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Abstract All-coefficient adaptive control theory and method based on characteristic models have already been
applied successfully in the fields of astronautics and industry. However, the stability analysis of the characteristic
model-based golden-section adaptive control systems is still an open question in both theory and practice. To
investigate such stability issues, the author first provides a method for choosing initial parameter values and
new performances for a projection algorithm with dead zone for adaptive parameter estimation, and develops
some properties of time-varying matrices by utilizing some algebraic techniques. And then a new Lyapunov
function with logarithmic form for time-varying discrete systems is constructed. Finally, the author transforms
the characteristic models of some multi-input and multi-output (MIMO) controlled systems into their equivalent
form, and proves the stability of the closed-loop systems formed by the golden-section adaptive control law based

on the characteristic model using mathematical techniques.
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1 Introduction

Substantial theoretical progress has been made in the area of adaptive control since the first design of
autopilots for high performance aircrafts in the 1950s [1]. Despite the various applications, limitations
of adaptive control system still exist, such as the poor transient response, difficulties in guaranteeing
the convergence of the parameter estimation due to measurement inaccuracies, disturbances. Current
modeling and control theory are based on accurate dynamics analysis and mathematical description, and
the modeling and the control requirements are considered separately, which leads to the above mentioned
problems.

In order to overcome the aforementioned issues, an all-coefficient adaptive control method based on
characteristic model was proposed by Wu [2, 3] from the viewpoint of engineering applications. In the
last 20 years, this theory has been successfully applied to more than 400 systems belonging to 10 kinds of
engineering plants in the fields of astronautics and industry. It is worth mentioning that its application
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to the reentry adaptive control of a manned spaceship has achieved a parachute-opening point accuracy,
which is comparable with the best ones in the world [2,4,5]. The uniqueness of this method is that
does not depend on accurate dynamic models of controlled objects. It is a simple, adaptable, and robust
approach that addresses the prevailing issues in the implementation of adaptive control systems in some
way [6]. The key idea of the characteristic model is to use a low-order discrete time-varying system to
capture the core dynamics of a high-order nonlinear /linear system based on the main features of the plant
and the control demands [7].

This technique consists of three aspects [2]: (1) the all-coefficient adaptive control method, (2) the
golden-section adaptive control law, and (3) the characteristic model. It is noted that the golden-section
control law is a novel one, which has the prominent features such as simple construction and easy imple-
mentation.

This law uses the golden section ratio (0.382/0.618) to design controllers; details can be found in [2-4]
or in the next section of this paper. The problem of the stability of the golden-section feedback control
systems based on the characteristic model has received considerable attention since the all-coefficient
adaptive control theory and method based on characteristic models were proposed.

The robust stability of the golden-section control law for the case of a second order single-input and
single-output (SISO) linear invariant system was proved by Xie et al. [8]. The sufficient conditions
for the stability of closed-loop systems formed by the characteristic model-based golden-section control
law were provided by Qi et al. [9], Sun and Wu [10], and Sun [11], for SISO and 3-input-3-output
linear time-invariant systems, respectively. However, it is difficult to verify these sufficient conditions
in real systems. A stability analysis framework for adaptive control based on the characteristic model
was proposed by Wang [12] after investigating the minimum phase with exponential stability and SISO
nonlinear system with second relative degree. By using the stability results of the generalized least square
control system and the Jury stability criteria, Meng et al. [13] investigated the properties of the closed-
loop control system based on the golden-section control law for the characteristic model of a second-order
linear time-invariant continuous SISO system. Based on the stability result of the generalized least-
square control system [14] and the stability theory of matrix polynomial [15], Sun et al. [16] proved the
asymptotic stability of the closed-loop system involving the characteristic model-based golden-section
control law for a multi-input and multi-output (MIMO) minimum phase linear system. The coefficients
of the characteristic models discussed in [13, 16] are constants, and this type of characteristic model may
be merely suitable for second-order linear time-invariant continuous systems. However, the coefficients
of the characteristic models are generally time-varying.

In summary, the stability of the characteristic model based golden-section adaptive control system
has not yet been thoroughly understood due to two main factors, i.e., the time-varying nature of the
coefficients of the characteristic models, and the limitations in the parameter estimation theory from
the closed-loop system stability analysis viewpoint. The stability analysis, especially for MIMO systems,
remains a challenging problem for all-coefficient adaptive control theory despite its successes in practice.

In this paper, we address the above-mentioned difficulties and prove the stability of the closed-loop
systems formed by the characteristic model-based golden-section adaptive control law for MIMO systems
with small sampling period.

The rest of the paper is organized as follows. Section 2 describes the characteristic model and the
use of discrete orthogonal polynomials to approximate its time-varying coefficients. Furthermore, we
provide a golden-section control law based on the characteristic model. The main result is presented in
Section 3. In Section 4, we list the various auxiliary results used to proof of our main theorem. We
provide a numerical example in Section 5. Section 6 concludes the paper with a brief summary of our
contributions.

Throughout this paper, the notations used are mostly standard. I,, and O,, denote the n x n identity
matrix and n X n zero matrix, respectively. I and O denote the p x p identity matrix and p X p zero
matrix, respectively. The notation A > B (A > B) indicates that A— B is a positive semi-definite (positive
definite) matrix. Amin (4) and Apax (A) represent the minimum and maximum eigenvalues of the matrix
A, respectively. p(A) denotes the spectral radius of the matrix A. |la|| represents the Euclidean norm
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of the vector @ = (ay, as,...,a,)T € RP, ie., |la|| = |lalls = \/>_"_, |a;|?. Unless stated otherwise, ||A||

denotes the Frobenius norm of the matrix A = (a;;)pxp € RP*P, Le., [|A|l = |Allr = 1 2 hoy i
All vectors and matrices are assumed to be compatible for algebraic operations when their dimensions
are not explicitly stated.

Further notation will be explained when first introduced.

2 Problem formulation

Characteristic modeling is based on the plant dynamic characteristics and control performance require-
ments rather than accurate dynamic analysis of the controlled plant alone. The important features of
the characteristic model are listed as follows [2,4, 5,17, 18].

(1) The output of the characteristic model and that of the practical plant are equivalent for the same
input.

(2) The form and order of the characteristic model are mainly dependent on the control performance
requirements except the characteristics of the controlled plant.

(3) The form of the characteristic model is simpler than the dynamical equation of the original plant.

(4) The characteristic model is different from the reduced-order model of a high-order system, in
which all the information of the high-order model is compressed into several characteristic parameters.
Generally, the characteristic model is described by time-varying difference equations.

