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Abstract This paper deals with the tracking control problem of quadrotor unmanned aerial vehicles
(QUAVs) with external disturbances. First, because the QUAV model contains two non-integrity constraints,
the dynamic model of the QUAV is decomposed into two subsystems which are independently controlled, so
as to reduce controller design complexity. Secondly, the nonlinear disturbance observer (DOB) technique is
integrated into a backstepping control method to design the controller for the first subsystem, in which a
DOB is applied to estimate the lumped uncertainty. Based on the double power reaching law and the DOB,
a multivariable sliding mode control (MSMC) scheme is developed for the second subsystem. Thirdly, based
on Lyapunov theory, the closed-loop system is proved to be asymptotically stable. Finally, our compara-
tive simulation results demonstrate that the presented control scheme behaves better in terms of tracking
performance than the adaptive backstepping control (ABC) approach.
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1 Introduction

Quadrotor unmanned aerial vehicles (QUAVSs) have many advantages over traditional helicopters because
of their vertical flying, hovering, and smaller diameter characteristics. They qualify for mapping, surveil-
lance, inspection, and rescue missions [1-3]. They have recently been receiving increasing attention.
Controller design for QUAVs is very challenging because of their heavy couplings and parameter un-
certainties. Many literatures [4-8] focus on the modeling and controlling of UAV, and researchers have
achieved good QUAV performances. The linear control techniques have been successfully applied for UAV
control system design [9-12], such as PID control, PD control, and the H., control method. However, in
the absence of nominal operating conditions, linear controllers cannot provide good flight performance.
To solve this problem, nonlinear control techniques, such as the backstepping control method and the
sliding mode control method, have been proposed for UAV controller design in [13-17]. In [16], a back-
stepping control scheme was developed to achieve stable tracking for the desired position and yaw angle
of an unmanned aerial vehicle (UAV). Additionally, a linear tracking differentiator was integrated with a
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command-filtered backstepping technique to design a trajectory-tracking controller for a UAV in [17]. A
robust nonlinear controller design approach was shown to achieve trajectory tracking for a QUAV in [18].
In order to solve the multi-UAV formation reconfiguration problem, a hybrid particle swarm optimization
and genetic algorithm was proposed in [19]. Though the desired tracking performance for the UAVs was
achieved, parametric uncertainties and aerodynamic effects were not taken into account in [13-17]. Then,
in [20], an adaptive control strategy based on Lyapunov theory was proposed for UAVs, while taking
parameter uncertainties into consideration. Moreover, in [21], an adaptive backstepping control scheme
was designed for UAVs under sensor and actuator failure effects. However, it should be pointed out that
external disturbances were not considered in [20,21] at the control design level.

For UAVs, when parameter uncertainties and external disturbances are considered, the designed con-
trol system must behave robustly to handle them. The sliding mode control (SMC) technique was one of
the most robust and effective methods used to deal with uncertainty in [22-24]. Because of its insensi-
tivity to parametric uncertainties, model errors, and other uncertainties, the first adaptive multivariable
finite-time control algorithm based on SMC was developed in [25] for attitude control of a UAV, where an
excellent tracking performance was achieved using the developed algorithm. Subsequently, multivariable
finite-time control algorithms were proposed in [26,27] for tracking control of UAVs. In addition, a multi-
variable super-twisting algorithm-based SMC method and a novel sliding mode controller were designed
respectively for small unmanned helicopters and small-scale unmanned helicopters with mismatched un-
certainty in [28,29]. The compounded disturbances were estimated by the sliding mode observer. In [28],
a disturbance-observer-based (DOB-based) controller was designed based on multivariable super twisting
and backstepping control to obtain robust trajectory tracking performance. In [29], a novel SMC strategy
was proposed, in which an enhanced DOB was used to deal with the tracking control problem of UAVs
with mismatched uncertainty. An adaptive SMC control scheme was proposed for UAV systems with
parametric uncertainties in [30]. Moreover, an SMC system was used for the stabilization problem of
UAVs in [31]; however, the chattering problem of traditional SMCs was not solved. Additional work
about the application of SMCs for flight control can be found in [32,33]. Although the backstepping
technique is one of the most efficient techniques proposed for nonlinear systems and has been employed
in engineering fields in [34-36], it cannot guarantee asymptotic convergence in the presence of external
disturbances. Thus, it is often combined with other technologies to achieve a better control performance.
A flight control law based on a sensor-based backstepping technique for UAVs was proposed in [37]. An
adaptive backstepping control scheme was designed for mixed QUAVs in [38], and, based on an adap-
tive SMC control method, a backstepping control scheme was derived for UAV attitude control in [39].
A radial basis function neural network (RBFNN) was combined with an adaptive backstepping control
method to design a controller for a model-scale helicopter in [40]. The DOB technique has been applied
as a compensator to effectively suppress unknown uncertainties and external disturbances. It does not
rely on the system’s mathematical model, and it can be used to estimate the external disturbances of
the controlled object in real time and actively compensate for a limited period of time, as demonstrated
in [41]. Thus, it has been used in the tracking control problem of UAVs in [42,43]. A linear dual DOB
control scheme was proposed to improve the trajectory tracking precision of a QUAV with external distur-
bances in [42]. Considering the external disturbances and input delays, a DOB based on the backstepping
control scheme was designed in [43]. In these control strategies, the DOB was used as a compensator to
effectively suppress external disturbances.

