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Abstract This paper considers the filtering problem for a class of multi-input multi-output systems with
nonlinear time-varying uncertain dynamics, random process and measurement noise. An extended state based
Kalman filter, with the idea of timely estimating the unknown dynamics, is proposed for better robustness
and higher estimation precision. The stability of the proposed filter is rigorously proved for nonlinear time-
varying uncertain system with weaker stability condition than the extended Kalman filter, i.e., the initial
estimation error, the uncertain dynamics and the noises are only required to be bounded rather than small
enough. Moreover, quantitative precision of the proposed filter is theoretically evaluated. The proposed
algorithm is proved to be the asymptotic unbiased minimum variance filter for constant uncertainty. The
simulation results of some benchmark examples demonstrate the feasibility and effectiveness of the method.
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1 Introduction

As is well known, Kalman filter (KF) has been widely used in many fields [1-3]. The original KF
algorithm provides the minimum mean square error estimation for the accurate linear systems with
Guass white noise. In the last decades, substantial development has been made on extending KF to
deal with nonlinear uncertain systems [4,5]. For nonlinear systems only perturbed by Gaussian noises,
extended Kalman filter (EKF) is constructed by applying KF algorithm to the first-order linearized part
of the nonlinear systems [6-8]. Unscented Kalman filter (UKF) captures posterior mean and covariance
accurately to the third-order linearization for any nonlinearity by using a sampling approach [9]. For
uncertain nonlinear system, robust filters (RF), including H filter, set valued filter (SVF), emphasize
the issue of minimizing the estimation error under the deterministic/stochastic uncertainties of systems
being in the worst-case bound [10, 11]. Substantial development of this issue has been made by several
important literatures. Ref. [12] minimizes the mean square error according to the least favorable model
with model perturbations limited to the bound parameterized by the 7-divergence family. Ref. [13]
designs robust Kalman filter for linear systems with norm-bounded parameter uncertainty. Ref. [14]
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minimizes the upper bound of the estimation error covariance for system with stochastic nonlinearities
of zero means. Actually, linearization and worst-case bound optimization are two natural ideas to handle
nonlinearity and uncertainty [15]. These two approaches have been proved to be effective in tackling
many filtering problems [11,16,17]. Nevertheless, they still have the following limitations as in dealing
with general nonlinear uncertain systems [9,18].

(i) Linearization based filters may suffer from the instability issue in dealing with nonlinear system.
Generally speaking, filters derived by local linearization at the current estimates have been developed
based on an implicit assumption that the initial estimation error and the noise are sufficiently small to
ensure the stability of the filter [7,19]. Ref. [7] even gives the range of the initial estimation error and
noise to ensure stability. Such an result is, unfortunately, very conservative and is hard to be satisfied in
practical engineering system due primarily to the various external disturbances and the finite accuracy
of the sensor during filter implementation. Thus the performance of filters based on linearization can be
extremely fragile to initial estimation error and noise, which is shown in [7]. In conclusion, stability of
linearization based filters is still an open problem for nonlinear system.

(ii) The optimization result for the worst-case bound of uncertainties may be conservative. RF usually
has the idea of minimizing certain index based on the worst-case bound of uncertainties. This inevitably
requires the bound of the uncertainty to be small enough otherwise the optimization result may be
conservative. However, this assumption is critical when the uncertainty includes the unmodelled dynamics
as well as the linearization error mentioned above. In this case, the uncertainty depends on the estimation
error. Thus even the boundness of uncertainty should be rigorously proved, not to mention assuming
small enough in advance [16,20].

The above problems give the primary motivation to design resilient filters capable of dealing with strong
nonlinearity and large uncertainty. Extended state observer (ESO) treats the nonlinear uncertainty, no
matter how complex the uncertain dynamics are, as a time-varying signal to be estimated timely in order
to correct the estimation error of the state. The idea of extended state is nature since compared to the
noise, the nonlinear uncertain dynamics can be viewed as a relatively slow-varying signal which would
be estimated in real time. Thus, the effectiveness of extended state design has been shown in lots of
successfully applications, involving the flight systems [21-23], robotic systems [24], motor systems [25],
MEMS systems [26] and so on [27]. However, parameters tuning for ESO is still an open problem,
especially when the measurement noise is concerned, because higher gain leads to faster tracking, but
also means the worse polluted by the noise [28]. In conclusion, to tackle the problems induced by the
frame of linearization [7,9] and the frame of worst-case optimization [12,13], we will utilize the extended
state design to handle the nonlinearity and uncertainty. In addition, we will also optimize the gain of
the ESO timely to generate the extended state based Kalman filter (ESKF). The main contributions of
ESKF can be highlighted as follow.

