CrossMark
&click for updates

SCIENCE CHINA
Information Sciences @

May 2021, Vol. 64 152203:1-152203:10
- RESEARCH PAPER - https://doi.org/10.1007/s11432-019-2842-8

Stabilization analysis for Markov jump systems with
multiplicative noise and indefinite weight costs

Hongdan LI', Chunyan HAN? & Huanshui ZHANG'"

LSchool of Control Science and Engineering, Shandong University, Jinan 250061, China;
2School of Electrical Engineering, University of Jinan, Jinan 250022, China

Received 14 November 2019/Revised 24 January 2020/Accepted 29 February 2020/Published online 15 March 2021

Abstract This paper mainly discusses the stabilization problem for discrete-time Markov jump linear
systems (MJLSs) involving multiplicative noise with an infinite horizon. The cost weighting matrices are
generalized to be indefinite. To the best of our knowledge, this paper is novel and unlike most previous
studies, it provides the necessary and sufficient conditions that stabilize the MJLSs in the mean square sense
with indefinite weighting matrices.
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1 Introduction

Recently, the Markov jump linear system (MJLS) model has found extensive applications; hence, research
on the linear-quadratic (LQ) optimal control problem has been of tremendous interest to many researchers.
Firstly, the discrete-time MJLSs were introduced by Costa et al. [1]. For the case whereby the transition
probabilities are partly unknown, Zhang and Boukas [2] focused on the H, control problem for the
MJLSs, etc. (see [3-7] and references therein). The above-mentioned results were derived on the premise
of non-negative even positive definite cost weighting matrices. However, the stochastic LQ problem
without the constraints of weighting matrices (only symmetry matrices) may be still well-posed which
was first considered by Chen et al. [8]. This case differs from the conventional problem and it is named as
indefinite stochastic problem. Furthermore, the indefinite stochastic problem finds extensive applications
in the field of financial portfolio.

Many research and studies have been conducted on indefinite problems. Li et al. [9] focused on
the indefinite LQ control problem for MJLSs with an infinite horizon. For the discrete case, Ma and
Boukas [10] developed the guaranteed indefinite cost control problem for singular MJLSs with uncertain
parameters. Costa and de Paulo [11] studied the indefinite optimal control problem for MJLSs with
multiplicative noise, in which the quadratic and linear part simultaneously exist in the index functional.
Then, the generalized coupled algebraic Riccati equations associated with indefinite optimal control
problems for discrete-time MJLSs with multiplicative noise in infinite horizon case were analyzed by
Costa and de Paulo [12]. Notice that the results obtained in [13] were based on the condition of mean-
square stabilizablity.

Significantly, previous studies on the indefinite case only considered the optimal control problem, while
the stabilization problem for discrete-time MJLSs with indefinite weighting matrices in cost function
has received negligible attention with limited publications. However, in most cases, stability is a vital
precondition for a control system. Factually, optimal control studies are worthwhile when the system
is stable (see [13-17]). The stabilization problem is a matter of serious concern due to its importance.
Ref. [18] discussed the optimal LQ control problem with irregular performance in the finite-horizon
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and infinite-horizon cases, respectively. Li et al. [19] studied the LQ optimal control and stabilization
problem for discrete-time networked control systems simultaneous with input delay and Markovian packet
dropout. The stabilization problem for stochastic systems with multiplicative noises and input delay in
discrete and continuous cases was considered by Zhang et al. [20], Zhang and Xu [21], respectively. To
proceed, Zhang et al. [22] provided the stabilization for discrete-time mean-field systems. Controllers of
cost weighting matrices in [18-22] are not required to be positive definite. Because of this, in this study,
we mainly consider the indefinite LQ optimal control and stabilization problem for discrete-time MJLSs
with multiplicative noise.

In this study, under the preconditions that a set satisfying some linear matrix inequality and kernel
restriction is nonempty and the system is exactly observable, we derive the existence of the maximum
solution to generalized algebraic Riccati equations with Markov jump (GARE-MJ) by discussing the
convergence of the associated generalized difference Riccati equations with Markov jump (GDRE-MJ).
Another contribution is that the conclusion of stabilization for discrete-time MJLSs involving multiplica-
tive noise with indefinite weighting matrices is provided for the first time under the basic assumption of
exact observablity, which is different from previous studies.

