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Abstract One can design a robust Heo filter for a general nonlinear stochastic system with external distur-
bance by solving a second-order nonlinear stochastic partial Hamilton-Jacobi inequality (HJI), which is difficult
to be solved. In this paper, the robust mixed H2/Ho globally linearized filter design problem is investigated for
a general nonlinear stochastic time-varying delay system with external disturbance, where the state is governed
by a stochastic Ito-type equation. Based on a globally linearized model, a stochastic bounded real lemma is es-
tablished by the Lyapunov—Krasovskii functional theory, and the robust Hso globally linearized filter is designed
by solving the simultaneous linear matrix inequalities instead of solving an HJI. For a given attenuation level,
the Ho globally linearized filtering problem with the worst case disturbance in the Hoo filter case is known as
the mixed Ha/Hoo globally linearized filtering problem, which can be formulated as a linear programming prob-
lem with simultaneous LMI constraints. Therefore, this method is applicable for state estimation in nonlinear
stochastic time-varying delay systems with unknown exogenous disturbance when state variables are unavailable.

A simulation example is provided to illustrate the effectiveness of the proposed method.
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1 Introduction

State estimation has always been one important problem in the areas of filter design and control system
design when system states are unknown [1-29]. The H, filtering problem is to estimate the unavailable
state variables by output measurement, which ensures the £2 gain to be less than a given level [1-6,13-
16,18-26]. The advantage of H., filtering is that the noise sources are arbitrary signals with bounded
energy or average power instead of being Gaussian, and no exact statistics are necessary to be known [3].

General nonlinear systems exist in many real-world systems and have been studied extensively [7-
19, 30-33], in which various direct and indirect methods are applied. It is well known that nonlinear
control and filtering problems are associated with the solutions of the Hamilton-Jacobi inequality (HJI),
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Hamilton-Jacobi-Bellman inequality (HJBI), Hamilton-Jacobi-Isaacs equation (HJIE), and Hamilton-
Jacobi equation (HJE). In [8,9], the nonlinear H,, control problem for deterministic nonlinear systems
with external disturbance depends on the solution of a first-order nonlinear partial differential HJIE,
which has been proven to be impossibly solved analytically, even the approximate solution is still difficult
to obtain. In [9], the designs of satisfaction output feedback controls for nonlinear stochastic systems
under long-term tracking risk-sensitive index are related with the HJBI. Also, an integrator backstepping
method is constructively applied to design an output feedback control. The infinite horizon H., control
problem has been solved for Ito-type stochastic systems by introducing three coupled HJEs in [10] and a
single HJI in [11], respectively. In [12], a sufficient condition of the Ls-Lo, filter for nonlinear stochastic
systems has been established in terms of an HJI. For general nonlinear stochastic systems, the nonlinear
stochastic H filtering problem relies on solving an HJT in [14].

It should be pointed out that the nonlinear stochastic partial differential HIBI [9], HJEs [10|, and
HJT [11,12,14] are second-order ones because of the effect of the diffusion terms. It is usually difficult to
solve them. Linearization methods [15-18| are probably the alternative approaches. In [15], the globally
linearized method [34] is employed to deal with the robust Ho/Ho filtering problem of nonlinear stochastic
system under state-dependent noise and uncertain external disturbance. Under a fuzzy linearization
scheme, the robust fuzzy filter design for a class of nonlinear stochastic systems has been studied in [16].
The robust H., control design for nonlinear stochastic systems with external disturbance and Poisson
noise has been investigated via fuzzy interpolation method instead of solving an HJT in [17]. Milstein-type
discretization scheme is applied to study nonlinear filtering for stochastic time-delay systems in [18].

Practical system unavoidably involves in time delays, which may cause instability and poor performance
of a control system. Therefore, much attention has been focused on the robust H filtering problem for
time-delay systems [1,5,6,13,16,18-22,25,26].

To the best of our knowledge, few work on mixed Hs/H filtering has been reported for an It6-
type general nonlinear stochastic time-varying delay systems. Inspired by [15-18] and based on the
globally linearized scheme, a stochastic bounded real lemma (BRL) is established. The robust Huo
globally linearized filter is designed by solving simultaneous linear matrix inequalities (LMIs) related
with the filtering problem in the linear stochastic time-delay systems at vertices instead of solving the
HJT associated with the H filtering problem in the nonlinear stochastic time-delay systems. When the
worst case disturbance is discussed, the suboptimal mixed Hs/H . globally linearized filter design problem
is transformed into a convex optimization problem with simultaneous LMI constraints. A simulation
example is given to verify the effectiveness of the proposed approach.