Consider high-order MIMO linear time-invariant plants and some MIMO nonlinear plants that have a
position keeping or tracking control requirement. Assume that the sampling period is less than a certain
positive number (which is described quantitatively). Then, their characteristic model can be expressed
by the following system of second-order linear time-varying difference equations [4, 5, 7]:

Y1 = F1uyi + Foryr—1 + Grug + Ej, (1)

where y, € R? and uj, € R? are the system output and the control input, respectively; Fi , Fb i, Gk €
RP*P are the coefficient matrices; Ey, € RP is the modeling error vector. And yi = y(k) = y(kT), uy =
w(k) = w(kT), Fi,r = Fi(k) = Fi(kT) = (fij(k))pxp, For = Fa(k) = Fo(kT) = (fip+;(k))pxp,
Gr = G(k) = G(kT) = (9i;(k))pxp, Ex = E(k) = E(kT). Here T is the sampling period. For simplicity,
other time-varying vectors and time-varying matrices are also denoted by similar notations when no
conflict is caused.

In engineering practice, characteristic models are often chosen shown in formula (1) [4, 5]. The following
formulae give the limit characteristics of the coefficient matrices of the characteristic model (1) [5]:

lim Pry =21, lim Fy =1, lim Gy =0, (2)

where [ is the p x p identity matrix. For any prescribed positive constant ¢, if the sampling period is
less than certain positive number, the modeling error vector Ey = (Ei(k), Es(k), ..., Ey(k))T satisfies
|Ei(k)| <eo (i=1,2,...,p). During the transient phase, we have E;(k) = O(T); after the steady state
has been reached, E;(k) = O(T?). Here, O(T) and O(T?) denote infinitesimals of the same order for T
and T2, respectively. Formula (2) implies that the sum of all the coefficient matrices of the characteristic
model is an identity matrix. This provides priori information for the designer of controller based on the
characteristic model.

We consider a set-point control problem in this paper, i.e., our objective is to design an adaptive
controller such that the controlled plant output y(t) is a constant vector y} in steady state.

It is well-known that a continuous function defined over a closed interval can be approximated to a
prescribed accuracy by a polynomial that consists of a linear combination of a finite number of orthogonal
polynomial basis functions. The identification of time-varying parameters can be achieved by identifying
the constant coefficients in the linear combinations, and this is an effective method to identify time-varying
parameters [19]. We use the following transformation (one-to-one mapping):

Z’L]k:Z’L](k):flj(k)/[1+|flj(k)|]a 1:1;277]7; ]:172a72pa
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zijk = 2zij(k) = gi(k)/ 1+ |gi5(K)|], i=1,2,...,p; j=2p+1,...,3p.

Thus, it is clear that z;, € (—1,1) for k € [1,400), and fi;(k) = zijr/[1 — |zijk|] can be regarded
as a functions of z;;;. This transformation ensures that the unknown functions f;;(k) and g;;(k) are
approximated by polynomials defined on a fixed finite interval. We choose one among the Legendre,
Chebyshev, Laguerre, and Hermite polynomials for clarity as the basis function denoted by Py(zjx),
Pi(zijk), - .. Note that Py(z;j1) = 1 for all these basis functions.

Thus, the time-varying elements fi;(k), fi p+;(k) and g¢;;(k) of Fi i, Fa ) and Gy are given by the
following expressions:

f’Lj Zaz]s Z’L]k +wf1](z’bjk3) 7/:1;27;17, ]:1a2772p

q

gij(k):ZbijsPS(zi72p+j7k)+wgij(zi,2p+j,k)v 2215275197 j:1527"'7p
s=0

Here, wyij(zijk) and wg;;(2i, 2p+4.%) are approximate errors, and they satisfy the inequalities:

|lwyij(zigr)| < e/v/3p,  |wgij(2i, 2p+4, k)| < €/+/3p, (3)

where ¢ is a prescribed positive constant.

For the sake of brevity, we assume that the number of required basis functions for approximating each
fij(k) and g;;(k), to achieve the prescribed approximation accuracy in (3), are all of order ¢ + 1. If the
number of required basis functions is only ¢o(< ¢ + 1) in order to achieve the prescribed approximation
accuracy for approximating some of f;;(k) or g;;(k), then we let a;;s = b;js = 0 for s > qo.

Denote that

f’Lj ZG’US Z’L]k 1:1;27727; ]:172a72p

9i5(k) = bijsPa(zi opysn), i=1,2,...,p5 j=1,2,....p.
s=0

Fri = (fij(ziji)oxps  Fok = (fipriZiprie))oxps  Gr = (i3 (2i, 2p45. 1) Jpxps
wir = (Wrij(2ijk) ) pxpy  WoF = (Wrip+i(Zip+ik))pxps WG = (Wgij (20, 2p+j, k) pxp- (4)

Then, formula (1) can be rewritten as

Yer1 = F1pyk + Foryp—1 + Grug + @(k) + Ey, (5)

where

wi(k)T = (Wi (zitk), - - Wrip(Zipk)s Wi pt1 (Zipr1, k)5 -
wi2p(Zi,2p,k ) Wait (i, 2p+1, k)5 - - - Waip(23,3p,k)),
én = k)" = (yk)" y(k — 1) u(k)"). (6)
Also denote that
9? = (%‘10, sy Qilgy e ey Qip0y - - o5 Aipgs Qip+1,05 -+ s Qi p+1,qs - -5 i 2p,05 - -+ 5
43,2p,q5 bilOa ceey bilq; s ;bip()a ey bz‘pq)a

Li(k) = diag[li1 (k), . . ., 1 3p (k)] [3p (1) % (3p)
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pik = pi(k) = Li(k)p(k), (7)
where 1;; (k) = (Po(zijk), - - -, Py(2ijx))T. Thus, we have

yi(k +1) = 0] pi(k) + @i(k) + Ei(k) = @i(k) " 0; + @i(k) + Ei(k), i=1,....p. (8)

The estimation of 0; is denoted by 6;(k), namely,

0;(k)T = (a0 (k), ..., airg(k), ..., aipo(k), ... aipg(k), . aipr10(k), ... &ipr1.q(k),

di,gpp(k'), RN @i,gpﬂ(k'), bilo(k')7 RN bilq(k')7 RN bipO(k); . ;bipq(k))-
Let

R q . .

fij(k):ZszoaijS(k)Ps(zijk)v 2:172a"'ap; ]:1a27a2p

N qa - . .
gzj(k)zz bijs(k)Ps(Zi,2p+j,k)v Z:1a27"'ap; ]:1a27"'7p'

Fii=Fi(k) = (fii(k)pxp,  For = Fa(k) = (fipri(K)pxps  Gr = (315 (k) pxp-

Now, we can design the golden-section controller as follows:

Uk = Uo,k + Ug k, 9)

where
ug = Gyt (y; — Py — FQ,ky;) ; (10)
Ug ) = G’,Zl (L1F1,k37k + L2F2,k?;k71) . (11)

Here Ly = (3 — \/5)/2 ~ 0.382, Ly = (\/5 —1)/2 = 0.618, g, = y); — yi, and F17k,F27k and G, are
estimations of FL]@,FQ,k and G, respectively.

Comments on a method to overcome the possible singular problem of the controller and the bounded-
ness of G’,;l are mentioned in Remark 5.

