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Abstract In this study, we investigate the stochastic finite-time stability theory and finite-time stabilization
of stochastic time-varying nonlinear systems with Markovian switching in the sense of weak solutions. First,
we present the stochastic finite-time stability theory under the framework of weak solutions: the existence
of weak solutions and stochastic finite-time stability theorems for stochastic time-varying nonlinear systems
with Markovian switching. Second, for a class of high-order stochastic nonlinear systems with Markovian
switching, a finite-time stabilization controller is constructively designed, and the trivial weak solution of a
closed-loop system is proven to be globally finite-time stable in probability. The effectiveness of the proposed
finite-time control method is illustrated by a numerical example.
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1 Introduction

Different from asymptotic stabilization (e.g., [1-6]), finite-time stabilized systems have a faster con-
vergence rate and better disturbance rejection [7,8]. Accordingly, finite-time stabilization has received
intensive investigations (e.g., [8-18]), and finite-time control has been applied into practical systems, such
as the spacecraft system (see [8,19]), continuously stirred tank reactor system (see [11]), and mechanical
system (see [20]). Systems with Markovian switching have also attracted considerable attention because
it can model many practical systems with abrupt changes in their structure and parameters [5].

In recent years, for stochastic nonlinear systems with Markovian switching (SNSwMS), finite-time con-
trol problems (e.g., stability, stabilization and synchronization) have also attracted considerable attention
(e.g., [21-29]). In [23,24], coeflicients were assumed to satisfy growth conditions (nonlocal Lipschitzian
conditions) to guarantee the existence of a pathwise unique, strong solution. Moreover, the finite-time
stability theorems of SNSwMS were obtained using the finite-time stability theorem [30, Theorem 3.1]
of stochastic systems without Markovian switching. In [26], the finite-time synchronization and identifi-
cation were investigated for two nonlinear coupled Markovian switching delayed networks with multiple
weight uncertainties. In [27], the finite-time synchronization was studied for stochastic multilink dynam-
ical networks with Markovian switching topologies. For discontinuous semi-Markovian switching neural
networks with time delays and noise disturbance, the finite-time synchronization was considered in [21].
The finite-time synchronization was achieved for the master-slave Markovian jumping systems with mixed
time delays in [28]. In [22], the finite-time stabilization was investigated for stochastic coupled systems on
networks with Markovian switching. For complex delayed networks with Markovian jumping parameters
and stochastic perturbations, the finite-time synchronization and identification were studied in [29].
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Among these existing studies, two types of studies on the existence of solutions are considered. (i) To
guarantee the existence of solutions, a local Lipschitzian condition (e.g., [22,25]) or some tough growth
conditions (nonlocal Lipschitzian, e.g., [23,24]) are imposed on the drift and diffusion terms. However,
generally, the local Lipschitzian condition cannot be used in the finite-time stabilization of SNSwMS.
Under the local Lipschitzian condition, almost all the sample paths of any solution starting from a
nonzero state will never reach the origin [3]. Tough growth conditions make the extension of the finite-
time control method to other control problems, such as stochastic finite-time adaptive control, difficult.
(ii) The existence of solutions of a closed-loop system is directly ignored (e.g., [21,22,26-29]). For the
finite-time stability analysis (of the closed-loop system), the expectation of stochastic integrals is directly
taken for zero, and the theory of deterministic finite-time stability is used instead of stochastic techniques
(e.g., [21,26-29]). In fact, stochastic integrals in the generalized It6 formula are local martingales, and
thus the expectations of stochastic integrals are not necessarily zero.

In this paper, we aim to establish a practical framework of stochastic finite-time control for SNSwMS,
including the existence of solutions and stochastic finite-time stability analysis. Considering the com-
plicated limitations on drift and diffusion terms in the case of strong solutions, the framework of weak
solutions is a reasonable choice. This point is also mentioned in [31], which stated that for the bang-bang
optimal control of nonlocal Lipschitzian systems, weak solutions are really needed (see [31, page 133]).
According to [31, page 149], the concept of weak solutions is appropriate for control problems because
one of the main uses of the theory of stochastic differential equations (SDEs) is to construct and study
diffusions. Moreover, it is enough to find a solution to SDEs on some set-up (2, %, {% }1>0, P, &, w(t)),
where {Q, .7, {%#}i>0, P} is a probability space with the filtration {.%#;}:>0, £ is an initial value, and w(t)
is a Brownian motion.

Although, the existence of weak solutions in stochastic nonlinear systems without Markovian switching
(e.g., [18,32-34]) has been considered. The analysis of the existence of weak solutions of SNSwMS is very
different from that of stochastic nonlinear systems without Markovian switching because of the existence
of Markovian switching. The differences lie in three aspects. (i) We cannot obtain the existence of
weak solutions of SNSwMS from the existence of solutions of a martingale problem (e.g., [35]) because a
constructed Markov chain should have a given transition function. To show that the constructed Markov
chain has the given transition function, we need to directly investigate the existence of weak solutions
for SNSwMS, instead of transforming the problem of the existence of weak solutions into the existence
of solutions of the martingale problem (e.g., [32,33]). (ii) In a construction method, an approximation
cannot be generated by the Euler method, which is used to generate the approximation in the study
of the existence of weak solutions of stochastic nonlinear systems without Markovian switching (e.g.,
[32-34]). In this method, we need to construct a Markov chain with the given transition function.
(iii) In a Lyapunov method, to guarantee that the constructed Markov chain has the given transition
function, we need to directly construct a global weak solution instead of constructing a local weak solution
(e.g., [32, Theorem 4.2.3]). Because of the variable substitution used in [32, Theorem 4.2.3], the method
of constructing a local weak solution of time-invariant stochastic nonlinear systems without Markovian
switching in [32, Theorem 4.2.3] cannot be extended to time-varying stochastic nonlinear systems (with
Markovian switching), for which the existence of weak solutions has not been studied. Hence, we need
to study the existence of weak solutions of SNSwMS, which cannot be obtained by the existing results
(e.g., [18,32-34])).

In this paper, we first investigated the existence of a global weak solution of SNSwMS via the con-
struction method (here, the requirements on coefficients are continuity and a linear growth condition).
Then, we investigated the existence of a global weak solution of SNSwMS by replacing the linear growth
condition with a suitable Lyapunov condition. Generally, a controller needs to be designed to make the
closed-loop system satisfy the Lyapunov condition. Hence, the condition on the drift and diffusion terms
to guarantee the existence of weak solutions is only continuity. This condition is practical (and simple)
and makes it possible to extend the work on finite-time stabilization to other control problems, such as
stochastic finite-time adaptive control.

Next, we developed the stochastic finite-time stability for SNSwMS in the sense of weak solutions.
Because the requirement on coefficients is only continuity, an approximation generated by the Picard
iteration may not be convergent (see [36]). Hence, the method of proving the finite-time stability in the
sense of strong solutions (e.g., [22-24]) cannot be used to prove the finite-time stability in the sense of
weak solutions. Thus, the analysis of stochastic finite-time stability in the sense of weak solutions is
different from that in the sense of strong solutions.



Zhao G-H, et al. Sci China Inf Sci  November 2022 Vol. 65 212204:3

Finally, we investigated the finite-time stabilization of a class of stochastic high-order nonlinear sys-
tems with Markovian switching under the framework of weak solutions, which has not been studied.
A Lyapunov function was constructed by adding a power integrator technique, and then a finite-time
controller was constructively designed. The finite-time stability theorems we developed rigorously proved
the existence of a global weak solution and the finite-time stability of a closed-loop system. Different
from existing studies on the finite-time control of SNSwWMS (e.g., [21,22,26-29]), the existence of weak
solutions and the finite-time stability of the closed-loop system were rigorously analyzed through our
developed stochastic finite-time stability theory, instead of ignoring the existence of solutions or analyz-
ing the finite-time stability using the deterministic finite-time stability theory and directly taking the
expectations of the stochastic integrals for zero.

The main contributions of our work include the following. (1) The existence of weak solutions was
investigated for the first time for SNSwMS. (2) The finite-time stability in probability for SNSwMS
was studied in the sense of weak solutions, which allows extending the finite-time control method to
other problems, such as stochastic finite-time adaptive control. (3) Our results hold for the time-varying
stochastic nonlinear systems (with Markovian switching), which is different from the existing results
about weak solutions obtained by Lyapunov functions (e.g., [18]). Based on this work, we can extend
the results of [18] to time-varying stochastic nonlinear systems. Moreover, Skorokhod’s prediction on the
existence of weak solutions for SNSwMS in [37] is rigorously proven in the paper.

The rest of this work is organized as follows. The stochastic finite-time stability is presented in
Section 2. Finite-time stabilization is provided in Section 3. A numerical example is given in Section 4.
Concluding remarks are presented in Section 5.

2 Stochastic finite-time stability

The following notations will be used in this paper. Ry denotes the set of all nonnegative real numbers.
N denotes the set {1,2,...}. |- | denotes both the Euclidean norm of a vector and the trace norm of a
matrix. aV b denotes the maximum of a and b. a A b denotes the minimum of a and b. For a given vector
or a matrix A, AT denotes its transpose, and Tr(A) denotes the trace of A if A is a square matrix. K
denotes the set of all functions: Ry — R, which are continuous, strictly increasing and vanish at zero.
Koo denotes the set of all functions, which are of class K and unbounded. S denotes the set {1,2,..., N}.
C%(R? x S;R;) denotes the set of all nonnegative functions V(z,i) on R¢ x S, which are continuous and
twice differentiable in x.
Consider the following system:

dz(t) = f(t,2(t),r(t))dt + g(t, x(t),r(t))dw(t), t >to >0, (1)

where z(t) € R%, 7(¢) is a right-continuous homogeneous Markov chain taking values in S, w(t) is an
m-dimensional standard Brownian motion on some complete probability space, f : Ry, x R x § — RY
and g : Ry, x R? x S — REX™ (R, = [tg, +00)) are Borel measurable, z(ty) is a random variable, whose
distribution has a compact support, r(tp) € S is a random variable, the transition function of r(t) is
standard, and the Markov chain {r(¢),¢ > to} is independent of the driven process {w(t),t > to}.

Inspired by the definition of a weak solution of stochastic systems without Markovian switching in [32],
we present the following definition for system (1).

