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Abstract This paper studies the problem of multi-leader multi-follower coordination with proximity-based
network topologies. The particular interest is to drive all the followers towards the convex hull formed by the
moving leaders while producing cohesion behavior and keeping group dispersion. First, in the case of stationary
leaders, we design a gradient-based continuous control algorithm. We show that with this continuous algorithm
the control objective can be achieved, and the tracking error bound can be controlled by tuning some control
parameters. We apply the continuous control algorithm to the moving leaders case and show that the tracking
error bound is related to the velocities of the leaders. However, in this case, the algorithm has one restriction
that the velocities of the leaders should depend on neighboring followers’ velocities, which might not be desirable
in some scenarios. Therefore, we propose a nonsmooth algorithm for moving leaders which works under the mild
assumption of boundedness of leaders’ velocities. Finally, we present numerical examples to show the validity
of the proposed algorithms.
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1 Introduction

One theme in cooperative control is to assemble and coordinate individual physical devices into a co-
herent whole to perform a common task [1-4]. In particular, in the control community, containment
control has become one interesting research direction because cooperative control usually poses geomet-
rical constraints during agents’ movements. The objective of containment control is to drive a group of
agents to a particular area specified by another group. For example when a collection of autonomous
robots are to secure and then remove hazardous materials, the robots should not venture into populated
areas or in other ways contaminate their surroundings [5]. Potential applications of containment control
include combat and reconnaissance systems [6], hazardous material handling [7], and distributed mobile
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sensor networks [8], to name just a few. To enable these applications, some control capabilities need to
be developed, including group cohesion, collision avoidance, and connectivity maintenance.

Ref. [5] studies the containment control problem from a leader-follower point of view, where the theory
of partial difference equations is exploited and hybrid control schemes are proposed based on the stop-go
rule. Ref. [9] extends the results of [5] to the case of switching directed network topologies by using a
Lyapunov-based approach. For double-integrator dynamics, the distributed containment control problem
under the constraints that the velocities and the accelerations of the agents are not available was studied
in [10], where the control algorithms use only position measurements. Meanwhile, the finite-time con-
tainment control problem for double-integrator systems is discussed [11], where external disturbances are
tackled by the homogeneous control technique. Distributed containment control for nonlinear Lagrangian
systems is investigated in [12] for directed graphs and in [13] for flocking behavior. It is worth pointing
out that containment control with a leader-follower architecture is related to the leader-follower model
in the study of consensus problems, where algorithms are designed to drive all followers to track the
trajectory of a leader agent [14,15]. Meanwhile, the surrounding control problem, which can be seen
as the inverse problem of containment control, is also studied for both the fixed leaders case [16] and
time-varying leaders case [17].

In this paper, we aim at designing control algorithms for a team of agents which behave either as leaders
or followers. Assuming that the followers obey the single-integrator dynamics and the communication
graph depends upon proximity relations, the control scheme is based on the sum of potential functions
in order to achieve: (1) containment control (The followers asymptotically converge to the convex hull
formed by the leaders’ positions, up to a scaling factor, which can be tuned by some control parameters);
(2) persistent communication with the leaders (If a follower is initially within the transmitting range
of a leader, it will stay in the range afterwards); (3) group cohesion (The inter-follower distances are
upper bounded by a prescribed constant); (4) group dispersion and hence collision avoidance (The inter-
agent distances are lower bounded by a prescribed constant). For all the control algorithms, we provide
quantitative bound analysis for the containment control error, which expands our preliminary results
reported in [18].

In contrast with the containment control work in [5,9-12], the proposed algorithms have the following
advantages: collision avoidance, which has become an increasingly important point; connectivity main-
tenance, therefore no assumptions on the connectivity being imposed during the movements of agents;
group cohesion and dispersion, which lead to better system performance, are tunable by some control pa-
rameters. To guarantee collision-free movements, a potential function is constructed which incorporates
only the position information of the agents. This is different from the one constructed in [19] which relies
primarily on the velocity information. In contrast with the work in [20-22] on connectivity maintenance,
we derive an explicit bound on the potential force. This greatly facilitates the design and analysis of the
resulting system. There are three main differences which distinguish the current paper from the work
in [23-27]. First, we analyze in this paper the spatial configuration of the multi-agent system, i.e., we
derive the containment control error bound. This is the primary concern of the current paper and a
challenge in stability analysis due to the collision avoidance term and connectivity maintenance term
in the control inputs. Refs. [24,25] did not analyze the spatial configuration of the resulting system.
For example, Ref. [24] shows that the system converges to a local extremum of the potential functions.
However, it does not establish the relationship between the local extremum and the spatial configura-
tion. Although the spatial configuration of flocking behaviors is analyzed in [23], the results rely on two
conjectures which are not proved. Second, in the current paper, we derive a bound on the control inputs,
that is, ||u;(t)]] < os for some derived constant o4 and ¢ > 0. This greatly facilitates the design of the
algorithms because for some pre-specified constant o € R* one can obtain the parameters of the system
by solving the inequality o, < 0. Using the derived parameters to initialize the system, the inequality
lui(t)]] < o will hold for all ¢ > 0. Note that the boundedness of the control inputs is not considered
in [23,24,26,27], while Ref. [25] only shows that ||u;(t)|] < oo for all £ > 0. Third, there are also some
delicate but nontrivial technical differences between the current paper and the work in [23-25]. In [23],
the coupling term between the leaders and the followers uses absolute information (see Eq. (32) of [23]),
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while the current paper uses only relative information. The potentials of the secondary objectives are
required to be twice differentiable and radially unbounded in [25], while the potentials for containment
control in the current paper is neither twice differentiable nor radially unbounded. A more distinguished
difference is the second control algorithm of the current paper which uses the signum function that is not
presented in the literature discussed above.