3 Main result

In order to obtain the controller (9), we must identify the parameters in the characteristics. The parameter
vector adaptive laws are chosen using the following projection algorithm with dead zone:

L =1,2,... 12
C+(pz(k'—1)T(pz(k/’—1) Y ? e 7p5 ( )

where ¢ > 0, and

A (13)

ailk—1) =4 b I k) — ek - 1)76;(k — 1)] > 2A(k);
Z 0. if Iyi(k) — elk — 1)T0:(k — 1)] < 2A(k),

Ak) = [l¢(k = Dlle + eo.

Here the constant ¢ is the approximation error bound used in formula (3), and & is the prescribed positive
constant defined below formula (2).

According to formula (2), the choices of all the initial vectors 6;(0)(i = 1,2,...,p) in formulas (10)
and (11) satisfy the following property:

Property 1. Fy(0) — 21, F5(0) — —I,G(0) — O as T — 0, and G(0) is invertible.
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Remark 1. As the controller design is directly based on the parameters in the characteristics, a éZ(O)
that satisfies Property 1 is easy to be obtained, regardless of whether the system parameters are known
or not. For example, we can choose 6;(0) as follows.

First, a;j0(0), ...,aj4(0) are determined using the expressions:
(AJ,”()(O)P()(Z”()) + -+ (Al”q(O)Pq(Z”o) =2, (14)
&ijO(O) == d”q(O) = 0, and j 7& 7. (15)

Also, note that Py(z;j0) = 1. By assuming d,;0(0) = 2 and a,;5(0) = 0 for s # 0, it follows that formula
(14) holds. Therefore, F;(0) = 21.

Next, @;p+5,0(0), ..., 4 pt+jq(0) are determined by
i,p+i,0(0)Po(zi,pti, 0) + 4 Qi pyig(0) Py (2 pri,0) = —1, (16)
@ip+5,0(0) =+ = Qiptjq(0) =0, and j # i. (17)

Similarly, let G;pti,0(0) = —1 and d; p44,5(0) = 0 for s # 0, this satisfies formula (16). Therefore,
F(0) = —1.
To choose G(0) as an invertible matrix that also satisfies G(0) — O as T — 0, let G(0) = T1.

bij0(0),...,bi;jq(0) are determined by using the expressions:
5%0(0)130(21; 2p+i,0) + oot Biiq(O)Pq(zi, 2p+i,0) = T (18)
bij0(0) = -+ = bijo(0) = 0, and j # i. (19)

Depending on which Py(2;,2p+4, 0) = 1, by taking biio (0) =T and biis (0) =0 for s # 0, it follows that
formula (18) holds. Therefore, G(0) = T'I.

In the following theorem, we state the main result of this paper, which will be proved in the next
section.

Theorem 1. Consider a system (1) with the golden-section controller (9)—(11), and let the parameter
vector 6;(k) be adjusted according to the adaptive law (12) with initial parameter vector 6;(0) satisfying
Property 1. Then the following properties are guaranteed:

(i) The estimates of parameter vectors are bounded.

(i) The tracking error converges to a small neighborhood of the origin, i.e., there exists a infinite time
instant & such that for all k£ > k, the tracking error is given by

e — w3l < /(@5 — 1)/ (uhmin (k1)

where ;1 and K are all positive constants; p is a small positive constant number, and the size of p depends
on the size of the sampling period T'. A is a sequence of uniformly bounded and positive definite matrices
satisfying the relationship /Al;f/lk_,_lflk — A = —Q — I for a given positive definite matrix Q.

The expressions for the positive constants pu, K, p and the matrix Ay, can be found in the proof of
Theorem 1.

4 Proof of the main result

4.1 Important lemmas

Before presenting the proof of the main result, we consider the following linear time-varying discrete
system and introduce some lemmas:
Tp+1 = Akmk, k = 1, (20)

where Ay € RP*P, and xj) € RP.
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Lemma 1 ([20]). Let Ay € RP*P, k> 1. We assume that Ay satisfies
(1) po = limp o0 sup p(Ax) < 1,
(2) an = supyzq || Ak < oo.
Under these conditions, there exists a positive number Jy that depends only on p, pg and a,;, provided
that
lim sup ||Ax — Ag—1]] < do.
k—o0

Then the equilibrium solution of the system (20) is exponentially stable.

It is well-known that the following assertion is true.
Lemma 2 ([21]). If the trivial solution of the system (20) is uniformly asymptotically stable and if Qj
is a sequence of uniformly bounded and positive definite matrices, then there is a sequence of positive
definite matrices Ay satisfying the relationship:

AL A1 A — Ay, = —Qx,
and there exist constants m > 0 and M > 0 such that
mlI < A, < MI.

Now let us establish the following two results in connection with the theory of time-varying matrices.

Lemma 3. Let Ay, Hp € RP*P, and suppose that the entries of Ay are bounded and that each Hy is a
symmetric matrix. Also, let Hy < M1, where M is a constant. Then,

(1) the supremum sup;{Amax(Hx)} of the largest eigenvalue Aax (H) of Hy exists;

(2) the supremum supgs;{Amax (AEHkJrlAk)} of the largest eigenvalue \pax (AEHkJrlAk) of
A;fHkHA;C exists, and

(3) for I = [ V], the supremum supy s {Amax(I'" HiI")} exists, and supys; {Amax(I'""Hx L)} > 0.
Proof. Using the properties of the matrix eigenvalues, and noting the fact that the eigenvalues of a
matrix are continuous functions of its entries, the proof is readily achieved by using the least upper
bound axiom.
Lemma 4. Let Ag, Hy € RP*P. Suppose that all Ay and Hj are symmetric matrices and that the
entries of Ay are bounded. Also, let Hy > mlI, where m > 0 is a constant. Then,

(1) there exists a positive constant pg such that pol > Ag, i.e., for any nonzero vector & € RP,
xT (ol — Ag)x > 0;

(2) there exists a positive constant p; such that pyHy, > Ay, ie., for any nonzero vector & € RP,
b (u Hy — Ag)x > 0.
Proof. Note that there exists an orthogonal matrix T'(k) such that T'(k)"'A,T (k) = diag[\i(k),

., Ap(k)] for any fixed k > 1, where Ai(k),...,A\,(k) are all the eigenvalues of Ay. Let Ay =

maxo<i<p{Supg>1 |Ai(k)[} and po = Ao + 1. Then we can easily prove this lemma.

