: (1) under plane strain conditions, two kinds 
of localized deformation modes (mode F and mode S) occur inside granular material. Different 
from the plane shear granular layers, these two kinds of localized deformation modes occur inside 
granular material simultaneously. (2) In the whole process of loading, two kinds of deformation 
modes may persist for a long time respectively. From simulating results, we also can find that the 
fluid-like shear mode is dominant in two kinds of shear modes. On one hand, we can find that the 
inclination angle corresponding to the fluid-like deformation mode is bigger than the inclination 
angle corresponding to the solid-like deformation mode. On the other hand, once the localized 
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deformation of granular material occurs, the fluid-like shear plane may occur and has always been 
accompanied by the whole deformation process when the shear mode evolves between the sin-
gle-shear plane mode and the two-shear plane mode. 

3.3  Influence of various material parameters and factors on the localized deformation 

(i) Influence of initial void ratio.  By changing the initial void ratio in the reference model, we can 
investigate the influence of this parameter on the localized deformation of granular material. Figure 
10 shows the variation of stress ratio with the increase of transverse strain. From this figure, it can 
be found that the transverse strains corresponding to the peak points of stress ratio decrease as the 
initial void ratio decreases, but the peak value of stress ratio increases relatively. This phenomenon 
indicates that if the granular assembly is denser initially, the localized deformation in granular 
material may occur earlier but the granular assembly has a higher load bearing capacity under the 
same transverse strain. These results are in qualitative agreement with the experimental results[3]. 
This can be easily understood: a higher initial void leaves more room for the whole compressive 
strain. There is a larger volumetric strain at the beginning stage of deformation. The localized 
deformation in granular material may occur when the void ratio reached a limit value. It can be 
found from the numerical testing that the limit value of void ratio is almost invariable under the 
same confining conditions. Therefore, the transverse strain corresponding to the occurrence of 
localized deformation will increase as the initial void ratio increases. 

Figure 11 gives out inclination angles of the shear planes in granular material at different initial 
void ratios. It can be found that inclination angles of the shear planes are smaller for denser 
granular materials. We also can find that the first inclination angle corresponding to the fluid-like 
deformation mode is bigger than the second inclination angle corresponding to the solid-like de-
formation mode. These results are also in qualitative agreement with the experimental results[3].  
 

    
 

  Figure 10  Influence of initial void ratio on stress ratio.          Figure 11  Effect of initial void ratio on inclination angles. 
 
(ii) Influence of confining pressure.  The cohesive force is not considered in this paper, so it is 
necessary to add lateral confining pressure to keep the initial stability of granular material. 
Commonly, confining pressure has strong influence on the localized deformation characteristics 
and the whole stabilities of granular material. Here we can directly use the stress added on the top 
loading plate as the predicted parameter to analyze the influence of confining pressure on stability 
of granular material. Figure 12 shows the influence of confining pressure on stress added on the top 
loading plate with the variance of transverse strain. From the figure, we can find that the stress peak 
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becomes higher as the confining pressure increases. This result indicates that the load carrying 
capability of granular material increases as the confining pressure increases. 
 

 
 

Figure 12  Influence of confining pressure on stress. 
 

