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Abstract In this paper, a trigonometric-saturation-function-based position controller is designed for the

quadrotor system with internal and external disturbances. Furthermore, in the attitude control problem, a

dual closed-loop structure is put forward. Specifically, a nonlinear extended-state-observer (ESO) is employed

to provide an estimate for the so-called total disturbance. Then, based on the estimate provided by the ESO,

a nonlinear composite control strategy is designed for the purpose of angular tracking. Some sufficient con-

ditions are established to guarantee that the position and attitude subsystems are stable. The contributions

are mainly as follows. (1) A trigonometric-saturation-function is used in the position control which could

guarantee that the studied system is fully-actuated. (2) The nonlinear ESO is implemented in the attitude

control-loop which could enhance the anti-disturbance property. Finally, some numerical simulations and

practical experiments are provided to verify the applicability of the proposed methodology.
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1 Introduction

In recent years, the unmanned aerial vehicles (UAVs) have gained great attention owing to their distin-

guishing advantages over the ground robots to perform a desired task in the dangerous environment [1].

More recently, a growing interest in UAVs has been witnessed in the research community [2–4]. Among

the various UAVs, the quadrotor platform has been widely applied in path-following and landing maneu-

ver [5, 6]. A number of researchers have been focusing on the position control problem of the quadrotor

system. To be more specific, an adaptive switching supervisory controller has been used in position

trajectory-tracking in [7]. In [8], an inner-outer loop control structure has been proposed in the position

control problem of a quadrotor with state and input constraints. In [9], a double-integral-observer-based

nonlinear tracking control scheme has been designed for a quadrotor. In [10, 11], novel control schemes

have been proposed for the purpose of handling the disturbances. In [12], a smooth curve tracking al-

gorithm has been designed such that the quadrotor is capable of tracking a desired trajectory under a

constant wind disturbance. In [13], a two-time-scaled tracking control strategy has been studied which

could handle disturbances in multi-UAV. In [14], a virtual attitude dynamic surface control strategy has

been developed which could deal with the unmatched disturbances and unknown dynamics in the flying
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vehicle. In [15], a nonlinear disturbance-observer-based position tracking control scheme has been put

forward to track a desired position subjected to disturbances for electrohydraulic actuators.

In engineering practice, the attitude control of the quadrotor is also very importance because it main-

tains the vehicle in a desired orientation and attitude. In [16], the position of the quadrotor has been

controlled by a remote controller via the wireless communication channel, while its attitude has been

stabilized via an onboard microprocessor. In [17], a novel quaternion-based feedback control scheme has

been proposed for exponential attitude stabilization of a quadrotor with vertical takeoff and landing.

In [18], a distributed finite-time attitude containment controller has been proposed to achieve the goal

of attitude regulation in the finite time. In [19], a multivariable attitude control law has been developed,

which could drive the attitude tracking error to zero in finite time. In [20], to accelerate the response speed

of the attitude control loop, a finite-time controller has been designed. A robust attitude stabilization

controller has been proposed which consists of a nominal state-feedback controller and a robust compen-

sator [21]. Among all the attitude control schemes, it should be pointed out that the active disturbance

rejection control (ADRC) method has had its own merits in anti-interference performance and does not

require the accurate math model [22, 23]. Generally, the ADRC has consisted of three part, namely, the

tracking differentiator, the extended-state-observer (ESO) and the nonlinear feedback controller [24–27].

Notice that it is an appropriate method to control quadrotor attitude systems for the reason that the

ESO has had an inherent decoupling function [28]. Very recently, some pioneering research papers have

been carrying out the attitude control of quadrotors using ADRC [29].

It is worth mentioning that the position and attitude control of the quadrotors are coupled and should

be addressed at the same time. Nevertheless, the corresponding results are really scattered, which

formulates one of the main motivations of writing the current paper. As such, it is necessary and

significant to carry out the position and attitude control of the quadrotors simultaneously using the

ADRC with a trigonometric saturation function.

Notations. In this paper, | · | denotes the absolute value. For any matrix A, AT denotes the transpose

of the matrix A. fal(·) is a nonlinear function as follows:

fal(e(t), α, δ) =







e(t)

δ1−α
, |e(t)| 6 δ,

|e(t)|αsign(e(t)), |e(t)| > δ,

where e(t) is a variable, and α ∈ (0, 1) and δ are two given parameters. fal(·) is a piecewise function.

