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Abstract In propositional normal default logic, given a default theory (A, D) and a well-defined ordering of
D, there is a method to construct an extension of (A, D) without any injury. To construct a strong extension of
(A, D) given a well-defined ordering of D, there may be finite injuries for a default 6 € D. With approximation
deduction F in propositional logic, we will show that to construct an extension of (A, D) under a given well-
defined ordering of D, there may be infinite injuries for some default 6 € D.
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1 Introduction

Finite injury priority method was firstly given by Friedberg [1] and Muchnik [2], who solved Post problem
independently. To construct a recursively enumerable set, the conditions that the set should satisfy are
represented by an infinite set of requirements which are decomposed into the positive ones (putting
elements in the set) and the negative ones (restraining elements from entering the set). The requirements
are ordered by a priority ranking, so that the satisfaction of a requirement may injure those with lower
priority and cannot injure those with higher priority [3,4].

Traditional logics are monotonic, which means that the deduction in traditional logics are monotonic,
that is, for any theories I'; A and formula ¢, if ¢ is deducible from I'" and T" is a subtheory of A then
¢ is deducible from A. Nonmonotonic logics [5,6] are a class of logics in which the deductions are
nonmonotonic. For example, in default logic [7-10], an extension E of a default theory (A, D) may not
be an extension of (A, D), where A’ D A, and may not be an extension of (A, D’), where D' O D, where
A is a theory and D is a set of defaults.
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To deduce an extension E of a default theory (A, D) under a well-defined ordering on D, the process
is a construction with finite injuries [11-13]. Even though for propositional normal default logic, finite
injuries occurs in the following two ways.

e The deduction is an approximate one g, so that some default 6 = ¢ ~~ 1 with higher priority may
require attention after some ¢’ = ¢’ ~» =) with lower priority does, so that =) having been enumerated
in an extension F may be extracted from F, to enumerate ¥ in E instead.

e To construct a strong extension S of a default theory (A, D), receiving attention of a default 6 =
@ ~+ 1) may result in some 1)’ s extracted from E to make the constructed E be an extension. Here, a
strong extension is the one with highest priority, that is, for any extension F of (A, D), there is the least
0 = @ ~» 1 such that for any &' = ¢’ ~ ¢/ <6,y €e Eiff ' € Sand ¢ € S — E.

In this paper we will give three constructions of extensions, given a propositional normal default theory
(A, D).

© To construct an extension E with deduction F of propositional logic, where the construction is
without finite injuries [14].

¢ To construct a strong extension S under an well-defined ordering < on D, where the construction is
with finite injuries.

o To construct an extension F with approximate deduction 5. Even though deduction - in proposi-
tional logic is recursive (computable), approximate deduction provides a deduction with which approxi-
mate complexity can be considered. Here, the construction is with infinite injuries.

The paper is organized as follows: Section 2 gives basic definitions in default logic and introduces finite
injury priority method in recursion theory; Section 3 gives a construction with oracle for an extension of
a default theory; Section 4 gives a construction for a strong extension of a default theory; Section 5 gives
a recursive construction with approximate deduction and infinite injury priority method, and Section 6
concludes the whole paper.

2 Basic definitions in default logic

Let L be a logical language of propositional logic.
A normal default § is any expression of form M, denoted by ¢ ~» 1, where ¢, are formulas in

propositional logic. Here ¢ is called the prerequisite, ¥ the justifications, and the consequent of §.
A default theory is a pair (A, D), where A is a set of closed formulas and D is a set of defaults.
Given a default theory (A, D), an extension of (A, D) can be derived by applying as many defaults as
consistently possible. Given a default theory (A, D), assume that there is a well-founded ordering < on
D and D~ = {po ~ g, p1 ~ 1, ...} Define

E():A, EiJrl :Eiu{ll)]}, E = U Ei,
1Ew

where j is least such that E; + ¢; and E; I/ —4;. Then, E is an extension of (A, D), denoted by
E = f(A,DY).

A normal default theory has at least one extension.
Proposition 1. Let E be an extension of a default theory (A, D). Then, F is C-maximal, that is,
there is no consistent superset E’ O E such that each formula ¢ € E’ is produced by formulas in A and
defaults in D.
Definition 1. Given a default theory (A, D), a theory O is a pseudo-extension of (A, D) if © is the
C-least theory such that

(i) AC O, and

(ii) forany(Sz%ED,if@l-apand@lf—\wimply@l—H.