The rest of this paper is organized as follows. In Section 2, we define the notation and describe the
problem to be studied. We solve the problem in Section 3 for the stationary leaders case and the moving
leaders case. For the moving leaders case, we introduce a nonsmooth control algorithm in Section 4 such
that the control objective is achieved as long as the leaders’ velocities are bounded. We present two
simulation examples in Section 5 to validate the theoretical results. Finally, Section 6 concludes this

paper.

2 Problem description

Let R denote the set of real numbers, R™ the set of n-dimensional real vectors, and R™*" the set of
m x n real matrices. Let I, € R™*" be the n-dimensional identity matrix, 0,, € R™ the vector with all
zeroes, and 1,, € R™ the vector with all ones. The subscripts of I,,, 0,, and 1,, might be dropped if no
confusion arises in the context. Let ® denote the Kronecker product. Throughout this paper, we use the
Euclidean norm, i.e., ||z £ vV#Tz. The convex hull of a finite number of points is the set of all convex
combinations of these points. For z € R? and S C R?, define ||z — S|| £ infyes ||z — y.

Consider a system of n agents. We divide the agents into two groups: Vi, and Vg, where Vi, denotes
the nonempty set of leader agents and Vg denotes the nonempty set of follower agents. The motion of
the leaders is described by

.ﬁl(t) = ’Ui(t), 1€ VL, (1)
where x;(t) € R? is the position and v;(t) € R? is the velocity of leader i. The motion of the followers is
governed by

&i(t) = w;i(t), i€V, (2)
where z;(t) € R? is the position and u;(t) € R? is the control input for follower i.

We assume that all the leaders and followers are equipped with transceivers. Let rr, be the transmitting
radius of the leaders. We denote the transmitting range of leader i by S;(t) = {y € R?||ly —x;(t)|| < rn},
i € V. Let rp < 71 be the transmitting radius of the followers. We denote the transmitting range of
follower i by S;(t) £ {y € R?|||ly—z;(t)|| < 7r}, i € V. If agent j is within the transmitting range of agent
i at time ¢, we write x;(t) € S;(t). Define the neighboring set N;(t) £ {j € VL, UVr|j # i, z:(t) € S;(1)}.
We use a graph G(t) = (V,E(t)) to describe the information flows among the agents, where V £ Vi, U Vg
and () = {(i,7)| =;(t) € Si(t)}. The subgraph Gr £ (Vr,Er(t)) depicts the information flows among
the followers with Ep(t) £ {(i,5)| z;(t) € Si(t),4,7 € Vr}.

Let co(V1,) denote the convex hull formed by the leaders. The main purpose of the paper is to design
control inputs for the followers such that:

(1) All the followers are driven towards the convex hull of the leaders, i.e.,

limsup ||z;(t) —coOVL)|| < ¢, i€ Vp, (3)
t—o0
where ¢ > 0 is a control parameter and limsup f(¢) is the limit superior of the function f(t).

(2) If follower i is initially within the transmitting range of leader j, then it will be within the trans-

mitting range of that leader for all ¢ > 0, that is,

li(t) — (O <rw, i€ Ve, jeV, (4)

for all (j,7) € £(0) and t > 0.
(3) The followers move cohesively as a swarm while preserving connectivity, that is,

|ai(t) — z; (1) < di, 0<di<rp, (5)
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for all (i,7) € £(0), i € Vp, j € Vg, and ¢ > 0, where d; is a control parameter.
(4) Group dispersion is maintained, i.e.,

||Ii(t) — xj(t)H > dg, 0<dy < dl, (6)

foralli € Vg, j € Vi, UVp, i # j, and t > 0, where dy is a control parameter. If Eq. (6) holds, then
collision avoidance is guaranteed.

3 Algorithm design and analysis

3.1 Algorithm design

To drive all followers towards the convex hull of the leaders, define

1 .
Vi1 £ 5 E bikai — ka2 + E bikT% , 1€V,
ke(NiNVL) ke(VL\N)

where b;;, > 0 are positive constants. It is worth noticing that f% = — ZkE(NinVL) bik(x; — ) is a
consensus type protocol that is widely used in the literature. The purpose of introducing the second term
in Vj; is to make the function continuous when leaders leave or enter the “neighborhood” of follower .

To keep group cohesion and to preserve connectivity between the followers, define

Viz £ Z aijsij(dij), i€ Vp,
JEW(0)NVE)
where 1
Sij (dij) 12 _ 40
301 — di
with d;; £ %sz - :cj||2 and a;; = aj; > 0 for all i € Vg and j € Vp. We can verify that s;; > 0 for
dij < 3d3 and s;;(5d3) = 0o. It can be shown that g;”J = (3d} —dij)? > 0 when d;; < 3d3}. Therefore,
the decrease of d;; will lead to the decrease of s;;. That is, s;; is an attractive function. Similar functions
have been used in the literature [20].
In addition, to preserve the connectivity between the leaders and the followers, i.e., (N;(0) N V) C

(N:(t) N V) for all i € Vg and ¢ > 0, define

Vis2 > awqin(di), i€V,
ke (N (0)NVr)
where )
(dy)) = —
%k( zk) %r% _dikv
with d;, = %H% — zx]|? and a;; > 0 for i € Vg and k € Vp,. The function gy, is of a similar form to that
of s;5, except that d; is replaced with rr,.
To achieve group dispersion, we introduce the following potential function:

