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Abstract In this paper, we investigate a linear-quadratic (LQ) optimal control problem for partially ob-
served forward-backward stochastic systems with random jumps, where the observation’s drift term is linear
with respect to the state x and control variable v. In our model, the observation process is no longer a Brow-
nian motion but a controlled stochastic process driven by Brownian motions and Poisson random measures,
which also have correlated noises with the state equation. Applying a backward separation approach to de-
compose the state and observation, we overcome the problem of cyclic dependence of control and observation.
Then, the necessary and sufficient conditions for optimal control are derived. We also obtain the feedback
representation of optimal control and provide two special cases to illustrate the significance of our results.
Moreover, we also provide a financial application to demonstrate the practical significance of our results.
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1 Introduction

The partially observed optimal control problem for forward-backward stochastic differential equations
with Poisson jump (FBSDEP) is considered in this study. Our main motivation for this study is an
asset-liability management problem. Consider a company’s liability process [} governed by

_dlf = (btvt — Bt)dt + Ctth + Etth + / f(t,e)Nl (dt, d@) + / f(tye)NQ(dt, d@),
E E

where v is the decision maker’s strategy that means to inject or withdraw funds to achieve a specific
target. Let b; > 0 denote the expected liability rate. ¢; > 0 and & > 0 are the volatility of liability; Je,
and f .y represent the jump amplitude of liability. Suppose that the initial investment of this company
is zp and only invests in a riskless bond with an interest rate of r, > 0. The company’s cash balance

process xy is
t
t s
xy = eo reds (aco - / e o ”d“dlf).
0

It follows from It0’s formula that

dz} = (rewd + byvy — by)dt + ¢, dWy + ¢, dW; + / f(t,e)J\?l (dt,de) + / f(tye)NQ(dt, de),
E E

Ty = X0-
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Because of the company strategy and asymmetry account statement information, the decision maker can
only observe the cash balance by the stock price,

1 _ N
dsy = Sf{ (ht:cf + g + 50? + / ﬂ(t,e))\g(de))dt + o dW; + / K(t,e) N2 (dt, de)}
E E

with S§ = 1, where ¥ ) = R(t,e) — K(t,e) = In(1 + K(ze)) — Kz,e)- Then the decision maker’s available
information is o{S?;0 < s < t} rather than F; at time ¢. Setting Y;” = In S}, we have

¢ ¢ t
Y =YY Jr/ (hsx? +§S)ds+/ osdW, +/ / R(s,e)N2(ds,de). (2)
0 0 0o JE
Obviously, FY" = o{¥2;0 < s <t} = 0{S%;0 < s < t}. The generalized stochastic recursive utility

problem under consideration is as follows.
Problem 1 (SRU). Find an F¥ " -adapted control v to minimize

_ 1 T
J[’U] = §E|:\/O Qt(vt — qt)2dt —+ R(I’g—v — 77)2 — 2§yg:| y

subject to (1), (2) and

T
yf:x%—i—/ g(s xé,yé,zé,zé,/ k(s ,e)A1(de) /k(ée))\g(de) vé)ds

f/ 2V dW, — /‘”dW // o N1 (ds, de) //k(se)Ng(ds de).
t

The first term in the performance function calculates the difference between the control variable v and
benchmark ¢, the middle term estimates the risk of terminal wealth, and the last term denotes a stochastic
recursive utility. On the basis of this example, we study the partially observed LQ problem as follows:

(3)

dl’g = {at:cf —+ btvt + l_)t}dt + Ctth + Etth + / f(t,e)Nl (dt, de) + / f'(t,e)NQ(dt, d@),
E E
dyzj = {Atl‘lj =+ Bt'yzj —+ CtZZJ —+ étfzj —+ / Dtkzjt,e))\l(de) —+ / Dt];fzjt,e))\Q(de) —+ Ftvt + Gt}dt
E E

+ 2/ AW, + 2, dW; + / Ky oy V1 (dt, de) + / k{y, oy V2 (dt, de),
E

v v v
Ty = To, yT:LxT+Ma

where (W, W) is the standard Brownian motion, and N; and N, are the compensated martingale mea-
sures. Suppose that the state is partially observed through

t t t
Y =Yy + / {hsx;’ + gsvs + gs}ds + / o dWs + / / K(s,e)N2(ds, de).
0 0 o JE

The problem is to find an ]-'tY “_adapted control v to minimize the cost functional,

1 T
J[v] = EE[/O {Ot(acf)Q + Pt(yf)2 + Qtvf + 2012 + 2pryy + 2qtvt}dt

+ R(x%)% + 2rzy 4+ S(y3)? + QSyS] )