Motivated by aforementioned studies, in this paper, the disturbance observer and SMC methods are
integrated with a backstepping control scheme to design a controller for a QUAV. The contributions of
this paper can be summarized as follows. First, because the QUAV model contains two non-integrity
constraints, the model of our QUAYV is divided into two subsystems to reduce controller design complexity.
Secondly, a DOB-based backstepping controller is designed for the first subsystem, while a double power
reaching law SMC based on a DOB is developed for the second subsystem. At the control design level, the
DOB is employed to handle the lumped uncertainty, and the estimated error of the disturbance observer
is used to achieve stability. A first-order filter is used to eliminate the problem of “explosion of terms”
at the control design level of the first subsystem. Finally, comparative simulations between the designed
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control method and the adaptive backstepping control (ABC) approach are carried out to show that the
designed control scheme achieves a better control performance than the ABC strategy.

The remaining parts of this paper are organized as follows. In Section 2, a QUAV model and a
description of the problem are presented. The controller design is shown in Section 3, and a stability
analysis is presented in Section 4. Then, our simulation results are shown in Section 5. Finally, our
conclusion is provided in Section 6.

2 QUAYV model and problem description

The four rotors of a QUAV are symmetrically distributed in four directions emerging from its body,
and the movement of a QUAV is obtained by changing the lift generated by appropriately adjusting the
rotational speeds of the four rotors [44].

The dynamic model of a QUAV is described by the following equations [31,45]:

1 .
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where z,y, z denote the position of the QUAV, and ¢, 0,1 denote the attitude of the QUAV. m, a are
the quality of the quadrotor and the length of the wings, respectively. Jy., Jyy, J.- represent the inertia
of the aircraft on the x,y, z axes, respectively. G; (i = 1,...,6) are the drag coefficients of the system.
u1, Uz, U3, uyg are the four control variables to be designed in the next section, and the relationship between
them and the lift of the QUAV is

up = F1+ Fo+ F5 + Fy,

uz = a(—Fa + Fy),

uz = a(—Fy + F3),

ug = A(—Fy + Fy — F3 + Fy),

(2)

where A represents the scale factor between lift and yaw torque, and Fi, Fs, F3, Fy are the lifts of the
four rotors.

It can be seen from the QUAV dynamic model presented in (1) that the number of degrees of freedom
is higher than the independent control inputs, and that the system is underactuated and heavily coupled.
Additionally, because the system states are relatively independent, the system can be decomposed into
two subsystems which can be controlled independently. In order to facilitate controller design, Eq. (1)
can be expressed as follows:

djl = T2,
ro = R S D,

o 11-22 2o+ Sox3+ D1 (3)
T3 = S3xy,

x4y = Ryxs+S, U1+ Do,
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Figure 1 Architecture of the proposed control scheme.