Vz‘4éz Sy , 1€ VLUV,
7 rii(di)

where ¢;; = ¢;j; > 0, and r;; is given by

Lo Lo\’ Lo

ay | dij — 5dy | +az(diyg —5dy ) diy < 5T

ris (diy) =

1) 1] 1 1
2

1 1, 1,\°
ax (57“1% - §d§) + asz (57“1% - §d§) , dij > =1,
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Figure 1 An illustration of the function 7;; with the parameters: rp =1, d2 = 0.4, a1 = 0.84, a2 = —1.

for i,7 € VL, UVF and i # j. Here a; = as(d3 — r%) and ap < 0. Figure 1 illustrates the function r;.
Note that V4 is a repulsive force, which should be spatially distributed. Such function r;; satisfies
several key properties, as stated in the following lemma.
Lemma 1. The following properties hold for the function 7;;.
(1) ’I“ij(dij) > 0 for ||I1 — IJH > do,
(2) 7i;(d;;) is continuously differentiable with respect to d;;,
(3) r4;(dij) = 0 if ||2; — 2;]| = da,
(4) and ;5 (dij) = rij(3rd) for all ||2; — x| > rp.
Proof. (1) Note that ||z; — x| > d2 is equivalent to d;; > 1d3. Therefore, one can consider the two
cases: 1d3 < d;; < 3rd and di; > Lrd. If 2d3 < d;; < 1rd, then

1, 1.,\?
Tij = a1 dij — §d2 + aso dij - §d2
1 1.,\°
= a9 (d% — T%) (dij — 56[%) + as (dij — §dg)

1 1
= ay (dij — 5d§> <d§ —rp+diy — Edg) .

It follows from as < 0 and d;; — %d% > 0 that

1 1
rij 2 a2 (dlj — d%) <§d§ — 7“12_7 + 57‘%)
1
o <d” dg) (@3-
>0
If dij > %7‘%, then
2
1 1 1 1
T,Lj = a1 <§T‘% — §d§> —+ as <§T’%~ §d§>
2
1 1 1
= as (dg — 7’%) (57"12: §d§> + a9 (57"12: — §dg>
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(2) The partial derivative of r;; with respect to d;; is

1 1
Oy a1+ 2a; (dij - 56@) s dij < 57“12:,
ody; L
0, dij > = 2
To make gsi.j. continuously differentiable, it suffices to show
ij
Or
sz L, = 0’
8dij 2"

which leads to

1 1
a1 + 2as (Er% — 56[%) =0,
which is equivalent to
a1 = as (dg — r%) .
(3) If ||&; — @;]| = dg, then d;; = 1d3. It follows from (7) that r;; = 0.
(4) It is straightforward to verify that ri;(d;;) = ri;(57%) for all ||z; — x| > rp.

Note that if ||z; — z;|| = d2 for some i,j € Vi, U Vg, then r;; = 0, which yields Vi4 = oo

Define
Ve ZVqu D Vet ) Vaty Zm 8)
S% 1EVF i€VE
The control law is given by
v\ "
T = = ) | . 9
u ( 8:@) i€ Ve (9)

Egs. (8) and (9) yield

aSi'
U; = — Z bzk(l'z — l‘k) — Z aij 8d] (QL'Z — l‘j)

kEN; NV, FEN;: (0)NVr K
0q; 2 r”
kEN; (0)NVL, i j#i &4
for all i € Vg. Since
87“1']‘

one has

881"
Z bik(xi — xk) — Z aijaT-]-(Ii — Ij)

keN;NVL FEN: (0)NVE Y
an _92 or zg
_ Z aik@dik i — Tk) Z CijTi; o, (z; — ). (10)
kEN; (0)NVy, JEN;

Therefore, the algorithm defined by (9) is distributed.

Remark 1. It is possible to extend the control input design to the double-integrator agent model, i.e.,
Ti =0, U =U

where z;, v;, and u; denote, respectively, the position, velocity, and control input of agent i. In this
scenario, the consensus term of agents’ velocities should be added to the control input (10). If the
velocities of the leaders are constant, then a linear velocity consensus term, like JEN: (v; — v;), can
be constructed. If the leaders’ velocities are time-varying, then a nonlinear consensus term on velocities
might be needed.
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3.2 Analysis for multiple stationary leaders
In this subsection, we assume that the leaders are stationary, that is,
ve(t)=0, ¢t>0, kEeVL. (11)

Using (9) for (2) and (11) for (1), we obtain a system with a leader-follower architecture.

Lemma 2. Define

ei(t) S D bik (wit) — ak(t), i€ V. (12)

kEN; (t)NVL

IEN; () N VL # 0 and |le;(¢)|| = 0, then x;(t) € co(Vy).
Proof.  The proof is straightforward, and is hence omitted.

For notational convenience, define the distance between follower ¢ and the convex hull spanned by the
leaders co(V1,) as

ai(t) = ||lzi(t) — coVL)|, i€ Vr.
Let
a(t) £ ) i (), (13)

i€VE
which measures the distance from Vg to co(V,). If a(t) = 0, then all the followers are in the convex hull
spanned by the leaders. Define

buin(t) £ mi -
mln(t) 112%}1; Z bzk )
kEN; (t)NVy,
and
b (t) 2 -
max(t) ?61%? Z bzk
kEN; (t)NVy,
One has the following result.
Lemma 3. Define e(t) 2 [e](t),eq (1),... ,eﬁ;F‘(t)]T with e;(t) defined by (12). If bymin(tf) > 0, then

e 2

min

Proof.  Let

N 2okeN; (nvy, DikTr(t)
D keN; (v, Dik

Then e;(t) can be rewritten as

ei(t) = Z bir | (@i(t) — zi(t)),

keEN; (t)NVry,

which yields

lei@) = Yo bu | () =zl

kEN; (t)NVy,

By Lemma 2, we know that z;(¢) is in co(Vy,), which leads to

le) = | > b | ail®).
kEN; (t)NVy,
It follows that

ity < L0
Zk‘ENi(t)ﬂVL bik

?