The optimal control of a partially observed stochastic system is usually encountered in finance studies,
such as recursive utility or mean-variance problems. A substantial body of literature is available on partial
information control systems, such as [1-3]. Li and Tang [4] obtained the general maximum principle using
a purely probabilistic approach for a partially observed system, whose diffusion term contains control,
and the observation also depends on control. Framstad et al. [5] obtained the sufficient condition for
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the optimal control of SDEP and studied the financial applications. Meng [6] obtained one sufficient
condition and one necessary condition for partial information optimal control of a stochastic control
system governed by fully coupled FBSDE with a convex control domain. Wang and Wu [7] obtained a
maximum principle for the partially observed optimal control of FBSDE with nonconvex control domains
and an uncontrolled diffusion term. @ksendal and Sulem [8] obtained a sufficient condition for the partial
information optimal control of FBSDE with Lévy processes by using Malliavin calculus to handle control
systems with random coefficients. Wang et al. [9] obtained the sufficient and necessary conditions for
optimal control of FBSDEP and observation noises. Li et al. [10] studied the stabilization problem for
discrete-time Markov jump linear systems involving multiplicative noise with an infinite horizon. Mu
and Hu [11] studied the exponential stability analysis for semi-Markovian switched stochastic systems
with asynchronously impulsive jumps. The above literature on partial information solved the problem
using a change of probability measure; thus, the Girsanov transformation plays a vital role. The partially
observed stochastic system also has important applications in engineering, such as the filtering problem in
the field of wireless communication. In most practical problems, the observation process is just an ordinary
stochastic process, which cannot be assumed to be a Brownian motion. However, if the observation is no
longer a Brownian motion and depends on the control variable, then a circular dependency relationship
is formed. In this case, the Wonham separation principle is critical in decoupling state estimation and
optimal control (see [12,13]). In general, because the mean square error of state estimate relies on control,
the separation principle is usually invalid when handling partially observed stochastic control problems.
To address this flaw, Wang and Wu [14] proposed a backward separation technique that can be used to
solve some partially observed stochastic control problems, such as the stochastic LQ problem. Xiao and
Wang [15] studied the filtering equations of FBSDE with random jumps. Wang et al. [16] studied an LQ
optimal control problem of FBSDE with partial information using the backward separation approach.
Wang et al. [17] studied an optimal control problem derived using mean-field FBSDE with correlated
noises, whose drift term depends on the state and its expectation. Li et al. [18] studied an LQ control
problem for FBSDE with delay under full and partial information. They also proved the unique solvability
of a class of FBSDEs with delay.

In this paper, we study an LQ optimal control problem for partially observed FBSDEP, whose observa-
tion is linear with respect to the state x and control variable v. Our model assumes that the observation
YV is a stochastic process depending on the control variable v. This assumption makes the problem
more natural and consistent with the actual situation, because the observation process is not necessarily
continuous in practice. For example, the stock price process in the financial market is usually discontin-
uous because of the impact of emergencies such as macro policies or because the signal reception process
in wireless communication is interrupted for some reason. Therefore, we assume that the observation
equation is driven by Brownian motions and Poisson random measures, which also have correlated noises
with the state equation. In the literature, little research is available on the stochastic control problem
and filtering problem when the observation process is discontinuous. This research is one of the main
contributions of this paper. On the basis of the above assumptions about the observation process, the
Girsanov transformation is invalid. Therefore, we apply the backward separation approach to solve our
problem. Compared with Wang et al. [16], we extend the backward separation approach from the con-
tinuous stochastic system to the discontinuous system. We obtain the necessary and sufficient conditions
for the optimal control. Inspired by [19], we also provide the optimal filtering of the state equation and
adjoint equation. We also have the feedback representation of optimal control. Finally, we provide a
financial application to illustrate the practical significance of our results.

The remaining paper is organized as follows. In Section 2, we formulate the LQ optimal control problem
of FBSDEP with partial information. In Section 3, we provide the necessary and sufficient conditions for
optimal control. We also give its feedback representation. In Section 4, we give two cases to illustrate
the method for solving the optimal control. In Section 5, we solve the financial problem raised at the
beginning of this paper. In Section 6, we give the conclusion.

2 Problem formulation and preliminary

2.1 Notation

Given T > 0, let (2, F,{Fi}o<t<r, P) be a given filtered complete probability space. On this space, there
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is a two-dimensional standard Brownian motion (W, W) valued in R? with Wy = Wy = 0. And there are
two independent Fi-adapted Poisson random measures N1 and Na on [0, 7] X E, where F is a standard
measure space with a o-field £. We also assume that Brownian motions and Poisson random measures
are mutually independent. For i = 1,2, the mean measure of N; is a measure on ([0,7] x E, B([0,T])® )
which has the form Leb x \;, where Leb denotes the Lebesgue measure on [0,7] and A; is a finite
measure on F, respectively. For any D € £ and t € [0,T], since \;(D) < oo, we set N;(w,[0,t] x D) :=
Ni(w, [0,t] x D) —t\;(D). Tt is well known that N;(w, [0,¢] x D) is a martingale for every D. We assume
that {F;}o<i<r is generated by W, W, Ny, N2, which satisfies usual condition. Now we introduce some
spaces of stochastic processes and random variables:

L>(0,T;R) := {¢|¢) is a deterministic uniformly-bounded function};
L3 (R) := {¢[¢ is Fp-measurable and E[|¢[?] < oo};

L%(0,T;R) := {®|®, is Fr-adapted and E [ [®[2dt < oo};

e 52(0,T;R) := {®|®, is Fy-adapted and E[supyc, <7 |P:[?] < 00}

MZ(0,T;R) := {®|®, is Fi-predictable and E [ |®,[2dt < oo};
F2(0,T;R) := {®|®, is F;-predictable and EfOT S5 | @2 A(de)dt < oo}

2.2 Problem formulation

Define the processes (29, 1°, 20, 20 k% k%) and Y° by

and

da¥ = a;20dt + ¢, dW; + & dW, + / fee.oyN1(dt, de) + / Fit.eyNa(dt, de),
E E

dy? = {Atzg + Byy? + Cpz? + Ci20 + / Diky oy A1 (de) + / Dtl}?t,e))\g(de)}dt n
E E

+ 20 dW, + 2)dW, + / Ky o) N1(dt, de) + / Ky ey N2(dt, de),
E E

0 0 0
Lo = Lo, yT:Ll‘Ta

dY0 = hyaldt + o, d W, +/ Ai(e.e) N2 (dt, de), (5)
E

YOO == 0.