We now generalize the result of a time-invariant system to that of a time-varying system, and correct
a mistake in formula (A2) of [22].
Lemma 5. Let A, € RP*P, k > 1, and suppose that the entries of Ay are bounded. If the equilibrium
solution of the system

Tp1 = Api + vy,

is asymptotically stable when vy = 0, then for all positive definite matrices @) and all positive constants
1 there exist a sequence of uniformly bounded and positive definite matrices A and a positive constant
co such that the function

V(zk) =In (1 + pzy Arzy)

satisfies . S
—x} Qg + Gl I Ap 1 oy,

1+ pa} Apzy,

Vi(@pir) =V (xk) < p

?

where ¢ =19+ 1+ SUPg>1 Amax (AgAkJrlAk). Here 73 is an arbitrary positive constant.
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Remark 2. From Lemma 3, ¢ is well-defined.
Proof. See Appendix A.
Now we introduce the following notations:

0i(k) = 0:(k) — 6;, (21)

ei(k) = yi(k) — @ik —1)T0;(k — 1) = @i (k — 1)70; + @;(k — 1) + Ei(k — 1) — s (k — 1)76;(k — 1)
=ik —1)"0;(k — 1) + @;(k — 1) + E;(k — 1). (22)

Lemma 6. Considering algorithm (12) with respect to (7) and (8), it follows that

(1)
16: (k) — 03]l < [|6s(k — 1) — 63| < 6:(0) — 64, k > 1. (23)

This implies that each 6;(k) is bounded.

o A(k)? ¢k —1)] ]
— Dle + e0)?
ct@ilk— 1Tk —1)  c+eilk—1)Tpi(k—1) < st (24)

where sg; = =Yk . \/max{l, 1/ Xnin (Li()TLi(k)) ¥, Nanin (Li(k) T Li (k) = inf {Amin(Li (k)T Li(K))}-
(11) ai(kfl)e.;(k)
[et+pi(k—1)Tpi(k—1)

e is bounded, i.e., there exists a constant M.; > 0 such that for any k£ > 1,

ai(k —1) - |ei(k)|

X M Ly 25
e ik~ ik D7 < e )
where M.; = /M + 43(2)Z-, and M is a positive constant.
(iii) For any €> 0, there exists an integer ko > 1 such that when k > ko,
ailk— 1) - lex (k)] -
g Mei7 26
e+ itk —)Tpulk — D] 2
where M,; = /€ +4s2,. By taking €= 5s2; in M.;, we have
ai(k —1) - |ei(k)|
< 350:. 27
e+ oh— DT k-1 < 0
In this case, M.; = 350;.
(3) A A B
lengO sup||0;(k) — 0;(k — 1)|| < M, (28)

where M.; is the above given positive constant.
(4) By choosing one among the Legendre, Chebyshev, Laguerre, or Hermite polynomials as the basis

function, we can set sg; = s9 = Eﬁ%

Remark 3. From the proof of Lemma 6, it can be seen that the parameter vector adaptive laws (12)
can guarantee that ||0;(k) — ;]| is non-increasing.
Proof. See Appendix B.

4.2 Proof of Theorem 1

From the first assertion in Lemma 6, the estimates of the parameter vectors are bounded, and thus we
can establish (i).

In the following discussion, we shall prove the second assertion. The proof will be carried out in three
steps.

Step 1. Transforming the characteristic model (1) into its equivalent form.
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For the convenience of stability analysis, we can rewrite (1) as
—Ypt+1 = (Fl,k - F1,k> Yr + (F2,k - F2,k> Yp—1 + (Gk - Gk) uy — By, — Fiyyr — Fopyr—1 — Grug.
Substituting (9)—(11) into the above equality and noting that 1 — L1 = Ly and 1 — Ly = L1, we have
Grr1 = LoFy xGk + LiFo @1+ (Figk — FLi)ye + (Fog — Far)ys_1 + (G — Gr)uy, — Ej. (29)

Let
vy = (Fl,k - F1,k> Yi + (F2,k - F2,k> Yk—1 + (ék - Gk) uy — Ey. (30)

Then Eq. (29) can be rewritten as
Grr1 = LoFy xGk + LiFox@ie—1 + r. (31)

Let o), = [Q’“il ], then Eq. (31) becomes

Vi

Tpt1 = Akmk + vy, (32)
where
R O 1 O
A, = R . , I'= (33)
L Fs ) LoFy I

Step 2. Proving the uniformly asymptotic stability of the system (32) when v, = 0.

To obtain the Lyapunov function for analyzing the stability, we need first to verify that Ay, satisfies
the conditions in Lemma 1. Using the fact that L2 = [(v/5 — 1)/2]? = Ly, and according to [23], we can
obtain the characteristic polynomial of Ay, as

det [AIQ,, - Ak} = [P det [XQI,, APy — Fogl, (34)

where X = A/ Ls.
It can be proved that Fuc — 21, F2,k — —I, as T" — 0 and approximate errors wfij(zijk) — 0,
wygij (Zi, 2p+5,6) — 0. In fact,

[F1 e — 20| < |Puk — (Fre +wip)|| + [ Fre — 20) < |Poe — Frell + llowrll + |Fue — 23], (35)

where the definition of wyp is as in (4), and

[FLk — Frel = | Fie — Figllr < p\/lgnag {1/i; (k) — fis (k)2 (36)
ILIKP

fis (k) = fij (k) = (aijo(k) = @ijo, - .., Gijq(k) — aije)( Po(ziji) - » Palziji) )" (37)

Thus, | fi;(k) = fij (k)| < [16:(k) = 0:ll\/Po(zij8)? + -~ + Py(z55%,)%. By using (23), we have [|6;(k) — 6;] <
|6;(0) — 8;||. According to the above formula , it is clear that

|fij (k) = fij (k)| < 116:(0) — 01’”\/P0(Zijk)2 + o Pylzige)? (38)
Notice that Fy 5 — 21y, Fo, — —1Ip, and G — O as T'— 0. Therefore, as T'— 0 and wir — O,
[F1g = 2Dp|| = |Fix —wip = 21| < | Fip — 2L]| + lwirl| = 0.

In other words, Fl,k — 21, as T'— 0 and w1 — O. Similarly, Fop — —I,as T'— 0 and wap — O, and
Gy —0asT —0and wg — O.

Therefore, using the definition of 6; introduced in Section 2, and the fact that F'y  — 21, Fax — —1,,
and G, —» O as T — 0, wir = O, wap — O and wg — O, we can conclude that if T and ¢ are all



Sun D Q Sci China Inf Sci  September 2017 Vol. 60 092205:10

sufficiently small, we obtain [|6;(0) — 6;]] — 0 by using 6;(0) that satisfy Property 1. Also, notice
that \/Po(zijk)Q + -+ Py(zix)? is bounded (see the proof of Lemma 6). From (38) it follows that
|f”( — fij(k)] = 0as T — 0, wir — O, wap — O, and wg — O. Thus, according to (36), we have
HFlk—FlkH —0asT — 0, wip — O, wap — O, and wg — O. Also, since Fy ,, — 2, as T — 0, it
follows from (35) that Fy , — 21, as T — 0, and the approximate errors wi;(Zijk), Waij (2, 2p14.%) — 0.
Similarly, we can prove that ngk — —1Ip, and Gr — O as T — 0 and the approximate errors wyi;(zijk),
Wygij (2, 2p+j,k) — 0. Therefore, from (34) it follows that

det(Map — Ay) — L¥ det (NI, — 201, + 1), (39)
as T — 0 and the approximate errors wy;;(2ijk), Wqij(2i, 2p+5, &) — 0. It is easy to see that
det (NI, — 20, + 1) = (A2 =22+ 1)P = (A= 1) (40)

As the eigenvalues of a matrix are continuous functions of its entries, by combining (39) and (40), we can
conclude that the eigenvalue of the matrix Ak isA\=1ILo\— Lo x1=1LyasT — 0 and the approximate
errors wyi;(Zijk), Wgij(%i, 2p45,6) — 0. Therefore, p(/lk) — Lo as T — 0 and the approximate errors
wrij (Zijk), wWgij (%, 2p45,6) — 0. S0, po = limy_o0 supp(/ik) =Ly < 1,as T — 0 and the approximate
errors wyi; (zijk ), Weij (7i, 2p+4,k) — 0.