From the figure, we can also find that when confining pressure σc≥50 kPa, both the stress peak 
and the transverse strain corresponding to stress peak increase as confining pressure increases. This 
phenomenon shows that granular material has a whole compressive process if the confining 
pressure is high enough. In this process, localized deformation does not occur until the transverse 
strain exceeds its limit value. These results reflect that the limit value of transverse strain increases 
as the confining pressure increases, leading to higher stability of granular material. If confining 
pressure σc ≤15 kPa, the occurrence of stress peak is not clear in the figure. This phenomenon can 
be explained through numerical simulations that granular material has whole horizontal diffusion 
during the loading process if the confining pressure is small. This whole horizontal diffusion may 
result in the increase of the limit value of transverse strain. If the confining pressure is too small, no 
clear localized deformation and shear plane are observed inside granular material. This conclusion 
has been observed in former simulation results reported by Iwashita et al.[10]. Through the simula-
tion results, we can also find that with the increase of the confining pressure, the solid-like shear 
pattern is weakening and the crossing shear planes gradually evolve into the single shear plane.  
(iii) Influence of the friction coefficient.  This section will demonstrate that the friction coefficient 
affects significantly the mechanism of localized deformation in granular material. Through the 
results of numerical simulation, we can obtain some interesting conclusions. When the friction 
coefficient μ equals zero, some annular motion clusters have occurred inside granular material 
because friction forces between individual particles disappear, and we cannot find clear shear 
sliding planes inside granular material during the whole loading process. With the increase of 
friction coefficient, a distinct shear sliding plane gradually occurs inside the granular assembly as 
shown in Figure 13. From the figure, it can be found that when the friction coefficient μ is small, 
there is only one distinct shear plane inside the granular material. Using the tangential velocity 
profile along the normal direction of shear plane, we can find this shear sliding plane belongs to a 
fluid-like shear pattern. With the increase of the friction coefficient μ, the solid-like shear sliding 
plane appears gradually, and then the single shear plane evolves into two different shear planes. In 
contrast to the single-shear pattern, the two-shear pattern usually leads to a higher load bearing 
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capacity. So the whole stability of granular assembly will gradually strengthen with the increase of 
friction coefficient. 

Figure 14 gives the influence of friction coefficient on stress ratio. From the figure, we can find 
that the stress ratio curves fluctuate intensely when friction coefficient μ is small. This period 
accompanies the strain hardening process and the softening process, and the stability of granular 
assembly is poor. As friction coefficient μ increases, the fluctuations of stress ratio curves reduce 
and the load carrying capability of granular material increases. When friction coefficient μ is small, 
only a single fluid-like shear plane is observed inside the granular material, and inclination angle of 
this shear plane increases slightly with the increase of friction coefficient illustrated in Figure 15. 
 

 
 

Fiugre 13  Velocity vectors with different friction coefficients. 
 

    
 

  Figure 14  Influence of friction coefficient on stress ratio.   Figure 15  Influence of friction coefficient on inclination angle. 
 

4  Conclusions 

In this paper, we analyze the features and developments of the localized deformation in stochastic 
distributed granular materials under the plane strain conditions using MDEM. The influences of 
various material parameters or factors on the localized deformation features and patterns, stability, 
inclinations of shear sliding planes in the granular materials are also discussed in detail. Conclu-
sions are given as follows: 

(1) Two crossed shear sliding planes inside the stochastic distributed granular material can occur 
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under the plane strain loading conditions. 
(2) The shear velocity profiles along the normal direction of the two shear sliding planes are 

different completely, one is fluid-like shear deformation pattern, and the other is solid-like shear 
deformation pattern. In the whole process of loading, two kinds of deformation modes may persist 
for a long time respectively. During the whole compression process, the fluid-like shear mode is 
dominant in two kinds of modes. 

(3) The initial void ratio has influences on the localized deformation of granular material. If the 
granular material is denser initially, localized deformations in granular material may occur earlier 
but the granular assembly has a higher load bearing capacity under the same transverse strain. 
Inclination angles of shear planes increase as the initial void ratio increases. 

(4) Confining pressure also has strong influence on the localized deformation patterns and the 
whole stabilities of granular material. With the increase of confining pressure, load carrying ca-
pability of the granular material increases and the limit value of transverse strain also increases. 
From the simulation testing, it can also be found that the solid-like shear pattern is weakening and 
two crossing shear planes gradually evolve into the single shear plane. 

(5) When friction coefficient is small, only a single fluid-like shear plane is observed inside the 
granular material. With the increase of friction coefficient, the solid-like shear sliding plane ap-
pears gradually, and then one shear plane evolves into two different shear planes gradually. 
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