Define (z',y', 21, 21, k', k') and Y with the control process v € L%(0,T;R) by

and

-1 1 A
Ty = Gy + btvt + bt,

dyg = —{Atxtl + Btytl + CtZtl + C_’t,?tl +/ Dtk(ltye))\l (de) +/ Dt];?(ltye))\g(de)
E E
(6)

+Ftvt JrGt}dtJrztlth +2151th +/

Ek(lt,e)Nl(dtade) JF/E];7(11t,e)]§72((115,de),

29 =0, yp=Lap+ M,

{ Ytl = hyxy + give + Gt ™

Yy = 0.

Assumption 1. The coefficients G, bt7 l_)ta Ct, Ct, At; Bt7 Ct; ét; Dt; Dt7 f(t,~)7 f(t,~); ht; gt Gt, Ot, 1/0ta
K(t,), 1/K@,.) belong to L>(0,T;R). xo and L are constants, M € LQFT (R)
Obviously, Egs. (4)—(7) admit unique solutions under Assumption 1, respectively (see [20,21]). Let

v __ .0 1 v __ .0 1 v __ 0 1 v _ 50 1
Ty =Ty + Ty, Ye =Yi T Yp, Zy =z + 2, 2y = Zy + 2,

v _ 1.0 1 R _ 7.0 7.1 v 0 1 (8)
Koy =Ky TRy kg = ke TRy, Y =Y+ Y
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According to Itd’s formula and (4)-(8), (x?,y", 2%, 2%, k¥, k) and Y are the unique solutions of

day = {awz} + byvy + by pdt + c;dWy + 6 dW; + / Fi.oyN1(dt, de) + / Fit.eyNa(dt, de),
E E

dyzj = {Atl’f + Bt'yzj + Ctzf + étfzj +/ Dtkzjt’e)Al(de) +/ Dt];fzjt’e)AQ(de) + Ftvt
E E

+Gt}dt+zdet+2det+ / k{ oy N1(dt, de) + / kfy ey N2 (dt, de),
E E

U v v
Ty = To, yT:LxT+Ma

and

AY = {ha} + geve + ge bdt + 0, dW, + / .0 Na(dt, de), (10)
E

YOU == 0,

respectively. The superscript of every process emphasizes that they rely on the control variable v.
(x¥,y%, 2%, 2%, k¥, k¥) and YV are the state and observation corresponding to the control v, respectively.

Set 7Y = o{Y?;0< s <t} and FY" = o{¥?0< s <t}. Let U be a nonempty convex set of R, and
let U2, be the set of all }"tyo—adapted processes with values in U such that Esupg<,<r |ve|? < +o0.
Remark 1. In general, v is called admissible if v € L;yu (0, T;R). It means that the control variable
needs to be given through the observed results. But the circular dependence leads to the essential difficulty
in finding the optimal control. This is the essential reason that Eqs. (9) and (10) are split into two parts.
The Girsanov’s transformation cannot be used to solve this problem in our model.

Definition 1. Let U,y denote the set of admissible controls, which is in the form of U,q = {v|v €
U, vis FY -adapted}.
The cost function has the following form:

1 T
Jv] = iE[/o {Ot(fﬂf)Q + Pi(y?)? + Quv? + 2002 + 2pry? + 2qtvt}dt
(11)

+ R(x)? + 2raf + S(yy)? + 2syg |-

Assumption 2. The coefficients O; > 0, P, > 0, Q; > 0, o, p; and ¢; belong to L>(0,T;R). R > 0,
S >0, r and s are constants.
Then we give the following LQ problem.

Problem 2 (LQC). Find an admissible control u € U,q that satisfies (9) and (10) such that J[u] =
infyey,, J[v]. u is called an optimal control if it makes the above equation hold. (xz*,y", 2%, z", k", k™)
and J[u] are the corresponding state and cost functional, respectively.

2.3 Preliminary result

Lemma 1. For any v € Uaq, Fy = .7-?/0.
Proof. For any v € Uyq, vy is fgo—adap‘ued. Then we know that z} is }"tyo—adapted by (6), so V! is
]-'tyo—adapted by (7). Because Y,V = Y;? + Y,!, we know that Y}’ is ]-'tYO—adapted. It implies F)" C .7-?/0.
Similar discussions show that FY °c FY" via Y =Y;" —Y;'. Then the proof is completed.