2 Dynamic model of quadrotor

According to [17], the dynamic model of a quadrotor is

ẍ(t) = (sin(θ(t)) cos(φ(t)) cos(Ψ(t)) + sin(Ψ(t)) sin(φ(t)))u1(t), (1)

ÿ(t) = (sin(θ(t)) cos(φ(t)) sin(Ψ(t)) − cos(Ψ(t)) sin(φ(t)))u1(t), (2)

z̈(t) = (cos(θ(t)) cos(φ(t)))u1(t)− g, (3)

φ̈(t) = u2(t) + (−IRθ̇(t)(−Ω1(t) + Ω2(t)− Ω3(t) + Ω4(t)) + θ̇(t)Ψ̇(t)(Iy − Iz))/Ix, (4)

θ̈(t) = u3(t) + (IRφ̇(t)(−Ω1(t) + Ω2(t)− Ω3(t) + Ω4(t)) + φ̇(t)Ψ̇(t)(Iz − Ix))/Iy , (5)

Ψ̈(t) = u4(t) + (φ̇(t)θ̇(t)(Ix − Iy))/Iz , (6)

where Ix, Iy and Iz denote three principal moments of inertia in axial direction; body mass and grav-

itational acceleration are denoted by m and g under earth fixed inertial frame, respectively; Ωj(t),

j = 1, 2, 3, 4 represent rotational speeds of four propellers; IR is the propeller rotational inertia ro-

tating the corresponding motor axes; (φ(t), θ(t),Ψ(t))T denotes the Euler angle vector of a quadrotor

rotating around three axes. Note that the aforementioned physical quantities are defined in the earth-

fixed inertial frame; Let u1(t) = FVT(t)/m, u2(t) = M1(t)/Ix, u3(t) = M2(t)/Iy and u4(t) = M3(t)/Iz;

FVT(t) represents the lift force; M1(t), M2(t) and M3(t) denote the driving torques of roll, pitch and
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Figure 1 (Color online) The schematic diagram of control.

yaw axis, respectively. The schematic diagram of control is shown as Figure 1. In Figure 1, the target

attitude angles are calculated by the position controller and the basic throttle control u1(t) is generated

by the position controller. u2(t), u3(t) and u4(t) are generated by the attitude controller. Attitude angle

torques are acquired as a superposition of three throttle increments and basic throttle control. Then, the

attitude angle torques are assigned to four brushless DC motors.

3 Design of positioning subsystem controller

We can begin with the dynamics of the position (1)–(3). Take the x direction as an example. Let

x(t) = x1(t), ẋ(t) = x2(t), ẍ(t) = τ1(t),

x̃1(t) = x1(t)− xd(t), x̃2(t) = x2(t)− ẋd(t),

where x̃1(t) (respectively, x̃2(t)) denotes the error between the current position (respectively, translational

velocity) and the target position (respectively, target translational velocity). We could obtain the x

position error system as follows:

˙̃x1(t) = x̃2(t), (7)

˙̃x2(t) = τ1(t)− ẋd(t). (8)

In the x position subsystem (1), we introduce the virtue control law τ1(t) as follows:

τ1(t) = −m1 arctan(k1x̃1(t) + l1x̃2(t)) − n1 arctan(l1x̃2(t)) + ẍd(t), (9)

where m1, k1, l1 and n1 are four positive parameters to be adjusted. In the following, the sufficient

condition is provided to guarantee that the error system (7) and (8) is stable by using the virtual control

law (9).

Theorem 1. Consider the error system (7) and (8) with the virtual control law (9). If there exist four

appropriate coefficients m1, k1, l1 and n1 satisfying

m1 > 0, k1 > 0, l1 > 0, n1 > 0,

then the error system (7) and (8) is stable.

Proof. For ∆arctan(∆) − 1
2 ln(1 + (∆)2) > 0, ∆ ∈ R, we select the following Lyapunov function:

V1(t) = m1

[

(k1x̃1(t) + l1x̃2(t)) arctan(k1x̃1(t) + l1x̃2(t))−
1

2
ln(1 + (k1x̃1(t) + l1x̃2(t))

2)

]
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+ n1

[

l1x̃2(t) arctan(l1x̃2(t))−
1

2
ln(1 + (l1x̃2(t))

2)

]

+
1

2
k1x̃

2
2(t).