We define an ordering on the set of all the pseudo-extensions of a default theory, assuming that there
is an ordering < on the set D = {dg,d1,...} of defaults. Without loss of generality, we assume that
dg < 01 < --- . For simplicity, we say that vy <11 < ---.
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Given two pseudo-extensions By = {610,011, 012, ...} and Ey = {020,021, 099, ...}, we say that E; has
higher priority than Es, denoted by Ey < E», if there is 7 such that for each j < 4,0;; = 0y; and 01; < 0y;.

A pseudo-extension E of a default theory (A, D) is of the highest priority if for any pseudo-extension
E' of (A,D),E <X FE'.

Before giving a construction of extensions, we give the following classical construction in recursion
theory by finite injury priority method.
Theorem 1 (Friedberg-Muchnik, [4], p111). There is a simple set A which is low (4’ =1 @').

Proof. It suffices to construct a coinfinite recursively enumerable set A to meet for all e the requirements:

P, : W, infinite = W, N A # 0;
Ne: 3%s({e}(e) 1) = {e} ().

Let A, consist of the elements enumerated in A by the end of stage s, and A = |J, As.
The priority ranking is assumed to be

N(JaPO;NlaPla""

The requirements { N, }.c,, guarantee A’ < ()’. Define recursive function g by

if {e}4s(e
g@,s){l’ £ {e}(e) b,

0, otherwise.

If requirement N, is satisfied for all e then g(e) = limgg(e, s) exists for all e, and § <t ('. Because
g=xa, A <1 0.
The restraint function is defined by

r(e,s) = u(As; e, e, s).

To meet N, we attempt to restrain with priority N, any elements x < r(e, s) from entering A, 1.

Construction of A.

Stage s = 0. Let Ag = 0.

Stage s + 1. Given A we have r(e, s) for all e. Choose the least ¢ < s such that

(1) Wi,s N As = Q];

(2) Jz(x € Wi s & x> 2i & Ve <i(r(e,s) < z)).

If 7 exists, choose the least x satisfying (2). Enumerate z in As;1, and say that requirement P; receives
attention. Hence, W; s N A1 # 0, so P; is satisfied, (1) fails for stages > s + 1, and P; never again
receives attention. If 4 does not exist, do nothing, so As;1 = As.

Let A ={J, As. This ends the construction.

We say that x injures N, at stage s+ 1 if x € Agy1 — As and = < r(e, ).

Define the injury set for N, as follows:

I, = {z:3s(x € Asy1 — As & 2 < r(e,s))}.

Lemma 1. For any e, I, is finite.

Proof. Each positive requirement P; contributes at most one element to A by (1). By (2), N, can be
injured by P; ounly if ¢ < e. Hence, |I.| < e.

Lemma 2. For every e, requirement N, is met and r(e) = limg r(e, s) exists.

Proof. Fix e. By Lemma 1, choose stage s, such that N, is not injured at any stage s > s.. However, if
{e} 2 (e) converges for s > s, then by induction on t > s,7(e,t) = (e, s) and {e}i*(e) = {e}2+(e) for all
t>s,s0 Ag [ 7(e,s) = A | r(e,s), and hence {e}*(e) is defined.

Lemma 3. For every i, requirement P; is met.
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Proof. Fix i such that W; is infinite. By Lemma 2, choose s such that
Vit = sVe <i(r(e,t) = r(e)).
Choose s’ > s such that no P, j < i, receives attention after stage s’, and ¢ > s’ such that
Jr(x € Wiy & x> 2i & Ve <i(r(e) < x)).

Now either W;, N Ay # 0 or P; receives attention at stage ¢ + 1. In either case W, N A1 # 0, so P; is
met by the end of stage ¢t + 1.
A is infinite by (2), hence A is simple and low.

3 Construction of an extension without injury

Let D = {do,01,...}, where 6, = @, ~ 1h.. We construct in stages a set © of formulas such that ©g = A,
and © = |J, ©; is a pseudo-extension of (A, D).
It suffices to meet for each e the following requirements:

Pe:Oc b 9 &O¢ tf 1) = O F 1),

N, : ©, is consistent.