By Lemma 6, 6;(k) is bounded, and since Po(zwk) ..., and P,(zix) are all bounded in (0, 1), || Ay||
is bounded. This implies that ays = sup;g |Ax|| < oo. Therefore, the system @y, = Apay satisfies the
two conditions in Lemma 1. Hence, there exists a positive number §y that only depends on p, pg and ayy,
provided that

klgl;lo sup HAk - flk_lH < do, (41)

the system xp41 = Akmk is exponentially stable. In the following discussion, we prove that Eq. (41) does
hold true. From (33), it follows that

Ay — Ag—al = H

0] 0]
Ly(Fop — Fog1) Lo(Fig — Fip_1) '

Thus, |Ay — Ag_1]| = 0 as T — 0 and approximate errors wyi; (2ijk ), Waij (Zi, 2p15.%) — 0. Therefore, it
is easy to see that as T'— 0 and approximate errors wyi;(2ijk), Wgij (%, 2p+5,%) — 0, formula (41) holds.
Hence, by Lemma 1, the equilibrium solution of the system a1 = Apxy is exponentially stable, and
thus the equilibrium solution of the system is uniformly asymptotically stable.

Step 3. Constructing the Lyapunov function and proving the convergence of the tracking errors.

In this step, we construct a Lyapunov function based on Step 2 to analyze stability, and provide the
convergence radius of the tracking error. By using the results from Step 2 and Lemma 5, we can see that
for a given positive definite matrix ) and all positive constants u, there exists a sequence of uniformly
bounded and positive definite matrices Ay such that

V(ay) = In (1+ pay, Ay (42)

which satisfies
—x, TQx), + Co”k P A1 oy

1+ px;, T Apxs

V(@pyr) =V (zp) < : (43)
where ¢3 = 79+ 1+ SUPg>1 )\max(fl;f/lkﬂ Ak) From (A1), Ay, satisfies the discrete type Lyapunov matrix
equation:

AT N1 Ay — Ay = —Q — I

), c3 is well-defined by Lemma 3.

Since the entries of Ay, are bounded according to (23
[z O(k)T]".

Let (k) = (01(k),...,0,(k)" and xe(k) =
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Choose a Lyapunov function of the form

V(xo(k)) = 0(k)T0(k) + K In(1 + py, Apay), (44)
where p and K are positive constants. From (12) and (43), we have

AV = V(xo(k +1)) = V(zo(k))
_ Z 2:(k)0i(h) " piei(k +1) Z ai(k)ei(k + 1)@l pin
p c+ @ L ik pt [c+ o} pik]?

—xj; TQx; + Co'Uk rrT Ak+1F'uk
1+ px;, T Avas

+uK

Applying (22) and substituting a;(k)? = a;(k), the above formula becomes

(k+1 Y 2a;(k)[wi(k) + Es(k)ei(k + 1
AV < Z k)ei(k + ) +Z a;i(k)[wi( )+Tz( )Jei(k +1)
c+<plk<pm = C+ PirPik
TrT A I
ke —z} Qzy, + il EStaC/ (45)
1+ 2 n Akmk
In order to further enlarge inequality (45), we use the expressions:
_ (T T ™7T _ T T T \T «T ,«T T \T
o = (ykaykfhuk) = ((yk Ya) s (Ye—1 —Yg) aug,k) +(yd »Ya 7“0,1@) )
and
= * * T * * * T
Lr = ((yk - yd)Ta (Yr—1 — yd)T ) . = (ydTaydTauOT,k) . (46)
Thus, we have
¢k = [igau;k] + (]y};, (47)
We further notice that
T T T
k = ., k L L = _lk . By, (48)
Ug, k Gk (LlFkak + L2F27kyk_1) G [LlFl,k LoFy k]

Iz
where By, = v
k= lelFl,C LoFy k]}

[o
By using (47) and (48), we obtain

Ok = O Li(k) ' Li(k)pp = [(®), u, ;) + @5 | Li(k)" Li(k) - [(Ek ) + @},

Ug,k

Z) BY Li(k)" Li(k)BrZy + (Li(k)ByZy) " L (k) di
+(Li(k)$7)" Li(k) BrTy, + (Li(k)pi) " Li(k)j..

. T T . . o
Since a®h < %"’bb (The column vectors a and b have the same number of dimensions), it is easy to
see that

P ppik < 2T, S BEL (k)Y Li(k)By@y + 205 Li(k) " Li(k) 5.
(y:; —Yk-1 ) _
Yy — Yk

inpin < 2xp I"BL Li(k)" Li(k)Bil i, + 2¢;," Li (k)" Li (k) }.-

It is obvious that

O —I

T —
" l.ro

From this, we have
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Using Lemma 4, we can introduce a constant pq > 0, such that pg Ax > (Li(k)ka)TLi(k)ka. As the
components of ¢; are all bounded and L;(k) defined over [1,400] is also bounded, there exists positive
constants ¢2; such that ¢;* L;(k)TL;(k)¢; < % Let ¢2 = max{c?,...
4,01 L Pik < 2,u1wk Az + 20 Hence,

, Tp} From these fact, we have

—ei(k+1)2 —e;(k+1)2
eilk H17 ath 1) (49)
CH@irpik 260+ 2nmy Ay,
Let ) )
H1 T
) — M, = sup{ e (T A Y.
cre K= g M= B UeedT A}
We know that M is well-defined, and M7 > 0 by Lemma 3. Thus, we obtain the expression
) C%vaFTAkJrvak; < 1 ) i ) Supk>1{)\max(FTAk-i-lF)}va’Uk _ ’Ugvk (50)
1+ pa] Apay, S ce42e2 M,y 1+ pa} Apy, c+2¢2 + 2umaf Ay,
According to (45), (49), and (50), it is clear that
ik +1 . 2a;(k)[@i(k) + Ei(k)]ei(k + 1
AV<Z 2 )e +T) +Z a;(k)[@i ( )+T (k)lei(k +1)
c+20 +2u1az Az pt Ct+ P Pik
_ T
B AL Ui Uk (51)