Taking the derivative of V1(t) along (9), we have

V̇1(t) = m1(k1 ˙̃x1(t) + l1 ˙̃x2(t)) arctan(k1x̃1(t) + l1x̃2(t)) + n1l1x̃2(t) arctan(l1 ˙̃x2(t)) + k1x̃2(t) ˙̃x2(t)

= −l1[m1 arctan(k1x̃1(t) + l1x̃2(t)) + n1 arctan(l1x̃2(t))]
2 − k1n1x̃2(t) arctan(l1x̃2(t))

< 0.

The proof is complete.

In the same vain, the virtual control laws for the y position subsystem (2) and z position subsystem (3)

are designed as

τ2(t) = −m2 arctan(k2ỹ1(t) + l2ỹ2(t))− n2 arctan(l2ỹ2(t)) + ÿd(t). (10)

For u2
1(t) = τ21 (t) + τ22 (t) + (z̈(t) + g)2, the target roll angle and target pitch angle can be obtained

from (1)–(3) as

φd(t) = arcsin

(

τ1(t) sin(Ψ
d(t))− τ2(t) cos(Ψ

d(t))

u1(t)

)

, (11)

and

θd(t) = arctan

(

τ1(t) cos(Ψ
d(t)) + τ2(t) sin(Ψ

d(t))

u1(t) cos(φd(t))

)

, (12)

respectively. In the position control, u1(t) is generated by an independent altitude controller. Then, the

target angles φd(t), θd(t) and Ψd(t) are fed into attitude controller. It follows from (11) and (12) that

the under-actuated case φd(t) = θd(t) = π/2 could be circumvented.

4 Design of attitude subsystem controller

4.1 Design of inner loop controller

In virtue of the ADRC method, an inner loop controller has been proposed to keep track of the target

angular velocity. Without loss of generality, we only take consideration of the control around the roll

axis. In the dynamic model of the roll axis (4), we define

M1(t)/Ix = b0u2(t) + ∆u2(t),

f(t) = ∆u2(t) + [−IRθ̇(t)(−Ω1(t) + Ω2(t)− Ω3(t) + Ω4(t)) + θ̇(t)Ψ̇(t)(Iy − Iz)]/Ix,

where b0 is an estimated value of 1/Ix; u2(t) represents the control input; ∆u2(t) denotes the external

disturbances; f(t) is the nonlinear dynamics consisting of gyroscopic effects and coupling dynamics. By

setting φ̇(t) = x1(t), it follows from (4) that

x1(t) = f(t) + b0u2(t). (13)

Note that b0 is a constant in the first-order system and can be taken as an adjustable parameter.

4.1.1 Design of the ESO

In the quadrotor system, the ESO is employed to deal with the so-called total disturbace. Assume

that f(t) is continuously differentiable and bounded. We regard f(t) as an extended state x2(t), i.e.,

f(t) = x2(t). Then, (13) becomes

ẋ1(t) = x2(t) + b0u2(t), (14)
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ẋ2(t) = ω(t), (15)

where ω(t) is the derivative of x2(t). Note that ω(t) is bounded in practice. The ESO designed for system

(4) takes the form as

ż1(t) = z2(t)− β1e1(t) + b0u2(t), (16)

ż2(t) = −β2fal(e1(t), 0.5, δ1), (17)

where z1(t) and z2(t) are estimates of x1(t) and x2(t), respectively; e1(t) = z1(t)−x1(t); β1 and β2 are two

adjustable parameters. Notice that the segmentation points in fal(·) are non-differentiable points. For the

purpose of theoretic analysis, we assign δ1 = 0 in (16) and (17), i.e., fal(e(t), 0.5, 0) = |e(t)|
1

2 sign(e(t)).

For simplicity, fal(e1(t), 0.5, 0) is indicated as fal(e1(t)). In addition, we define e2(t) = z2(t) − x2(t).

According to (14)–(17), the error system is shown as follows:

ė1(t) = e2(t)− β1e1(t), (18)

ė2(t) = −ω(t)− β2fal(e1(t)). (19)

According to [30], if there exist two appropriate positive coefficients β1 and β2 with β2 > 3
4β

2
1 , then

the ESO (16) and (17) for the system (14) and (15) is stable.