Define
O le= {1 €O, :€ <e}.

The priority ranking of requirements is defined by
P07N0)P17N1)"')P67N€7""

A requirement P, requires attention at stage s + 1 if O4 F ¢, Os[e I/ —1b. and O4[e I/ 1., where | is
approximation deduction of I~ .

A requirement P, is satisfied at stage s + 1 if ©4 F ¢, and O4 I/ =1, imply O4 F 1),.

The construction.

Stage s = 0. Define Oy = A.

Stage s + 1. Find the least e < s such that P, requires attention. Set @411 = O, U {1).}. We say that
P, receives attention.

Define

© = lim O,.

§—00

This ends the construction.
Lemma 4. For each e, if © F ¢, and O t/ 1, then there is a stage s, at which P. is satisfied.
Proof. Assume that © F ¢, and © I/ =1).. There is a stage s. such that P, requires attention at stage
5§ = Se, Os,41 F e, and P, is satisfied, and for any ¢ > s, P. never require attention. That is, P, is
eventually satisfied.
Lemma 5. O is an extension of (A, D).
Proof. By Lemma 4, each positive requirement P, is satisfied. © is an extension of (A, D), because for
any 0 = @~ € D, if © F ¢ and © I/ =) then there is a stage s such that each P, with higher priority
than 9§ is satisfied eventually, © - ¢, and Ps receives attention at stage s + 1. That is, ) € O441, and for
any t > s, € Oyyq, ie., ¢ € O.

In the following we give a Gentzen-typed deduction system for default logic: assume that for any
@~ 1p € Dy, either A/ o, A+ =), or A+ 1.
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The deduction system L consists of the following rules:

(4) AFp AW —q
A|D1,p ~ q,D2 = A,q|D1, D2
A|D1,¢1 ~ 1, D2 = A,4¢|D1, D2 A|D1, ¢~ 1p1, D2 = A,4p1|D1, D2
(AE) A|D1, 2 ~ 4, Dy = A, 4| D1, Dy (M) A|D1,¢ ~ w2, Do = A, 42| D1, D2
A|D1,<p1 A p2 ~ 1, Dy = A,¢|D1,D2 A|D1,<p ~ 1 Ao, Do = A1 /\¢2|D1,D2
(vE) A|D1, 1 ~ 9, D2 = A1 Dy, Do R A|D1, ¢ ~ ¢1,D2 = A,91|D1, D2
Y A|Dy, 01 V @a ~» 1h, Do = A, | D1, Do L7 AID1, @ ~ b1 V aba, Da = A, b1 V 2| D1, Do
(vL) A[D1, 2 ~ 9, D2 = A1 Dy, Do (VR A|D1, ¢ ~ ¢2,D2 = A,42|D1, D2 )
27 A|D1, 1 V 2 ~ 1h, D2 = A, | Dy, Do 27 A|D1, ¢ ~ 1 Vb2, Do = A1 V h2| D1, Do’
and
(A/) AtFp AF—q
A|D1,p ~+ q,D2 = A|D1, D2
(/\1) A|D1,p1 ~ ¢, D2 = A|D1, Do (/\1) A|Dy, ¢ ~ 1, D2 = A|D1, D2
L2 AID1, o1 Apa ~ p, Dy = AlD1, Dy ' A|Dy, ¢ ~ 41 Atha, Do = A|D1, Do
(A2) A|D1,p2 ~ 9, D2 = A, |D1, D2 (A2) A|Dy, ¢ ~ 1pa, Do = A|Dy, Dy
L7 AID1, o1 Az~ p, Dy = A|Dy, D2~ 77 A|D1, ¢~ 91 Adpa, Da = A|Dy, Dy
A|D1, @1 ~ %, D2 = A|D1, D2 A|D1, ¢ ~ b1, D2 = A|Dy, D2
(VL) A|Diy, @2 ~ %, D2 = A|D1, Do (VR) A|D1,¢ ~ v2,D2 = A|D1, D
A|D1, 1V @2 ~ ), Do = A|D1, Da A|D1, ¢ ~ 1 V 2, Dy = A|D1, Da.