Definition 1. If there exist a continuous stochastic process z(t) on a probability space (Q*, %, P¥)
with a filtration {.#}:>0 satisfying the usual conditions, an m-dimensional {.%;}-adapted Brownian
motion w”(t) with P*{w*(0) = 0} = 1, and an {.% }-adapted Markov chain r*(¢) on [tg, c0) such that
(1) z(to) has the given distribution, (ii) r*(¢) has the given initial distribution and the given transition
. t t .
function, (iii) V¢ > to, [, [f(s,x(s),7*(s))|ds < oo as., and [, |g(s,z(s),r*(s))[*ds < oo a.s., (iv)

t t
z(t) = z(to) +/ f(s,z(s),r"(s))ds +/ g(s,x(s),r"(s))dw”(s) a.s., t > to, (2)
to to
then the tuple (x(t), w”(t), r(t), Q°, F*, {FF}i>0, P), or simply, z(t) is called a global weak solution
to system (1).
Referring to the definition of finite-time stability of stochastic nonlinear systems (SNS) in the sense of
weak solution in [18], we give the following notion for (1).
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Definition 2. The trivial weak solution of system (1) is said to be globally finite-time stable in prob-
ability, if for any global weak solution (x(t), w®(t), r*(t), Q*, F*, {#F}i>0, P*) to system (1), simply
denoted by z(t), the following two properties are satisfied.

(i) Finite-time attractiveness in probability: the first hitting time ¢ = inf{t > to : 2(¢t) = 0} which is
called the stochastic settling time, is finite a.s., that is P*{o* < co} = 1;

(ii) Stability in probability: Ve € (0,1), there exists a K class function 3 such that P { sup,,, |z(t)| <

Bllz(to))} > 1—e

2.1 Existence of global weak solutions

Here we respectively present a construction method and a Lyapunov method to investigate the existence
of global weak solutions of system (1).

2.1.1 Construction method

For the coefficients in system (1), we assume that there exists a function ¢o : Ry, — R4 such that

(Linear growth condition) |f(t,z,9)> V |g(t,z,4)|* < co(t)(1 + |2[?) V(t, 2,i) € Ryy x RT xS, (3)

where ft t)dt < oo for a constant p > 2 and any T > tg.

For any given n € N, let A = 1/2" t,(cn) =ty + kA, k = 0,1,.... We prepare an m-dimensional
standard Brownian motion w(t), a d-dimensional random variable ¢ with a given distribution ,u, and a
right-continuous and homogeneous Markov chain r(¢) on Ry, with P{r(t + s) = jlr(s) =i} = P;;(t) for
s = to, t = to and P{r(tp) = i} = p; on a probability space (2, &, P). Construct

Hh th
X]i’_:_)l 7X(") +/t . f(S’Xlgn)’T(S))der/tn) (s,Xlgn)vr(s))dw(s) a.s., (4)
k

k=1,2,..., where X(()") = ¢ a.s. The existence of stochastic integral f(’fjl g(s X,gn),r(s))dw(s) in (4) is

guaranteed by linear growth condition (3), because we can prove E|Xk )|2p < oo, fortog+ (k+1)ALT

VT > tp, whose proof is similar to the proof of (6) in Lemma 1. Thus, X lii)l in difference equation

(4) exists a.s. under linear growth condition (3) and we can compute X ,i") step by step. Then, let

Ya(s) = X,i") for s € [t(") ¢

rt1), and define a continuous extension of X ,i"):

Xn(t) = Xn(to) + | f(s,Yn(s),r(s))ds —|—/ g(s,Yn(s),r(s))dw(s) a.s., Vt = tg, Xn(to) =< a.s., (5)

to to

Remark 1. Different from existing methods of constructing the approximation for studying the ex-
istence of weak solutions (e.g., [32-34,38,39]), we construct explicit difference equation (4) to generate
approximation, because of the existence of Markovian switching and the lack of the Lipschitzian condi-
tion. The computation of the approximation X,,(¢) is more complicated than that in [32-34], but simpler
than that in [38,39]. However, the method in [32-34] cannot be used to generate the approximation,
because we need to construct a Markov chain with the given transition function. With the help of the
approximation X,,(t), we can construct a weak solution to system (1).

According to [32, Theorem 1.4.3], the tightness of {PX,, !} (PX, !(B) = P{X,, € B} VB € #(RY),
where %(R?) denotes the topological o-field on R?) can be obtained by the following lemma, whose proof
is given in Appendix A.

Lemma 1. If linear growth condition (3) holds, then for any T' > to, there exist two positive constants
Cy = Ci(p, to, T, ) and Cy = Co(p, to, T, ) such that

E ( sup ‘A@AtﬂQp) <O, (6)

to<t<T

E|X,(t) — X, (s)|?? < Colt —s|P71, Vit,s€ [to, T). (7)
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Now, we present the result about the existence of global weak solutions of system (1). Different from
the conditions of the existence of strong solutions (e.g., [3,24]), there is no local Lipschitzian condition
or some other restrictive conditions on coefficients in the following theorem, besides the continuity and
linear growth condition (3).

Theorem 1. If f(t,x,4) is continuous in x € RY, g(,z,4) is jointly continuous in (t,z) € Ry, x R? for
every i € S, and linear growth condition (3) holds, then, for any given probability measure p with compact
support on (R?, Z(R?)), any given set {p; € [0,1] : i € S} with },.cp; = 1 and any given standard
transition function Pj;(t), there exists a global weak solution (z(t), w”(t), r*(t), Q%, F7, {F#] }i>0, P7)
to system (1) such that z(to) has the given distribution (i.e., P*{z(to) € B} = u(B), VB € B(R?)), r*(t)
has the given initial distribution (i.e., P*{r*(t9) = i} = p;, Vi € S) and the given transition function
Pi;i(t) (le., P{r*(t +s) = jlr*(s) =i} = Pi;(t), Vi,j €S, t > to, s > to).

Proof.  Tightness. To show that the constructed Brownian motion w?(t) is standard, we first extend
X, (t) and r(t) in (5) to functions on Ry. Let X,,(¢) = X, (to) and r(t) = r(to) for t € [0,%0]. Then,
we show the tightness of the probability measures generated by (X, (t),w(t), r(t)). {PX, '} induced
by stochastic process X,, is a sequence of probability measures on (C(R,;R%), B(C(R,;R%))), where
C(R;R?) denotes the set of all continuous R%valued functions defined on R, and Z(C( R, ;R?)) is the
topological o-field on C(R;R?). According to the proof of [32, Theorems 1.4.2 and 1.4.3], it follows from
Lemma 1 that {PX, '} is tight. Thus, Ve > 0, there exists a compact set KX C C(Ry;R?) such that
P{X,(t) € KX} > 1 — <. Similarly, it follows from E|w(t2) — w(t1)|* < 36m?|t2 — t1]* and E|w(0)|* = 0
that there exists a compact set K" C C(R;;R™) such that P{w(t) € K} > 1—%. Additionally, referring
to the proof of Lemma 6.1.11 in [40], we can show that limg o Wy, (r,0) = 0 a.s. for any positive integer
Nl, where W]/vl(T', 9) = inf{maxigml W(T, [Tifl,Ti)) 0< <o < Tm, = Nl,infi<m1(n — Tifl) =
0} and W(r;[ri—1,7)) = SUp,sepr, .7, [7(t) — 7(s)]. Then we have limg_,o P*{Wy, (,0) > n} = 0
Vn > 0. According to [40, Theorem 6.3.21], there exists a compact set K C D(Ry;R) such that
P{r(t) € K[} > 1— 5, where D(R;;R) denotes the set of all cadlag (right continuous and left limit)
R-valued functions defined on R . Define K. = KX x K¥ x K. Then we have

P{An(t) € K} > 1 =€ An(t) := (Xn(t), w(t), r(1)), (8)

which implies that {PA;'} is a tight set of probability measures on (C(Ry;R™™)x D(R;R), £
(C(R4+;R™™) x D(R4; R))).

New stochastic processes. Now, we show that there exists a sequence of stochastic processes
having the same law with some subsequence of {A,} on a probability space. According to Prokhorov
theorem, {PA, '} is relatively compact, namely, {PA '} contains a weakly convergent subsequence.
Assume that the subsequence {PA, '} is weakly convergent ({A,,} is a subsequence of {A,}). Then, it
follows from [32, Theorem 1.2.7] that there exist a probability space (Q%,.#% P?) and stochastic processes

A () = (X, (), @70 (), 7" () and A() = (), w” (), r()) (9)
n (Q%, 7% P?) such that

P?A, =PA,Y de, law of (Ay,) = law of (A,,), (10)
Ay, (t) — A®(t) a.s., as | — oo uniformly on [0, 7], VT > to. (11)

Since S is a finite state space, Eq. (11) implies that there exists a random variable [ on N such that
P{FM) () = 2(t), 1 =1} =1, Vi€ [to,T], VT > to. (12)
Weak solution. Let ZF £ o(o(z(s),w®(s),7%(s) : 0 < s < ) UA), FZ £ 0(Up>0.FF) with
N 2 {A e Z* . P*(A) = 0}. In the rest of the proof, we show that (z(t), w”(¢t), r*(t), Q*, F*,
{ZF7 >0, P?) is a global weak solution to system (1). Since f(’;fl g(s, X,gn),r(s))dw(s) in (4) exists a.s.,

ftto g(s,Yn,(s),r(s))dw(s) exists a.s. This together with (10) 1mphes that

¢
/ 9(5, Y, (5), 7™ (5))dw™) (s) exists a.s., Vt > to, (13)

to
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where Yy, (s) = X, (tff”)) for s € [t(m) tfﬂi) Let F(Xp,,w,r) = Xp, (t)— Xy, (to) fto 8, Yy, (8),7(s))ds
7ftt0 g(s,Yn,(s),r(s))dw(s). It follows from (5) that Vi > to, ]P’(F({(nl,w,r) = 0) = 1. For any given
t > to, Eq. (10) implies that random variables F/(X,,,w,r) and F(X,,, @™, #™)) have the same law.
Then we have that P*(F(X,,, ™), 7)) = 0) = 1 V¢ > to, that is

X, (t) =X, (to) + [ f(5,Yn,(s),7") (s))ds —|—/ g(5, Yy, (5), 7™ (s))d@ ™) (s) a.s., Vt > to.  (14)

to t()