Then we give the L? estimates of (9) without proof (see [20-22] for details).
Lemma 2. Let Assumption 1 hold. For any v; € L%(0,T;R), let (2, y%, 2%, 2% k" k%) be the
solution of (9) corresponding to v;,% = 1,2. Then there exists a positive constant C' such that

T
sup Elz}" — 2?2 < C’IE{/ [vi,e — v27t|2dt],
0<t<T 0

T
v Vo |2 ~ v v2 |2 2
sup Elyit —y?]° < C{ sup E|zy*t — z7?| —HE/ [v1,4 — Va4 dt].
0<t<T 0<t<T 0

Similar to Lemma 2.3 in Wang et al. [16], we have the main lemma without proof as follows.
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Lemma 3. If Assumptions 1 and 2 hold, we have

inf J[o] = inf J[v].

vEUGa 1)Eugd

Remark 2. Lemma 3 plays a key role in solving Problem (LQC). This lemma implies that we can find
an optimal control v € Ugd instead of the optimal control v € U,q to minimize J.

3 Optimal solution of LQ problem

3.1 Optimality condition

We establish the necessary and sufficient conditions for optimal control of Problem (LQC).

Theorem 1. Let Assumptions 1 and 2 hold. Suppose that u is an optimal control of Problem (LQC)
and (z,v, 2, z, k, k) is the corresponding optimal state. Then the FBSDEP

dpr = (BtSOt — Py *pt)dt + CypedWy 4 Crpped Wy + / SDtDtNl(dta de) + / <PtDtN2(dtad€)a
E E

d& = —{atft + Ozt + 0 — At@t}dt + nedWy + 7, dW, + / ﬁ(t,e)Nl(dtvde) + / g(t,e)NQ(dta de),
E E

0o =-S5y —s, &r=—Lor+ Rzr +r,
_ (12)
admits a unique solution (p, &, n,7,9,9) € S%(0,T;R?) x MZ(0,T;R?) x FZ(0,T;R?) such that

Qeur — FE[pe| FY] + bE[G|F T+ ¢ =0 (13)

with FY = o{V*0 < s < t}.
Proof. If u is the optimal control of Problem (LQC), it can be obtained by Lemma 3,

Jlu] = inf Jv].

veugd

For any v € Uyg, let (z4Fev, yutev puter zuter puter futevy ¢ 620 T;R?)x MZ(0, T; R?) x F2(0, T; R?)
be the solution of (9) corresponding to u + ev,0 < € < 1. Then we introduce a variational equation:

.1 1
Ty = a1y + bpvy,

dyt = ~{ A} + B} + Ot + Gzl + / Duk M (de) + / ik, o) Mo (de)
E E

+ Ftvt}dt + zpdWy + 2HdW; + / kp.ey N1 (dt, de) + / ky.eyN2(dt, de),
E E

1_ 1 _ 7.1
rg =0, ypr=Lxrp,

which admits a unique solution (z!,y', 2, 21, k!, k') € S%(0,T;R?) x M2(0,T;R?) x F2(0,T;R?). By a
similar argument like Lemma 1 in [23], we have
utev 2
Yi Yo 1 } —0.
€

u+€ev u
Ly — Tt 1

Ly

lim E [ sup

2
} =0 and lim E[ sup
e—0 O§t<T

e—0 0<t<T

€
Next we give the variational equation of the cost functional,
d
0=—Ju+ ev]|=
“lu+ edlmo

T (14)
= E[/ {(Otﬂﬁt + op)at + (Pye + po)yt + (Qeue + Qt)Ut}dt + (Rzr + 1)y + (Syo + s)yé] .

0
In addition, as long as (z,y, 2, 2, k, k) is determined by (9), we can know that (¢, &, 1,7, 9,9) € S%(0,T;R?)

x M%(0,T;R?) x F%(0,T;R?). Under Assumptions 1 and 2, we have the following equation by applying
Ito’s formula to &af + @yi

T
0= E[/O (Quus + g + BE[&|FY] - FtIE[<pt|]-'2/0])vtdt} .
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Hence,
0 0
Quur + g + BE[&|FY ] — FE[p| FY ] =0.

Because of u € Uyq, we can know that FY ‘= FY by Lemma 1. Thus we have desired results.
Then we give the sufficient condition as follows.

Theorem 2. Let Assumptions 1 and 2 hold. Assume that u € U, satisfies
Qrur — BE[pi FY] + bE[E|FY ]+ ¢ =0,

where (i, &,1,7,9,1) is a solution to (12). Then u is an optimal control of Problem (LQC).
Proof. For any admissible control v, we have

Jv] = Ju) == J1 + Jo, (15)

where

1 T
J = §E[/ {Ot(:ﬂf —2)” 4+ Pu(yy — ye)? + Qu(ve — ut)2}dt + R(zp —ar)® + S(yo — yO)Q} ’
0

and

Jo = E{/OT {(Ot:ct +o)(xy —me) + (Peye +pe) (Y — ye) + (Qeue + q1) (v — Ut)}dt

T (Rer 4+ )@ — zr) + (Syo + 9)(uh — yo>] |

Obviously, J; > 0 for any admissible control v. Then it is enough to prove that J, = 0.
Applying Ttd’s formula to ¢:(yy — yi) + & (z) — 2+) and taking expectations on both sides, we have

T 0 0
JQ = ]E|:/ (Qtut — FtE[thLFtY ] —+ bt]E[ftL/_'.tY ] —+ qt) (’Ut — ut)dt} =0.
0

Assumption 3. Q; > 0 and 1/Q; are uniformly bounded, deterministic functions.
Similar to Wang et al. [16], we give the following corollary without proof.