1+ pxl gz c+22 +2maf Ay

We need to find the relationship between e(k + 1) and vy, where e(k) = (e1(k),...,eyp(k))". Note that
e(k+1) = F1 1y + Foryi—1 + Grui + Ey, — 2 Yk — j2s KYk—1 — Gruy. From (30) it can be seen that

e(k+1)=—uv. (52)
Case 1. Each a;(k) = 1.
From (51) and (52), we have
p —
2a; (k)[@: (k) + E;(k)]es (k + 1 -
AV < 30 20008 4 BBl 4 1) | —afQu -
p Ct P Pik 1+ px;, TApxs

Before further analysis, inequality (53) must be enlarged. First, we note that |w;(k —1) + E;(k—1)] <
l¢r—1] - € + 0 = A(k). Therefore,

ai(k)[wi(k) + Ei(k)lei(k +1) _ ai(k)A(k+ Diei(k+1)| _ ai(k) Jes(k+ D] - A(k+1) (54)
c+ @l pik ¢+ @l pik (c+@lpir)/? (c+ el pir)t/?
It follows from (24) that
2
M < 22 (55)
CtPirPik

When we choose one among the Legendre, Chebyshev, Laguerre, and Hermite polynomials as the basis
function, we can take sp; = so from (4) in Lemma 6.

From (25), we have [a;(k)|e;(k + 1)|]/[(c + ga;f,kcpi,k)l/Q] < M. According to (27), M,; can be taken
as Mo = 3s0; = 359 (In the following derivation process, M,; is taken as M,;). Using (54) and (55),
and taking € = ¢¢, it is obvious that

(k)i (k) + By(B)ei(k+1)  — ’ 1J?
a( )[w( )+T( )]e( + ) <M6i50:383:3[€\/6+80] :353[\/E+ ] :35881, (56)
c+<pi7k<pi7k c c

[\/_+1]

where s1 =
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Therefore, from (53) and (56), we obtain the following expression:

x,; Qy, < [ K Amin(Q) — 6ppsied - supgs 1 { Amax (Ar)}] - |]|* + 6psied
L+ pxf Apzy 1+ paf Ay, '

AV < 6psls(2J + pK

Let do = KX, (Q) — 6ppsieg - supgs1{Amax(4Ak)}. Then the above formula can be written as

—pdol|z || + 6psief

AV <
1+ 2 n Akmk

Note that Apmin (@) > 0 and supk>1{)\max(/1k)} > 0. Therefore, when €3 < 6pu51~s1ﬁ2:n{(§2)- AT the

coefficient of ||z ||? is negative. Thus, when |lxx|/? > 6”516" , AV <0.
Case 2. Each a;(k) =0.

In this case, from (13) and (22) it is obvious that |e;(k)| = |yi(k) — @s(k — 1)T0;(k — 1)| < 2A(k). Tt
follows from (51) and (52) that

—Amin(Q )HmkHQ +ch Supk>1{>‘maX(FTAk+1F)} 4A(k + 1)

AV < uK
. 1+ pxj, T Ay

(57)

For further analysis, inequality (57) must be enlarged. Since ¢y, = (E;f, lep)T + (yd ,y;T, ug)T, we

get ||¢k|| 1l + 1™ w5 ™) 1+ g ill + o, kH Note that wgx = G (LiFy k@k + LaFo pgr1) =

—G ML Fry LoFy )@, We have |lug |l < ||Gpt(LiFyg Lgng | - [[Z%| - Because the estimation
of the parameter 8;(k) is bounded according to Lemma 6, HG YL Fyp  LyFyy)| is also bounded, and
I (y;T,yC*lT)T || and ||uo.x|| are all bounded quantities. Then, we have

l[prll < Ma|[®k || + Ms, (58)

where My and Mj are all positive constants. Note that, in the expression A(k + 1) = ||¢x|le + €0, € has
been taken as €q, and ||Zg|| = ||zk|| (The components of T and xj, differ in order, and are opposite in
sign). From (58), we have

Ak +1)* < [(Ma]|z]l + Ms)e + o < [M3||2(k)|* + 2Ma(Ms + 1)kl + (Ms +1)%Je5. (59)
Thus, it follows from (57) and (59) that

—du||@|? + 8ds @yl + 4ds

AV < uK )
. 1+ ,uwg/lkiltk
where
dl - )\min(Q) - 40(2)5(2)M22 : Supk>1{)\max(FTAk+1F)};
dy = Mo (Ms 4 1)ed - supgs 1 {Amax(I T Ap1 1)},
ds = A(M3 +1)%e2 ~supk>1{)\max(FT/1k+1F)}.
. . 2 . . 2 )\nlin(Q)
It is clear that the coefficient of ||zg||* is negative when ef < T Do (LT An T T} ME Then when
2
|kl > ety idytdids V;ld2+d1d3, we have AV < 0.
Case 3. Some a;(k) =0, and the others a;(k) = 1.
Without loss of generality, we can assume that a;(k) = 1, ¢ = 1,...,m, m < p; and a;(k) = 0,

t=m+1,...,p.
Let the i-th component of vy (i.e., v(k)) be denoted by v; (k). It follows from (51), (52) and (56) that

240 1K Amin(Q) — 6ms1 - supy s (Amax(An)} - 2B sl + 12mpnsach + w30 wi(k)?

AV <
2p1 (1 + pay, Apay)
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From (52), we have v;(k) = —e;(k+1). Thus, for i = m+1,...,p, we have |v;(k)| < 2A(k + 1), since
lei(k)| < 2A(k). Therefore, from (59), we obtain the following inequality:

—pdal|z (k)| + 2ds || @]l + de

AV <
pa (14 paf Apay)

where dy = p1 K Amin (Q) — 6p1ms163 - supgs1 { Amax(Ar) } — 2(p — m)M3e§, ds = 2(p — m)uMa(Ms + 1)eg,
de = 6mpu1s1e3 + 2(p — m)u(Ms + 1)2e2.

2
Thus, when ||| > ot/ ds Hiudads W, AV < 0.
In the following discussion, we prove that the tracking error converges to a small neighborhood of the

origin, and present the convergence radius.