The structure of this paper is as follows. The problem statement and preliminaries are introduced in
Section 2. Section 3 gives the main result of stabilization. A numerical example is given in Section 4 to
further validate the conclusion. Section 5 summarizes the paper.

2 Problem statement and preliminaries

For readability, we first define some notations. R™ denotes the m-dimensional Euclidean space; M’
denotes the transposition of M; M > 0 (M > 0) represents that the symmetric matrix M € R™*™ is
positive definite (positive semi-definite); MT denotes the Moore-Penrose pseudo-inverse of M; Ker(M)
means the kernel of a matrix M; (Q,G, G, P) is a complete probability space with Gi, generated by
{0, 00, ..., 2k, 0k }; E[-|Gk] represents the conditional expectation with respect to G and G_ is under-
stood as {0, 2}.

Considering the following discrete-time MJLS with multiplicative noise:

zr+1 = (Ao, + Bo,wr)zr + (Co, + Do, wi)ug, (1)

where x, € R” is the state, uy € R™ is the control process. {wy}r>0 denotes scalar-valued Gaussian
white noise with E[wy] = 0 and covariance o2. 6, denotes a discrete-time Markov chain with finite state
space {1,2,..., L} and transition probability p; j = P(0r41 = jl0x = 1) (4,5 =1,2,...,L). A;,B;,C;, D;
(i =1,...,L) are constant matrices. The known initial value z( is independent of 0y.

The following cost functional is introduced:

J=E {Z[%Qekxk + quekuk]} , (2)

k=0

where @y, , Ry, are just symmetric matrices.
The following problem will be mainly discussed in this paper.

Problem 1. Find a Gi-measurable controller uy to stabilize (1) while minimizing (2). Let A =
(A1,...,AL), B = (Bi,...,Br). For brevity, we usually say that the pair (4, B) is mean-square stabi-
lizable if system (1) is mean-square stabilizable.

Now we define the following GARE-MJ for i = 1,..., L as

L L
Pr= A | > pigPy | A+ 0Bl | > pigPy | Bi+ Qi — M{YI M,

= = (3)
T, YIM; — M; =0,
Ti 2 0)

in which

L L
Y = CL | Y _pigP; | Ci+o®Di [ > piiPi | Di+ Ry, (4)
j=1

j=1
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L L
Mi = CZI Zpi’ij Az + 0'2D§ Zpi’jpj Bl (5)
j=1 j=1
For illustrating, establish the following set which is inspired by [23],

P=P|Z>0,

s2 -
Ker(C’Z{(ZpZ] )C’ +02D’<pr )D +R> (KerC; N KerD;)

J=1

where P = (151,---,PL),

L L L
AQ(ZM )A +02B'<Zp” )B +Qi—b A <Zpu )chB;(mePJ)Dz-
j=1

7 — j=1 j=1 j=1
o L ~ L R L
{0 ST RIS D P ECTO oA BT D oot PR
=1 =1 =1 =1

To simplify notation in the sequel, for any P e S, we define

L L
Qi = A; Zpi,jpj Az‘JrUQBz/- Zpi,jpj B +Q; — P,
— =
~ ~ L ~
Li= A | Y pigh | Ci+ Bl | Y piiPs | Di, (6)

L L
Ri = Cz/ Zpi’jpj C; + O'QD; Zpi’jpj D; 4+ R;.

Remark 1. Obviously, we have [ % }2?] > 0. From Theorem 1 in [24], it yields that
Ri>0, Q;—L;RIL;>0, LiI-RR})=0. (7)

For discussing, some associated definitions and assumption will be given in the following.
Definition 1. P,y is called a maximal solution to the GARE-MJ (3), if

Pmax 2 P} vp E S? (8)

where Ppax = (Pmaxys - - - s Pmaxy )-

Definition 2. Consider the following MJLS with multiplicative noises
Tpy1 = (Ag, +wiBo, )Tk,
{ ngxk.
(4, B, Q%) is exactly observable, if for any N > 0,
y =0, as., Vke[0,N]=x9=0,

- 1 L1
where Q% =(Qf,....Q3).
1.