Chen F, et al. Sci China Inf Sci  November 2017 Vol. 60 110204:8

which further yields

Jlea(®)|? eI _ eI
o< 2 S LR S R0
i€VE (ZkENi(t)ﬂvL bzk) i€VE

The following lemma shows that the control input given by (9) is bounded.
Lemma 4. For any i € Vg, the control input w;(t) given by (9) is bounded.
Proof.  For i € Vp and j € N;(0) N Vg, let $aijs:5(sy;) = V(0), where s}
value of the function V, defined by (8), at time 0. Since the function is monotonic, s

€ (0,1d?), and V(0) is the

;j is unique, and

1 1 x
5is8ijdij (O] S V(1) S V(0) = Faijsij(s3;)-
It follows that d;;(t) < sj; for all £ > 0. Define s* = max; ; s};. One has d;;(t) < s* for all ¢ > 0,
i € Vg and j € N;(0) N Vg, which leads to

1 1 .
§d§ —dii(t) > §d§ — 5", (14)

forallt > 0,7 € Vr and j € N;(0) N Vp.
Similarly, for all ¢ > 0, ¢ € Vg and k € Vi, one can show that

for some ¢* € (0, 377).

For i € Vy and j € N;(t), let %njc(gi) = V(0), with r}; € (3d3, 377). It follows that

which yields that d;;(t) > r;; for all t > 0. Define r* £ min; ; r;. We have
dij(t) 2 ’I“*7 (16)
forallt > 0,7 € Vp and j € N;(¢). In addition, for all ¢ > 0, i € Vp and j € (VL U Vp)\N; (%),

d”(t) = %7"12; > ¥,
In view of (14)—(16), it follows that

O SR ECRENCT R DI €1 S O) I EORO]

kEN; (t)NVL JEN; (0)NVr
—2
1

+ Y (g da®) a0 - a0l
keN; (0)NVL

_ 1
£ X e g0 o+ 20 (50 - 58 ) ls(0) 0]
JEN(t)

N

-2
1
%9 <m%xbik> rL + [Vr| <maxaij) (5(1% - 5*> 2s*
i i
1

—2
1 _
+i| { maxag | ( 577 —q* 2¢" +n (maxcy; ) (ri (r) 7> 2las| ( srp — 1" ) L
ik 2 4] 2
Os. (17)

(1>

Eq. (17) indicates that the bound on the control input can be tuned by choosing appropriate values of
bir, aij, air, and c;;.



Chen F, et al. Sci China Inf Sci  November 2017 Vol. 60 110204:9

For notational convenience, define

MUY aij%(m)xj(t)) )DL LIPS A

JEN(0)NVE keN; (0)NVL ik
o Oryj
2 7,
F3 e (g (40) 2 27 (0, 0) — 1), (13)
J#i Y
and let ¢ = [gf, 97, ... ’ngvFI]T' By using similar arguments to those in the proof of Lemma 4, we can

show that |/g;|| < o4, where
1 -2 1 -2
0y = |Vr|maxay; | =di — s* V2s* + V| maxagy, | =18 — ¢ 2q*
i,j 2 ik 2
*\\ —2 1 2 *
+nrri1&;xcij (ri; (r™)) 7 2|aq] oTF — 1) L.

Therefore, we have

lgll = \/H91H2 + g2l + - + llgpye 1> < VIVelog. (19)

We first consider the case where each follower has at least one leader as its neighbor at time 0.

Theorem 1. Use (9) for (2) with stationary leaders. If initially ||z;(0) — z;(0)|] < dy for all (4,)
€ £(0), 4,5 € Vr, [|z;(0) — 2;(0)|| > ds for all 4,5 € Vi, U Ve, @ # j, and N;(0) NV, # 0 for all i € Vg,
then

(1) for all t > 0, ||z (t) — x;(t)]| < ri for all (4,5) € £(0), ¢ € Vi, j € Vg, ||xi(t) — z;(t)| < di for all
(1,7) € £(0), 4,5 € Vi, and ||a;(t) — x;(t)|| > d2 for all ¢, j € Vi, U Vr, i # J;

(2) N;(0) S N;(t) for all £ > 0 and 4 € V;

(3) limsup,_, ., a(t) < [Vi| (max;  bix) b;?n(0)|VF|ag.
Proof. (1) Use V, defined in (8), as a Lyapunov function candidate. Because ||z;(0) — z;(0)| < r, for
all (i,7) € £(0), 7 € Vi, j € Vr, ||2:(0) — 2;(0)|| < dy for all (i,5) € £(0), i,5 € Vp, ||2;(0) — 2;(0)|| > do
for all i,5 € VL, U Vp, i # j, it follows from (8) and Lemma 1 that V(0) < co. Since

: oV v (V"
v Z 8:@ i Z 8:@ (8:@) = 0, (20)
1€ VF i€VFR
it follows that for all ¢ > 0,
V(t) < V(0) < oc. (21)

Suppose that at time t1, ||z;(t1) — 2;(t1)]| < d2 for some 4,j € Vi, U Vp. Because agents are moving
continuously, there exists a time to < t1 such that ||z;(t2) — x;(t2)|| = dz2, which indicates that d;;(t2) =
1d3. Therefore, one has

lim V(t) = oo,

t—to

which contradicts (21). Similarly, we can prove that ||z;(¢t) — z;(¢)|| < r, for all ¢ > 0, (4,5) € £(0),
i€V, j €V, and ||zi(t) — z;(t)]| < di for all t > 0, (¢,7) € £(0), ¢,7 € Vr. The proof of the first part
is thus completed.