:if) = Tp,
Yo (4)
s = Rgxg+S¢Us+Fs+Ds,

where (3) is the underactuated subsystem %, and Eq. (4) is the fully actuated subsystem X5. Dy, Dy
denote the external disturbances of 3;. D3 denotes the perturbation in subsystem 5. The state variables
and coefficient matrixes in X7 and Y5 can be expressed as follows:

M e A H R M M
T = y L2 = . , L3 = . , Ly = sy Ty = y L = . ;FGZ )
y ] sin ¢ 0 (0 (U 0
Sy — Uy [ cosqbc.osw sin ¢ 1 5= l cos 0 1 S, = [ JZy 0 G COSd::osG Oa ] |
m | cos¢siny —cosy 0 cos¢ o 2 0 7.
A, Ag Af. G —Gse “Gs g
D1: 7D2: , 3 = ;R2:7 Gs ;R4: (yy_Ga 7R6: _Gea | °
Yy [ P 0 m 0 Jwi 0 mb

The control objective of this paper is to design a controller for the system described by (1) to make z, y, z
track their reference commands x4, yq, 2g with external disturbances D1, Do, D3. Thus, the system is
transformed into the following control objective: for subsystems Y1 and Yo, the designed control strategy
makes @1, x5 track their reference commands @14, 5.

3 DOB-based control system design

In this section, a controller is developed for the QUAV to track the reference commands in the presence
of external disturbances D1, D2, D3. The control architecture is shown in Figure 1.

As shown in Figure 1, the control inputs are designed for subsystems ¥; and 5. For subsystem 3,
position z,y is controlled by the actual control input Uy, which is designed by integrating the DOB with
a backstepping control method. More precisely, ®; is controlled via the virtual control input a;, xs is
controlled via the virtual control input as, ®3 is controlled via the virtual control input ag, and a3 is
controlled via the actual control input U;. At the control design level, the DOB is used to estimate the
lumped uncertainties Dy, Ds. Furthermore, for subsystem X9, controller Us is designed by combining the
DOB and the sliding mode control method, in which the DOB is used to estimate the lumped uncertainty
Dg.

Before designing the controller, the following assumptions are made for disturbances D; (i = 1,2, 3),
which are used during controller design and our stability analysis.
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Assumption 1. The reference commands x4, 54 are continuous and differentiable.

Assumption 2. The disturbances change slowly, i.c., D; ~ [0 0]T.
An estimation of D; is made by the DOB, and is defined as D;. The estimate error is

D; =D, - D,. (5)

Based on these assumptions and subsystem X1, a backstepping control scheme is designed based on the
DOB for subsystem ;.

3.1 Subsystem 3; controller design

In this subsection, the controller design for subsystem 3 is explained. Because ¥; behaves in a strict
feedback form with mismatched uncertainty, the backstepping control approach is applicable, and the
DOB is employed to estimate the lumped uncertainty. The controller design for subsystem ¥; includes
four steps; virtual control inputs are developed during the first three steps, and the actual control input
is designed in the last step. The time derivatives of the virtual control inputs in the backstepping design
procedure are estimated by the filter, so as to eliminate the problem of explosion of terms.

Step 1. Design of virtual control input «;.

The tracking error of x; is defined as

2z =X — T4, (6)

where vector @14 is the reference command.
We chose the following Lyapunov function:

= ;lezl. (7)
From (3) and (6), the time derivative of V; is
Vi = 2] (22 + a1 — ®14). (8)
The error signal of x5 is defined as
Zo =Ty — i, (9)

where g is the reference signal of xs.
From (8), virtual control input «; is designed as

i = 14 — k121, (10)
and after substituting (10) into (8), we obtain
"/1 = 71171Z1TZ1 + ZITZQ. (].].)

Step 2. Design of virtual control input «s.
We chose the following Lyapunov function:

Vo = ;ZQTz2+V1- (12)
From (3), (10)—(12), the time derivative of V5 becomes
Vo = 23 Rowo + 23 So(s — ang) + 23 Socaq + 23 Dy — 23 ény — k12521 + 2T 2, (13)
where variable asq4 is obtained by the filter. Then, the error signal of a3 is defined as
2Z3 = T3 — Qg (14)

where as is the reference signal of xs.
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For disturbance D1, the following DOB is employed to estimate it [46]:
D; =Ty + Q(z),
T1 = L(:I:g){—RQIEQ - 52153 - [Tl + Q($2)]}7
where

pa (250 + 2%t /eq)
pa (9% 4+ 9% /e2)

_0Q(xa) _ | (1 +am7h) 0

, Lz
( 2) 8172 0 M2(1+y5271)