Assumption (A, B, Q%) is exactly observable, in which Q = (Q1,...,Qz) defined as in (6).
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3 Main results

The stabilization analysis will be given next. Based on the aforementioned preliminaries, the existence
of the solution to GARE-MJ (3) will be investigated.

Theorem 1. The GARE-MJ (3) exists the maximal solution P;, if the following two conditions are
true: (i) S # 0; (ii) the system (1) is mean-square stabilizable.

Proof. 1In view of S # (), take any P € S and consider a new GDRE-MJ with 6;, = i:

= Al pr (k+1)| A +0%B] me (k+1) | Bi+ Qi — M/ (k)Y (k)M;(k),

N N (10)
T, (k)Y (k)Mi(k: — M;(k) =0,
in which
Ti(k) = C} Zp” (k+1)| C;+ oD} Zp” (k+1)| D; + Ry, (11)
M;(k) = C! Zp” (k+1)| A; + 0*D] Zp” (k+1)| B; + L, (12)

with its terminal values X;(N +1) =0 for i = 1,..., L and Q;, L;, R; are defined as in (6). Firstly, we
will prove that Egs. (10)—(12) indeed has a solution. It is easy to see that the iterative sequence

= A me (k+1)| 4 +0°B] me (k+1) | Bi+ Qi — M!(k)Y! (k)M (k) (13)
j=1

has a solution X;(k) with terminal values X;(N + 1) = 0.
Further, Y, (k) > 0 will be shown. To this end, we first illustrate that X;(k) is semi-definite positive.
Considering the following formula

M{(k)Y] (k) Mi(k) = —M{(k)F;(k) — F{(k)Mi(k) = F (k) Yi(k) F (k), (14)

7

in which Fj(k) = fYI(k)MZ(k), thus (13) can be rewritten as

L
X ZpZ]XJ (k+1) | A(k) + Bl(k pr (k+1) | Bi(k) + Qi(k), (15)
where B
Aik) = Ai + CF(), Bi(k) = B+ DiFi(b), »
Qi(k) = Qi + LiFi(k) + {(k)  + F{ (k) RiE5 (F).
By the Schur complementary, and in view of Q; >0, R; >0, we have
Qi(k) = Qi+ LiFy(k) + F](k)Li + F{ (k) R F; (k)
> L'RIL; + LRI R, F;(k) + F/ (k)RR L; + F(k)R;RI R, F; (k)
= (Li + RiF;(k))' Rl (L; + R; Fi(k)) > 0, (17)

and on the ground of X;(N +1) =0,¢=1,...,L, it yields that X; ( ) > 0 and by induction, it is not
difficult to verify that X;(k) > 0, for 0 < k < N. Thus, from (11), Y;(k) > 0 is established.
Next we will investigate Tz(k)fj(k)Mz(k) — M;(k) = 0. From T;(k) > 0, it yields that

T, k) 0

0o Vi (k), (18)
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where T;(k) > 0 has same dimension with the rank of T;(k) and V;(k) is an orthogonal matrix. Now, let
Vi(k) decompose as [V;'(k) V;2(k)] where the columns of the matrix V;2(k) form a basis of Ker(T;(k)).
The positive semi-definite of matrices R;, Zj 1 i X;(k+1) yields that Ker(Y;(k)) C Ker(R;). A simple
calculation yields that

Al Zp” (k+1)|Ci+ 2B, me (k+1) | Dy + L [T —Ta(k)T! (k)]
Jj=1
L ~
me i(k+1)+ P;) | Ci + 0B, Zpi,j(xj(k+1)+Pj) D; | VA(E)VEA(K)). (19)
j=1

On the ground of T, (k)VQ(k)(V2(k:)) = 0, it is easy to verify R; VQ(k)( 2(k)) = 0. And further
considering the condition of Ker(C’(Z] L 0iiP)C; +02D§(Zf=1 pijP;)D;i + R;) C (KerC;NKerD;), we
have T; (k)Y (k) M; (k) — M;(k) = 0.