Because of (6) and (10), we have

E® ( sup |)~(m(s)|2p) < Ch. (15)
to<s<T
This implies that Vs € [to, T], | Xn, (s)[> < oo a.s. Thus it follows from (11) that Vs € [to, T, |z(s)|? < oo
a.s. Then, by (3), we have V T > to, ftf lg(s,z(s),r%(s))[*ds < fto co(s)(1+4]z(s)|?)ds < oo a.s. Similarly,
fto |f(s,2(s),7%(s))|ds < (To ftf |f(s,av(s),7“‘1”(5))|2ds)1/2 < 00 a.s. Accordlng to [3, Definition 1.33], we
obtain that

t
/ g(s,x(s),r%(s))dw”(s) exists a.s., ¥t > to. (16)

to

The convergence of two integral terms of the right-side of (14) will be respectively analyzed.
Step 1. We analyze the convergence of ftt (5,Yn,(s),7™)(s))ds. Note that for s € [to,t], there

exists a non-negative integer k such that s € [t(nl) ,(:ﬁ) Thus, [V, (s) — 2(s)| < | X, (t,g"l)) — X, (s)| +

| X, (s)—(s)|. Note that Eq. (7) together with (10) implies E*|X,,, (")) = X,,, (s)|2P < Co|t\™) —sP~1 <
Cy /2™~ Thus, by (11), we have that

Y, (s) converges to z(s) in probability, as I — oo. (17)

Then, by (12), the dominated convergence theorem, and the continuity of f(¢,,7) in 2 € R%, we have
that

t ¢
f(s,Yn,(s), 7™ (s))ds converges to f(s,z(s),r*(s))ds in probability, as I — oco. (18)
to to

Step 2. Now, we prove the convergence of ftto 9(5, Yy, (s), 7 (s))dw(™) (s). Tt follows from (15) and
the Chebyshev’s inequality that Ve; > 0, there exists a constant A(p, o, ¢, €1, 1) > 0 such that

Px{ sup | Xy, (s)| > Ap, to,t,el,,u)} < e for t € [to, T). (19)
to<s<t
Since g(s, x, 1) is jointly continuous in (s, x), there exists a positive constant M (¢, A) such that M (¢, A) >
SUPselto,], [ €[0,M],res 195 (8 T, 7)| for j=1,...,m and it follows from (12) and (17) that

g(s, Yy, (s), ™) (s)) converges to g(s,z(s),r%(s)) in probability, as [ — co. (20)

Furthermore, by (19) and 7#(™)(s) € S, we have that
w{ sup |g;j(s, Xn, (5),7")(s))] > Ml(t,A)} < w{ sup | X, (s)| > )\} <ep. (21)
to<s<t to<s<t

Based on (13), (16), (20), (21), and Propositions A1l and A2 in Appendix A, according to [34, Theorem
2.6],

t t
/ g(s, Y, (), 7™ (5))dw™) (s) converges to / g(s,x(s),r"(s))dw”(s) in probability as [ — co, (22)
to

to
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Vit € [to, T]. Tt follows from (18) and (22) that there exists a subsequence of

{ s T (90,7 s + [ (5,72 51,70 ()5}

to

converging to ftto f(s,x(s), r“f(s))derfttO g(s,x(s),r"(s))dw”(s) a.s., as I — oo. Without loss of generality,
assume that

lim ( 5. (9,7 ) + [ g(s,Ym<s>,f<"l><s>>dw<m><s>>

l—o0

to to
t t
= [ f(s,z(s),r"(s))ds —|—/ g(s,x(s),r"(s))dw"(s) a.s., Vt € [to,T]. (23)
to to
Therefore, letting | — oo in (14), we obtain that Vt € [to, T, VT > to,
t t
(t) = x(to) + f(S,fE(S%?"x(S))dSJr/ g(s,2(s),r"(s))dw”(s) as. (24)
to to

Since ftto f(s,2(s),r"(s))ds is continuous and ftz g(s,2(s),r%(s))dw”(s) is a continuous local martingale,
x(t) is continuous. Furthermore, it follows from X, (to) = < a.s. for all n; and (10), that P*{X,, (to) €
B} = u(B) VB € #(R?). Then, from (11) and the dominated convergence theorem, one can show that
P*{x(ty) € B} = pu(B). Proposition Al in Appendix A shows that w”(t) is an {.%;* }-adapted Brownian
motion with P*{w”(0) = 0} = 1, and r*(¢) is an {.%}}-adapted Markov chain with the given initial
distribution and transition function. Hence, (z(t), w*(t), r*(t), Q*, F*, {Z7 }i>0, P?) is a global weak
solution to system (1), if P*{7Z < oo} =0, where 77 = inf{t > to : |x(¢)| > k} and 72 = limp_00 77
Suppose that P*{72 < oo} > 0. Then there exist constants 7% > t; and ez € (0,1] such that
P{7Z < T®} > €. Note that E*|z(T% A 78)|?P > P*{r¥ < T*}|k|?", and Eq. (11) together with (15)
implies that there exists a constant C(p,to, T%, ) such that E®|z(T% A 78)|?? < C. Thus P*{rf <
T=}Hk|?P < E®a(T* A 1) < C. Moreover, letting k — oo in the above inequality, we have oo =
limy, s o0 (P*{7{¥ < T*}|k|?P) < C, which is a contradiction. Therefore, P*{7Z < oo} = 0.
Remark 2. Theorem 1 extends the existence of global weak solutions of SNS (e.g., [32, Theorem 4.2.2])
to that of SNSwMS. Due to the Markov chain, the existence of solutions of a martingale problem related
to SNSwMS cannot directly imply the existence of weak solutions of SNSwMS, and so, we cannot obtain
the results of the existence of weak solutions of SNSwMS from [35]. Different from [32,33], we directly
show that x(t) is a global weak solution, instead of transforming the problem of the existence of global
weak solutions into the existence of solutions of a martingale problem.

2.1.2  Lyapunov method

To analyze the existence of global weak solutions of the closed-loop system in control problems, the
existence of weak solutions of system (1) is investigated by a Lyapunov function. We replace linear
growth condition (3) in Theorem 1 by some suitable Lyapunov conditions.

First, we introduce some notions on Markov chain to give the generalized It6 formula on (1). Let
P(t) = (P;j(t))nxn. If all states in S are stable (i € S is said to be stable, if lim;_,o ((1—P;(t))/t) < 00),

then Q = (¢ij) Nxn with ¢;; = P;;(0) is called the stable g-matrix of P;;(¢). Furthermore, if Z;VZI qi; =0
Vi € S, then @ is conservative (see [41]).
In the rest of the work, assume that the g-matrix @ of P;;(t) is stable and conservative. Now, we

introduce the generalized It6 formula for SNSWMS (1) (see [3]): for V € C?(R? x S;R.),

V(x(t), r(t)) = V(x(to), r(to)) +/t LV (s,a(s),7(s))ds + M(t), ¥t > to, (25)

=
o,
@

where M(t) = [} Va(a(s),7(5))g(s, 2(s), 7(s))dw(s)+ [, [o(V (@(s),v(to)+h(r(s), 1)) =V (w(s),7(s)))
dl), h: S x R — R, ii(ds,dl) is a martingale measure, and

N
gV(t, Z, Z) = Vz (I'a Z)f(ta Z, Z) + %TI‘[QT(t, z, Z)me(l’, i)g(ta Z, Z)] + Z Qijv(za ]) (26)

j=1
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with g; ; = 0 for ¢ # j. Here Z;VZI ¢i;V(z,j) is called the interconnected term in LV (t,z,1) (see [4]),
and £V (t,x,1) can be seen as the “derivative” of V (¢, x,4) with respect to time.

Now, we have the following theorem about the existence of weak solutions.
Theorem 2. Consider system (1) with f(¢,z,4) and g(t, z, i) being jointly continuous in (¢,x) € Ry, x RY
for every i € S. If there exist a function V € C2(R? xS; R ), two K, class functions a1, ap and constants
d; > 0, ¢;; > 1 such that

Vi, i)

ax([z])

ci;V(x,j), Vo € RY, Vi, j €5, (27)

<
<V(z,i) < aol|z)), LV (t,x,4) < &V (x,i), YVt € Ry, Yo € RY Vi €S, (28)

then, there exists a global weak solution (z(t), w”(t), r*(t), Q*, Z*, {Z#{ }i>0, P¥) to system (1).
Proof.  Approximation. We construct an approximation for system (1). Let

frt i) = B2t a) f(t,2,4), g™(t 1) = B(t,x)g(t,z,4), m € Ny, (29)

where Ny, = {a : a >ty and a is a positvie integer}, S(t,z) = 1 for to < ¢ < m and |z] < m, B(t,x) =
(2 —|z|/m) for to < t < m and m < |z| < 2m, B(t,z) = (2 —t¢/m) for m < t < 2m and |z| < m,
Bt,x) = (2 — |z|/m)(2 —t/m) for m < t < 2m and m < |z| < 2m, and B(t,xz) = 0 for t > 2m and
|z| > 2m. Clearly, f™(t,x,i) and g™ (t, z,4) are jointly continuous in (¢, z) € Ry, x R? Vi € S and bounded
V(t,x,1) € Ry, X R? x S. Then, according to Theorem 1, for m € N¢,, there exists a global weak solution
(xm (1), W™ (t), v (t), QFm, Fom {F™ =0, PP™) to system

t t
Tm(t) = zm(to) + fm(s,wm(s),rxm(s))dSJr/ 9" (8, wm(s),r" (s))dw™ (t), t > to.  (30)
to to
~ Tightness. We show that Ve > 0, there exists a compact set KX C C(Ry;R?) such that P {z,;, €
KX} > 1 —¢€/4, where 2,5 (t) = x(to) for t € [0,t9). According to (26), for V, we define an operator
L associated with (30) by LV (¢, 2,9) = Vi(z, i) f™(t,z, i) + $Tr[(g™(t, 2,9)) Voo (2, ) g™ (¢, 2, 1)] +
Z;V:l ¢i;V(x,7). Then, by (27), (28), and the definitions of f” and ¢, we obtain that

LV (t,w,i) = B2(t,x) LV (t, i) + (1 — B2(t, 1)) ZqijV(Jc,j) <& Vi, i), (31)

j=1

where ¢; = max{((1 — @)gi;) Ve1 : i € S}, e = max{d; : i € S}, and ¢ = max{c;; : i,j € S}. Let
7 =inf{t > to : |xm(t)| > k} and 72 = limp_, o 7. Then, we have

PP {77 = 0o} = 1, Vi € Ny, (32)

by referring to the proof of [3, Theorem 3.19]. Let U(t,z,7) = e~ (=% V(7). Then, it follows from
(31) that LU (t, z,i) = (% + e @t~ £, V)(¢,2,i) < 0. By the generalized Ito formula, we have that