(i) The gain of ESO is optimized timely to improve the estimation performance for system with both
uncertain dynamics and stochastic noise.

(ii) Stability of the filter is guaranteed for nonlinear system with strong nonlinearity, large initial
estimation error and large noise.

(iii) Better robustness against large scale of uncertainty is guaranteed by actively estimating the non-
linear uncertainty.

In fact, the effectiveness of the extended state design in filters has been shown by [29,30] for a class
of time-invariant uncertain systems. Nevertheless, the systems considered therein are limited into time-
invariant. Also the stability and the performance of the corresponding filters have not been discussed for
time-varying systems. In this paper, we construct ESKF for a more general class of nonlinear time-varying
uncertain systems. With the aim of weakening the stability condition and improving the estimation pre-
cision for the existing filters despite nonlinear uncertainties and noise terms, we prove that the estimation
error of ESKF is bounded in mean square despite nonlinear uncertainties, large noise and large initial
estimation error. In addition, ESKF’s estimation precision can be timely evaluated by its parameters,
and it is proved to be the asymptotically unbiased minimum variance estimation under certain conditions.

The paper is organized as follows. In Section 2, ESKF for a class of nonlinear uncertain systems is
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proposed. In Section 3, the properties of ESKF are discussed. In Section 4, the effectiveness of ESKF is
shown by two classical examples. The concluding remark is given in Section 5.

2 Problem formulation and ESKF design

Consider the following class of nonlinear time-varying uncertain systems:

Xpi1 = A X5 + BuF (X, k
{ k1 = Ap Xy, 4+ Bp F(Xy, k) + wg, kE=0,1,..., (1)

Yi = Cp Xy, + ng,

where X, € R" is the state, Ay, By and Cj, are known time-varying matrixes with A, € R"*" B; € R"*!
Cr € R™*". F(Xk, k) € R! is the nonlinear uncertain dynamics in the system (1), and its nominal model
is the known function F(X iy k). wi € R™ and n, € R™ are the process noise and measurement noise,
respectively. Y, € R™ is the measurement output.

Remark 1. F(Xj,k) is usually referred to the “total disturbance” lumping both internal uncertain
dynamics and external disturbance, such as the unknown parameter variations, the unmodeled dynamics
and the discretization error [31,32].

In model (1), the uncertain dynamics are divided into three parts, i.e., the known linear part AL Xs,
the slowly time-varying nonlinear uncertain dynamics F(X, k) and the noise (wy, ny) which may have
high-frequency changes. We suggest using different methods to deal with different kinds of uncertainties.
F(Xy, k) is treated as an extended state to be estimated as well as compensated for, and (wy,ny) is
attenuated by the optimization technique of KF. Therefore, F/(X}, k) is treated as an extended state and
system (1) can be equivalently transformed to

X X w
Fk+1 — 4 | 4 e v [
k41 k
(2)
X
Y, = Cy + Nk,
k
where
A, B 0 _
Fy & F(Xg, k), Gp=Fyp1—Fy, Ap= g Ik  Be= ) Cr = [Ck 0} (3)

Next, we will construct ESKF for the system (2). To begin with, the following assumptions are given.
Al. (Ag,Cy) is uniformly observable.
A2, {wi}y and {ny}3° are uncorrelated zero-mean Gaussian random sequences and

E(ngnit) < R, B(wpwi ™) < Sk, (4)

where { Ry, }7°, and {S}32, are known and uniformly bounded. In addition, {wy}3°, {nx}§° and X, are
mutually independent.

A3.
T

Xo — Xo
Fy— Fp

Xo — Xo

~ < POv (5)
Fy—Ey

where X'O is the estimate of Xy, Fo £ F(X'O, 0), and Py is a known constant matrix.
A4.
E(Gh) ST i=1,2,..., Vk>0, (6)

where {g;, ;132 is known and uniformly bounded?.

1) In this paper, if aj, is a vector, then ay ; denotes its i-th element.
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The assumption Al is an important and fundamental assumption to ensure the stability of KF typed
algorithm [3,33]. From (3) we know that Ay and C} are determined by the matrices of the original
system (1), which means the observability assumption of (A, Cy) is actually added on the structure
of the original system. The relationship between the observability of (Ay,Cy) and (Ag,Ck) can be
demonstrated as the following lemma.

Lemma 1. For systems (1) and (2), (A, Cy) is uniformly observable if and only if both (A, Cy) is

uniformly observable and rank |:IXC]; Ak ’fk} =n+l,foral k=0,1,2,....

The proof of Lemma 1 is in Appendix A. From Lemma 1, the uniformly observability of (A, Ck) equals
to both the uniformly observability of (A, Cy) and rank [I"X”@'; Ak 705’“} =n+l, k=0,1,2,.... However,
compared with the latter conditions, uniformly observability of (Ag, Ck) seems more brief and easier to
be verified. So we choose Al as the first assumption.