4.1.2 Nonlinear state error feedback controller

In order to track the target angular velocity signal from the outer loop, a nonlinear feedback controller is

designed. Define ζ(t) = v(t)−z1(t), where v(t) is the given angular velocity; z1(t) represents the estimate

of the angular velocity. The nonlinear feedback controller is designed as

u2(t) = (α1fal(ζ(t), σ1, δ2)− z2(t))/b0, (20)

where α1 is the parameter of the nonlinear controller; z2(t)/b0 is to compensate f(t) in system (14) and

(15). Define

s1(t) = v(t) − x1(t). (21)

The derivative of s1(t) in (21) is given as

ṡ1(t) = v̇(t)− f(t)− b0ũ, (22)

where v̇(t) is continuous and bounded. For simplicity, fal(ζ(t), σ1, δ2) is denoted by fal(ζ(t)). According

to (21), it is easy to get ζ(t) = s1(t)− e1(t). In addition, one has that ṡ1(t) = v̇(t)− α1fal(ζ(t)) + e2(t),

where e2(t) = z2(t)− f(t).

Theorem 2. Consider the closed-loop system (21) and (22) with the feedback controller (20). If there

exists a positive parameter α1 and an arbitrarily small positive constant ζ0 satisfying

α1 >
M1

fal(ζ0)
, (23)

where M1 = max{|v̇(t) + β1e1(t)|}, for any ζ(t) ∈ (ζ0,+∞), then the closed-loop system (21) and (22) is

stable, that is, the output x1(t) could converge to input v(t) by using controller (20).

Proof. Construct a Lyapunov function as

V3(t) =
1

2
(s1(t)− e1(t))

2.

If (23) holds, the derivative of V3(t) is given as

V̇3(t) = (s1(t)− e1(t))(v̇(t)− α1fal(ζ(t)) + e2(t)− (e2(t)− β1e1(t)))

= −(s1(t)− e1(t))α1fal(ζ(t)) + (s1(t)− e1(t))(v̇(t) + β1e1(t))

6 −(ζ(t))α1fal(ζ(t)) +M1|ζ(t)|

< 0.

The proof is complete.
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Table 1 Parameters of the position controller

Parameter Value Parameter Value

m1 5.0 m2 5.0

n1 0.5 n2 0.5

k1 2.3 k2 2.3

l1 7.5 l2 7.6

Table 2 Parameters of the attitude controller

Parameter Roll Pitch Yaw

γ1 1.4× 103 1.4× 103 1.3× 103

γ2 2.9× 104 3.0× 104 5.0× 103

b0 5.0× 102 5.0× 102 5.0× 102

η1 15.0 15.0 3.0

p 1.0 1.0 10.0

d 0.1 0.1 0.1

4.2 Design of outer loop controller

A PD controller is adopted as an outer loop control law

v(t) = kp

(

ε(t) + TD

dε(t)

dt

)

, (24)

where ρ(t) is the target angle given by a remote controller, ε(t) is an error between the target angle and

quadrotor current angle. Note that ε(t) = ρ(t)− y(t) holds. The output value in outer loop is the target

value in inner loop.

Remark 1. It is not difficult to implement the proposed methodology in the control of the quadrotor

because (1) in the design of the attitude controller, all the external and internal disturbances are estimated

by the ESO and hence our method does not require the specific information of the quadrotor model; and

(2) the design of the virtue control law is also independent of the system dynamics. As such, we could

arrive at the the conclusion that, even if the system model of the quadrotor is different from (1)–(6), it

is also easy to implement the proposed method.

5 Simulations and experiments

5.1 Simulations

In this subsection, some numerical simulations are carried out for the position tracking of the quadrotor.

We assign xd(t) = 5 sin(0.2t) m, yd(t) = −5 cos(0.2t) m, Ψd(t) = arctan(yd1(t)/x
d
1(t)) + 0.5π rad and

T = 0.001 s. The two-dimension simulation result is shown in Figure 2. In Figure 2, the quadrotor tracks

a circle with radius of 5 m at the height of 5 m, which verifies the validity of the position controller (9)

and (10) as well as the attitude controller (20) and (24). The parameters of the position controller (9)

and (10) is provided in Table 1. In Table 1, the subscript numbers 1 and 2 represent the parameters

associated with the roll axis and the pitch axis, respectively. The simulation results of the position

controller (9) and (10) of the quadrotor are shown in Figure 3. The current position of the quadrotor is

almost coincident with the given target position as shown in Figure 3(a) and (c). It is shown that the

position error (x̃1(t),ỹ1(t)) is no more that 0.02 m after 3 s in Figure 3(b) and (d). The virtual control

laws τ1(t) and τ2(t) are capable of reversing the trend of corresponding position error. The parameters

of the attitude controller (20) and (24) are provided in Table 2. In Table 2, both γi with i = 1, 2 and b0
are parameters of ESO. η1 is the parameter of the nonlinear feedback controller. p and d are parameters

of the PD feedback. The simulation results of the attitude controller in (20) and (24) are shown in