UAT wm(t AT, e (EAT))

= Ul(to, zm(to), r"™ (to)) +/ " LU (s,2m(8), 7™ (s))ds + Mgy (t AT, (33)

to

where M,; (¢ A7) is a martingale and the definition of M, (¢) is similar to that of M (¢) in (25). Then, tak-
ing k — oo in (33), we obtain that U (¢, 2,5 (¢), r®™ (t)) < U(to, zm (to), %™ (to))+Mm (), which implies that
U(t,xm(t),r*™(t)) is a supermartingale. Then, it follows from the supermartingale inequality and (28)
that for every T' > to and each A > 0, P*"{sup, < <7 U(s, Zm(s),77"(s)) = A} < E*™aa(|zm(to)])/ A
Furthermore, by the definition of U(t,z,7) and (28), one can show that P*"{sup, < <1 [Tm(s)| = A} <
et (Tt B2 (g (|zm (t0)])) /a1 (N). Since a1, as € Ks and the distribution of x4, (¢y) has a compact
support, we obtain that there exists a Ao(€, tg, T") > 0 such that for each m € Ny,

€

<13 (34)

per { sup [zm(s)] > )\O(E,to,T)}

to<s<T
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Due to the continuity of f(t,x,i) and g(¢,x,7), there exists a constant M (to, T, o) > 0 such that
SUDy <o <2< Ao i€S (|f(s,2,9)| V |g(s,2,4)|) < M. Then, by the similar way of proving (7), we have
that

E* {|zm(t ATSE) — wm(s ATR)[PY <2227 IMPP((T — to)? + (p(2p — 1))t — s[P =: Myt — s[P, (35)

where 7{' = inf{t > to : |z (t)] > Ao}. Note that the distribution of @, (to) has a compact support.
Thus, E*™ |z, (to)|* < oo for p > 2. And, referring to the proof of [32, Theorem 1.4.3] with v = a = 2p
ar}d B = p—1, we have that for each & > 0, limp o SUDen,, PP {max; seito, 17, |t—s|<h |xm(t/\?§3) — i (SA
)| > e} = 0. Then, there exists a sequence {hy} such that hy >0 and hy | 0 as k — oo and

Pm{ ATz (s AT > 1 k}< 4+ e N, . 36
tsG[toyl%lﬁiisth‘m ( T)\O) (s 7_>\0)| / ¢/ m € R (36)

Note that (Upe;{max; sefro ), t—si<hy [Tm () — zm(s)| > 1/k}) € ((Upey maxe, sefro, 1), jt—s|<hy [Tm (t A
) — zm(s AT)| > 1/k) N {72 < T}), and

. €
Pro {7 < T} < —,

<)< S (37)

which is implied by (34). Thus we obtain that P*™ {{ J,~; (max;, ée[tm 1 lt—s|<hr ‘:L'm zm(s)| > 1/k)} <

€ and P* {|zxm(to)| > Ao} < 55. Let KX = (Mp2; {v € C(Ry;RY) - maxy_ g <ny 0<s,e<r [0(E) — v(s)| <

1/k}) N{v € C(R4;RY) : |v(0 )| Ao}. According to Ascoli-Arzela Theorem, KX is a compact set of
C(Ry;R?). Note that x,(t) is a continuous stochastic process and z (t) = 25 (to) for t € [0,9). Thus,
we have P*m{z; € KX} > 1—¢/4.

New stochastic processes. We show that there exists a sequence of stochastic processes on a
probability space, having the same law with some subsequence of {/_\m}, where A, = (T, W™ ) 8
defined in (30). Since homogeneous Markov chains r* (t) and r(t) have the same initial distribution and
the same transition function, = (t) and r(t) have the same law. Then, P*{r®(t) € K[} > 1— 3
where K7 has been defined in (8). Then, similar to the proof of Theorem 1, on a probability space {2*,
F*, P*}, there exist stochastic processes

Ay () 1= (@, (), 0™ (), Py (1)) and A() = (), w” (), 7 ()
such that
P*ALL =PrmALL e, law of (Ag,) = law of (Ag,), (38)
A, (t) = A%(t) a.s., as [ — oo, uniformly on [0,T], VT > to, (39)

where {A,} is a subsequence of {A,}. Similar to (12), there exists a random variable [ € N such that
P i, (t) =17(t), 1> 1} = 1. (40)

Weak solution. Now, we show that z(t) is a global weak solution to system (1). Let 7" = inf{s >
to ¢ |Zm, (s)] > Kk}, 770 = limg_eo %,’j”, T = inf{s = to : |2(s)] > k}, Too = limpyoo 7 Tk and %Amol =
inf{s > to : |Zm,(s)| > Ao}. Then, by (32) and (38), we have P*{77" = oo} = 1. Furthermore, it
follows from (39) that P*{7,, = oo} = 1. Then, by the continuity of f(¢,z,7) and g(¢,z,), we have
that VT > to, ftf [f(s,2(s),7"(s))|ds < oo a.s. and ftf lg(s, z(s),r%(s))|?ds < oo a.s. which implies that

fti g(s,z(s),r7(s))dw”(s) exists a.s. for t > to. It follows from (30) and (38) that V¢ > ¢,
t t )
i (0) = i t0) [ £ (5, (5) o ()5 4 [ g™ (52 (5), o ()™ (5) s (41)
to to

We show the convergence of the right-side terms of (41) by two steps.
Step 1. We prove the convergence of ftto S8, &m, (8), P, (s))ds. Note that limy_,e f™(s,2,1) =
f(s,2,4) V(s,z,i) € Ry, x RYx S and

fml (Svimz (8)772511 (S)) :f(sa QL'(S),TI(S)) + (f(sa i'mz(s)a TAmL (8)) - f(S,l‘(S), TI(S)))
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+ (7 (s By (8), Py (8)) = f (5, Brmy (5), T (5))).- (42)
Thus, by the continuity of f(¢,x,7), (39) and (40), we have that Vs € [to, T], VT > 0,
lim fml (57 T, (5)7 T, (S)) = f(S, .Z'(S), rm(s)) a.s. (43)

=0

Then, it follows from the dominated convergence theorem that Vt € [to, T], VT > to,

lim T8, &y (8), Py (8))ds = t f(s,z(s),r"(s))ds a.s. (44)

=00 to
Step 2. We show the convergence of fti g™ (8, B, (8), P, (8))dw™ (s). By (35) and (38), we have

. o . T
Ex‘Iml (tg A\ 7./7\7;1) — T, (tl A\ T)\mol)‘ v < Ml(to, T, p, Ao)ltg — If1|p7 Vit € [to, T] (45)
Then, according to the Chebyshev’s inequality,

lim sup P?{|@m, (t2 A %ﬁl) — T, (t1 A %;Z’)| >0} =0, Vo > 0. (46)
h=0 14y —ty|<h,ty ta€to,T]

Note that {|Zm, (t2) — &m, (t1)| > 0} C ({|m, (L2 ATR. ) = Emy (B AT > SFU{F < T}, and PP{F" <
T'} < ¢/12 which is implied by (37) and (38). Thus, Lm0 imy—ec SUPy, _ty | <h sy taefto,r] P {Em, (t2) —
T, (t1)| > 0} < €/12. From the arbitrariness of €, we can let € — 0 in the above inequality to obtain that

lim lim sup P?{|Zm, (t2) — Tm, (t1)| > 6} =0, V6 > 0. (47)

h=01=00 |1, —ty|<h,ty,t2E€[to,T)
Additionally, referring to the proof of Lemma A2 in Appendix A, we have

lim sup P*{|Fm, (t2) — 7w, (t1)| > 0} =0, V6 > 0. (48)

h=0 14y —ty|<h,ty ta€to,T]

Then, by a similar way as the proof of Proposition A2 in Appendix A, we obtain that for each ¢y > 0,

lim lim sup P {197 (b1, @y (1) Py (1)) — 9 (b2, By (L2), Py (£2))] > €0} = 0. (49)
h—01l—o0c0 t1,ta€[to,T),|[t1—t2|<h

The rest proof is similar to that of Theorem 1.

Remark 3. The existence of weak solutions of SNSwMS is studied by the Lyapunov method in Theo-
rem 2, where the condition on both drift coefficient and diffusion coefficient is only continuity, and the
studied system (1) is time-varying. Our requirement on coefficients to guarantee the existence of global
weak solutions is only continuity, which is much simpler (more practical) than the growth conditions
in [23,24], and then makes it possible to extend the finite-time control method to other control problems,
such as stochastic finite-time adaptive control. To the best of the authors’ knowledge, the existence of
global weak solutions of time-varying stochastic nonlinear systems (with Markovian switching) has not
been studied by the Lyapunov method.

2.2 Finite-time stability

Now, we consider the finite-time stability in probability for system (1) with f(¢,0,7) = 0 and ¢(¢,0,i) =0
V(t,i) € Ry, x S. We assume that f(¢,r,7) and g(t,x,4) are jointly continuous in (¢, z) € Ry, x R? Vi € S.
First, for system (1), we present a lemma supplying a criterion on the stability in probability and an
approximation of a global weak solution.

Lemma 2. If there exist a function V € C*(R? x §;R ), two Ko class functions ay, ag and constants
¢ij = 1,1<4,j < N such that

ar(jz]) < V(z,i) < as(|z]), V(z,i) <V, j), Vo e RY, Vi, j €5, (50)
ZLV(t,x,i) <0, Vt €Ry,, VzeR? Vies, (51)
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then, (i) there exists a global weak solution (x(t), w”(t), r*(t), Q%, Z*, {Z#}i>0, P?) to system (1);
(ii) the trivial weak solution of system (1) is globally stable in probability; (iii) the following approximation

o L L L L - L L L
Vat) = (to+ =)+ (t=to— =) f (to+ =2 (to+ =) v (to+ =) )+ (to+ =0 (to+ =)
n n n n n n n

A A A 1
P (t0+%>) (wl(t)—w“ (tw%)), te {to—i—%,to—i-L; ) L=0,1,... (52)

converges to x(t) in probability, as n — oo, where n is a positive integer.
Proof. (i) It follows from Theorem 2 that there exists a global weak solution (x(t), w”(t), r*(t), Q%,
FE AP >0, PT) to system (1).