Remark 2. The assumptions A3 and A4 mean that the estimation error for the initial states, the
estimation error for the initial uncertain dynamics and the varying of the uncertain function F(-) between
neighborhood time steps are bounded in mean square. Obviously, A3 and A4 are reasonable for most
practical plants. g, represents the size of the varying of the nonlinear uncertainty F'(-) [34]. Besides, the
upper bounds Fy and g, can be chosen according to the priori information of the sensors and physical
limitations on the practical systems.

)ﬂ ) (7)

Fy,

Then, we design ESO [31] based on the extended model (2)
Here, G’k, the estimate of Gy, is used to correct the estimation error of the state and the uncertainty by

making full use of the model information. Thus, we use the nominal model of G}, as

Xis1 A Xy,
= k N

Fit Fy,

+ BpGr — Kp, (Yk — ),

G = F(Xpy1,k+1) — F(Xy, k). (8)
Then the estimate of Gy, is denoted as
Gr = F(Au Xy, + BpFy k + 1) — F(Xg, k). (9)
According to the estimate of the nominal model Gy, Gy, is designed as

Gri = sat (G‘k . /q,m), i=1,2,...,1, (10)

where sat(-) is the saturation function defined by sat(f,b) = max{min{f,b},—b}, b > 0. Here, the
saturation function sat(-) is used to ensure the boundedness of G'kﬂ-.

For the system (1) with uncertainty and noise, the tuning of K} becomes a tradeoff between the
disturbance rejection and the noise sensitivity, because higher K} leads to faster tracking, but also means
the worse polluted by the noise [28]. Thus, different from ESO, K, is no longer static and manually tuned
here. Instead, we will optimize K} to make the mean square estimation error minimal at each step.

Denote the estimation error of ESKF as e, = [ﬁ:} - [;ﬁﬂ From (2) and (7), we can obtain that e
satisfies

R T
ert1 = (Ap + KpCr)er + King + B (Gr — Gi) + [wg 0} . (11)

Denote ék = Bi(G) — Gk) Since ng, wy and e are mutually independent, the mean square error of
ESKF satisfies

E(egsrerir) = (A + K,Cx) E(exer) (Ax + KiCr)" + Ky E(nnd )K" + E(GLGY)

E(wgwy) Onxi (12)

+ E((Ak + KyCy) ekég) + E(éke;f (Ak + chk)T).

Oixn Oixi
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According to the Young’s inequality for the matrices case and A4, we can get
(Gk — Gk)(Gk — Gk)T < QGkGE + QGkGE
< 2diag([G3 | G2, -+ G3))) +2ldiag([G}, G2, -+ G3))) (13)

< 4ldiag([(jk71 s qk,l])'

Design Q1 1 = {OHX" 07txl}7 where Q, 21 - diag([gy ; Gyo --- Gx,))- Then, it is easy to know that

Oixn 4Qp
BE((Gx — G)(Gr — Gi)") <4Qy,  B(GiGY) < Qu . (14)

Moreover, since the noise related to Fj, is correlated to the noise affecting Xy, the corresponding term
of e;, and Gy cannot be ignored. Based on the Young’s inequality for the matrices case, the last two
terms of (12) have the upper bound

(Ak + KiCy) ekég + ékekT (Ak + chk)T

1~ = (15)
<0 (A + KpCr) exer (Ax + KpCr)*™ + éGkG;f, Vo > 0.
Ideally, the equality holds if and only if
G(Ak-i-Kka)ek = ék. (16)

However, Eq. (16) usually cannot be achieved for each k > 0. Hence we consider the initial time & = 0.
It can be verified that the equality of (16) with & = 0 has the necessary condition

0% (Ay + KoCy) E(eoed) (A + KoCr)* = E(GoGY) < Q10 (17)
For simplicity, we suggest § = 4/ tiig;o‘;) according to (5) and (17). We remark that 6 is used here to
decouple the cross terms of estimation error and the uncertainties.
Design
Sk Onxi
Qa1 = .
O1n Orxi
Then, from A2 we have
E(wiw?r) 0,,%;
(i) O < Q2,k- (18)
Oixn Oix

Hence, according to (14)—(18) and A2, we have

1
E(egsrerr) <(1+0) (A + KiCx) E(eger) (Ax + KxCr)" + Ky R K + (1 + 5) Qi+ Q2r. (19)
Let Py satisfy the following iteration equation:

1
Pyo1 = (14 0) (A + KxCy) Py (Ay, + K,Cr)" + KR KT + (1 + 5) Q1,5 + Q2,1

(20)
k=0,1,2,...,
with the initial value P,.
Consequently, it follows from (19) and (20) that
E(exe;) < P, k=0,1,2,..., (21)

provided A3.
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According to (21), Py, describes the upper bound of the mean square error E(exe} ). To simplify the
algorithm and to ensure the consistence property [35], we choose K}, at each time step to minimize P
instead of directly minimizing E(ere}). The first two terms in the right hand of (20) are related to K,
which motivates us to design K} to minimize these two terms.