Definition 2. A|D = © is provable in L, denoted by k1, A|D = 0, if there is a sequence A;|D; =
ALDY, ..., Ay Dy = AL|D], such that A, |D,, = AlL|D], = A|D = ©, and for each i < n, there is j < ¢
such that SUPs=210;

ADSA D! is a deduction rule.
Proposition 2. Assume that for any ¢ ~ 1 € Dy, either A I/ o, A+ =, or A - 9. If A F ¢ then
either

FL A|D1, ¢ ~ 9, Dy = A, 1| Dy, Do
or

tr AD1, ¢~ 4, Dy = AlDq, Ds.
Theorem 2 (The soundness theorem). For any default theory (A, D), if there is a theory © such that
A|D = O is provable in L then © is an extension of (A, D).

Theorem 3 (The completeness theorem). For any default theory (A, D) and an extension E of (A, D),
there is an ordering =< such that
Fr A|D= = ©.

4 Construction of a strong extension with finite injury priority method

Consider the following example.

Example 1. Let A ={p,r} and D = {s ~ ¢,p ~ —¢,7 ~> s}. Assume that
S~>q <X p~ g < TS,

Traditionally we have
p,Tls ~ q,p~ 2q(x),m > s
= p,7,q|s ~> g, p ~> g, 1~ S(*)
= p,7, g, S|s ~> q(%),p ~> g, 7~ S;
and {p,r, g, s} is a pseudo-extension, where (x) marks the default active at the current stage.
We hope to have
p,Tls ~ q,p~> =q(x),m > s
= p,7,q|s ~> q,p ~> g, T~ S(x)
= p,7,q, S|s ~ q(%),p ~> g, 7~ 8

:>p7T7QaS|S ~ q(*),pw -q,T ~> S,
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and {p,r,—q, s} is a pseudo-extension. We think that under ordering <, {p,r,q, s} is better than {p,r,
-q, 5}
Definition 3. Given an ordering < on D, an extension S of default theory (A, D) is strong if S is an
extension of (A, D) and for any other extension E of (A, D), there is an e such that for any e’ < e, ¢ € F
iff ¢ € S, and ¢, € S — E.

Let D = {do, 01, ...}. We will construct in stages a set © of formulas such that ©¢ = A, and © = J; ©;
is a strong pseudo-extension of (A, D).

It suffices to meet for each e the following requirements:

P.:OF 0.&0 . = O F .,

N, : O, is consistent,

where d. = e ~> .
The priority ranking of requirements is defined by

P07N0)P17N1)"')P67N€7""

A requirement P, requires attention at stage s + 1 if there are eq,..., e, > e such that

(1) O5 = {teyy -y e b F 0oy Os — {theyy oy e, } Ve and Og — {they, ...y e, } H e, and

(ii) for each k' < k, 0, U{te} — {eys ..o, Ve, } F e,

A requirement P, is satisfied at stage s + 1 if ©5 F ¢¢, O4 t/ =), and O F 1),.

The construction.

Stage s = 0. Define ©g = A.

Stage s + 1. Find the least e < s such that P. requires attention. Define ©4y1 = (05 U {t¥.}) —

{Veys .-, %e, }, and we say that P, receives attention.
Define
© = lim O,.
§—00

This ends the construction.
We say that P, is injured at stage s + 1 if ¢, € O4 — O44 .
Define the injury set of P,:

I = {s: Ji(¢i € O5s — O511&pe € Os41 — O5)}.

Lemma 6. I, is finite.

Proof. By definition of requiring attention, for any s, if s € I. then there is an ¢ < e such that
i € O5 — Ogy1.

Lemma 7. For each e, there is a stage s, such that for any s > s, if P. requires attention at s + 1
then P, is satisfied eventually.

Proof. Assume that © F ¢, and © I/ =1).. By Lemma 6, there is a stage s, such that P, for no e’ <e
requires attention after s.. Then, P, requires attention at stage s > s. such that © F ¢., and P, is
satisfied, and for any ¢t > s, P. never require attention. That is, P. is eventually satisfied.

Lemma 8. O is an extension of (A, D).