Up to now, we know that for (10) there exists a positive semi-definite solution with terminal values
X;(N +1)=0fori=1,...,L. For discussion, we rewrite X;(k) as X}¥(k) to express its time horizon
N clearly. Now we will prove the convergence of XV (k) when N — oo. Considering the following cost
function

/ ~ ~
jN = E ﬁ: Tk Qek Llek
Ly, Ro,

k=0 | Uk

x’“] , (20)

Uf

from Remark 1, we know that Jy > 0. Based on the existence of solution to Riccati Eqs. (10)-(12) and
Theorem 1 in [25], the optimal controller and cost value of (20) subject to (1) are u*(k) = 7TT(1€)MZ(1€)1’]€
and J} = E[z{ X7 (0)xo], respectively. Then, following Theorem 2 in [20], the convergence of XV (k) can
be deduced in a similar way. Let limy 0 XV (k) = X;, limy oo va(k) =T, limy o0 MN(k) = M;,
i=1,.... L.

Therefore, X; is a solution of the following new GARE-MJ (NGARE-MJ for short):

L L
Xi = 4; sz‘,ij Ai+ 0B [ > piy Xy | Bi+ Qi — MIY]M,

o = (21)
T, T M, — M,; = 0,
Ti 2 0)
in which
~ L ~
Yi = Cl Y piX; | Cit a®Di | Y pigX; | Di+ Ri, (22)
— =
~ L L ~
Mz’ = CZI Z Pi,ij AZ + O'QDg Zpi’ij BZ + LZ (23)

Define PN (k) = XN(k) 4+ P;. It is easy to verify that PN (k) satisfies the GDRE-MJ (6) in [25] and

3
monotonically increasing with respect to N and bounded. Therefore, there exists a constant P; satisfying

P = lim XN(k)+P =X+ P,
N—o00

Obviously, P; satisfies GARE-MJ (3). Moreover, for the arbitrariness of P, and X; > 0, we can obtain
that P, > P, i.e., P; is the maximal solution to the GARE-MJ (3). The proof is complete.
Remark 2. From the process of the above proof, it yields that the solvability of the GARE-MJ (3) is
equal to that of the NGARE-MJ (21).

Actually, under Assumption 1, the conclusion that the solution to NGARE-MJ (21) is strictly positive
definite can be further illustrated.



Li H D, et al. Sci China Inf Sci ~ May 2021 Vol. 64 152203:6

Lemma 1. Let Assumption 1 be satisfied and S # (). If the system (1) is mean-square stabilizable, then
the solution X = (X1,...,X) to NGARE-MJ (21) is strictly positive definite, i.e., X; >0,i=1,..., L.
Proof. From Theorem 1, we know that XiN (k) is positive semi-definite, thus, its limit X; is also positive
semi-definite, i.e., X; > 0. Now we verify X; > 0. If not, there must exist nonzero vector zy such that
Elz(X,x0] = 0.

Define the Lyapunov function as

Vx (k,xk) = E[x%ngxk], k> 0. (24)
So we have
N
Z [Vx(k + 1,l‘k+1) - Vx(k,l‘k)]
k=0
=E[z(N + 1) Xp,z(N + 1) — 2(Xp, w0
N ~ ~ ~ ~
S Z E [z, Qo, xr + @), Ly, up + uj Lo,z + uj, R, u)
k=0
N
= — Z E[x;cngxk + x;cL'nggkxk + x%Fék Lakxk + x%FékRakngIk}
k=0
N ~ ~ ~ ~ ~ ~ ~ ~
= - ZE[x;c(QGk + L(ngFek + FékLek + FB/kRGkFGk):Ek]
k=0
N
= - E[2},Qox] <0, (25)
k=0
where up = ng T = —T;k]\%kack is used in the above equations. Obviously,

N
0< 3 B{e}Qurn} = —E[e(N + 1)/ X,a(N + 1)] <0,
k=0

which implies that

N
Z E{z},Qiz1} =0,

k=0

ie.,
_1
Q7 zr =0. (26)

Following [26], we know that the exact observable of (4, B, Q%) can be deduced by the exact observable
of (4, B, Q%), in which A = A; + C;F;, B = B; + D;F;. Therefore, from (26), it yields that g = 0 which
is contrary with zy # 0. Hence, we have X; > 0.