Define

K]: = argﬁlgfl{(l + 9) (Ak + KkC) Py (Ak + KkC)T + KkRkKkT}. (22)

Since Py is a positive semi-definite matrix, and Ry is a positive definite matrix, CP,CT + Flng is
positive definite. Thus, there is

(1+0) (Ar + KiC) Py, (A + K,.C)" + KR Ky "

1

. . o 1N\ ' (23)
: (CkPka + mRk) Ap Py Cy, (CkPka + mRk) + K,
1 —1
— (14 0)AxP.CF (ckPkckT + mRk) CrPrAL + (14 0)Ax Py AL
Hence, it is easy to know
1 -1
K} = —A,P,CF (ckpkc,;f +173 eRk) : (24)

Since then, the gain matrix K} of the estimator is optimized timely based on the prior information
A2-A4.
As a consequence, ESKF, which combines the advantages of ESO and KF, is designed as follows?):

X X R X
Ak+1 = A Ak + BrGr — K | Y — C Ak , (25)

Frq k Fy,

1 1
Kip = —AR PO (ckpkc,cT + —Rk) : (26)
1+6
1
Peir = (14 0) (Ax + KxC) Py (A + K.Cr)" + KR KT + (1 + 5) Q16+ Q2,k, (27)
On><n Onxl Sk On><l — .
Qi = — | Qer= , Qr=1-diag([q. | Tpo .- Tpyl); 28
Lk Oixn 40, 2,k O Opos k ([%,1 ) Qk,z]) (28)
where
o= QL) o k(G ErD)s Cr 2GR k), =12, (29)
tI’(Po) ’ s 50 i) ) 9 ) &y IR

and sat(-) is the saturation function defined by sat(f,b) = max{min{f, b}, —b}, b > 0.

According to (25)—(28), ESKF can be viewed as a novel KF typed filter for nonlinear time-varying
uncertain systems. Moreover, ESKF and traditional KF-type filters have the following differences.

(i) The traditional KF-type filters usually approximate the real model as accurately as possible by
using higher order linearization, while ESKF treats the nonlinear uncertainty as a time-varying signal to
be estimated and compensated no matter how complex the model is. Thus ESKF avoids the linearization
which may cause divergency.

(ii) Compared with RF, ESKF uses the bound for the varying rate of uncertain dynamics instead of the
bound for uncertain dynamics itself to solve the optimization. Thus, RF usually needs the uncertainty to

2) In this paper, if a is a vector, then diag(a) is the matrix whose i-th diagonal element is a; and off-diagonal elements
are all 0.
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be small enough to guarantee satisfactory performance while ESKF only assumes the nonlinear uncertain
dynamics to be slow-varying.

(iii) Most existing filtering methods can only deal with single type of disturbance, while an actual
filtering problem usually suffers from multiple disturbances. In ESKF, the disturbances are classified into
two types, i.e., slow-varying uncertain dynamics and sharp-changing noise. Also, ESKF suggests tackling
these two kinds of disturbances in different ways.

The properties of ESKF (25)—(28) will be discussed in Section 3.

3 The properties of ESKF

Theorem 1 (Stability). If A1-A4 hold, then the estimation error of ESKF, e} = [X’“] — [iﬂ, satisfies

F,
E(exer) < P, Vk>0, (30)

and {Py}72, is uniformly bounded. Then, there exists a positive matrix P* such that
Py < P*, Vk>0. (31)

The proof of Theorem 1 is in Appendix B. Theorem 1 demonstrates that ESKF (25)-(28) has the
following properties.

(i) The estimation error of ESKF is bounded in mean square despite the nonlinear unknown dynamics,
the process and measurement noise. Reif et al. [7] indicated that the stability of EKF can only be
guaranteed for true nonlinear model under small initial estimation error and small disturbing noise.
ESKF overcomes these constraints by augmenting the filter with an extended state to actively estimate
the nonlinear uncertain part in the system (1). Therefore, ESKF provides a novel frame to handle large
initial estimation error, nonlinear unknown dynamics as well as noises.

(ii) The estimation error, which is unavailable in practice, can be timely evaluated by the parameter Py
in mean square. For linear systems, the consistence property [9] is ensured, which means that Py in KF
exactly equals to the covariance of estimation error. However, in EKF, the relationship between Pj and
the covariance of estimation error is vague, which may lead to unreliable filter gain and the possibility of
divergence. Therefore, Py in ESKF contains much more important information for evaluating the filtering
precision.