Proof. By Lemma 8, each positive requirement P, is satisfied. © is an extension of (A, D), because for
any d = p ~» 1 € D, if © F ¢ and © I/ =1 then there is a stage s such that each P, with higher priority
than ¢ is satisfied eventually, © - ¢, and Ps receives attention at stage s + 1. That is, ) € O441, and for
any t > s,9 € Oy, le., Y € O.

Lemma 9. O has the highest priority, that is, for any pseudo-extension E of (A, D), © < E, that
is, there is a formula ¢ such that E[< ¢] = O[< ¢] and ¢ < @ for any ¢ € E — E[< ¢], where
Exgl={veE:¢ <o}

Proof. By the construction.
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5 Construction with infinite injury priority method

When we use approximate deduction - instead of |-, we have a construction of a pseudo-extension with
infinite injury priority method.

The Gentzen deduction system for approximation reasoning.

e Axiom:

F7()0 =0 907A

e Logical rules:

o=, A (/\Ll) I'=,0,A T'=,0,A (/\R)
F,gﬁ/\l/}éerlA F:>S+150/\1/),A
Ly=,A
(AF2)
F,QD/\”(/J:>5+1A
Teo=sA I'NY=4A \/L) =y, A (\/R2)
LoV =1 A FéFsH oV, A
=5 Py R
\/ 1
F:>s+1 @V¢aA ( )
F:>590)A F)wésA L FﬂwéswvA (_>R)
F,(,D—>w:>s+1A F:>s+1(‘0—>’lb,A
= p A o= A

L
Fa TP =st1 A ( ) r =s+1 7P, A

Definition 4. A sequent I' = A is s-deducible, denoted by s, I' = A, if there is a sequence I' =,
A, ...,y =, A, which is a proof and I';, =I', A,, = A, and for each i < n,i, <s.
Intuitively, a sequent I' = A is s-deducible if there is a deduction tree for I' = A with depth < s.

Proposition 3. (i) For any sequent I' = A, if F; I' = A then - T' = A.
(ii) For any sequent I' = A, if - T' = A then there is an s € w such that

F. T = A.

Therefore, F is the limit of {F: s € w}, i.e., F=limg 0 Fs -

Assume that at stage s + 1,05 g =, O /s =), and P, receives attention by putting 1, in G4 1.
At astaget+1 > s+ 1, we find that ©4 F; =), and then we need extract ¥, out of ©.y1 to ensure that
the constructed O is consistent. In this case, we say that P, is injured by itself.

There is the following case in which P, is injured infinitely often.

At some stage sp+1, P. requires attention and 1), is put in ©g, 41, because Oy, s, we and Oy, s, —e.

At some stage to+ 1 > so+ 1, some 9 in Oy, 41 is extracted out of O 1 so that Ogy11 Fiy+1 e, and
1. is extracted out of ©;, 11 at stage to + 1.

At some stage s; + 1 > to + 1, P. requires attention again and 1), is put in ©g, 11, because O, 4, @,
and O, s, ..

At some stage t1 +1 > s1 + 1, some 1 in O, 11 is extracted out of Oy, 1 so that O, 11 4, +1 @e, and
1 is extracted out of Oy, 41 at stage t; + 1.

And so on.

In this way, 1. is put in and extracted out of © infinitely often. In this case, P. is injured infinitely
often by other requirements.

Define

O = lim Oy = {the : sVt > (1. € O)}.

Hence, 1. ¢ © iff Vs3It > s(¢. & Oy).
Example 2. Let

A={r,re,...,81,82,...}, D={p~qri~pAq,ra~pAq,...},
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where
§1="T1— "q1, 8S2=7T1— (7“2 — (7”3 — _‘Q2))7 S; =11 — ( - (7“2i—2 — (7“21'—1 — _‘Qi)) S ).

Then,
Ator, At ~(pAaqr)
Ay g
Abgro, AL =(pAge)
A b3 go;
Aboi i, A1 =(p A gi)
A Foiv1 g

Let
[¢] : ¢ is enumerated in O, (p) : ¢ is extracted from O.