The above conclusion will be useful to illustrate the following stabilization result.

Theorem 2. Let Assumption 1 be satisfied and S # (). Then the closed-loop system (1) is mean-square
stabilizable if and only if the GARE-MJ (3) has a solution P = (P,..., Pr), which is also the maximal
solution to the GARE-MJ (3). On such condition, the optimal stabilizing solution can be derived as

up, = Fxg, i=1,...,L, (27)
where

f
L L
F,= — CZI Zpi’jpj C; + 0‘2D; Zpi’ij D, + R;
j=1 j=1
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L L
X CZI Zpi’jpj A,L' + 0'2D§ Zpi’jpj B,L' . (28)
j=1 j=1
Moreover, the optimal cost functional is
J* = E[z{ Py, o). (29)

Proof. («<=) For illustrating the mean-square stabilizablity of closed-loop system (1), take any PeS. In
view of Remark 2, we have that the NGARE-MJ (21) has a positive definite solution X = (X1,..., Xz),
ie, X;>0,i=1,...,L. And P = X + P. In the sequence, we will show that the following system

Tiy1 = (Ao, + Co, Fo, )xk + wi(Bo,, + Do, Fo, )7k (30)

is mean-square stabilizable. Considering the fact that F; = F, (i=1,... 7~L)7 it yields that the stabiliza-
tion for the system (1) with uy = Fp, xy is equivalent to that with uy = Fp, x. Now, take consideration
of the following Lyapunov function as

Vx(k,xk) = E[:cﬁcngxk], k 2 0. (31)
Since Xy, = X; with 0, =4,i=1,..., L, then Vx(k,zx) > 0. So we have

Vx(k+1,2641) — Vx(k,21) = E{x} 1 Xo,,, o1 — 24, Xo, 1 }
= —E{x%@ixk + xh Ly, + uj, Ly, + uzéluk}
/ ~ ~
gl ||| @
Uk Li Ri
<0, (32)

Tk

U

where Q;, L;, R; are defined in (6).
From Eq. (32), we can see that Vx (k, z1) is non-increasing with respect to k. That implies Vx (k, x)) <
Vx (0,z0), i.e., Vx(k,xzk) is bounded. Therefore, limy_, 1~ Vx (k,zx) exists.
Now for any integer m > 0, taking summation from k& = m to £k = m + N on both sides of the above
formulation, we can obtain that
‘“] } (33)
Uk

In view of the convergence of Vx (k, 21 ), when we take limitation of m on both sides of the aforementioned
equation, the following result can be derived:
Qi Lj| | o
up,

m+N
- Jim > E{ i B
k=m g g
lim [Vi(m+ N+ 1,z(m+ N +1)) = Vi(m,z(m))]
m—o0

= 0. (34)

"To; L
i R

m—+N
Vx(m + N+ La(m + N + 1) - Vx(m,z(m)) = — > E{ o
k=m

Uk

’
T

U

/

RN

Tk ;

T

Qi
L;

b:}x ot

m—+N
o= gm 3 xf

> lim E[x:nXg”Nacm]
m—o0 m

Further considering that the optimal cost function of Jy is E[:L'/OXé\é xo] = 0, via a time-shift of length of
Ul
= lim Efz}, X} z,]

m, it yields that
Tp
Up
m—00

> 0. (35)
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Obviously, it implies that lim,, .o E[:c;nXé\é Zm] = 0. On the ground of the positive definiteness of Xé\g ,
it is easy to verify that limy,, o E[2), 2] = 0. That is to say that the controller u; = ng xp = Fy, xx
stabilizes system (1) in the mean square sense.