As Py is an upper bound in mean square for the estimation error, we will investigate the relationship
between Py, and the tunable parameters (P, Q1.5 Q2,k, Ri) in Lemma 2.

Lemma 2. Let P and P;* denote the P under the situations of (P, Q1 1 @5 5s ;) and (P, Vo
5 R57) in (25)-(28), respectively. If

Po* < Po**v QT,I@ < Q*lﬁ,*ka Q;,k < Q;,*kv RI: < Rl:*a (32)

then
Py < P, Yk=0. (33)

The proof of Lemma 2 is in Appendix C. Lemma 2 illustrates the relationship between P}, and the tun-
able parameters (P, Q1 k, Q2,k, Ri), that is, smaller (Py, Q1,x, Q2.%, Ri) satisfying A1-A4 mean smaller
Py. Obviously, Lemma 2 implies that (P, Q1 k, Q2,k, Ri) are suggested to be tuned as small as possible
so as to achieve better filtering performance.

Theorem 2 further shows ESKF is an asymptotically unbiased minimum variance estimation under
certain conditions.

Theorem 2 (Optimality). If F(Xy, k) = Fy, Ay = A, B, =B, Cy, =C, R, = R, S, = S, Vk > 0, then
ESKF (25)—(28) with @, = 0 is an asymptotically unbiased minimum variance estimation for [X;" F]T

among all the functions of {Y;}*=}.
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Table 1 Initial values and noise weighting matrices for Example 1

20 Gy, Dy,
Small initial error and small noise [0.5 0.5]7 V10-51 V10
Small initial error and large noise [0.5 0.5]T V1051 V103
Large initial error and small noise (1.5 17 V1051 V10

The proof of Theorem 2 is in Appendix D. Theorem 2 shows that ESKF has some optimality in the
sense of minimum variance if the uncertain term F(Xy, k) is constant, even though it can be arbitrarily
large and unknown. Note that the F'(Xy, k) in the physical plants is usually slowly time-varying dynamics,
then it is not to hard to know that ESKF performs well in practical systems, as shown in the examples
of Section 4.

Next, the effectiveness of ESKF for nonlinear filtering problem will be shown by two systems which
have been studied with EKF and the traditional SVF, respectively.

4 Case studies

4.1 Example 1

Reif et al. [7] has shown that EKF may quickly diverge without the conditions of sufficient small initial
estimation error or sufficient small noise. We apply ESKF to this example to illustrate that ESKF can
weaken the stability conditions on the initial error and noise and guarantee the stability for nonlinear
systems.

The system in [7] is given as follows:

{ Zpt1 = flkzk + Bka + Grwg, 2z20= [0.8 O.Q]T, (34)
Yk = Crzi + Dyuy,
where 2 = [Z’Iﬂ is the state,
_ 1 T _ 0 _
Ap = , Br=| |, Ch=[10], Fr=zx(i,+ 235, (35)
-7 1—7 T

yr is the measurement, and wy and v; are uncorrelated zero-mean white noise processes with identity
covariance. The sampling time is 7 = 1073, executing k = 2 x 10* steps. The matrices G and Dj, as
well as the initial value Zy are shown as Table 1, which are the same as those in [7].

We treat Fj as an extended state and design ESKF with parameters

G2 0

Fy=0, Ry=D} Q,=3x10"° Qo) = ol Py = I3xs. (36)

Figure 1 illustrates the paths for the estimation error (23 — 22,5) of ESKF and EKF. It can be seen
from Figure 1 that in the case of large measurement noise or large initial error, the estimation error
of EKF is quickly divergent while the estimation error of ESKF is bounded. Thus ESKF releases the
conditions of small enough initial error and disturbing noise, and shows low sensitivity to the initial error
and noise.

4.2 Example 2

In order to further demonstrate the ability of ESKF in dealing with model uncertainties, we use ESKF and
the traditional SVF [20,36,37] in maneuvering targets tracking and compare their filtering performances
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Small initial error and small noise

I Ofr oo
aft

0 0.5 1.0 1.5 2.0

x10*
5 Small initial error and large noise
. 0P e e
<NN
-2 L L 1
0 0.5 1.0 1.5 2.0
x10*

Large initial error and small noise

.l\l: 0 W\—MWW
<N'\i
) 1 . .
0 0.5 1.0 1.5 2.0
x10*
— Estimate error of ESKF —— Estimate error of EKF

Figure 1 (Color online) The estimation error of ESKF and EKF (Example 1).

for the following target state-space model with unknown maneuvering [38]:

S(t) =V (),

. o _ 2 B ‘Ll,

V) = ~20V0) - 0500 - Lol + st 37)
Yy = CpSk + v,

where S(t) and V(t) are the target position and velocity vectors. The terms 2QV (¢) and Q2S(#) represent

0 —we O
the accelerations due to the Coriolis and centrifugal forces respectively, where 2 = |w. o 0} We =
0 0 0
7.292115 x 10~° is the Earth rotation rate. —£-—=S5(t) represents the gravitational acceleration, where

sl
u = 3.986005 x 10'* is the Earth’s gravitational constant. A (t) is the acceleration induced by unknown
maneuvering force or external disturbance.