(2) Let j € NV;(0) be a neighbor of follower ¢ at time 0. If j € Vg, then step (1) of this theorem yields
[lzi(t) — z;(t)]] < di < rp forallt > 0. If j € Vi, one has ||z;(t) — z;(¢)|| < rr, for all ¢ > 0. It thus
follows that j € N;(t) for all ¢ > 0, which indicates that A;(0) C N;(¢) for all ¢ > 0.

(3) Because NV;(0) NV, # 0 for all i € Vp and N;(0) C N;(¢t) for ¢ > 0, one has byin(t) > 0. Define

E(t) 25 3 eFbeilt) (22)
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with e;(t) defined in (12). The derivative of E(t) is given by

E(t)= ) el (t)é(d). (23)

1€EVR

Because @ (t) = 0 for all ¢ > 0 and k € Vp, one has

Gty = D badi(t) = S b | (i) —ei(t) (24)
kEN; (t)NVy, kEN; (t)NVL
which yields
E(t) = Z - Z bir | ef (H)ei(t) + Z bir | e (t)gi(t)
i€EVE keN; (t)NVL, i€VE \kEN;(t)NVL
T 1 T T ei(t)
<Y -0 X wa|dwam+ Y S| X ba | (0,67 0)
i€Vp kEN; (HNVL i€Vp kEN; (H)NVL 9i(t)
1
=3 > - ST b | el (Deslt) + S b | g W) |,
1€EVF keN; (t)NVL, keN; (t)NVL,

where g¢;(t) is defined in (18). Define

B(t) £ diag S b > bakeeo > by s (25)

keEN7 (t)NVL keEN2(t)NVL EEN v ()NVL
it follows from (25) that
E(t) < %(*eT(t)(B(t) ® I)e(t) + 9" ()(B(t) ® I)g(t))
< %(*bmin(t)lle(lﬁ)H2 + bmax(t) |9 (£)]1%)- (26)

If |le(t)]]? > %’:égﬂg(t)ﬂa Eq. (26) yields E(t) < 0, which further leads to

bmax(t)
bmin (t)

bmax t .
< | limsup ®) (thUP ||9(t)|)
t—00 bmln(t) t—00

< \/HmsuptHOO bimax(t)

lim inf;—, oo bimin ()

lg(®)ll

limsup |le(t)]] < limsup
t—o0 t—o0

<lim sup ||9(t)|> : (27)
t—o0
For i € Vr and g(t) > 0, one has

Z bir = Z b,

keEN; (t)NVL keN; (0)NVry,
because the connectivity between the leaders and the followers is preserved. It follows that
bmin(t) 2 bmin(o)a

which indicates
lim ll’lf bmin(t) = bmin(o)- (28)
t—00
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It thus follows that

li bmax t .
imsup e(t)] < 1 220 bl (s )
t—o0 bIIllIl(O) t—o0

V1| (max; g bir) ( . >
< /B PR (imsu .
b (0) m Sup lg(@)ll

By Lemma 3,

t—o0

limsup a(t) < limsupb_ 2 (0)[le(t)]|* < VL] <m%xbik> b3 (0) <limsup |g(t)||2) .
t—o0 ) t—o0
In view of (19), it is straightforward to obtain that

limsup a(t) < Vi <m£]%€X bik> b;?n(0)|vp|0§. (29)

t—o0

Remark 2. From (27) and (29), one knows that to control the bound on limsup,_, |le]|,

(1) one can control the parameters b;; such that ll’)"& is as small as possible. However, since

min

bmax = bmin, the best result that can be obtained is bmax — 1, which means that for all 7,5 € Vg,

(Crenz 0wy, bik) = ke, 0w, bik)s or

(2) one can control the parameters a;;, ¢i;, bik, and a;; to make o, smaller. In addition, notice that
limg,; e, bix,ai—00g = 0. Therefore the constant ¢ in (3) can be specified a priori.
Remark 3. Theorem 1 says that the tracking error under the proposed containment control algorithm
is ultimately upper bounded, where the bound is given by |Vi| (max; x bix) b:n?n(O)|VF|ag. Although the
result is only “bounded”, it offers the required flexibility of tuning the tracking error to facilitate practical
applications. For example, one can increase the value of b;, (the coupling between followers and leaders).
In this case, b2 (0) decreases, while max; j b, increases. Since the higher-order term b_? (0) dominates
the tracking error bound, the tracking error will decrease. Therefore, in order to make the tracking error
arbitrarily small, one can choose a sufficiently large value of b;y.

In Theorem 1, it is required that each follower has at least one leader as its neighbor at time 0. This
condition can be relaxed by assuming the connectivity of Gz(G(0), Vr), the induced subgraph of G(0),

which describes the information flows between the followers at time 0.