At stage s = 0,00 = A; at stage s = 1,00 b1 71,00 A —(p A q1), and [p A q1],[q], i.e., ©1 =
©o U {p A q1,q}; at stage s = 2,01 k2 —q1, and (p A q1),(q), i.e., O3 = ©1 — {p A q1,q}; at stage
$=3,09F3 79,023 a(pAga), and [pAga),[q], i-e., O3 = O2U{pAqa,q}; at stage s =4, O3 k4 —¢go, and
(P Aqa),{(q), ie., Oy =03 —{pAqi,q}; at stage s =20 — 1,041 57,051 /s 7(pAq), and [p A ¢], [¢],
ie, Oy =0,1U{pAq,q}; at stage s = 2i,0,_1 -5 =¢;, and ({p A ¢;), {q), i.e., Os = Os_1 — {p A ¢, q}.

Then, © = limg_,, ©s = A, that is, p is enumerated in © and extracted out of © infinitely often.

Given a default theory (A, D), we will construct a theory © in stages such that for any default ¢ ~-
Y€ D, if OF ¢ and © I/ =) then ¢ € O.

The construction is in stages with approximation deductions O4 ¢ ¢; and O g —1);.

It suffices to meet for each e the following requirements:

P.:OF 0. &0 =), = . € O;
Ne:OF 0 &OF =) = p.— € O.

The priority ranking of requirements is defined by
POaNO;PI;Nla'"5P65N67"'

If {©,: s € w} is a sequence satisfying all the requirements then © = | J, ©, is an extension of (A, D).

A requirement P, requires attention at stage s + 1 if O4 Fg11 e, O Fsyp1 e and 9, &€ Os.

By the condition of P. requiring attention, for any ¢ with ¢; € ©4,0, U {¢.} / —);, otherwise,
O, F )., a contradiction.

A requirement P, is satisfied at stage s+ 1 if ©4 F511 ¢, and 1, € Og; and a requirement N, requires
attention at stage s + 1 if O4 Fs1q1 —e.

The construction.

Stage s = 0. Define Oy = A.

Stage s + 1. Find the least e such that P, or N, requires attention.

If P. requires attention then define ©,11 = O, U {¢.}, and we say that P. receives attention.

If N, requires attention then let s. be the stage at which v, is enumerated in O, 1, and {¢;,,...,¥; }
be the set of all the s enumerated in © between s, and s, define

@erl - 65 - {wila cee ﬂ/fin}a

and we say that N, receives attention.
Define
O = lim O, = {¢: IsVt > s(¢p € O4)}.
§—00
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Table 1 R-calculus and default logic

Condition Consequence
A= Alp, I = Al
R-calculus s o, T = Al
Al —p Alp, T = A, |0
. EtF o&E F ) Elp~¢=F
Default logic
EF o&E W =) Elp~ 1= E

This ends the construction.
We say that P, is injured at stage s + 1 if ¢, € O4 — O441. Define the injury set for P, as follows:

I={s+1:p.€0,—0.1)}

Lemma 10. . may be infinite.

Proof. By Example 2.

Lemma 11. © = limg_,o, O441 exists, and requirement P, is met.

Proof. Fix e. Either 1. is enumerated in G441 eventually or finitely often, or infinitely often. In the
first case, ¥, € ©, and © F ¢.; in the second case, P, requires attention only finitely often, and either
O I pe or © F —); and in the third case, © t/ p..

Lemma 12. For every e, requirement N, is met.

Proof. Fix e. Either 1), is enumerated in ©4;; eventually, or finitely often, or infinitely often. In the
first case, ¥, € O, © | ., and N, is satisfied eventually; in the second case, P, requires attention only
finitely often, and either © t/ v, or © - =), and N, is satisfied eventually; and in the third case, © F/ ¢,
and N, is satisfied eventually.

6 Conclusion

In this paper we use finite injury priority method and infinite injury priority method in recursion theory
to construct extensions, pseudo-extensions and approximate extensions of default theories to show the
versatility of the famous methods.

The similarity of R-calculus and default logic consists in that both are non-monotonic; and differences
between them are shown in Table 1.

In R-calculus, ¢ being put in A does not interfere the satisfaction of other formulas in I'; and in default
logic, 1 being put in F may make the satisfaction of other defaults ¢’ ~ 1)/ unsatisfied, because F / =’
becomes E + —)’.

Therefore, in the propositional case, deductions in R-calculus have no injury; and ones in default logic
may have injuries. We conjecture that in each nonmonotonic logic, there is a corresponding finite injury
priority method to construct deduction in that logic.
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