Figures 4–6. In Figures 4–6, the roll, pitch and yaw angles of quadrotor are capable of tracking the target

angles (11) and (12), and Ψd(t), respectively.
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Figure 2 (Color online) The two-dimensional position

simulation results of a quadrotor.

Figure 3 (Color online) The position simulation results.

(a) x position; (b) x position error; (c) y position; (d) y

position error.
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Figure 4 (Color online) Roll angle tracking results of two-

dimensional position simulation. (a) Roll angle; (b) roll

angular velocity; (c) roll angle disturbance estimation;

(d) roll angle controller.

Figure 5 (Color online) Pitch angle tracking results

of two-dimensional position simulation. (a) Pitch angle;

(b) pitch angular velocity; (c) pitch angle disturbance esti-

mation; (d) pitch angle controller.

5.2 Experiments

In this paper, a group of comparative experiments are carried out to illustrate the advantages of the pro-

posed methodology over PID control method. The experimental quadrotor platform is shown in Figure 7.

The target of position tracking control are set as xd(t) = 5 + 3 sin(0.1t) m, yd(t) = 5 + 3 cos(0.1t) m

and Ψd(t) = 0◦. The sampling period is set as T = 0.002 s. Experimental results of trajectory tracking

based on dual closed-loop PID attitude controller are shown in Figures 8–10. The experimental results

based on the proposed methodology are shown in Figures 11–13. Form Figures 9 and 12, we can see that

the x and y position errors based on the proposed methodology are less than those based on closed-loop
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Figure 6 (Color online) Yaw angle tracking results of two-

dimensional position simulation. (a) Yaw angle; (b) yaw

angular velocity; (c) yaw angle disturbance estimation;

(d) yaw angle controller.

Figure 7 (Color online) The experimental quadrotor

platform.
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Figure 8 (Color online) Two-dimensional position exper-

imental results of a quadrotor based on the dual closed-loop

PID attitude controller.

Figure 9 (Color online) Trajectory tracking experimen-

tal results based on the dual closed-loop PID attitude con-

troller. (a) x position; (b) x position error; (c) y position;

(d) y position error.

PID attitude controller. From Figures 8 and 11, it is apparent that the current trajectory of quadro-

tor based on the proposed methodology is smoother than that obtained by the PID attitude controller.

The Figures 10 and 13 are local enlarged plots of the roll angle, which also illustrate that the proposed

methodology is more favorable. Figures 13(b) and (c) show the angular velocity and disturbance tracking

results of ESO (16) and (17). It is easy to see that the z1(t) of ESO tracks the location x(t) quickly and

accurately and z2(t) provides the estimate of disturbance.

6 Conclusion

In this paper, a position controller for quadrotors has been put forward based on trigonometric saturation

function. Additionally, an attitude controller with dual closed-loop control structure has been designed.
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Figure 10 (Color online) Roll angle tracking experimen-

tal results based on the dual closed-loop PID attitude con-

troller. (a) Roll angle; (b) roll angle error; (c) the input of

roll angle controller.

Figure 11 (Color online) Two-dimensional position ex-

perimental results of a quadrotor based on the proposed

method.
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Figure 12 (Color online) Trajectory tracking experimen-

tal results based on the proposed method. (a) x position;

(b) x position error; (c) y position; (d) y position error.

Figure 13 (Color online) Roll angle tracking experimen-

tal results based on the proposed method. (a) Roll angle;

(b) roll angular velocity; (c) roll angle disturbance estima-

tion; (d) the input of roll angle controller.

The external disturbance and unmodeled dynamics has been estimated and then compensated by the

composite control scheme. Some sufficient conditions have been provided to guarantee the stability

of the ESO and the closed-loop control system. The simulation and practical experimental results have

demonstrated the effectiveness and advantage of the proposed method. One of the possible future research

directions would be the study of multi-quadrotor subjected to communication networks [31–34].
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