Corollary 1. Let Assumptions 1-3 hold. If w is an optimal control of Problem (LQC), then w is unique.
3.2 Filtering

Let Assumptions 1-3 hold. Optimal condition (13) can be written as

e ) b1,

This demonstrates the importance of calculating the optimal filtering of (¢, &;) depending on F)Y in
order to compute u. Since (4, &) is related to (z,y), we first need to calculate the optimal filtering for

FBSDE (9) and (12). For any v € Uyg, let & = Elg|FY | with ¢ = 20, 2%, y¥, 2%, 2%, k", k¥, @, £, 0, 7,9, 0,
M,zvy" and v = E[(z} — 2V)2|FY"], (27) = E[(2?)*|F) "], i = 1,2,3,.... Now we state the optimal
filtering of (9), which is critical in representing the optimal control.

Lemma 4. Let Assumption 1 hold. For any v € Uaqg, the optimal filtering (2v, 97,2V, 2, kY, k) of
(z¥,y", 2%, 2%, k¥, kv) satisfying (9) with respect to F) " satisfies

_ h . L
d2Y = (ay@? + by + by)dt + (gt n —;%)th + / Fit.oNo(dt, de),
t E

dgf = *{Ati’? —+ Btgf —+ Ct?:'zj —+ étgf —+ Ft’l)t —+ Gt +/ Dtl%ft7e)>\1(d€) (16)
E

+ / Dilify o ho(de) fdt + Z W, + / ko Na(dt, de),
E E

j8:x07 g%:Li'T+Ma
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where the conditional mean square error ~; satisfies the following equation:

2¢:h hiv? he (50 5v i
VL0 / f2(t,e))\1(de)}dt+a—z<m§ - a} :%ﬁf?%:%?)dwt,
E

Y = {Qam +d -

¢ (o (17)
Yo = 0)

the innovation processes for W; can be calculated as

- t hy _

W, :/ Rt @~ 30yds + W, (18)

0o Ot

and b

2y =&+ (oo — i), (19)

Proof. Since x} is FY O—adapted, by Lemma 1 we have
&) = Elaf| 7)) = E[| 7] + o} = 2] + ;.

Applying Theorem 214 in [19] to (5) and SDE in (4), then Eqgs. (17), (18) and SDE in (16) are derived.
Inspired by Wang et al. [24] and Wang et al. [16], for any v € Uyq, the BSDEP in (9) admits a unique
solution (y?, z%,z", k", k"). Then we have

t
Y=yl — / {Asx”g + Bsy? + Cs2¥ + Cz° + / Dk, oA (de) +/ Dkl oy Aa(de) + Fivg
0 E E

t t t t
+G5}ds+ / 22dW, + / AW, + / / kY, oy Ni(ds, de) + / / R, o Na(ds, de),
0 0 0 E 0 e

and hence, the integral form of the BSDEP in (9) can be written as y; — Y,?. Let (20) and (10) be the
state and observation, respectively. From Theorem 214 in [19], we get

(20)

t ~
g;j = yg - / {Asiﬂsj + Bsg: + 057:’: + C’sgg +/ Dskzjs,e)Al (de) +/ DSEFs,e)AQ(de)
0 E E

t t R B
+ Fyvs +Gs}ds+/ ZP AW +/ / Ky ) Na(ds, de),
0 0 JE

with y§ = 9g. Then it yields

T
U0 = U7 +/ {Asa};’ + Bsi? + Cs2Y + CszY +/ Dsl%”(sye)Al(de) +/ D, (5,0 N2 (de)
t E E

T T . ~
+ Fovs + Gs}ds — / Z2dW, — / / k(o) Na(ds, de).
t t E

Moreover R
g% = E[Lz% + M|FY | = La% + M,
where &%, is determined by (16).

As we all know, (Z”, l?:”) is a part of solution (3", A l?:”) to BSDEP (16), which can be computed by the
Malliavin calculus. See Geiss and Steinicke [25] for details. In order to give the feedback representation
of optimal control u, we need to calculate the filtering result of the adjoint equation.

Lemma 5. Let Assumptions 1 and 2 and P; = 0 hold. The optimal filtering of (¢, £, 1, 7,9, ) depending
on FY satisfies

. . ~ . hy, . _ -
dgs = (Bipr — pe)dt + {CtSOt + U—t(ﬂﬁts@t - JUtSOt)}th +/ Dypy No(dt, de),
f E
- dét = (atgt + Oy + 0 — At@t)dt - Cttth - / 1§’(s,e)]\~f2((17fa de), (21)
E

Go = —Syo—n, E&r=—Lpr + Rig +r,
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with
~ “ h — o2
G =i+ — (Jﬁtft - xtgt)7

gt

where (&, §) satisfies (16) with v = u, and W is the corresponding innovation process.