Notations. Let |- | denote the Euclidean vector norm. R > 0 means that R is a symmetric positive
definite matrix. Sym(A4) = A+ AT and TSym(C)B = CBC™. Let (2, F,P) be a complete probability
space with an increasing family {F};>o of o algebras F; C F and E{-} be the mathematical expectation
operator as to the probability measure P. £2[0, 00) signifies the space of square integrable vector functions
over [0, 00). C([-7,0],R") stands for the family of all continuous R"-valued functions ¢ on [r, 0] with the
norm [|¢| = sup{[¢(#)| : —7 < 6 < 0}. Let £Z ([—7,0];R") be the family of all Fo-measurable bounded
C([-7,0],R")-valued random Varlables v = {(p( ):—7<6<0}.

2 H setting for nonlinear stochastic system with interval time-varying delay

Consider the following It6-type general nonlinear stochastic time-varying delay system:

dz(t) = (f (2(t), x(t — (1)), 1) + g(x(t), x(t — 7(t)), t)v(t)) dt + h(z(t), x(t — 7(t)), t)dW (t),
dy(t) = (q(z(t), 2(t — 7()),t) + k(z(t), x(t — 7(t)), )v(t)) dt + j(2(t), (t — (1)), )dW (¢),
s(t) = Gz(t),

z(t) = o(t), t € [-72,0],

where z(t) € R™ is the state vector, y(t) € R’ is the measurement, v(t) € £%(R;;R™) is the external
disturbance, and ¢(t) is any given initial data in £3 ([=72,0};R™). W (t) is a standard one-dimensional

(1)
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Wiener process defined on (12, F, P), satisfying E{W (¢)} = 0 and E{W?(¢)} =t. s(t) is the signal to be
estimated, and G is a combination matrix, if x;(t) is to be estimated, G = diag{0,...,1,...,0}, G =1
means that the whole vector is estimated. Let @ = x(t), z; = x(t—7(t)), assume that f(z, x4, 1), g(x, x4, t),
h(z, ze,t), q(z, x4, ), k(x, 24, ), and j(x, x4, t) satisfy the once continuously partially differentiable condi-
tion and the linear growth condition, which guarantee that the system (1) admits a unique global solution,
see [35,36]. Also, suppose that f(0,0,¢) = h(0,0,¢) = 0 and ¢(0,0,¢) = j(0,0,¢) = 0, then x = 0 is an
equilibrium point of (1). 7(¢) is the time-delay satisfying

() <7<1, 0<7 <7(t) <72 <o0. (2)
A lemma is introduced on the globally asymptotic stability at = 0 of the subsequent system.

da(t) = f(a(t), z(t — 7(t)), £)dt + h(z(t), a(t — 7(t)), HAW (1),
£(0,0,¢) = h(0,0,t) = 0, (3)
z(t) = ¢(t), t € [-72,0].

Lemma 1. It is assumed that there is a positive definite decrescent radially unbounded Lyapunov—
Krasovskii functional V (z,t) € C*!(R™ x [tg — 72,00); R4) with V/(0,0) = 0, satisfying

2

oV ovt

1. )
ot + Ox f(zazt7t)+2h (SC,SCt,t)

o2 h(l‘, zt,t) < 07 (4)

for every nonzero z € R™, then system (3) is globally asymptotically stable in probability at = 0.
Proof. The proof can be followed from the same line of the proof for Theorem 4.2.3 in [36].
Proposition 1. If there exists a positive definite decrescent radially unbounded Lyapunov-Krasovskii
functional V' (z,t) € C** (R" X [to — T2, 00); R+) with V'(0,0) = 0, satisfying the following HJI:

2

oV ovt

ot + ox f(zazt7t)+

1 1 0
IsI* + 27 (@, 1,1) x,x1,t) <0, (5)

2 0x? I

then system (1) with v(t) = 0 is globally asymptotically stable in probability at = 0 and satisfies
Is(t)]12, < 2B{V (x(0),0}.

Proof. By Lemma 1, the proof can be achieved according to the proof for Proposition 1 in [19].
Lemma 2. For system (1), if there is a positive definite decrescent radially unbounded Lyapunov—
Krasovskii functional V (z,t) € C*1 (R” X [to — T2, 00); R+) with V(0,0) = 0, satisfying the HJT as below:

ov. oVt

1 _,[/ov?T T ov 1 5o 1 1 0*V
ot + 9 flzyze, )+ v <8z glx,xe,t)g" (T, 24, 1) O +2||s(t)|\ +2h (2,24, 1) h(z,z¢,t) <0,

2 Ox?
(6)
then system (1) is globally asymptotically stable in probability at = 0 when v = 0, and the inequality
Is()l13, < 2BV (2(0), 0} +2llo(0)[3,. Vo € £3(Ry:B™),0 £ 0 7)
holds for some prescribed disturbance attenuation level -, if the initial value x(0) # 0,6 € [t — 72, 0], and
Is(t)12, <202, ¥ € L3 (R R™),0 £ 0 (8)

is true for some given disturbance attenuation level +, if the initial value z(0) = 0,6 € [t — 72, 0].