Y

Q(z2) = [

and €; (1 =1,2;j = 1,2) is a positive odd constant.
Based on (13) and (15), virtual control input ay is designed as

g — S;l(o.q —Z1 — k2z2 - RQIEQ - I)l)
The following filter is designed to estimate o,

) — (g — @
od = ( 2 2)7
T1
where 77 is a positive constant, and the filter estimate error is defined as
€24 = Qi2q — (2.
From (14), (16) and (18), Eq. (13) yields

: T T T T T 7
Vo = —k1zy 21 — kazy 22 + 29 Saz3 — 25 Saeaq + 25 D1

Step 3. Design of virtual control input as.
We chose the following Lyapunov function:

1
Vs = 2z3Tz3 + V5.

Based on (14) and (19), the time derivative of V3 satisfies

V3 = —kllezl — k'QZQTZQ + ZQTSQZ3 — ZQTSgezd + ZQTDl

+Z3TSg(174 - Oégd) + Z3T(éé2 — k3z3 — ZQTSQ) — Z3T(5é2.
The new variable a3, is obtained by the filter. Then, the error signal of x4 is defined as
Z4 = Ty — Q3,

where ag is the reference signal of x4.
Virtual control input a3 is designed as

Q3 — 53_1(0.52(1 — k‘323 — ZQTSQ).
The following filter is applied to estimate as:

. —(a3qg — &
Qa3q = ( o 3)7
T2

where 75 is a positive constant, and the filter estimate error is defined as
€3q = 0i3d — Q3.
From (22), (23), and (25), Eq. (21) becomes

y T T T T 1~ T T T
Vs = —kizy 21 — kozy 20 — k3z3 23 + 29 D1 + 25 S3z4 — 25 Sheaq — 25 Ssesq.

(15)

(18)

(19)
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Step 4. Design of actual control input Uj.

We chose the following Lyapunov function:
1
Vi = 2Z4TZ4 + V3. (27)

From (22) and (26), the time derivative of Vj is

V4 = fklz?zl — kngTzQ — k3z§z3 + z2TD1 + zgS;;z4 (28)
—2zy S2e2q — 23 Ssesq + 2} (Raxy + S4Uy + Dy — d3).
The following DOB is used to estimate disturbance Dy [46],
]52 == T2 + Q(m4)7 (29)
Ty = L(z4){~Ruzs — S4Us — [Tr + Q(z4)]},
where
f=s + 6% d 1+ 61 0
Qaay= | P T gy 2 9@ _ sl L
pa(d° + 97 [e4) 024 0 pa(l+¢%7")
and €; (1 =3,4;j = 3,4) is a positive odd constant.
Based on (28) and (29), the actual control input U; is designed as
U, =S, "(—Rymy — kyzy + é3 — 23 S5 — Dy). (30)
Substituting (30) into (28), we obtain
Vi = fkllezl — kngng — k3z3Tz3 — k4z4Tz4 + zQTf)l + z4T1~)2 — ZQTSQeQd — Z3TS363d. (31)

Remark 1. Both the adaptive technique and the DOB can tackle the uncertainty of the nonlinear
system. The adaptive method is used to estimate the bounds of the uncertainty, while the DOB estimates
the uncertainty itself. Compared with the adaptive technique, the DOB makes the controller design
more convenient and flexible. The DOB is applied as a compensator to effectively suppress unknown
uncertainties and external disturbances. It does not rely on the system’s mathematical model, and it
can estimate the external disturbances of the controlled object in real time and actively compensate
them for a limited period of time [39]. In view of the aforementioned good performance of the DOB,
the DOB-based backstepping method is used to design the controller for subsystem ;. Additionally, we
can verify from our comparative simulation results between the adaptive backstepping control method
and the designed DOB-based control scheme that the designed DOB-based control scheme yields a better
performance than the adaptive backstepping control method.

3.2 Subsystem 3, controller design

In this subsection, a control scheme is designed for the fully actuated subsystem Yo with disturbance D3
based on the combination of the SMC and DOB methods.