Lastly, we show the optimal controller and optimal cost. Define

Vp(k?, TE) = E[xﬁchkxk], k> 0. (36)

Therefore,

N
Z[Vp(k‘ + 1, 2p41) — Vp(k‘,xk)]

k=0
N N
= > B[(ur + Y}, (k) Mo, (k)z1) To, (k) (wr + T, (k) Mo, (k)ax)] — D El2hQo, a1 +ujRo,url, (37)
k=0 k=0
that is,
N
JN = E[xlopgoxo] + Z E [(uk + Tgk (k‘)Mgk (k’)xk)lTek (k‘) (uk + T;k (k’)Mak (k)xk)} , (38)
k=0

where Yy, (k) and My, (k) are defined as (7) and (8) in [27].
Thus the infinite cost function can be obtained as the following form on account of the mean-square
stabilizable of system (1):

[e.e]
J = E[z} Py, x0] + Z E[(ux + T;kMgkxk)ngk (ur, + Tnggkxk)]. (39)
k=0
Hence, it is easy to conclude that the optimal controller is uj, = *Tngekxk and furthermore the

corresponding optimal cost is J* = E[x{, Py, zo)-.
(=) See the proof of Theorem 1.

Remark 3. With regard to the infinite case, some previous papers have obtained good results, such
as [13], where they mainly discussed the existence of mean-square stabilizing solution to the generalized
coupled algebraic Riccati equations, and moreover, gave a necessary and sufficient condition based on the
assumption that the system is stabilizable. Compared with it, the above results discussed the stabilization
of the system, which is another important point of view.

4 Numerical example

A numerical example will be given in this section to further illustrate our results. Now consider
system (1) with the following coefficients:

1
= =1, R =-3
2) Ql ) 1 )
1
— 7 @2=20, Ry =0,

The transition probabilities of the Markov chain {fx;k = 1,2,...} taking values in {1,2} are p;; = 0.2
and poy = 0.6. The variance of system noise is 1.
By simply computing we know that

Q1 = —09P, +04P, —1, Ly =0.1P, +0.4P,, Ry =0.1P, +0.4P,—3,
Q> = 0.05P — 0.925P, + 20, Lo = 0.05P; + 0.075P, Ry = 0.05P, + 0.075P,.

Firstly, we calculate the solution of set §. In the case of Ry = 0, ie., P, = —3152, it yields that
Ker(ffig) C (KerCy N KerDy) is not satisfied. Hence, R, # 0. In this situation, by Schurs Lemma, the
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26 12 x1073
24t
221 J 1.0}
20 R
0.81
. 18 — '
A f
16 1 - =061
m !
14} !
04} !
12 !
!
10} 0.2} |.
8| i’\,*_
. . . . 0 _ N n
-25 -20 -15 -10 0 5 10 15

P,

Figure 1 (Color online) The solution set. Figure 2 (Color online) Simulation for the state trajectory

matric inequality in set S can be written as

—0.1P? +2.6P, — 1.6P, —0.4P, P, +3 >0,

—0.075P% + P, + 1.5P, — 0.05P, P, > 0,

0.1151~+ 0.4P, —3>0, (40)
0.05P; + 0.075P, > 0,

—0.9P, +04P, — 1 >0,

0.05P, — 0.925P, + 20 > 0.

We can obtain the solution set of the above inequalities shown as Figure 1 by using MATLAB tool.
Further it is obvious to see that for any P = (P, P;) in above solution set, the condition of Ker(R;) C
(KerC; NKerD;), i = 1,2 is satisfied. Therefore, S # () and the solution set is expressed as in Figure
1. And the condition of Assumption 1 can be easily tested. Further the GARE-MJ (3) can be solved
as Punax = (/103 — 11,20). Therefore, F; = —1.61 and Fy, = —1. When ), = 2, that is, the optimal
controller is uy = —zy, in this case x; = 0, and obviously the system is stabilized in the mean square
sense. On condition of 6, = 1, the optimal controller can be given as u = —1.61x; and the simulation

result is shown in Figure 2. It can be seen that the state xj is stabilized with the optimal controller as
expected.

5 Conclusion

In this paper, we discussed the stabilization problem for discrete-time MJLSs with multiplicative noise
and indefinite weighting matrices. The necessary and sufficient conditions that stabilize the discrete-time
MJLSs in the mean square sense with indefinite weighting matrices in the cost have been obtained firstly.
Evidently, under the basic assumption that the system is exactly observable, based on linear matrix
inequality and kernel restrictions, the stabilization of Markov jump systems is equivalent to the existence

of the maximum solution to the GARE-MJ. Finally, an example was given to illustrate the correctness
of the main results.
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