Theorem 2. Use (9) for (2) with stationary leaders. Assume that Gz(G(0),Vr) is connected, and
K 2 {i € VeIN;(0) NV # 0} # 0V, TIf |l2:(0) — z;(0)|| < dy for all (i,5) € £(0), i,5 € Vg, and
[lz:(0) — 2;(0)|| > do for all 4,5 € Vi, UV, i # j, then

(1) for all t > 0, |l@i(t) — x;(¢)|| < ro for all (4,5) € £(0), ¢ € Vi, j € Vp, ||zi(t) — x;(¢)| < di for all
(1,7) € £(0), 4,j € Vi, and ||a;(t) — x;(t)|| > d2 for all ¢, 5 € Vi, U Vp, i # j;

(2) Gz(G(t), Vr) is connected for all t > 0;

(3) for any j € Vg, limsup,_,, aj < (|[Vr| — 1)d1 + 0.

Proof. (1) The proof of this part is similar to that in Theorem 1, and is hence omitted.

(2) For any edge (i,7) € Er(0), where Er(0) is the edge set of Gz(G(0), Vr), one has ||z;(0) — z;(0)| <
dy < rp. From the first part of this theorem, one knows that ||x;(t) —xz; ()| < d1 < rg for all (i, 5) € Er(0)
and t > 0, which yields (i,7) € Er(t) for all ¢ > 0. Therefore, one can obtain Ex(0) C Er(t). Since
Gz(G(0), Vr) is connected, one knows that Gz(G(t), Vr) is connected for all ¢ > 0.

(3) Let

= in (1 : 30
i argkmelg(lgijplgkl (30)

1) Equivalently, the graph for the followers is connected, and at least one follower is within the transmitting range of a
leader at time 0.
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Define
E,L' = —eiTei, (31)

which yields

keN; (0)NVL,

Since K # (), one has ZkeNi(O)nvL b;r. > 0. It follows that

B =- > b efet > b el

kEN; (0)NVL kEN; (0)NVL
< - Z bir | el e —|—l Z bir | (ef gi) “
X ik i Gy ik i i _
kEN; (0)NVL kEN; (0)NVL v

o D SR N ) 2)

keN; (0)NVy

If [le;]|? > ||gi]|%, then E; < 0. It thus follows that
lim sup ||e;|| < limsup ||g;|| = min {hmsup |gk|} .
t—00 t—00 ke K t—00

Since Gz(G(0), Vr) is connected, for any j € Vp and j # 4, there is a path from node j to node i in
Gz(G(0), V). Because Gz(G(0),Vr) C Gz(G(t), Vi) for all t > 0, this path is preserved. Suppose that the
path is 7,71, ..., Jp, i, where p < |Vp| — 2. It follows that

l2; — coVL)ll < Il — @il + [lzs — co(VL) |
= (@ = @50) + (@, — 50) + -+ (@5, — )| + llws — co(VL)||
< (Ve = Ddy + [z — co(VL) . (33)

Therefore, one has

limsup a; £ limsup ||z; — co(VL)||
t—o0

< (|[Vr| = 1)d in < li

(Ve = 1) + pig s
< ([Vr| = D)dy + os.

3.3 Analysis for multiple moving leaders

In this subsection, we consider moving leaders, i.e., 24 (t), k € V1, is time varying. We assume that ||vg]|,
k € V1, is bounded. Define

hi® > bawk, i€V, (34)
keN; (0)NVy,

where vy, is given in Eq. (1), and let
h&[hi hy . by )T (35)

In addition, define
Ry 2 /|Vr||VL| max b, max sup ||vg]|.
ik keVvry,

The first result in this subsection is stated below.
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Theorem 3. Use (9) for (2) with moving leaders. If initially ||«;(0) — z;(0)|| < d; for all (¢,7) € £(0),
i,5 € Vr, [|2:(0) — x;(0)|| > ds for all 4,5 € Vi, UVr, ¢ # j, bmin(0) > 1, and

) 1 V. av '
1€NL ()NVEe [N;()NVL] \ Oz Ox;
oV [ ’

lor(®)]] <

t>0, keVy, (36)

then

(1) for all t > 0, ||z (t) — x;(t)]| < ri for all (4,5) € £(0), ¢ € Vi, j € Vg, ||xi(t) — z;(t)| < di for all
(i,7) € £(0), i, j € Vi, and ||z;(t) — x;(t)|| > dg for all i, 5 € Vi, U Vp, i # J;

(2) N;(0) C N;(t) for all i € Vg and t > 0;

. [VL|(max; i bir)|Ve|o2+h2,
(3) hmsupt%oo () bm12n(0) - ,jm(g) lF :

Proof. (1) and (2) From (36), one knows that

1 ov (v "
[ERGIEES 7—(—) L >0, ke,
H IEN DNV |~/\/z (t) n VL| Ox; \ Ox;

which leads to

- v . ov [av\"
V= Z 8—%:%* EV: 0z, (axl)
D D —L <5_V>T S (W)T
keVy i€eNNVE |M N VL[ O \ Ox; i€EVF dxi \ Ox;

< 0.

N

By using the same arguments as those in the proof of Theorem 1, the first two parts of this theorem
can be proved.
(3) Define E as in (22). Because

€ = Z bir (& — &p) = Z bir (95 — €i — k),

kEN; (0)NVL keN; (0)NVL
one has
: T T T
E=3 - > bafelatd | D bw|ela-d e | D buu
1€VE k‘GNi(O)ﬁvL 1€EVE keNi(O)va 1€VFE kENi(O)ﬂvL

It thus follows that

E = Z - Z bir | i ei + Z bir | €l gi — i hs
1€Vp keEN; (0)NVy, kEN; (0)NVy
1 e;
: z (2 waae s 3 wen()
i€EVF kEN; (0)NVy i€EVF kEN; (0)NVy, 4
zEVF i
1
=3 (=e"(B® I — Iy )e+ g (B® I2)g+ h'h)
1
<3 (= (bmin = Dllell® + bmaxllgl? + [|1]%) - (37)

From (37), one knows that if by, > 1 and

bmax|lg]|* + [I2[|?