Let &k) = [xF,0(k)T)]T. For Cases 1-3, let 6, = e (Z’;;, 5y = dt2viditdids ”;ldgﬂllda, and 3 =

ds++/d2+pdads
pda

85 decrease with decreasing o. It follows from (23) that ||6;(k)|| < [|6;(0) — 6,]], i.e., 8;(k) is bounded.
Thus, we can suppose that ||6;(k)| < W;, where W; is a positive constant. We can define the following
closed set B; = {e(k) | ||zl < 0;, |0:i(k)|| < Wi, i=1,...,p}, 7=1,2,3. Let

, respectively. It is easily shown by differentiating §; with respect to g¢ that 61, do and

S(poj) = {&(k) | V(zo(k)) < poj, 0:(k)|| < Wi, i=1,...,p}, (60)

where pg; is a positive constant. Also, define the closed set S(Qj) = {e(k)| V(xg(k)) < P, 16:(k)| <
Wi, i=1,...,p}. Here p; = W24 KIn(1 4 g supgs i { Amax(Ax) }67). S(}_)j) is the smallest closed
set containing the closed set B; with the form (60). Now we choose an arbitrary constant p; > P,
According to [24], (k) is uniformly and ultimately bounded with respect to S(p;), i.e., there exists a
non-negative constant T'(é(k;), S(p;)) such that

a(k) € S(p), (61)

for all k > k; + T'(é(k;), S(p;)). Here k; is a positive integer.
From K In(1 + pAmin(Ak+1) |2k ||?) < K In(1 + pzf Apzi) < V(zg(k)) < pj, we have

lyr = yall < llzxll < \/(e’jf/K = 1/ (#Amin(Ak41))-

We have proved that if the sampling period T is sufficiently small, then [|6;(0) — 6;]] — 0 can be
ensured by choosing a 51(0) that satisfies Property 1 (see Step 2). Thus, we can assume W; to be a
sufficiently small positive number. When T is sufficiently small, ey will be sufficiently small [4,6]). Thus,
d; will also be sufficiently small, and so will be p . Therefore, p; can be taken as a small positive number.
Consequently, the tracking error converges to a small neighborhood of the origin, and the radius of the
neighborhood depends on the sampling period T'. The result is proved by taking p = max{p1, P2, p3} and
E’ = max{kl, kg, kg}

Remark 4. It is readily seen from the proof of Theorem 1 that our proposed proof methodology is also
suitable for tracking bounded time-varying reference signals.

Remark 5. It should be mentioned that to avoid possible controller singularity problem, G in (10)
and (11) can be replaced by ool + G’ECAT‘;C, where o is a prescribed positive constant. Theorem 1 would
still holds in this case. The upper bound for ||(oof + G} Gy) ™| is determined by the following discussion.

Let GTGy = (bij(k)). Since the estimated parameters are bounded according to Conclusion 1 of
Lemma 6, we can assume that |b;;(k)| < bi;, where each b;; is a positive constant. Let oo be a positive
constant that satisfies the inequality o¢ > Z?Zl’j# l;ij +7,i=1,2,...,p; where 7 is a prescribed positive
constant. Therefore, we have oq + b;; (k) > o9 > Z?ZM# bij +7 = ?:17].# |bij (k)| +7 =7 > 0, which
implies that ool + Ggék is a strictly diagonally dominant matrix. From formula 1 in [25], we have
(o0 + GFGL) oo < 1/7. Therefore, ||(ool + GFGr) r <p- (0ol + GEGr) oo < /7.
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Figure 1 Reference trajectory and system outputs (time
t=10s).

Figure 2 Reference trajectory and system outputs (time
t=20s).

In summary, the above-mentioned method can not only avoid possible controller singularity problem,
but also conveniently estimate the upper bound for ||(co + GFGk) 7.
(9)—(11) for uy, we conclude that the control input is bounded.

By analyzing the expression

From the proof of Theorem 1, we can guarantee the convergence of the estimations of the coefficient
matrices of the characteristic model (1) if the initial values of parameter estimation satisfy the Property 1
and the sampling period and approximate errors are all sufficiently small. From this viewpoint, we can
avoid non-convergence of parameter estimation by considering modeling and control simultaneously.

Finally, note that the results from Theorem 1 can be applied to the SISO case. In this scenario, Case 3
will vanish from the proof of Theorem 1.

5 Simulation

In this section, we will validate the efficiency of the golden-section controller (9) based on the characteristic
model by using a numerical example. Consider the following non-affine nonlinear system.

i’l = T1U1Uy + 0.2’[1,3,
By = x1 + 235 + T3 + 3uq + ua,

T3 = 1 + 2209 + 31203 + U1 + 2(2 + 0.5 Sinxl)UQ.

Here, u; and ug are the control inputs. We use law (9) to control the states 1, x2 and x5 of the system
to approach zero signal. The initial state is [z1, 22, 23] = [0,0,0]. Let ¢ =0, and the initial parameter
vectors in controller (9) be Fy(0) = 2I, F5(0) = —I, and G(0) = 50071. Thus, the initial parameter
vectors satisfy Property 1. Let ¢ = 0.5 in (12), and a;(k — 1) = 1 for simplify. Taking 7' = 0.001, the
corresponding simulation results are shown in Figures 1 and 2. It can be observed from the simulation
results that the proposed method is effective. It is well-known that it is difficult to design a controller
for non-affine nonlinear system because the nonlinear function of its state equation implies control input.
When the controller is designed based on characteristic model, we can overcome the above-mentioned
difficulty and achieve good control performance.

6 Conclusion

In this study, we undertook the stability analysis of the characteristic model-based golden-section feedback
control system, which is an unsolved problem in all-coefficient adaptive control theory. First, we studied
the properties of the parameter vector adaptive laws and time-varying matrices. A new Lyapunov function
was introduced to study this problem. Using this, we proved the stability of the closed-loop systems
formed by the golden-section adaptive control law based on the characteristic model for MIMO controlled
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systems. The proof was carried out in three steps. In the first step, we transformed the characteristic
model (1) into its equivalent form. In the second step, we proved the uniformly asymptotic stability of
the system when the nonlinear term is zero. In the last step, we proved the convergence of the tracking
errors by using the constructed Lyapunov function and some mathematical techniques. In addition, we
discussed a method to avoid possible controller singularity problem. The effectiveness of the proposed
method is verified by a numerical simulation.
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Appendix A Proof of Lemma 5

Since the system x4 = Apxy is uniformly asymptotically stable, by Lemma 2, for any given positive definite matrix @,
there is a sequence of uniformly bounded and positive definite matrices A satisfying the relationship:

AT A1 A — Ay = —Q — 1. (A1)

Let c% = SUPg>1 Amax (A;EAkJrlAk) and c2 = c% + 70. From Lemma 3, c% and cg are well-defined, and co > 0. As Ag

is a positive definite matrix, according to Corollary 7.2.9Y) there exists a unique nonsingular lower triangular matrix Uy
with positive diagonal entries such that A = UEUk, which is the Cholesky factorization of Ag. Let Fj = %Uk-kl Ap and
D), = coUy41I". Thus we have

wE+IAk+1mk+1 - mg/lkwk = (wEAE + UEFT> A1 (Agzy + Do) — wEAkmk
= af (AT Ak Ag — Ay + FTF) @y = (Foay — Dyor)™ - (Feay, — Do)
+of (DED;C + FTAk+1F> V.
Hence it is can be seen that
@l Appi@ps — of Agay, < @f (AEAk+1Ak — A+ F,}Fk) ), + vf (Dng n FTAk+1r) Vg (A2)

Notice that c% = c% + 70. Applying this, we get

1 1 1 c?
@f i Py = —@f AT A1 Axar < 5 Amax (AT Aksa A ) lowl® < e lloel? = 52— llog|? < llee . (A3)
(& (& (& 1+ 710

From (A1), it follows that

«f (A’,fAkHAk - Ak) zp, =2l (—Q — Day, = —xF Quy, — =l zy. (A4)
Using (A3) and (A4), we deduce that
mg (AEA]C+1A]€ — A+ F,;FFk) xp = waka — wgwk + mgF,;rkak < 7mEka. (A5)
We note that
of (Dng + FTAkHF) vp = o AITUL  Up i1 Tog + vF T Ay Toy, = ol T Ay 1 Toy,. (A6)

According to (A2), (A5) and (A6), we have
wg+1Ak+1wk+1 —xf Ay < —xf Quy + Avf I Ay 1 Toy,. (A7)

Applying (A7), we obtain the following expression:

1+ ,uwg/lkmk

T T T 2. T T
xr Ak+1mk+1 — Akwk —x ka + vl Ak F’Uk
V(egy1) —V(eg) =In(1+pu kt1 k < k 0 Tk +1 .
1+ pxy Ay,

The proof is completed.