Y} is the sampled measurement output and the sampling time is A = 0.01 s. k denotes the integer.

efgxm*8 0 0
Cy = 0 e—9x107" 0
0 0 e—4.5x10*8

{vr}° is uncorrelated Gaussian random sequence with its variance matrix being

8 x 103 0 0
o2 = 0 4.5x10° 0
0 0 4.5 x 10°

The targets tracking problem has been identified by a number of authors [39,40], as being particularly
stressful for filters and trackers because of the strong nonlinearities exhibited by the gravity. Besides, the
tracking problem becomes more difficult for the existence of unknown acceleration Ap(t).

We treat the sum of the nonlinearity WS’ (t) and the uncertainty Ap(t) as the “total disturbance”
F(t), which satisfies

___r
F(t) = ||S(t)”35(t) + Ap(t).

Thus the nominal model (known information) of F'(t) is

F(t) = —2 ().
O s
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Denote the state X as Xj = [5((';’,))} The model (37) is discretized with sampling time h in order to
get the discrete form (1) with
_ 0
. Bp= 3x3
IESE

To compare the robustness of ESKF and traditional SVF against different uncertainties, the simulations
are carried out for the following three cases of the unknown acceleration Ap:

C1:Ap(t) = 0.1sin(0.02¢), C2: Ap(t) = 1L5sin(0.02), C3:Ap(t) = 0.1t
According to (25)—(28), ESKF is designed with

03x3 I3x3

Ay = Isxe +h _0? 90

_ Cilo2C!t
R 00_13/0 . [ . 0 v~0 ,
Xo = y Fo=oeremC Yo, Po= Vp I3 x3 ; (38)
O3><1 HCO Y()H
I3x3
0 0 ’
Rpy=0p, Qui= 0% ij . (39)
03><6 4 %10 I3><3

The traditional SVF is designed as [36]
Xy, = Xi + Ky, (ye — CrXk) (40)
X1 = ApX + BkF(Xk); (41)
Ky, = ©P,CF (6, P.CF + Ry) ' (42)
(43)
(44)

P, = (I — Ki.C¥) Py, 43

_ 1

Py = Je P + —Qu, 44

e kak
_ colYy| - Ciloy)?
X(J: 0 0 ) P(J: ( 0 0) 2 ) Rk:Ugﬂ (45)
UmaxI3><3

0 0 tr B

Qk = [ 1 ]7 Pk = (Qk) , w = 0.05, (46)
0 3503x3 tr(Qr) + +/tr(JiPeJ )

where
O(ArX + By F(X)) O3x3 I3xs
Ji £ 0X _ T loxeth —(LI + 35, 8T —02) —20| (47)
Xk T8k IE 73%3 T 5,5 2 k2k

The performances of ESKF and traditional SVF are compared in Figures 2-4. According to Figure 2,
both ESKF and traditional SVF perform well when the size of uncertainty is small (C1). We increase
the size of the uncertainty from C1 to C2 with the fixed parameters of the filters. Figure 3 shows
that the estimation error of ESKF remains small while the estimation performance of traditional SVF
deteriorates. We continue to increase the size of the uncertainty to an unbounded uncertainty as C3.
Figures 4 and 5 show that although unboundedness of Ap(t) leads to the divergence of system, the
estimation of ESKF performs well while the estimate of traditional SVF becomes divergent. It indicates
that ESKF achieves better filtering results than traditional SVF in the case of large uncertainty or even
unbounded uncertainty. Furthermore, the uncertainty Fj, can be timely estimated by ESKF for improving
the estimation performance, as the estimation performance of Fj shown in Figures 2—4. This is the reason
why ESKF can tolerate larger uncertainties than the traditional SVF. Additionally, Figure 6 presents
the curves of the diagonal elements of Py and the curves of the mean square estimation errors (MSE) for
ESKF obtained from simulation for 100 times in C2. Obviously, the MSE of ESKF, being accordance
with our theoretical result, is bounded by the diagonal elements of Py, for ESKF. Besides, as the curves of
Py elements can better reflect the MSE of ESKF, Py can be treated as the accuracy evaluation of ESKF.
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Figure 2 (Color online) The MSE of ESKF and SVF for C1 (Example 2).
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5 Conclusion