For nonlinear systems, a linear sliding mode surface is used to design a controller in many sliding mode
control schemes. In order to alleviate the chattering problem and improve the convergence speed of the
sliding mode surface, the nonlinear sliding mode surface for s is designed as

s=é +/ losgn(e)|e||“° + lisgn(é)||e| " do, (32)
0

where I > 0, Iy > 0, wo,w1 € (0,1), e = [ex ea]", [le]|*" = [lea[*" 2], & = [e2 2], [[€]*" =

[lea™ le2l*"T,
_ sgn(er) O son(é) — sgn(é;) 0
gn(e) l 0 Sgn(@)}, gn(é) [ 1
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and the tracking error of x5 is defined as
e =15 — Tsq. (33)
From (32) and (33) and X9, the time derivative of s is
$ = Rexg + SeUs + Fs + D3 — %54 + losgn(e)||e]|“° + lisgn(é)|e]|“", (34)

where 0 < w1 < 1,wg = 21’;1.

The following DOB is employed to estimate disturbance Ds [46],

{ D3 =T + Q(a), (35)
T3 = L(mG){*RGmG - SGU2 - FG - [TS + Q(mG)]}a
where
s (555 + 5% Je5) 0Q(ze) _ [ms(1+2771) 0
= . . , L = = . ) 4 07
vl luf;(w " wﬁ/sG)] U e 1

and €; (1 =5,6;j =5,6) is a positive odd constant.
Compared with the fast signal power reaching law, the double power reaching law has better global
fast convergence performance. Thus, we design the double power reaching law as follows:

§ = —hisgu(s)||s|” — hosgn(s)||s]” — hss, (36)

where o > 1,0 < 8 < 1,hy, ha, h3 > 0,8 = [s1 53], and

sl = [lsa [s2] . (A=0.8), sgn(s) = l

From (34)—(36), the control input is designed as

U2 = _56_1[R6w6 + FG + ﬁ3 - i.75cl + ZOSgn(e)HeHwo

+hsgn(e)]e] ! + hasgn(s)||s||” + hasgn(s)|s]|” + has).
By substituting (35) and (37) into (34), Eq. (34) becomes
§ = —hysgn(s)||s||* — hosgn(s)||s|” — hss + Ds. (38)

Remark 2. Compared with the traditional reaching law, the double power reaching law has the features
of solving the chattering problem, shorter convergence time, and faster convergence speed. In this paper,
the multivariable double power reaching law is applied for the designing sliding mode controller, which
can ensure that the system state reaches the sliding surface in a finite amount of time.

The advantages of the designed sliding mode surface shown in (32) can be summarized as follows.

Remark 3. Generally, the sign function in traditional sliding mode control causes the chattering prob-
lem. Compared with the conventional linear sliding surface, the adopted sliding mode surface uses an
integral term and the sliding mode surface is continuous. Although Eq. (32) includes sign functions, the
terms sgn(e)|le||“° and sgn(é)||€||*! are continuous functions. Based on the above characteristics, the
adopted sliding mode surface shown in (32) can suppress the chattering problem effectively, accelerate
the convergence rate, and enhance the anti-disturbance capability of the system.

4 Stability analysis

In this section, the stability of the system is analyzed based on Lyapunov theory. This section contains
three parts. The first part contains a stability analysis of DOB, the second part contains a stability
analysis of subsystem 31, and the last part contains a stability analysis of subsystem X,.
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4.1 Stability analysis of DOB

According to Assumption 1, we have

D, ~0 0", ‘D,=D,-"D,. (39)
Then, from (15), the following equation holds:
. 0Q(x2) .
D, = —L(wg){—RQJZQ — Soxz — [Tl + Q(JZQ)]} — C;; 2)1}2
2

= —L(@2){~Roms — Sows — [Ty + Q(z2)]} — L(xs){Rows + Soxz + D1} (40)
= L(xy)(Dy — Dy) = —L(x2)D;.

Similarly, we can obtain

Dy = —L(z4)Ds, D3 = —L(zs)Ds. (41)
The following Lyapunov functions are chosen:
Vs = ,DIDi. Vo= ,DiDs Vi DiDs 42)
Based on (39), (40), and (42), the time derivatives of Vs, Vg, V7 are
Vs = — DIL(z2)D, <0, Vo= —-DJL(x4)Dy<0, V;=—D3L(xs)D; < 0. (43)

It can be seen that the estimate errors Dy, Do, D5 satisfy the Lyapunov stability criteria and will
converge to a small neighborhood around zero. According to (40), we can get

ﬁl(t) = e_L(’”2)(t‘t0)ﬁ1(O), 1’“)2(,5) — e—L(w4)(t—t0)ﬁ2(O)7 1’“)3(t) — e—L(wG)(t—to)ﬁ3(0)7 (44)
where D;(0) is the initial value of D; (j = 1,2,3). The estimate error initially reaches its maximum

value and then exponentially converges to zero by selecting appropriate values for parameters p;,€;,7 =
1,2,3,4,5,6.