Theorem 3. Let Assumptions 1-3 and P, = 0 hold. If u; = & (Ftcﬁt — btét — qt) is the optimal control,
then it can be expressed as /

1 . N
Up = a (Ft — tht)got — thtxt - bt@t - qt:|a
t

where (2,4, Z, I?;), (¢,€,¢, é), I1, ¥ and p are the solutions of (16) with v = u, (21), (25)—(27), respectively.
Proof. According to the form of terminal condition (12), we set

& = ewy + Xipr + 04 (22)

with Il = R, ¥pr = —L and or = r, where II, ¥ and p are deterministic differentiable functions.
Applying Itd’s formula to (22), we have

- 1 A A L

dft = {Htxt —+ Ht (atxt —+ abt<(Ft — btzt)cpt — thtxt — btgt — qt) —+ bt) —+ Et@t
¢

+ 0t + X¢(Bror — pt)}dt + (et 4+ SiCrpy) AWy + (T2 + 5 Crpy ) AW, (23)

+/ (Htf(s,e) —+ EtDtht)Nl(dt, de) +/ (Htf(s,e) + EtDtht)NQ(dt, de)
E E

Comparing the above equality with (12), it yields

ne = ey + 5Crpr, 7 = Iy + 54 Clrepy,
7‘9(876) = Htf(s,e) + XDy, ﬂ(s,e) = Htf(s,e) + X Dypy.

Taking E[-|F)] on the drift term of (23) and comparing with the drift term of (21), we obtain

. . 1 . . _ . _ .
My + 10y (atwt + Q—bt((Ft — 02 pr — bellp @y — bros — Qt) + bt) + Xipr + 0t + Xt (Brpr — pr)
t

(24)
= —(adly + Op)@y — (X — A)pr — aror — o
Comparing the coefficients of Z; and ¢; in (24), we have
ﬂt + 2ath - ibfﬂf + Ot == O7
o (25)
HT = Ra
. 1, 1
Et —+ (at —+ Bt - —tht)Et + —thth - At = 0,
Qq Q¢ (26)
Sr =L,
and
. 1 1 _
ot + (at - @bfﬂt)gt — Xipt — @thth + II;by + 0, = 0, (27)
or =T.

It is easy to see that there are unique solutions to the above three ordinary differential equations (ODEs).

Thus we have
1 . .
up = a [(Ft — b X))o — 0 I3y — brop — Qt]
t
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4 Two special cases of problem LQC

4.1 LQ optimal control for SDEP

We consider a partially observed stochastic system with jumps and verify the correctness of Theorem 3
by another method.

da? = (arx? + byvy + by)dt + cedW; + ¢ dW; + / frs.e)N1(dt, de) + / Fis.e)Na(dt, de),
E E

A = (hea? + govs + Go)dt + oo d W, + /E (o0 Na(d, de), (28)
x5 =x0, Yy =0,
where YV is the observed process. The cost functional is as follows:
1 g )\ 2 2 2
Jle] = 51@[ /O (0@ + Q) dt + R(at) } (20)

Our goal is to find a u € U, such that J[u] = inf, ey, , J[v] subject to (28) and (29). Then we use the
backward separation techniques to solve this problem and we give the feedback representation of optimal
control. We shall solve this problem in three steps.

Step 1. According to Theorem 1, we know that the optimal control needs to satisfy u; = — gtt ét, with
¢ satisfing the following FBSDEP:

b? . - - - - -
day = (at:ct - attgt n bt)dt + codW, + G dW,s + /E Fre.ey N1 (dt, de) + /E Fre.eyNa(dt, de),
s - 3 - 30
dft = —(atft —+ Otl't)dt -+ ntth -+ ntth —+ / ﬁ(t,e)Nl (dt, de) —+ / ﬂ(t,e)NQ(dt, de)’ ( )
E E
xo = Xo, ET = Rzr.
Step 2. Since ft is 7} -adapted, similar to Lemma 4, we derive that
ddy = (a:i _ b +13)dt+ (5 +%>dW + [ Fooo No(dt, de)
0= (ot bt t o t . (t,e)V2(dt, de), (31)
i'() = X0-
Solving the BSDEP in (30) and taking E[-|FY] on both side, we have
A T T s
& = Relv “ Rz | FY] + / el ardr O Rz, | FYds. (32)
t

~ 2 — 2
We now claim that & = II;Z; + o, and set oy = %Ht, By = by — %Qt. Let ®(s,t) be the fundamental

solution of
i} — 0
d®(s,t) _ (at o )@(s,t). (33)

ds — ay

From (30) and (31), we get

T

- . s s _ By
(m) = ®(s,t) <It> +/ D(s,7) (1) @dr—i_/ D(s,7) (C'r + o':/ 0 0) d| w,
T Ty t 1 t 0 ¢y Cp _
W,
s 0 f(r’e) Nl (d’l“, de)
P _ N .
+/t /E (S, r) (f(r,e) f(r,e)) (Ng(d’l", de))
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Then we have

E[zs|F)Y] = (0 1) D(s,t) (1) Ty + /ts (0 1) D(s,r) <1> Brdr

: (35)
_ oli@r—andry | / oJi@n—a)dng g,
t
Substituting (35) into (32), we have & =L@, + ;, with
T T T
ﬁt _ Reft (2asfozs)dsi.t +/ ef'r (asfas)dsﬁrdr’ (36)
t
T T T T el s El
o, = Rel: asds/ el (ar_o‘r)drﬁsds—i—/ et “rd’“Os/ el an—en)dug qpds. (37)
t t t
We know that Eqgs. (25) and (27) are reduced to
- bi 112
I, + 20,01, — L 112 + Oy = 0,
t the g, t (38)
HT = R7
ot + aror — EH + by = 0
Ot tO0t 0, tO0t t0r = U, (39)

QTZO.