(i) Let 7f = inf{t > to : |z(t)] > k} and 72 = limy_ o 7. By (50), (51) and the generalized It6
formula, we obtain E*(aq (Jz(t ATE)|)) S EP(V(x(tATE), " (tATE))) < EP(ca(]z(f0)])). Then, according
to the Chebyshev’s inequality, P*{7] <t} (k) < E"(aa(|z(t0)])). This together with a; € Koo leads to

P*{r% < 00} =0, ie., P*{r% = oo} = L. (53)

The rest proof of stability is respectively given by two cases: P*(B¢) # 0 and P*(B) # 0, where B =
{z(tog) # 0}, and B€ is its complementary set.

Case 1. P(B) # 0. Referring to the proof of [42, Theorem 2], for each € > 0, we can construct a Koo
class function § such that

P {IB<sup 2(0)]) > ﬂ(lw(to)l)} <e. (54)

t>to

Case 2. P*(B°) # 0. It follows from the generalized It6 formula and (50) that E* (Igcaq (|z(tATE)])) <
E?(Igcasz(|z(to)|)) = 0. Then, taking k — oo, and using (53) and oy € K, we have that

P*{Ipe|x(t)] > 0} = 0 for any ¢ > to. (55)

Combining (54) with (55) leads to P*{ sup; s, |2(t)] > B(lz(to)])} < e

(iii) It follows from (1), (52), Holder inequality, and [3, Theorem 2.11] that E”‘x(t/\ﬁf) -Y, (t/\7f§)‘4 <
c1(to,t, k)/n?, where c1(to,t, k) is a positive constant depending on tg, ¢, and x. The rest of the proof is
similar to that of [18, Lemma 2.

Remark 4. Different from existing theorems about the finite-time stability of SNSwMS (e.g., [22,
Theorems 1 and 2], [23, Theorems 12 and 16], [24, Theorem 1]), the approximation generated by Picard
iteration cannot be used to prove the finite-time attractiveness, because only the continuity on coefficients
cannot guarantee the convergence of the approximation generated by Picard iteration (see [36]). Inspired
by [18, Lemma 2], we construct the approximation {Y,,()}.

Theorem 3. Let condition (50) in Lemma 2 hold and Eq. (51) be replaced by the following: there exist
constants ¢; > 0 and 0 < v < 1 such that

LV (t,x,i) < —ci(V(x,)7, Vt € Ry, Vo € RY\ {0}, Vi €S, (56)

Then, there exists a global weak solution (z(t), w*(t), r*(t), Q*, F*, {Z{ >0, P*) to system (1), and
the trivial weak solution of system (1) is globally finite-time stable in probability.

Proof.  According to Lemma 2, there exists a global weak solution (x(t), w®(t), r*(t), Q*, F*, {Z }i>0.
P*) to system (1) and the trivial weak solution is globally stable in probability. We now pay our attention
to proving the finite-time attractiveness in probability. It follows from (55) that

Ipex(t) =0 as., Vt > to. (57)

Case of v = 0. By the generalized It6 formula, we have that E* (IgV (z(t AT Agl), ™ (EATE Aoh))) =

E*(IgV (2(to), 7" (t0))) + E® LZAT;AQ?Z Ip 2LV (s,x(s),r"(s))ds, which together with (50) and (56) leads to

that

0 <E*(Ipan(lz(t AT¢ A 0®)]) <E*(Ipaz(|z(to)]) — cE* (Ip(t AT A 0" —to)), (58)
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where ¢ := min{¢;,7 € S}, and ¢” is the settling time of z(¢). Then, taking ¢ — co and k — oo in (58)
and applying the Fatou lemma and (53), we have E*(Ip(0® — t9)) < E*(Ipaa(|z(to)|))/c. Since the
distribution of z(to) is of compact support, we have E* (Ipas(|z(t)])) < co. If P*{Ipo™ = oo} # 0, then
E* (I(0” — to)) = oo, which contradicts with co = E*(Ip (0" —to)) < E” (Ipaz(|z(to)]))/c < oo. Hence,
we have P*{Ipp" = oo} = 0, which together with (57) leads to P*{p” < oo} =1 for the case of v = 0.

Case of v € (0,1). Since z(t) is a stochastic process, we may write x(¢) as z(t,w), w € Q. Let
Br = {3 < |z(to)| < k} N B, pf(w) = inf{t > to : |z(t,w)| ¢ (+,k)} for w € B, and pf(w) = to for
w € B°. It is clear that {p}} and {Bj} are nondecreasing sequences. We now set Bo, = limj_, oo By and
p%, = limy_, p%. Since the initial distribution p is of compact support, Bo, = B. It follows from the
generalised It6 formula and (56) that V to < v < ¢,

E® (IBkI{tgplk-}V(x(t), r(t))) — E* (IBkI{Vgpi}V(x(V), r(v)))

< / "B (I3 Lgey (V@(s). () ") s, (59)

where ¢ has been defined in (58). By (50) and the definition of p¥, one can show that for each s € [to, 00),
(B (I, Tgoeppy V (@(5),7(5)))) 7 < (02(k)) - (P {w € By : 5 < pi(w)})", (60)

E* (In, Tosppy (V(@(s),7()) ) > (e (%) ) P*{w e Byis < ()} (61)

Then, we have that

% (B (I, Ty Va(3), ()

P*{w € By : pf(w) = oo})' ", (62)

E*(Ip, Tis<pry (V(z(s),7(s)))”) =

where P*{w € By, : pf(w) = oo} < P*{w € By, : s < pf(w)} is used.
Now, we consider two cases.
(i) I P*{w € By : pf(w) = 00} = 0 Vk € N, then, by the dominated convergence theorem, we obtain

P*{w € By : p% (w) =0} =P*{w € B : |z(t,w)| >0, for all t >t} =0, (63)

which together with (57) implies P*(of; < 0o) = 1. The required result is obtained.

(ii) If there exists a positive integer ko such that P*{w € B, : pf (w) = oo} # 0, then it follows from
the increasement of {pj}, (59) and (62) that Vk > ko, E*(IpJ{<,ey V(1) 7(1)) —E* (I (1 <pry Vi (v),
r())) < =C [H(E"(In, IscpryV (2(s),7(5)))) ds, where & = (P*{w € By, : pf,(w) = oo})'~" and
Cr = cé(o1(3))7/(az(k))?. Then, we have h(t) — h(v) < —Cj flf(h(s))’yds7 where h(t) = E*(Ip, I{1<,ry
V(z(t),r(t))). According to the proof of [30, Lemma 3.1], if A(t) is continuous, then there exists a se-
quence {Ty: Ty =to+ (E(Ip,V (z(to),r(t0))))=?/Ck/(1—7)} such that 0=h(T}) =E*(Ip (1, <pp}V(z(Tk),
r(T%))). Since V(z(Tk,w), r" (Tk,w),w) = a1 (1/k) Vw € {w € By : T}, < pf(w)}, we have

P*{w € By, : T, < pi(w)} = 0. (64)

Note that the definitions of T and Cj imply that T 1 oo as k — oco. Thus, taking kK — oo in (64)
and applying the dominated convergence theorem, we obtain (63). Hence, the proof is complete, if the
continuity of h(t) is proven.

Since x(to + £) 4+ (t —to — £) f(to + £, x(to + £), 7" (to + £)) + g(to + &, x(to + £), 7" (to + £)) (W™ (t) —
w” (to + £)) obeys a multivariate normal distribution law for numbers z(to + £) € R and r*(to + £) € S,
referring to the proof of [18, Theorem 1], we obtain P*{|x(t)| = k} = 0 and P*{|z(¢)| = 1/k} =0Vt > to
and Vk > ko, and then we can prove the continuity of h(t).

Corollary 1. If conditions in Lemma 2 hold and K (V (x,4))(cK(V (z,i)) + LV (t, 2,i)) < 3K'(V(z,1))

AV (z,i . N . . V(x,j .
(2D gt )2 + S0 g K2V (,0) (V) — i) 7 hsds), V(t2,0) € Ry, x (RT\ {0}) x S,
ds

where K : Ry — R is a smooth function with K(s) > 0 for s > 0 and fti oGy < 00 Vit > to, and
K'(V) = 0K(V)/0V. Then, there exists a global weak solution to system (1) and the trivial weak
solution is globally finite-time stable in probability with ¢ = 0.



Zhao G-H, et al. Sci China Inf Sci  November 2022 Vol. 65 212204:13

Proof.  Let F(x(t),r(t)) = t‘:(x(t)’r(t)) 7 ds- Then we have ZLF(t,z,i) < —c. Furthermore, using

the similar proof of the case of v = 0 in Theorem 3, we can obtain the results.

Remark 5. Corollary 1 extends the finite-time stability result of SNS in [43] to SNSwMS. Different from
SNS, Theorem 3 is not a special case of Corollary 1 with K(s) = s¥ and v € [0,1). Since V (to,x(to)) = to
may not hold, Corollary 1 may not hold for ¢, > 0.

Remark 6. Theorem 3 extends the theorem about the finite-time stability of SNS in [18] to SNSwMS (1).
Different from the existing theorems about the finite-time stability of SNSwMS (e.g., [21, Theorem 2.1],
[22, Theorems 1 and 2], [23, Theorems 12 and 16], [24, Theorem 1], [25, Theorems 2.1 and 2.2]), there is
no assumption about the existence of a pathwise unique strong solution or other restrictive condition on
coefficients, besides continuity.

3 Finite-time stabilization

3.1 Problem formulation

We consider the following system:

dag(t) = (xiil(t) + fr(t,x(t), r(t)))dt +gp(t,x(t),rt)dw(t), t =2te =20, k=1,...,d—1, (65)
daa(t) = (uP + fa(t, z(t), r(8)))dt + ga(t, z(t), r(t))dw(t),
where = (71,...,24)" € R? and u € R respectively represent the state and the control input, w(t) is

a standard m-dimensional Brownian motion and r(¢) is a right-continuous homogeneous Markov chain
with stable and conservative g-matrix @ on some complete probability space, x(to) is a random variable
whose distribution is of compact support, both fi : Ry, x RE xS — R and gy, : Ry, x RY x S — R*™ are
continuous in (t,2) € Ry, x R? and Borel measurable, and p;, > 1 is a ratio of odd integers with pg = 1.
We consider the following assumption on system (65), whose feasibility and reasonability have been
verified in [13,15, 18, 44].
Assumption 1. Foreachi € Sand k=1,...,d, there exist known nonnegative smooth functions ¢y, ;
and 1 ; such that V(t,x) € Ry, x R?,

[fe(t, 2, 0)] < (o] + |2l + - + 2l ora(@e),  |gr(t, 2, 0] < (J2a] + |w2| + - - + o) (Zk),  (66)

where 7, = (21,...,2x)T.