4.2 Stability analysis of subsystem 3,

In the presence of external disturbances, Lyapunov theory proves that the system is asymptotically stable
with the designed controller and DOB.
From (17), (18), (24), and (25), we have

—€24g —€34q

Gioq = , Ggq = : (45)

1 T2

The filter estimate error dynamics are
. —€e . . —€:s .

€2q = 2d — Q, €3q — 3d — (3. (46)

T1 2

We chose the following Lyapunov function:
1 1

Vo= Vit Vs + Vo + e+ ,esa€30, (47)

and based on (31) and (43), the time derivative of Vg is
Vg = fkllezl — kngng — k3Z3TZ3 — k4z4Tz4 + z2TD1 + Z4TD2 — DITL(mQ)_Dl — DQTL(m4)b2
_ZQTSQeQd — zgS363d + egdégd + 63Tdé3d
1 1 -1~ 1 1 ~q =
2z2Tz2 + 2DlTDl + 2z4Tz4 + 2D2TD2
—D;FL(:I:Q)Dl — DQTL(:I:4)D2 — ZQTSQeQd — zgS363d + 6gdé2d + egdé3d

T T T T
< —kiz) 21 — kozy 20 — k3zg 23 — kazj 24 +

= 7k1Z1TZ1 — <k’2 — 9

1 1 ~ 1 ~
) z2Tz2 - k3zgz3 - <k4 - 2) z:fz4 - DlT [L(mg) - 2E} D,

- 1 - . .
_D2T [L(m4) — QE} D, — zQTSgegd — Z3TS363d + egdegd + egTdegd.
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Following the results found in [47,48], assume that Eqs. (16) and (23) satisty ||ciaq|| < 724 and ||dsql] < 734,
respectively. Then, based on (45) and (46), the last four terms of (48) satisfy

T T T - T -
7(,22 Soeoq + zZ3 Sge3d) + e54€2q4 + €34€34

< s 2T a3llezal® | 1 ST 12 a2||esql”
< IS+ G i+
T [ —€2d _ . T ([ —€3d .
+62d( " ag) +e3d( T2 ag) (49)
1 o2, o3llexdl® | 1 a2, o2llesall”  lleaall®  llesal®
< puall el ALy el el e

+ e 7 + + e 7 + .
9 2d 2d 9 % 9 3d 3d 2 g

After replacing (49) into (48), the latter one yields

. 1 1 9 1 2 1
Vs < fkllezl — <k2 —5 = 22 IS2]| > z2Tz2 — <k3 - 202 ISs]| > z3Tz3 - <k4 - 2) z:fz4

_ 1 N . 1 N 1 a2 a?
-Df {L(m) - 2E] D, - DY [L(m4) - 2E] D, - < N 2r2d> leall®

T1 2 2 (50)
1 a2 a2 s 1 1
(=T B ) llesall’ + L, +
<TQ g g3 llesd 2% ' 243
g _25‘/‘/84_07
2 2
where az, ag, as, a5 > 0,ky > + 2iz”SQH ks > 2%”5’3” ke > 5,0< T < aiJng?d,O <72 < aioa

C= iy +aggon = mindkr ke = § — ol 182l ks — ol 5l ks = 54 = 5 = Fraa L = % — Graa),
L(z3), L(x4) > L E (the elements of L(x2), L(x4) are larger than those of J E, E is a diagonal matrix).

From (50), it can be seen that when Vi = ¢, Vs < —2k¢ + C; if & > 2¢,¢ > 0, then Vi < 0 on Vg =,
and so Vi < ¢ is an invariant set, i.e., if V3(0) < ¢, then Vi(¢t) < ¢ for all ¢ > 0. Therefore, Eq. (50) holds
for all V3(t) << and t > 0.