We know that Eqgs. (36) and (37) are the solutions to (38) and (39), respectively. From the existence
and uniqueness of solutions to (38) and (39), we know that II(-) = II(-), o(-) = o(-). Then the candidate
optimal control u can be rewritten as

b . b
Ut = —Q—tthIt — Q—ttgt. (40)

Step 3. We should prove that u is the unique optimal control under the additional assumption h = 0.
Since &} L(a} — 7), the cost functional (29) can be rewritten as

T S ) e 1
J] = EE[/O (Ot($§)2 + Qtvf)dt + R(x%)ﬂ + 5/0 Opyedt + iR’YT, (41)

where ~y satisfies (17). Noticing h = 0, then v is the solution of ODE, so « is a deterministic function.
Then for any v € Uy,gq,

J[o] — J[u] = %E[/OT (Ot(:zf — )2+ Qulvr — ut)Q)dt + R(#0 — fﬁ] +E,

where
T
== E[ / (Oue(@ = 1) + Quuavy — we) )t + Rir (i @T)} . (42)
0

In order to show that u in (40) is indeed an optimal control, we need to prove = > 0. Applying Itd’s
formula to & (&) — Z¢), we get

T
== E[/ (Quur + be&) (vy — Ut)dt] =0.
0
Next, let us calculate the value of J[u]. Substituting (40) to (41), we get

J[u]—lE /T o+ﬁn2 £2+ﬁ2+2in iydt + Ri2 +1/T0 dt + 1R (43)
=3 . t 0, t t tht 2} tOt Lt T 2./ tVt ) YT -
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Applying 1t6’s formula to %Htﬁcf + 04y, we have

Lo 22 - Lot oo - g 1 b o\.2  0F o
E|:—HT1‘T + gT:cT] = E{—Hoxo + 00Z0 +/ { - = <Ot + —Ht):ct — —1L;2: 04
2 2 0 2 Qt Q¢ (44)
+1Hc2+<13ﬁ > +1/Hf2 A(de)}dt]
o Gt t O; Ot | 0t 2 /s tJ(t,e)N2 .
Combining (43) and (44), we get
Ty 1, 1 >
Ju] =E be — 5500 o+ Tl + = | TLfG ) Ae(de)dt
0 20 2 2 JE ’ (45)

17 1 1
+ — Ot’}/tdt + —R’)/T + —Hoxo + 00X0-
2 Jo 2 2

Therefore, we have the following theorem.

Theorem 4. If Assumptions 1-3 and h; = 0 hold, the optimal control u and the optimal cost functional
J[u] are given by (40) and (45), respectively.

4.2 LQ optimal control of FBSDE driven by Poisson jump

Consider the following stochastic control system:
da? = {ax} + bevg + by ydt + / fit.oyN1(dt, de) + / fit.e)Na(dt, de),
E E

dyf = —{Atx;j + Btyzj + CtZZJ + Ct2f + Ft’Ut + Gt +/ Dtk’q(‘)t’e))\l(de)
E

(46)
+/DM@&@%&+/%@M@MM+/%@M@A%
E E e
$8=$0, y%:LlﬂZ}"—’—Mv
along with the cost functional,
1 T
Jv] = §E|:/O {Ot(xf)2 + Quv? + 200! 4 2pryY + 2qtvt}dt + R(x%)% 4+ 2rzy 4+ S(y8)* + ZSyS} .
(47)

Suppose that N(-,-) is the observed process. This can be seen as the case of (10) with hy = g, = §; =
oy = 0 and k() = 1. Clearly, 7} = FY’ = o{Ny([0,5],4),0 < s < t,A € E}. The observation seems
simple, but the Wonham separation principle is still invalid; thus the resulting conclusions are not trivial.
Now we give the following necessary condition.

Theorem 5. Let Assumptions 1 and 2 hold. Suppose that u is an optimal control and (z, y, k, E) is the
corresponding optimal state. Then the FBSDEP

dSDt — (Bt(Pt _pt)dt —|—/ @tDtﬁl(dt,de) +/ SDtDtNQ(dt7de)7
E E

d¢, = —{atft + Opy + 0 — At@t}dt—i— / Oty N1 (dt, de) + / D t,e)N2(dt, de), (48)
E E
Yo = 7Sy() — S, ST - 7L90T + RI'T +r,
admits a unique solution (p,&,9,9) € S%(0,T;R?) x F2(0,T;R?) such that
Quur — FE|pi| F] + bE[E|F ]+ g = 0. (49)

Then we give the sufficient condition for optimal control without proof.
Theorem 6. Let Assumptions 1 and 2 hold. If u € U, satisfies

Qruy — FE[py|[F) ]+ bE&|F ]+ ¢ =0,

where (i, &,9,1) is a solution to (48), then u is an optimal control.
According to Theorem 19.6 in Liptser and Shiryaev [26], we get the following filtering estimation. The
proof is similar to Lemmas 4 and 5, so we omit it.
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Theorem 7. For any v € Ugq, the optimal filters (:%”,gj”,l;:”,l?:”) and (@,5,19,5) of the solutions
(z¥,y", k¥, k¥) and (p,&,9,7) to (46) and (48) with respect to F) and FY satisfy

diy = (apdy + broy + by)dt + / Ft.eyNo(dt, de),
E

d:l);} = —{At.ff + Btg;) +/ Dtkz}t,e))\l (d@) +/ Dtlifz}t’e))\g(de) + Ft’Ut + Gt}dt +/ ]ifz}t’e)NQ(dt, de),
E E E

Ty =0, Yp=LT7+ M,

(50)
and
dge = (Bige —pod + | Dipula(dt,de),
E
dé — (. 5 AL 9 \ (51)
t = (atft + Oy + 0y At@t)dt + [ ey Na(dt, de),
E
$o = —Syo—n, &r=—Lgr+ Rér+r,
respectively.
Then the optimal control is
1 . ~
up = —(Fypr — bt — q1)- (52)
Q1

Similar to Corollary 1, we also obtain the uniqueness of the optimal control u. The feedback optimal
control can be obtained directly from Theorem 3. Thus we omit it.