In our conference paper [44], for a special case (pr = 1, k = 1,...,d) of system (65), the outline of
the controller design is presented, without the proof of the finite-time stability of the closed-loop system.
Here, we consider the more general system with detailed analysis.

3.2 Finite-time controller design

Because of the especial change rate of the finite-time Lyapunov function, the existing methods address-
ing the interconnected term in the “derivative” of the Lyapunov function (e.g., [1,4]) are inapplicable.
Constructing a finite-time controller depending on Markov switching 7(¢) is a challenging task. Thus,
in this work, we construct a common finite-time controller. First, we introduce a common coordinate
transformation

1

B =0, G =l i, o = g ), Go= o — (67)
where k = 1,...,d, xx > 0 are smooth functions to be designed later, m € (0,1/2) is a ratio of odd
integers, o € (—r1 /(1 +Zf;11 p1 -+ pi),0) is a rational number with even numerator and odd denominator,
and ry = (re—1 + @) /pr—1 >0, k=2,...,d.

Step 1. Let Vl(xl) = %xéf/” < 2¢f. By (65) and (66), we have LVi(t,z1,i) = & ™ (ab' +
filt, @) + G (e, )P < G AR + &7 (@ — a5™) + &7 pi(an), where pi(z1) >

27‘1
max{ff w1,i(T1) + 42T711§1 “7 ;(z1) : i € S} is a smooth function. Choose a virtual controller z3" =
”Jra (I1 + p1(z1)) 2 ”Jraxl(:cl) where 11 is any given positive constant. Then, taking L, = [, we

obtam that LV (t,21,i) < —L1&T + &7 (b — a3P).
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Inductive step. Suppose that at step k — 1, there exist smooth functions Vi1 (Zr-1) and xx—1(ZTp—1)
such that

LV 1 (t,Fp1,1) < —Lp 1§ 4 4 ) g e (@B — ), (68)
where Lj_1 is a positive constant, :E;:p’“’l = - ;’i’lﬁaxk,l(fk,l). By induction, we claim that Eq. (68)

still holds at step k. To prove this claim, define Vi (Zx) = Vi—1(Zp—1) + Wi (Z) with Wi (z) = [ (st -
k

1
x; 7% )* "= ds. Then, we obtain that

ow, ow,
4+a YWk 2P 4— m 1/, Pk—1 Pr— k .
LVi(t, T, 0 (E & ) o+ (g T =™ 1)+—8 Jr(t,x, 1)
Tk
- ko k
L oWy 1 O*W,
+ + fi(t,x, 1) — 1tz t,x, 1 69
laéhllﬂ fitt, 22 g aran, ST D95 (8 2,9), (69)
AWy _ pd—r, Wi _ Ad—ry 1/me—1.3—rp  0°W, _ QxR 3 22Wh _ 9PWh
where Zot = & ", Gt = Tk k0 Bmoer = Tk — D558 " Gmoa; = owom
02a VK pxy, L 1 3_ oz V" 9xtl/Th pxy,, L Lo
(rk = ) atger Jor (70 — @70 )7 eds + (4 — 1) (3 — i) T g Jyr (87 — @i 7)?7"rds and
ozl Tk .
Wi — (rp — 4) %% flk(sk — i 7x )3~ "*ds for l,0 = 1,2,...,k — 1. Now, we estimate the terms on
oz ox; Ty k ’

the right-side of (69). It follows from Lemmas B2 and B3 in Appendix B that for any given positive
constant 0,1 < Li_1, there exists a positive constant [ such that

‘54 Th— 1 pk 1 7l,zpk71)| < 21*Pk—17"k|§k71|4*7"k—1|€k|7"k—1+04 5k 1§4+a+l £4+a' (70)

Submitting (70) and (C1)-(C3) in Appendix C into (69), we obtain that LVi(t, Tk, i) < —(Lip—1 —
0) (JE0[*Fe - [ |*F) + €7l + 6T (a0 — xk+1)4fpk(mkﬂﬁkﬁ+a ‘Vheﬂ35k‘*5k1‘+5k2‘+

Sk3+0ka < Lip—1 and pg =l + pr.1 + pr.2 + pr.3. Take the virtual controller :ck = f’“’”‘“(lk +pr) =
—&5 X, (Tk), where I is any given constant. Then, ZVi (¢, Tk, i) < Lk(|§1|4+a o &MY +
,‘i 7k(x§’j_1 — :L'k_H) where Ly = min{Lg_1 — 0k, lx} > 0. This completes the proof of the inductive step.

Step d. By induction, we can construct a Lyapunov function

d d
=S o= [ i )
k=1 k=1

and design a controller as

u=—&" " xalx), (72)
such that
LVy(t,2,i) < —La(&T + - + ), (73)

where Ly > 0 is a constant.
3.3 Finite-time stability analysis

For the closed-loop system composed of (65) and (72), we have the following result.

Theorem 4. If Assumption 1 holds, then a closed- loop system composed of (65) and (72) has a global
weak solution (z(t), w”(t), r*(t), ¥, F*, {F}}i>0, P*) and its trivial weak solution is globally finite-time
stable in probability.

Proof. First, we prove the positive definiteness and radial unboundedness of V; defined in (71) by

induction. It follows from V; = oy :c < 2¢4 that Vj is positive definite and radially unbounded.
Inductive step. Suppose that Vk,l is positive definite and radially unbounded. It follows from

Lemma B2 in Appendix B that

Vie1(@h-1) <2(60+ &+ + &), k=2,....d, (74)
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Figure 1 (Color online) Trajectory of Markov chain (a), trajectories for states (b) and the control input (c) for the closed-loop
system (76) and (77).

< Vi—1 + 12(4 DT g — 2 YT K Vi = Ve + Wi <2050+ -+ &), (75)

Since Eq. (67) implies that |Zx| =0« & = -+ = & = 0, and Eq. (74) and the positive definiteness of
Vi—1 imply that Vi_1(Zx—1) = 0<|Zr—1] = 0. Then, it follows from (75) that V}, is positive definite.

When |Zj| — oo, we discuss two cases. (i) If |Zx_1| — oo, then the radial unboundedness of Vj,_
implies that V;_1 — oo, which together with Eq. (75) leads to Vi — oo. (ii) If |Zx_1| does not tend to
infinity, then |z| — oo, which together with (75) implies that V;, — co. Hence, we obtain that Vj, — oo,
as |Tg| — oo.

Based on the above analysis, we have that the constructed Lyapunov function Vj in (71) is positive
definite and radially unbounded. According to [45, Lemma 4.3], there exist two Ko class functions aq
and ag such that oy (|z]) < Vi(z) < ai(|z]). Besides, it follows from Lemma B1 in Appendix B, (73) and

iy
(75) that £V < d ", © . By Theorem 3, we obtain the results.

4 Numerical simulation

In this section, we give a numerical example to illustrate the efficiency of the proposed finite-time control
method in Section 3. Consider

sin(xy(t)) sin(z2(t))
2r(t)

o (8) = (28 (8) + fr(@(@), ro))ae + 20O iy a1 = wat +

o du(t), (76)

where p; = 9/7, w(t) is a standard Brownian motion, r(¢) is a right-continuous homogeneous Markov
chain with stable and conservative g-matrix ) on some complete probability space, the state space of
r(t) is S ={1,2,3}, fi(z,1) =sin(z1)/5, fi(x,2) = sin(z) sin(zz)/5, and fl(:n 3) =x1/5.

Choose r; = 421_9 € (0, 1) being a ratio of odd integers, a = % € (— 1+p ,0) being a rational number
with even numerator and odd denominator. Then we have ry = ”lerO‘ = 3. According to Subsection 3.2,
1
we construct a Lyapunov function Va(z) = 7 xt fmz —xire )4”2 ds and design a control law

u=—gpte (2 9042 + 119365 +1.3444(7.3333po,1) ¥ +3.8342(9.77783 0267 %) B +14.6208 (43¢, ) 35

Ok
+2.2719((7.3333p2,1x1) 7 + (7.3333p0,18167 ) T + (3.6667B2,1,10026; %)

194

+ 2.2719(3.6667 po 1901 tho& ] ) 197 + 4.1122(3.6667 po 1001 1ol ) 196 + 124.0497(¢§X1% g;"‘)%), (77)

1

2 = 1 7 A
where x1(z1) = 0.237623 + é—g, /32 1= 2. 1304X1 + 0. 0483)(1:0 y & o=t st = —4x3, Peaa =

z 14 _ _ _
2. 4083xi +0.0013x] z7* + 0. 1617)(1 xl , €0 = x2 —x572, 91 = @1, = 0.2, P = P15 =0.1, 1y =1o,; =
0. 5$69 for i = 1,2,3. Then, we have ZVs < — 13 (617 +&1). Figures 1(a)—(c) provide the simulation
results with initial values 7(0) = 3, 21(0) = —1, 22(0) = 2, and Q = (¢;j)3x3 given by ¢11 = —3, q12 = 1,
G13 =2, q1 =1, @2 = —2, q23 = 1, 31 = 2, q32 = 2, and ¢33 = —4. Figures 1(b) and (c) show that the
states and the control input of the closed-loop system (76) and (77) converge to the origin in finite time.
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5 Conclusion

We have established a finite-time control framework in the sense of weak solutions for the time-varying
SNSwMS. The finite-time stabilization for a class of stochastic high-order nonlinear systems with Marko-
vian switching was investigated. The finite-time Lyapunov function was constructed by adding a power
integrator technique, and then a finite-time controller was systematically constructed. We have developed
theorems on the existence of global weak solutions and established finite-time stability in probability the-
orem, by which the existence of global weak solutions and the finite-time stability in probability of the
closed-loop system were rigorously analyzed.
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Appendix A Proof of Lemma 1 and propositions used to prove Theorem 1

Proof of Lemma 1. Choose two positive integers L and L such that to + LA < to + LA < T. Using (4) and the method? of
estimating the 2pth moment, we have that SUPo< <t E|X(Ln)|2p <6rt (E|Xén)|2p + I + 12+ Is+ 14 + 15), where