Standard arguments can now be applied to solve (50) as follows:

C

0<Vg(t) <
s(t) 2K

+ (V}g(O) - 26;) exp(—2kt), Vt=0. (51)

It is clear that Vg(t) is bounded by 20,{, ie, fort>0,0< V() < 20,{

From (51), the tracking error of @, yields

|mn<¢f+<mamf>wM%w (52)

C

K"

Thus, we can obtain the following inequality: ||z|| < \/
Then, the convergence region of z; can be expressed as

R={mna|<¢f}. (53)

From (53), the tracking error can be made to converge to an arbitrarily small region around zero by
making « sufficiently large, which can be achieved by properly selecting the design parameters in (54).
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4.3 Stability analysis of subsystem X5

For subsystem X5, to analyze the reachability of the sliding states, the following Lyapunov function is
chosen:

1 1~ ~
Vo = QSTS + 2D3TD3. (54)
Its time derivative satisfies

Vo= —h 8" — halls)|*** ~ ha|s|® + 5" Dy ~ DY L(ws)Ds 55)
< —hlls][*** = has|** = (s = })|ls) — DF (L(zs) ~  E)Ds.

As long as hy > 3, L(zg) > LE (as long as the elements of L(xs) are larger than those of ) E, E is
a diagonal matrix), Vo < 0. From (55), we can determine that the sliding states can reach the sliding
surface exponentially, i.e., s = 0. Based on the reachability of the sliding surface, the stability analysis
of the tracking error is done as follows.

The following Lyapunov function is chosen:
L r
VlO = 26 e. (56)
From (56) and because e = [e1 e2]T, € = [é1 é2]T, the time derivative of Vi is
"/10 = eTé = €1é1 + €2é2. (57)

Based on s = 0 and (32), &€ = — [ losgn(e)||e[|“” + l1sgn(€)| &[] do, i.e.,
o o

é1= f/ losgn(er)]er|® + lysgn(ér)]ér|* do, éa = f/ losgn(ea)|ea]”® + l1sgn(éz)|éa]| " do.  (58)

To procegd, we prove that e;, é; have different signals, i.e.,Oelél < 0. Here, we only prove that e;é; < 0,
and ezéa < 0 can be obtained using the same method. We carry out a proof by contradiction. (a) Assume
that ej,é; > 0. From (32), é; = —foa lole1|”® + l1]é1|*"do < 0, which contradicts ¢; > 0. (b) Assume
that e1,é; < 0. From (32) é; = foa lole1]*® +I1|é1]“"do > 0, which contradicts é; < 0.

Based on the above analysis, we can obtain that e;é; < 0, and, by the same token, esés < 0. Thus,
we can determine that Vio < 0, that is to say, the tracking error is asymptotically stable. In conclusion,
the tracking error is asymptotically stable, and the actual position of the QUAV (x,y, z) can reach the
desired position, x4, Y4, Zd-

5 Simulation and analysis

In this section, the effectiveness of the proposed control scheme is validated, and our simulations carried
out using Matlab R2010a/Simulink are presented. Moreover, a comparative simulation between the
designed control approach and the ABC approach is presented.

The reference commands are chosen as xq(t) = sin(27t),yq(t) = cos(3nt),zq(t) = ¢, and the ini-
tial flight conditions of the QUAV are z(0) = 0.07,y(0) = 1,2(0) = 0,¢(0) = 0,6(0) = 0,%(0) = 0.
Additionally, the external disturbances are Dy = [2sin(t) 2sin(t)]T, Dy = [0.2sin(37¢) 0.2sin(37t)]",
Ds = [0.2sin(37t) 0.2sin(27¢)]". The parameters of the QUAV model are given in Table 1, and the
controller parameters are listed in Table 2. The efficiency of the designed control scheme (DOBC) in
Section 3 is verified by comparing it with the ABC approach.

The control inputs Uy, Us under the ABC approach are designed as

Pabazy )

lzall + &1/
Pebeze )

|6l + &6

U =-S5 (R4$4 + kazy + 23 Sz +
(59)
U, = _56_1 (RGJZG + Fs + z5 + kezg +
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Table 1 Quadrotor model parameters