2
ell” >
H || bmin -1 ’
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then E < 0. Therefore,

bmax|lg]|* + Ihl2) .

limsup ||e||? < lim sup (
t—oo t—o0 bmin — 1

It follows from Lemma 3 that

bax 911> + || 1]
lim sup o < lim sup (bmfnw) . (38)
t—o0 t—o0 bmin -1
We can show that
Pl < VL] max b, max sup [|og |,
which leads to
2]l < Ao
Therefore, from (38), one can conclude
brmax S+
limsup o < b, 2 = Velos + o, (39)

t—o0 bmin — 1

Remark 4. (1) The condition (36) implies that, to achieve containment control, the leaders cannot
move arbitrarily fast. How fast a leader can move is determined by the velocities of its followers. If the
leaders are cooperative (move according to the velocities of its neighboring followers) and the followers
can transmit its velocities to their neighboring leaders, then Eq. (36) can be satisfied. Even if there
exists communication failure at some time instants, the leaders can stop and wait until they receive the
velocity information from neighboring followers.

(2) Compared with Theorem 1, containment control for moving leaders is more difficult because it
requires an additional condition that bn;, > 1. This means that the coupling strength between each
follower and the leaders at time 0 should be larger than 1. At the same time, the bound on « is larger
than that for the stationary leaders case as indicated by (39).

(3) For the system with moving leaders, the bound on « is also related to the velocities of the leaders.
The larger h;, © € Vi, the larger the bound.

By arguments similar to those in the proof of Theorem 2, the condition b,i, > 1 can be relaxed by
assuming the connectivity of Gz(G(0), Vr), where Gz(G(0), Vr) is the induced subgraph of G(0).
Theorem 4. Use (9) for the system (2) with moving leaders. Assume that Gz(G(0), Vr) is connected
and there exists a follower ¢, which satisfies (ZkeNi(o)va bir) —1 > 0. If Eq. (36) holds, then

(1) for all t > 0, ||z (t) — x;(t)]| < ri for all (4,7) € £(0), ¢ € Vi, j € Vp, ||xi(t) — z;(t)| < di for all
(i,7) € £(0), 4, j € Vi, and ||z;(t) — x;(t)|| > dg for all i, 5 € Vi, U Vp, i # J;

(2) Gz(G(t), Vr) is connected for all t > 0;

(3) for any j € Vr,

. (ZkeNi(O)va bik) o} +h3,
limsup a; <
t—o0 (ZkEM,(O)ﬁVL bzk) —1

+ (V| = 1)dx.

Proof.  The theorem can be proved by arguments similar to those in the proof of Theorem 2.

4 A nonsmooth control algorithm

In the last section, condition (36) is imposed for the moving leaders case. This condition implies that
to guarantee containment control, the leaders should not move too fast. How fast the leaders can move
depends on how fast the followers move. This is another form of the stop-and-go policy, which might not
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be desirable in some scenarios. In the following, we employ a nonsmooth control algorithm to relax the
condition (36). The new control law is designed to be

av\"

811-

av\"
u; = — (8:62) — fBsgn

for i € Vp, where sgn(-) is the signum function defined entrywise.

Theorem 5. Use (40) for the system (2) with moving leaders. If the conditions of Theorem 1 hold,
bmin > 1, and 8 > maxyey,, sup ||vg|/, then

(1) for all t > 0, |l@i(t) — x;(¢)]| < ro for all (4,5) € £(0), ¢ € Vi, j € Vp, ||i(t) — x;(¢)| < di for all
(1,7) € £(0), 4,5 € Vi, and ||a;(t) — x;(t)|| > d2 for all ¢, 5 € Vi, U Vr, i # j;

(2) N;(0) C N;(t) for all i € Vg and t > 0;

. 2 b Vel(o?+6%) +h2,
(3) lim SUPy_soo O bmln bmin—1

Proof. (1) and (2) Let V;; be the sum of the coupling terms between x; and z; in V. It follows that

DDV ~ED DI -EDIPIE

’LGVF i€VF jEVLUVER i€VF jJEVFE i€VF jEVL

It is straightforward to verify that
Vij
2. T = (41)
i€VF jJEVFE

which yields

av vy av” oV
DI 3 3 T 914 ®

ievp 1€EVF JevL 1E€EVR JevL JEVL

Using (42), one has

. ov oV
V=3 () 2 ()
kevy Oz eV Oz
oy <av> <av>Tﬁ
A é)xi é)xi
1EVE

3 o
1€EVF axi

If 8 > maxgey, sup ||vg||, then V < 0. The first two parts of this theorem are proved.

(3) For system (40), one has

€ = Z bik(#; — o)
keN;(0)NVy,

= Z bir(g: — e; — Psgn(e; — gi) — o),

keN; (0)NVL,

< max sup lox

keVy (43)

ov

1€EVR

which yields

E < 5(~(bmin — el + buaxllg — Bsgnle — g)[I* + [|2]%).

N |

Thus, one can conclude that

maxllg — Bsgn(e — g)|I* + [|2[?
t—00 t—o00 min bmm - ]-
< bmax|Ve|(03 +26%) + h3,

min bmln _ 1

b
limsupa < limsupb_ 2
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Figure 2 Snapshots for the stationary leaders case. The leaders are denoted by “¢”, while the followers are denoted by
“*7  The parameters are specified as follows: r, =5, rp = 1,d; = 0.8, d2 = 0.4, a2 = —1, a1 = as (d% — r%), b = 1 for all
ite€Vpand k€ (M;NVL). (a) t=0s; (b) t=0.25s; (c) t=0.75s; (d) t =1 s.