L1 tffﬁl 2\ P

_ (n)
L =E sup (> /,,;") Fls, X, r(s))ds ,

0<L<L \ k=0

L—1 () P
— g (n) k+1 . () ; .
Iy = Ozggﬁ <Z 2<Xk * fow fs, Xy, ,T(é))d6> ,
SLLL \ k=0 'k
L1 ‘1(;;)1 2\ P
— S . x(n) . g
= swp (37 [ et X r@ndut)| )
SLLL \ k=0 |’
L—1 tgen)l P
I, =E sup 2 X](c"),/ + g(s,X,i"),T(s))dw(s) s
0<L<L \ k=0 o
« i i !
Is=E sup 2 [ 71X (@) ds, [ ST g(s, X( r(s))duw(s)
ocrei \ = o) o)

It follows from (3) and Holder inequality that

L-1 tgen) T L-1 tscn)
L <P At Yy, ]E/ FHr(s, X5 r(9))]?Pds < (2T0)”*1/ As)ds+ > | @1 [ eb(s)ds | BIXV P,
k=0 “t to k=0

)(cn) tgvn)
L—-1 ”I<cn+)1 P
Pa— 2 2
L<LP 'SR /(n) [ XS 4 | £ (s, X5 r(9))]*ds
k=0 ty
L-1 (n)
=1 [T » Pt p—1 p—1_p (n)2p
< (4Tp) / ch(s)ds+ > ) (2T0) (1+277"ch(s))ds | E[X,V|?P,
to k=0 ty

where Ty = T — to. By the proof of [3, Theorem 2.11] and linear growth condition (3), we have that

L-1 +(1)
Is < (p(2p — D)PLP AP~ 3 E/f“ lg(s, X, r(s))|*ds
k=0 “t

n)

k
L—1 (n)
p—1 P T P 1 g (n)2p
< @To)" " (p(2p — 1) /t chads+ 30 | [ ebo)as | EIX()
0 k=0 k

1) Zhao G H, Liu M Z. Numerical methods for nonlinear stochastic delay differential equations with jumps. Appl Math
Computation, 2014, 233: 222-231.
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It follows from the proof of Burkholder-Davis-Gundy inequality (see [3]) that

L—-1 tgﬁr)l 2
Iy < cpE Z /(n) |X,(Cn)|2|g(s,X](Cn),r(s))|2ds
k=0 tk
- Lot [ ) .
< 2(2To)gflcp/ cg (s)ds + Z /(:;rl 2(2To)g71c]pc02 (s)ds E\X,g")\2p,
to k=0 Tk

where ¢, = 2P (pPT1/(2(p — 1)P~1))P/2. Note that I5 < 2P~ '(I; 4 I3). Thus, we have that

(n)
k+1 p

t
P(s)ds | E[X{M|?P

T L—1
15 < (o) (4 e - ) | [ cboas+ 3 ([ 1

to k=0 th
It follows from the above analysis that

2 1 2 T Tz
E sup [X{M)?P < 6P IE|IX{M P +COO/ cg(s)ds+cm/ & (s)ds
to to

0<L<L
« tgcrjr)l 2
+> oy Cooch(s) + Coreg (s) + (12Tp)" "ds | E sup |X{™|?7, (A1)
o \t." 0<j<k

where Coo(p, to, T) = (1270)P~" + (1270)? =1 (p(2p — 1))? + (24To)? (2 + (p(2p — 1))?) and Cox (p, to, T) = 2(12Tp) % ~'6%c,.
According to the discrete Gronwall’s inequality, we obtain

T
E sup |X{MPP < (6?7 EIX{M?P 4+ Coo/
0<L<L to

T p
¢ (s)ds + Co1 / cd (s)ds
to

T T p
- exp {C()() / ch(s)ds + Cox / cé (s)ds + 12p71T§} = Co(p, to, T, p). (A2)
to to

Then, it follows from (5), Holder inequality, and the proof of [3, Theorem 2.12] that
2 2p—1 2 2p—1 T 2
E( sup X0 ) <377 (BN ()7 + T TE [ (s V(o) n(e)) [
to

to<t<T
3 P T
T <2(;%1)> E/t |g<s,Yn(s>,r<s>>|2Pds> :
0

This together with linear growth condition (3) and (A2) leads to (6).

It follows from (5), (a+b)?? < 22797 (a?74b7) (a,b € R, ¢ > 1), Hélder inequality, and the proof of [3, Theorem 2.11] that Vt,s €
[to, T], EI X0 (8) — Xn(s)|?? 2%~ 1t — s|?P 71 [ | f (1, Yo (0),r (1)) [*Pdv + 2272 (p(2p — 1))P|t — s|PTUE [ |g(v, Y (v) () [*Pdr.
Then, by (3) and (6), we can obtain (7). ) )

Proposition Al. Set #,'! = o()z'nl (s), "0 (s), 7" (s) : 0 < s < t). Then, we have that #(™) (t) and r®(t) in (9) are Markov
chains with the given initial distribution and transition function for ¢ > to, @™ (¢) is an {#["' }-adapted Brownian motion, and
w®(t) in (9) is an {Z; }-adapted Brownian motion with w®(0) = 0 a.s.

Proof.  Since r(t) is a homogeneous Markov chain with P{r(tg) =i} = p; and P{r(t+ s) = j|r(s) =i} = P;;(t), Vi,j € S, t > to,
s > to, we have for any finite set top < 51 < s2 < -+ < s < sp41 and corresponding set 41,...,%,_1,1,J of states in §,

P{r(sg+1) = jlr(sx) =4, 7(sp—1) = ih—1,...,7(s1) = i1} = P{r(sp41) = jlr(sx) = i}.
Then, by (10), we have that V¢ > to, Vs > to,
P {7 (s141) = G170 (s1) = 4, 70 (spm1) = ik, o, 7 (1) = in ) = PO (siq) = 517 (sk) = i}, (A3)
B (t0) = i} = pi, PTFV (04 5) = 1P (5) = i} = Py (8). (A4)
Eq. (A3) implies that #(")(t) is a Markov chain on Rty , and Eq. (A4) implies that 7#("1) (t) is a homogeneous Markov chain with
the given initial distribution and transition function for each . Letting | — oo in (A3) and (A4), and using (11), the dominated
convergence theorem, and the definition of .#;°, we can obtain that r*(t) is an {.#;" }-adapted homogeneous Markov chain with the
given initial distribution and transition function.
Since {w(t),t > 0} isa (Xn, (s),w(s),r(s) : 0 < s < t) Brownian motion with w(0) = 0 a.s., we have that forany 0 < s <t < T
and 0 < t1 <to < -+ v <o < s, B(p(Z200))(w(t) —w(s))) = 0 and B(p(Z ")) ((w(t) —w(s))(w(t) —w(s))" = (t—s)I)) =0, where

zm) = {Xn, (t1)s oo, Xy (tn)sw(t1), .oy w(tn), 7(t1), .., 7(tn) }, (8, ©) is any given bounded, measurable and continuous (with
respect to 2 € RIT™™) function on RET™7"™ % § x ... x S and I is an m x m unit matrix. Let Z(") = {)E'nl (t1), .- .,)E'nl (tn),
_\/_J
n terms N
@0 (1), B (t), 7 (£1), -, 7D (£,)}. Then, by (10), we have %" (0) = 0 a.s., E” (p(Z0) (@) (1) =@ ™1 (s))) = 0

and E® (1/;(2("1))((111("1)(15) — D () (@ () — "D (s)T — (¢ — s)I)) = 0. Then, according to [39], we obtain
BT (@0 ()] F11) = @ "0 (s), BT (@70 () = @™ ()@ "0 (1) = @ "0 ()| FIY) = (2= )T (A5)
It follows from [32, Theorem 2.6.1] that @™ (¢) is an {%, ' }-adapted Brownian motion. Taking [ into (A5), using (11), (12),

the continuity (with respect to E) of ¥(Z, ©), and dominated convergence theorem, we can obtain that w®(¢) is an {F}" }-adapted
Brownian motion with w®(0) = 0 a.s.
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Proposition A2. If conditions in Theorem 1 hold, then Veg > 0 and VT > to,

lim lim sup P*{|g;(t1, Y, (t1), 7™ (81)) — g;(ta, Yo, (t2), 7V (t2))] > eo} = 0. (A6)
h=01=00 |ty —ty|<h, t1,t9€ltg,T]

To prove Proposition A2, we prepare two lemmas as follows.

Lemma A1l. If conditions in Theorem 1 hold, then

lim lim sup m{|}~’nl (t1) — Y/nl(tz)\ >6} =0, VI >tg, § >0. (AT)
h=01=00 ¢y —ty|<h, t1,ta€[tg,T]
(n l)

(n l) (ny) (M)

such that t1 € [t, ', 1, Y1), 2 € [ty

£ 1), Yo (11) = X, (8 <"l>) and Yo, (t2) = X, (t§"). Then, by (7), we have IE|Y,LZ( 2)7Ynl(t1)\2p E| X, (t) = X, (t<"l))\2p
< Ci(lt2 — t1| +27")P7 7. Then, by the Chebyshev’s inequality, we have limp 0 im;— e SUP |, _ iy <n, ¢1,t0€ltg. 7] PLYn, (E1) —

Yy, (t2)] > 0} = 0. Furthermore, by (10), we have (AT).

(nl)

Proof.  The definition of Y, (¢) in (5) implies that there exist two times ¢, ** and ¢,

Lemma A2. For the right-continuous homogeneous Markov chain #(™) () : R¢,— S with the standard transition function P;; ().
Then for each § > 0, each T" > tg,

lim sup {7 (4y) — 70 (£2)] > 5} = 0. (A8)
=01ty —tg|<h, t1,ta€(tg,T]

Proof. Without loss of generality, we assume that top < t; < t2 < 7. Note that F(”l)(t) is a homogeneous Markov chain. Thus,
by the total probability theorem, we have

N
PT{FD (81) — P (t2)] > 8} = SO PTF (t1) — 70 ()] > 6|70 (1) = ()P {FD (41) = i)
i=1

N
=3 3 Pyl - )P F (1) = i) (A9)

i=1;5€8,j¢[i—5,i+4]
Note that the standard transition function P;;(t) satisfies lim;_.o P;;(t) = 0 for ¢ # j. Thus we can obtain (AS8).