Variable Value Unit Variable Value Unit
m 2 kg Jyy 1.25 kg - m?
g 9.81 m/s2 Jzz 2.5 kg - m?
a 0.2 m Ky ~ Kg 0.01 kg/s
T 1.25 kg - m? K4~ Kg 0.012 kg/s
Table 2 Controller parameters under DOBC
Variable Value Variable Value Variable Value Variable Value
k1 3.6 B 0.9 wo 2/3 £1 40
ko 1 lo~11 0.5 w1 0.8 £9 5
ks 50 h1 0.01 1 0.999 £3 50
ka 1 ha 0.015 ) 0.02 £4 0.00001
«@ 2 hs3 1 H1 ~ e 1 £5 ~ Eg 0.0000005
Table 3 Controller parameters under the ABC approach
Variable Value Variable Value Variable Value Variable Value
k1 0.5 ks, ke 0.005 b1 2 I 5
ko 0.5 V1 0.5 bo 500 &3 5
ks 80 V9 0.5 bs 50 T1 0.999
ka 0.000005 v3 0.5 &1 5 T2 0.008
2
xd
Ir - - -x:DOBC
s - - x:ABC
= 0 |
1 0a |
0 05 1
) . . . . .
0 10 20 30 40 50 60
1(s)
2 15
. 1 1.5
10} 1
_ — 0.
) E ’L s
~ — Y g 0
N z
~ __1:DOBC st 0 4 8 a .
~1t ABC - --z:DOBC
o - - ZABC
-2 > . - - - 0 > - - . -
0 10 20 30 40 50 60 0 10 20 30 40 50 60
1(s) 1(s)

Figure 2 Time responses of position tracking under DOBC and ABC.

with the following adaptive law:

0ibillz 1/ (1231l + &),

0,

1zl > &/(b; = 1),
25l < &/(b; = 1),

(60)

where v;,05,&; (j=2,4,6), ke are positive constants and &; > 1. From (60), it can be seen that after the
errors 2o, 24, 2¢ become stable, the estimate rate stays at zero, which means that p does not change, thus
avoiding the problem of overestimation.

The controller parameters under the ABC approach are listed in Table 3. The comparative simulation
results for DOBC and ABC are shown in Figure 2 through 6. The local time response is also given to
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Figure 3 Time responses of the tracking errors under DOBC and ABC.
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Figure 4 Time responses of the control inputs under DOBC and ABC.

better show the dynamic processes.

Figures 2 and 3 present the tracking performance of the QUAV under the two control methods. As can
be seen from Figure 2, stable tracking of the position in the z,y, 2z directions of their respective reference
commands was achieved after a short time. Figure 3 describes the trajectory tracking error curve of the
system under the two control methods. We can observe that the two methods have different tracking
performances. In detail, the tracking errors e;, e, become stable under the DOBC approach within 4 s,
the tracking error e, ranges from 0 to 0.08 m, and e, ranges from —0.003 to 0 m. Besides, the tracking
error e, reaches stability within 10 s under the DOBC approach, and ranges from —0.06 to 0.04 m. In
contrast, the tracking errors e;, e, under the ABC approach cannot achieve stability within 50 s. The
tracking error e, ranges from —0.01 to 0.01 m, which is larger than that of DOBC approach. Although
the tracking error e, under the ABC approach tends to be stable at approximately 15 s, its range of
variation is large.

The time response of the control inputs under the two control schemes are provided in Figure 4; it can
be seen that the control inputs of the DOBC approach are smooth. The time responses of ¢, 8,1 under
the two control schemes are shown in Figure 5. We can see in Figure 5 that they are all stable. It can be
seen from Figure 6 that the designed control scheme can make the sliding states reach the sliding surface
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Figure 5 Time responses of ¢, 0, 1.
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Figure 6 Time responses of sliding mode surface s.

in less than five seconds.

With respect to the ABC approach, the simulation results given in Figure 2 through 6 under the
proposed control scheme show better performances, higher precision tracking, faster convergence, and
robustness.

6 Conclusion

In this paper, a DOB-based backstepping sliding mode controller was proposed to solve the trajectory
tracking problem of QUAVs. First, the dynamic model of a QUAV was decomposed into two subsystems.
Then, the DOB was proposed to estimate the external disturbances, and the DOB-based backstepping
controller was designed for the first subsystem. To proceed, the SMC method based on DOB was
employed to design the controller for the second subsystem. Then, the tracking error was proved to be
asymptotically stable. Finally, by comparing the simulation results of a system under the designed control
scheme and the ABC method, we found that the proposed control scheme achieved better and more stable
tracking of the QUAV’s position. Our future work will focus on position and attitude tracking controller
design for QUAVSs, while taking into consideration external disturbance, parametric uncertainties, and
input constraints.
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