This paper proposes the ESKF aiming to solve the filtering problem for a class of nonlinear time-varying
uncertain systems. The essence of ESKF is to actively estimate the “total disturbance”, which lumps
model uncertainties and unknown disturbances, for better robustness and higher estimation precision.
Thus the stability of ESKF can be assured for uncertain nonlinear systems under a weaker condition,
rather than the conditions of true model, small enough initial estimation error and noise. Additionally,
the paper shows that the estimation precision can be timely evaluated through the filter parameters.
Moreover, when the uncertainty is constant, ESKF asymptotically tends to the unbiased minimum vari-
ance filter. The simulation results on two typical examples illustrate the effectiveness of the proposed
filter.

This paper offers a new idea to handle nonlinearities and uncertainties by the extended state design of
filters. Besides, the paper also optimizes the gains of ESO for stochastic uncertain system. We believe
this work will have a huge impact on both nonlinear filter and ESO.
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Appendix A Proof of Lemma 1

Sufficiency. If (Ag, Cf) is uniformly observable, then for any A € R, rank [“ . A’“] =n+1l, Vk=0,1,....

Ck

From (3), there is

Thus

M — A, —DBy
rank 0 M—I|=n+1l, VANER, Vk=0,1,.... (A1)
Ch 0
M — Ay,
rank 0 =n, VAER, VE=0,1,.... (A2)
Cr

Therefore, (A, Cy) is uniformly observable.
In addition, let A = 1, there is

I— A, —By,
rank 0 0 | =n+l, VE=0,1,.... (A3)
Ch 0

Necessity. Otherwise, if (A, C}) is uniformly observable and rank [I ;,:’“ 7?’“] =n+1, for any A\ € R, there is

AN —A
rank _ Tk =n, Vk=0,1,.... (A4)
Ck



Bai WY, et al. Sci China Inf Sci  April 2018 Vol. 61 042201:14

Thus for any A € R and A # 1, there is

M — A, —By M—-A, 0
rank 0 A — 1| =rank 0 M—I|=n+l,Vk=0,1,.... (A5)
C 0 Ch 0
Besides, if A = 1, there is
A — Ak 7Bk I— Ak 7Bk
rank 0 A — I| =rank 0 0 | =n+l (A6)
ék 0 ék 0

In conclusion, for any A € R, we have

M — A, —By
rank 0 M-I =n+l, VE=0,1,.... (AT)
Cr 0

Therefore (Ag, Cy) is uniformly observable.

Appendix B Proof of Theorem 1

From (19), it is obvious that the selection methods of the parameters Py, Rp, Qik, Q2,%, 0 endow ESKF with the
consistence property, that is, E(ekeg) < P

Next, we will prove that {P}}7° ; is uniformly bounded.

From (27) Pj, can be expressed as

T
Pj1 = (\/1 T0A, + K1+ GCk) P, (\/1 104, + K1+ eck)
1
+ KRR KT+ (1+ 5) Q1,x + Q2 (B1)

Since (V14 0Ag, V14 0Cy) is uniformly observable and {Ry}%° ,, {Q1x}72;, {Q2,k}72, are uniformly bounded,
{Py}72, is uniformly bounded? .

Appendix C Proof of Lemma 2

Assume Py and Py denote the Py under the situations of (Py, Q7 o, Q3 . I%5) and (Py*, Q7% @37, Rg*) in (25)—(28),
respectively, and the corresponding K are K* and K** respectively. From

Po" < Po™, Q10 <@, Q30<Qzp Ry<Ry,
it is obvious that
Pi* =(1+40) (Ag + K§*Co) P (Ao + K5 Co) T + KRy Ki*T + (1 + %) 10+ Q3%
>(1+0) (Ao + K§*Co) P (Ao + K§*Co)T + K§*REKG™ T + (1 + %) Qi o+ Q30 (C1)
From (23), we can get
g =argagin { (1-40) (Ao + KoCo) P§ (Ao + KoCo) + KoRsKo™ + (145 ) Qio+ @3 }- (©2)
Thus

1
PP S(L40) (A4 K30V P (A+ K50)T + KgRog ™ + (14 7) QLo+ Q3o = Y- (©3)

Therefore, P < P/*. Repeating this procedure, we get

P; < P (C4)

3) Anderson B D O, Moore J B. Detectability and stabilizability of time-varying discrete-time linear systems. SIAM J
Control Optim, 1981, 19: 20-32.
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Appendix D Proof of Theorem 2

For the constant A, B, C, R, the unbiased minimun variance estimation (the estimation of KF) for [X]T F[I]T satisfies