Proof of Proposition A2. Since Yeo > 0, {|g;(t2, Yn, (t2), F("l)(tl)) gj(t2, Yy (tz) A ()| > LY C {70 (#1) — 7D (t2)] >
3}, by (A8), we obtain limp—0 SUP|y 4y <n, +1 pelto, 7] ] P {g;(t2, Yo, (t2), "0 (t1)) — gg(lﬁm~ g (b2), 770 (t2))] > E0/2~} = 0.
Additionally, note that {|g; (t1, Yo, (t1), 7"V (1)) — g; (t2, Y, (t2), 770 (£2))| > €0} C ({]g5 (t1, Yo, (1), 7™V (1)) — g (t2, Y, (t2),
F(”l)(t1))| > eo/2} U {|gj(t2,an(tz),f("l)(tl)) - gj(tg,an(tz),F("l)(tz)ﬂ > €0/2}). Thus, Proposition A2 is proven, if

lim lim sup P” {|gj(t1,§7nl (t1), 7" (11)) — g;(t2, Vo, (t2), 70 (t1))] > i"} =0. (A10)
h=01=00 |4y —ty|<h, t1,ta€ltg,T] 2

Now, we prove (A10). By (6), (10) and the Chebyshev’s inequality, we have that for each €; > 0, there exists a constant
M (to, p,p, Tye1) > 0 such that IP’”{ SUPy <<t |Y"l (t)| > M(to, p, p, T,sl)} < g1. Let T N1 = inf{t > to : |Y"l(
that the continuity of g;(t,x,i) implies that g;(t,z,i) is continuous uniformly with respect to (¢,) on [tg, T] x {z € R? : |z| €
[~ M, M]} for each i € S. Thus, there exists a constant o1(<2) > 0 such that

—

Y, ~(n < ~(n €0
195 (b1, Yy (£2), 770 (11)) = g5 (b2, Y, (£2), 770 (12)) | > 5}
~ ~ ~ ~ 60
c ({TMM <THU {\gj (t1 A Ty 010 Yny (01 A‘Fm;cf)ﬂ“(nl)(tl AT 51)) = 95 (t2 AT a0 Yoy (b2 A TnlM),T(nl)(tl A‘Fm;cf)ﬂ > *})

2
~ \/5 € \/5 €
- ({Tnlk'{ST}U{|}/-,Ll(t1/\TnlM)7Ynl(t2/\T 1\7[)| > 2 —01 (g) |t1/\TnlM7t2/\TnlM| > 70’1 (g)

c ({TW <T}u {ml(tl) — Vo (t2)] > “750 } {|t1 > fal (g)}) ‘ (A11)

Then, it follows from (A7) and IP’Z{TMM < T} < e that

€T v ~(n v ~(n €
lim lim sup P {'gj(tl,Ynl(tl),r( D (t1)) — gj (b2, Y, (t2), 7" (81))] = —0} <el. (A12)
h—=01=00 |t) —ty|<h, tq,ta€lty,T] 2

Taking €1 — 0 into (A12), we obtain (A10).

Appendix B Lemmas used in Section 3

Lemma B1 ([12]). Let yi1,...,yqs and 0 < ¢ < 1 be real numbers. Then, (|y1| + |y2| + - + [va])? < |y1|? + |y2|T+ - - - + |yal?-

Lemma B2. Let g > 1 be an odd integer or a ratio of odd integers. Then |z — y|? < 297 l\xq —yi,Vz,y €R 2),

Lemma B3. Suppose n and § are positive real numbers, and a > 0, b > 0, and @ > 0 are continuous functions. Then for any
n n+38
spntorTs 2.

constant ¢ > 0, a"b’7 < c- a0 4 %M[ﬁ]

2) Qian C J, Lin W. Non-Lipschitz continuous stabilizers for nonlinear systems with uncontrollable unstable linearization. Syst
Control Lett, 2001, 42: 185-200.
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Appendix C Propositions used in Subsection 3.2

Proposition C1. For any given positive constant d, 2 < Lr_1 — 0,1, there exists a smooth function pg,1(Zx) > 0 such that

&t vies. (c1)

k—1 oW,
3 (aTl (zpt, + fz(t,z,z))) (€™ 4+ 6o I*T) + Bren
=1

Proposition C2. For any given positive constant di,3 < Li_1 — 0,1 — dg,2, there exists a smooth function pp,2(Zx) = 0 such
that

< Ea(E* T 4 161 |*T) + Pl [* T, Vie s, (C2)

fr(t, z, 1)

oWy,
Bxk

Proposition C3. For any given positive constant 85,4 < Li_1 — 0,1 — 0,2 — Ok,3, there exists a smooth function gy 3(zr) = 0
such that Vi € S,

1 & o T = 4
=D gt mi)gy (b d) | < ks > 16T + prsléR]tT (C3)
2 “—~ Ox0x, —
l,o=1 h=1
Proof of Proposition C1. It follows from Lemma B1 and (67) that for o = 2,...,k,
ro ro 1/Po—1,_
lzo| < €0 +1€o—1] Xo—1 (ZTo—1)- (C4)

Then, we obtain that 2221 lzo| < 2;11 [€a]" (J€a|T0 T + €6 | ot Xcl/pff (Z5)) + |&|™, which together with (66) leads to
[t @, i) < (1€ + 12| + -+ &™) e (@), (C5)

where ¢;; > 0 is a smooth function Vi € S. Referring to the proof of [12, Proposition 4], we obtain that for all [ =1,2,...,k —1,
there exist smooth functions pg,;(Zr—1) = 0 such that

1
7
Oz, Tk

E) <Ual T g T pr (Fe—1)- (C6)
7

Then, it follows from (C4)—(C6) that

k—1 !
oWy, ) R _ — " " _ _
. (ephy + filt,z, )| <204 —re)pra | D 1€l & l® [ 2P0 (& T gl T X @) + | D161 | B
! h=1 j=1
(C7)
By Lemma B3, we obtain that
2PL(4 — 7)ot €T ER Epa 7T = 2P0 (4 — m) b€ T ER[PTTUTY
177'! 4
341+« 1—r 3Fr ta _dta
< ledta 4 2Pl (4 — 5 SFrita gt whenl=4k—1 c8
ST Ita d@ta) ( ( Tk)Pk,l) &, ", when ) (C8)
+ 1 177'[
~ —r 4a R P T @ -7 T t+a a
2PL (4 — 7)ot |€n T ER P € 17T < 2P (4 — ri) b€l | 6T + 1o (m) e
1
1+
3 1+ a 3 dta
< Bedta oPL(4 _ N 2y 2 ata
<+ 7o \Sata (271 (4 = ri)pricy) &
44«
1ta 1-m) 3
3 1+« 3 r 4+« 1—r T Fo
444+ P ~ i l 1 4+a
B 271 (4 — nref - —n Cwhenl#k—1, (C9
+e1é +4+a (C%(4+Q)> (4 —71)pr 1 it o (c§(1+a)> &k when [ # (C9)

and estimations of 2P (4 — rk)ﬁkylxl(il)\ﬁh\l*"l |§k|3\51\7'l+a and 2(4 — rk)ﬁk,lcﬁl,i|§h|177'l \&k\3|§j\7'l are similar to that of (C9),

where c}, c?, cf, c‘f are any given positive real numbers. Thus, for any given positive constants dx,2.1,0k,2,2,...,0k,2,k—1 satisfying
0k,1 +0k,21+ -+ 0k2k-1 < Lr_1, there exist smooth functions pr,1,1,;(Zx) =20 (I =1,2,...,k — 1) such that
W (71 ta,d))| <6 At oy 45 JeR|*te, Vies C10
oz, (1l+1+fl( 2, 1)) | < 0,2, (6] o =1 7T + ey |k , VieS. (C10)

By summing the above inequality for I from 1 to & — 1, we obtain (C1) with §i 2 = Z;“;ll 6k,2,1 and smooth function pp 1 >
max{3>; 7} Ar,1,0,i ¢ 6 € S}
Proof of Proposition C2. The proof of Proposition C2 is similar to that of Proposition C1.

Proof of Proposition C3. Referring to the proof of [13, Proposition 12], we have that for all [0 = 1,2,...,k — 1, there exist
smooth functions S 1,0 (Zr—1) = 0 such that

1
8%z} Tk

1
—— | < 1=2rve | 3 Z 1) o1
021070 | Z [€n] Br.1,0(T—1) (c11)

k
h=1
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Similar to (C5), we obtain that there exists a smooth function 1, ;(#;) > 0 such that |g;(¢,z,4)| < Z;:l [&;|7t ey i (71) Vi € S.
Then, it follows from Lemma B3, (C6), and (C11) that for any given positive constants dx 4,11, (I,0 = 1,2,...,k — 1) with
Ok,1 +0k,2 + 0k,3 + Zf;lzl Ok,4,1,1,0 < Li_1, there exist smooth functions pr,3,1,1,0,i(Zr) = 0 such that

1 8°W, T

———aq(t,z,0)g, (t,x,

S CLIDLACLD)
k—1 k—1 k—1

S| @=r)l&eBrre | Do lenl 72 ve | + (@ —rp) - B —r)l&l® [ Do 1enl ™ | pra | Do l€nl' T | prio
h=1 h=1 h=1

l o k—1
: <Z |€h|7.l> Pui (Z |€h\rf’> Poyi < Okate D 1en|" Y+ pra1no €t (C12)
h=1 h=1 h=1

Then, by summing this inequality for | from 1 to K — 1 and o from 1 to kK — 1, we obtain that

1 k—1 82Wk . k—1 4 4
= > et wi)gy (i) <dkaa 161 + prsale] T, Vies, (C13)
2 152 0x1 0T & =

where 0,41 = Zf;il 0k,4,1,1,0 and smooth function pj 3,1 = max{Zf;il Pr,3.1,1,0,i(Zk) : @ € S}. Similarly, we have that

k—1 02W ) ) k— ~ 22w, . . k-1
|Zz:11 m@; ~gl(t,x,z)gg(t,x,z)| < Oka,2 Zj:f |€5147% + pr.3,2|€k|* T and |%W%&9k(t,x,l)g;r(t»%l)| < Ok,4,3 2252 514t

+ﬁk7313|§k|4+a, Vi € S, where py.3,2(Zr) = 0 and pg,3,3(Zr) = 0 are smooth functions, and positive constants dx 4,2 and 0,43

satisfy 0y, 1 4+ 0k,2+0k,3+0k,4,1 +0k,4,2+ 0k 4,3 < Lr_1. These together with (C13) lead to (C3) with 6 4 = 0k 4,1 + k4,2 + k4,3
and pr,3 = pr,3,1 + Pk,3,2 + Pk,3,3-
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