Theorem 6. Use (40) for the system (2) with moving leaders. Assume that Gz(G(0), Vr) is connected
and there exists a follower i satisfying (3¢, o)y, bik) —1 > 0. If B> maxyey, sup [[vgl|, then

(1) for all t > 0, ||z (t) — x;(t)]| < ri for all (4,5) € £(0), ¢ € Vi, j € Vg, ||i(t) — z;(t)| < di for all
(i,7) € £(0), i,j € Vi, and ||z;(t) — x;(t)|| > dg for all 4,5 € Vi, U Vp, i # J;

(2) Gz(G(t), Vr) is connected for all t > 0;

(3) for any j € Vg,

i (ZkeM(O)va bik) (02 +242%) + h2,
limsup aj <
e (ZkeNi(o)va bik) -1

+ (Vo] = 1)ds.

Proof.  The theorem can be proved by arguments similar to those in the proof of Theorem 2.

5 Simulation results

5.1 Example 1: stationary leaders

We first present a numerical example for stationary leaders. The example includes 4 leaders and
6 followers. Figure 2 shows the snapshots of the movements. Initially, the states of the agents are gener-
ated in such a way that ||z;(0) —z,(0)|| < di for all (i,7) € £(0), i,7 € Vr, and ||2;(0) —x,(0)| > d2 for all
1,] €EVLUVg, i # j. As can be seen in Figure 2, all followers move toward the convex hull of the leaders
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Figure 3 (Color online) Stationary leaders: the trajec- Figure 4 (Color online) Stationary leaders: the trajec-

tory of |lz; — x| for (4,5) € £(0), ¢ € Vp and j € Vg with  tory of ||a; — x| for all 4,5 € Vi, U Vp and i # j with the
the dashed line ||z; — =] = d1. dashed line ||z; — zj|| = d2.

”xi_x/ ” (m)

0 05 10 15 2.0 25 3.0 35 40 45 50
Time (s)

Figure 5 (Color online) Stationary leaders: the trajectory of ||z; — x| for (i,5) € £(0), i € Vi, and j € Vg with the
dashed line [|z; — z;|| = 7.

while avoiding collision. Figure 3 gives the trajectory of ||x; — z;|| for (7,75) € £(0), i € Vp and j € Vp.
The dashed line is the curve of ||z; — x;|| = di. It is clear in Figure 3 that ||z; — x;| < d; for all ¢ > 0.
Figure 4 shows the trajectory of ||x; — x;|| for all 4, j € Vi, UVr and i # j. The dashed line is the curve
of ||z; — x| = da2. It can be observed that ||z; — x;|| > ds for all 7,5 € Vi, UVp, ¢ # j and ¢t > 0. Figure 5
gives the trajectory of ||z; — x;| for (i,7) € £(0), i € Vi, and j € Vp. The dashed line is the curve of
[lx; — x| = ri. It is clear in Figure 5 that ||z; — x;| < 7y, for (i,5) € £(0), i € Vi, j € Vp and ¢t > 0.

5.2 Example 2: moving leaders

The second example involves moving leaders. The parameters are set to the same values as those in the
stationary leader case except that r;, = 8. The reason for enlarging 7y, is to ensure that every leader has a
neighboring follower initially. The leaders move with the same speed. In particular, v, = [1,1]T, k € V.
As can be seen in Figures 6-9, the followers move toward the moving convex hull formed by the leaders
while producing swarming behavior, keeping group dispersion, and maintaining connectivity.

6 Conclusion

In this paper, we have proposed distributed control strategies to drive a group of follower agents to the
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Figure 6 Snapshots for the moving leaders case. (a) t =0s; (b) ¢t =0.25s; (¢) t =0.75s; (d) t =1s.
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Figure 7 (Color online) Moving leaders: the trajectory Figure 8 (Color online) Moving leaders: the trajectory
of [|x; — x4 for (i,5) € £(0), ¢ € Vp and j € Vg with the  of ||z; — ;|| for all ¢, j € Vi, UVE and @ # j with the dashed
dashed line [|z; — x;|| = d1. line ||z; — x| = da.

convex hull spanned by some leader agents, while producing swarming behavior and keeping group dis-
persion. In the stationary leaders case, we have designed a gradient-based continuous control algorithm.
We show that, with the continuous algorithm, the control objective can be achieved and the tracking
error bound is tunable through some control parameters. We applied the continuous control algorithm
to the moving leaders case and showed that the tracking error bound is related to the velocities of the
leaders. For the moving leaders case, the continuous algorithm has the restriction of the velocities of the
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Figure 9 (Color online) Moving leaders: the trajectory of |lz; — ;]| for (¢,5) € £(0), i € Vi, and j € Vp with the dashed
line ||z; — x| = rr.

leaders being dependent on neighboring followers’ velocities, which might not be desirable in some sce-
narios. Therefore, we proposed a nonsmooth algorithm, which works under the mild assumption on the
boundedness of leaders’ velocities. In all cases, we show that collision avoidance is guaranteed. Finally,
we have provided numerical examples to show the validity of the derived results.

Future works may include: the design of continuous containment control algorithms that are capable
of tracking time-varying leaders with bounded velocities, the consideration of the effect of time delay in
collision avoidance and connectivity maintenance, the extension to the double-integrator agent model,
and the discrete-time implementation of the proposed containment control algorithms.
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