X X _ X
A T Rl N o Aol R (D1)
Fita Fy Fy,
Ky =—-AP,CT(CP,CT + R) 7, (D2)
Proy1 = (A4 KyCO)Po(A + KiO)" + KxRE} + Qo, (D3)
X E(X _ E((Xo — Xo)(Xo— X0)™) 0
Xo| _ |B(X0)| 5 ((Xo = Xo)(Xo = Xo)") 0| (D4)
Fy Fy 0 0

According to the property of KF [1], Py is the minimun variance of (x7T FE}T. From calculating, we can get the limit
of Py, satisfying

lim Py, = P = [P“) 0}, (D5)
k— o0 0 0

where p(l) is the unique positive solution for the following Riccati equation:
]5(1) = — A_p(l)éT(éP(l)C'T + R)ilép(l)AT + A_P(DAT —+ S, (D6)

provided that (A4, C, S) satisfies the observability and controllability conditions [1].
As for ESKF, from F(X(t),t) = Fo it can be verified that

G =0, GXk,k)=0, Vk>0. (D7)
Thus ESKF with @, = 0 becomes
{X} 4 N K, (yk e {XD (s)
Fiiq Fy, Fy
K, =—-AP,CT(CP,CT + R, (D9)
Pip1 = (A+ K,C) Py (A + KxO)T + K REK, T 4 Qo, (D10)

which equals to KF algorithm. However, since Fp is unknown, the initial estimation ﬁ'o of ESKF may be biased. In this
case, we will prove that ESKF (D8) tends to the unbiased minimum variance estimation, i.e.,

lim E(erpel) =P, lim E(eg) =0. (D11)
k— oo k— oo
Since Py is bounded (see Theorem 1), there exists a converged subsequence {Py;}72; such that

lim Py, = P. (D12)

j—o0
Besides, P satisfies the following equation:
P =—APCT(CPCT + R)71CPAT + APAT 4+ Q-. (D13)
According to the expression of A, C, Q2, we introduce the natural block stucture
P, P,
P= |: (L) nxn (172)n><l:|. (D14)

T
P(1,2)lxn P2,2),5,

Thus, (D13) can be rewritten as

Puyy =APq A" + APy o) BT + BP} 5)A" + BPo 2B + S

— (AP31)C" + BPY 5 C")(CPuyCT + R) ™ (APy,1)C" + BP( 5)CM)", (D15)
P(1,2) = — (AP(LUC_'T + BP(’Il"Q)C_'T)(C—'P(Ll)C'T + R)ilc_vp(l’g) + A_P(Lg) + BP(ng), (D16)
P(Q’Q) :P(Q’Q) - P(’I1‘72)C_'T(C_vp(1’1)c_”r + R)ilc_’P(l,Q). (D17)

From (D17) and CP(;,1yCT + R > 0, we known that
CP,2) =0. (D18)
Then substitute (D18) into (D16), we have

(I - A)P(LQ) - BP(272) = 0 (D19)
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I

M A] is full column rank. Take A = 1 so that [ EA 705] is full column

Since (A, C) is observable, for any A € R, [
rank. Therefore, we can conclude from (D18)—(D19) that
P12y =0, P2 =0. (D20)
Substituting (D20) into (D15), we can get P(; 1) satisfying
Pa1y =— APy 1) CT(CPy 1 CT + R)TICPy 1) AT + APy 1y AT + 8. (D21)
Since (A, C, ) satisfies the observability and controllability conditions, Py = 15(1) is the unique positive solution for
(D21). Hence,

P=P. (D22)
To conclude, all the converged subsequences of {Pk}?:o converge to P. Next, we will prove
lim P, = P. (D23)
k—oco

Let U¢:1{P1§j.) }]O'io denote the union of the converged subsequences of {Pj}72 ;. Suppose

{Pe}io\ {U1 {P,iy};} 0.

Since {Pk}gio\{uizl{Plgo};?‘io} is consistent bounded, there exists a subsequence satisfying
= S 1i=

(Pl Y21 € {Pe}To\ { U {r }fo},
i=1

such that

lim (o) = P.

i— 00

This contradicts P, ) € {Px}32 O\{Uizl{P]g) }22}. Thus

{Pe}Rzo\ { U {P,E?}fo} =0.
i=1

That is, every subsequence of {Pk}zozo converges to P, which yields (D23). From the property of P, and Py, the error
covariance of ESKF satisfies

Py, < E(epel) < Py (D24)
Therefore, from (D5) and (D23),
lim E(epef) = P. (D25)
k—oo

Since KF (D1)-(D4) is an unbiased minimum variance estimation with the covariance being Py, it is easy to see that
the estimation [XT FT |T is asymptotic unbiased, that is

lim E(ek) =0. (D26)
k—oo
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