Remark 3. If the state equation and observation equation have no jumps, that is f = f=D=D-=
k =k = k = 0, then the main results including optimal control and its feedback representation degenerate
into the main result in Wang et al. [16].

5 Application in finance

In this section, we solve the financial mathematics problem raised at the beginning of this paper. Firstly,
we give the following assumption.
Assumption 4. Let §(t,z,y,2,%, k, k,v) = Bty—l—FtU. Suppose that By, F, and g belong to L>° (0, T; R).
K,y = —1, 5§ 2 0 and 7 are constants.

Solving BSDEP (3) with Assumption 4, we have

_ T
Elyy] = E[:c%eftT Beds +/ Fyel: B“d“vsds}

t

Then Problem (SRU) is equivalent to the following Problem (LQCU).
Problem 3 (LQCU). Find an admissible control u € Uyq to minimize

1 T
J16) = 8] [ (Qut +2mu)at + Riwp)? + 2605 53)
0
subject to (1) and (2) with
pr = —QiGs — §Ftef0t Buds  and ¢=—Rr — gelo Buds,

It is easy to know that p; € L°°(0,T;R) and ¢ is a constant.
By Theorem 2, if u is an optimal control, we have

dIt = (rtxt —|— btvt — Bt)dt + Ctth + Etth + / f(t,e)Nl (dt, de) + / f(tye)Ng(dt,de),
E E

A&y = —r&edt + e dWy + 7 dWy +/ ﬁ(t,e)Nl(dtvde) +/ ﬁ(t,e)NQ(dta de), (54)
E E

To =0, &r = Rxr+ ¢,
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Figure 1 (Color online) Optimal control. Figure 2 (Color online) Optimal investment proportion: r =
0.2 (blue), r = 0.4 (red) and r» = 0.8 (black).

which admits a unique solution (z,&,n,7,9,9) € S%(0,T;R?) x M2(0,T;R?) x FZ(0,T;R?) such that

1
Up = *—(th[ftLFtY] + Pt)~
Qu
Moreover, the optimal control u can be written as follows by Theorem 3:
1 N
=0, {bt(Htft +o1) + Pt}, (55)
t

where II, o and & satisfy the following equations:

: 1
Ht + 27‘th - ab%ﬂ% = 0,
t

Il = R,
o+ ( 1b2H) L il — by = 0
ry — — - — — =0,
Ot t 0, 11t ) Ot 0, tPt1lt t0t
QT:¢a

and

v 1 v 1 - B h - _ -
dzy = {(Tt — 6[)?11,5) Ty — Q—bt(btgt +pt) — bt}dt + (Ct + ;—%>th +/ f(t7e)N2(dt7de)7
t t t E

(56)

j’loj = X0-

Applying It6’s formula to (i;)? with the BDG inequality, we obtain E[supgc,;<p(#¢)?] < +00. And u is

adapted to FY and F) °. Then we can verify that u is an admissible control. Corollary 1 implies that u
satisfying (55) is the unique optimal strategy.

Example 1. Assumebt:EtthZBt=F~'t=R=§=1,Et:O.4,ht=f=O,f(t7.):)\:2,
¢ = 0.6, T =0.5.

If we assume that r; = 0.2, we get the optimal strategy u in Figure 1. It shows one orbit of the optimal
strategy path. It is clearly shown that the optimal strategy w is discontinuous. According to (55) and
(56), we can know that the optimal strategy is indeed discontinuous. And whenever a jump occurs, the
optimal strategy will also change dramatically.

We also get the optimal investment proportion corresponding to the interest rates r = 0.2,0.4,0.8 in
Figure 2. It shows that the larger the interest rate is, the smaller the optimal investment proportion
is. This is because the company will invest more money in the money account after the interest rate
increases.
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6 Conclusion

This paper investigates the LQ optimal control problem for partially observed FBSDEP with correlated
noise. Because the observation equation is driven by Brownian motions and Poisson random measures,
the observation Y is no longer a Brownian motion. Additionally, the drift term of the observation Y
is linear with respect to the state ¥ and control v, so the observation does not satisfy the condition for
using the Girsanov transformation. Thus, the Girsanov transformation is invalid. We apply a backward
separation approach to decompose the state and the observation to overcome the circular dependence. We
obtain the necessary and sufficient conditions as well as the feedback representation of optimal control by
combining the backward separation approach with the variational method and stochastic filtering. Then,
we present two special cases to demonstrate the significance of our results. Finally, we give a financial
example and derive the explicitly optimal control. In the future, we will study the backward separation
approach of stochastic systems with regime-switching or random coefficients.
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