Appendix B Proof of Lemma 6
(1) Using a manner similar to that of the proof of (3.6.12)2), we obtain the following expression:
~ 2 s 1 ai(k —1)e;(k)? 2a;(k — 1)[@; (k — 1) + E;(k — 1)]?
2c+ @ik —1)Tepi(k—1) ctpi(k —1)Tpi(k—1)
Since |wg;;(zijk)] < ﬁ and |wgi; (i, 2p+5, k)| < ﬁ, we have ||w;(k — 1)|| < e. Note that |E;(k)| < €g. Thus, we have

@ik = 1) + Ei(k = )| < [¢g_1wi(k = D]+ [Ei(k = D] <llpp—1ll- lwi(k = DIl +e0 < lp-1ll - +c0 = A(k). (B1)
Hence,

1a;(k—1)[e; (k)% — 4A(k)?]
T et et )Tgih— 1)
In view of (13), {||6;(k)||*} is a non-increasing sequence bounded below by zero. This establishes (23).

It is obvious that

16: (R)II* < [16:(k — 1)

16: (k)| = 116: (k) — 0: + 65| < 1165 (k) — 65| + [10:| < 16:(0) — Ol + [|64]l, k> 1.

1) Horn R A, Johnson C R. Matrix Analysis. Cambridge: Cambridge University Press, 1985. 345-407.
2) Goodwin G C, Sin K S. Adaptive Filtering Prediction and Control. New Jersey: Prentice-Hall Inc, 1984. 47-105.
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From this, it is easy to see that 6;(k) is bounded.
(2) We proceed to (24)—(27). Note first that

A(k)? _ _ lidr—all-e+e0®  _ lidn-1le? + 2] dr-1ll - 20 + 5 (B2)
ct @ik —DTpilk—1)  ctpilk = DT@i(k—1) ¢+ Amin(Li(k)TLi(k)) || pr—1 I
When ||¢r_1]| < /¢, it follows from (B2) that
A(k)? - ce? + 2ee0v/c+ el [ev/e+ eq)? (B3)
ctpilk—DTpi(k—1) = c ; c .

When ||¢k—1 || > \/E, noting that L; (k‘)TLZ(kJ) = [l“(k‘)Tl“(k‘) + -+ li7 3p(l€)Tli73p(l€)}I3p, we see that
Amin(Li ()T Li(k)) = Ui (k) "0t (k) + -+ + 1, 3p (k) "L, 3p (R).

Since 1;1(k),...,1; 3p(k) are vectors made up of basis functions, l;1 (k) L1 (k) + -+ + Ui, 3p(k)Tl;, 3p(k) > 0. Thus
Amin(Li (k)T Li(k)) > 0. From (B2) it follows that

A('Iﬂ)2 ||<25k—1||252 +2||pp—1] - 0 + 5(2)
ctpi(k—1)Tepi(k - 1) Amin (L (k)T Ly (k) e —1 12
g2 2eeq z—:g
< + +
Amin(Li(R)TLi (k) Amin(Li(R)TLi(k))ve  Amin(Li(k)T Li(k))e
2

- [eve +T5°] _ (B4)

Provided that Po(z),..., Py(x) are continuous functions, then Po(z;j1), ..., Py(2i;x) are bounded on [0,1]. So, L;(k) is

bounded. Therefore, Amin(Li (k)T L;(k)) is also bounded, and its infimum Apin (L; (k)T L; (k) is well-defined.
Since Amin(Li (k)T L;(k)) > 0, from (B3) and (B4) we see that Eq. (24) holds. Using a method similar to that followed
in the proof of (3.6.8)), we obtain
(k— Des (k)% — 4A(k)?
L alk = Dles(R) —4AR)?] 55
k—oo c+ (pi(k — 1)T(pi(k‘ — 1)
Thus, there exists a constant M > 0 such that for any k& > 1,
|ai(k — Dlei(k)* — 4A(K)%)| _
ct @ik —=1)Tpi(k—1)
Asa;(k—1)=0o0r 1, a;(k—1)2 = a;(k — 1). From (B6) and (24), it is clear that

ai(k —1)%e;(k)? _ai(k —1)(ei(k)® — 4A(K)?) da; (k — )A(k)?
ct+i(k—1)Tpi(k—1) ctpik—1DTpi(k—1)  c+pi(k—1)Tpi(k—1)
This establishes (25).
From (B5) it follows that for any €> 0, there exists integer ko > 1 such that if k > ko, we have

lai(k — Dlei(k)? — 4A(K)?]] _
c+@i(k—1)Tpi(k—1)
From the previous result, and the method followed in the proof of (25), formula (26) can also be proved, provided that M
in (B6) is replaced by €. Especially, by taking € :5sgi in M.;, we have M; = 3s0;, namely, Eq. (27) holds.
(3) Next, we prove (28).
Applying (12) and (22), and following a method similar to that of the proof of (3.6.13)2), it is easy to show that

(B6)

< M +4s3;.

€.

ai(k = Dpi(k = 1)Tpi(k — 1) ei(k)? P ai(k — 1)e;(k)?
[e+ @ik —1)Tep(k —1)]2 et @ik —1)Tei(k—1)

From this and (26), we have limy,_, o sup ||0; (k) — 8;(k — 1)|| < M.;, namely, formula (28) holds.
(4) We take one among the Legendre, Chebyshev, Laguerre, and Hermite polynomials as the basis function. In this case,
noting that Pp(z;;%) = 1, then we have

Amin (Li (k)T Li(B)) = Lin () Tlin (k) + -+ + L, 3p (k)T 3p (k) > 1.

From (B3) and (B4), it can be easily seen that

16 (k) — 6;(k — 1) =

A(k)? . [ev/e + e0)?
ctoilk—1)Tei(k—1) c .

Hence, we can take so; = so = E\ﬁ% in (24). Because Egs. (25) and (26) are all deduced by using (24), we can also take
S0; = 80 = E\/E% in (25) and (26). This completes the proof of Lemma 6.
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