Proof. First, by Lemma 1 and (6), it is obvious that system (1) is globally asymptotically stable in
probability at the equilibrium point z = 0. Second, by Itd formula [36], the stochastic differential
dV (t,x;) along any trajectory of the closed-loop system (3) can be obtained as

dV (z,t) = L,V (z,t)dt + Vi (z, t)h(z, 2, t)dW (1), 9)

with £, being the infinitesimal generator of (1), which is defined as

L,V (x,t) = Vi(z,t) + Va(a, t) fola, xe,t) + ;hT(x,xt,t)Vm(x,t)h(x,xt,t). (10)
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According to the Hamilton-Jacoby-Isaacs condition, it follows from “completing the square” that

1 1
LV, t)+ s = S22 o(0)?

_ ov\T1 - oV
= —(v—v gt (, a4, t) 8:0) 2721(11—7 g" (z, 4, t) 8z)

1 _,[(oVT - ov\ av  ovT
+ 27 ( al' g(m,iﬂt,t)g (ZC,ZCt,t) 850 + at + az f(l',l't,t)
1 0?V 1 9
+ 2h (x, 24, t) 92 h(z, ze,t) + 2||s(1§)H . (11)

Considering (6) and (11), the following inequality is readily achieved:

T
1 1 1
LVt < O = (v =72 a0y ) 5021 (v =2 2wy ) = sl
1 1
< Ple®IF = llsO1. (12)
Integrating (12) from 0 to 7" and taking expectation yields

E{V (2(T), T)} — B{V(2(0),0)} = E{ /OT v (a(t), t)} _ E{ /OT EUV(x(t),t)dt}

Y1, 2 1 2
< [ (LI = s a, (13)
0
Eq. (13) implies that Egs. (7) and (8) hold with initial state 2(0) = 0 and x(0) # 0, respectively.
Remark 1. Lemma 2 can be called a bounded real lemma (BRL) of nonlinear stochastic time-delay

systems. A linear stochastic BRL can be found in [28]. Also, two nonlinear ones for nonlinear stochastic
systems are derived in [14] and [37].

Remark 2. (1) The filter design problem satisfying the H, filtering inequality in (7) or (8) with a
given attenuation level v is called the H filter design problem of (1). (2) If

1 T
J) = 2E{ | nisore - 72||v(t)|2]dt}, (14)
then J(v) < J(v*), for any v, and v* € L% (R ;R™) N 2, with 2 = {v : limy_,oc E{V (2(t), t} = 0}, and
ov
* -2 T 1
V=T (15)

where v* is called the worst case disturbance, it achieves the given energy gain 42 from v(t) to s(t).
If the following nonlinear filter is employed for the estimation of s(¢) in (1),

(16)

to achieve the Hy, state estimation [[e()]|3, < 72|v(t)]|7,, where v € L% (Ry;R™) and e(t) = s(t) —
5(t) =[G —GJ&t), with £T(t) = [27(t) 2T (¢)], then we present the subsequent result.

Lemma 3. For a prescribed attenuation level ~, if there is a positive definite decrescent radially
unbounded Lyapunov—Krasovskii functional V (z, ,t) € C%! (R™" xR" x [ty — T2, 00); Ry ) with V(0,0,0) =
0, solving the following HJI:

ov?T ovrt . Ao 1 0?
856 f(l',l't,t)‘f' aj (f($,$t,t)+L($,.Tt,t)q(l’,l't,t))+ 2hT($7$tat)

8502 h(.’L', Tt, t)
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1, /0vT av . av'T
+ 57 ( P glx,xe,t) + 9% L(z, xt,t)k(ac,act,t)) X ( P g(x,x,t)

v . T 2V
+ ai‘L(l’,ZCt,t)k’(l',l't,t)) + 2(L<$’xtat).7(‘raxtat))Ta +Ox (xamtat)
@ T (L a . 0)

T, Tt, 8:08A €T wta J\T, T,
A 9%V .

+ 2(L(.’L‘ wta )](‘r)wtat))T 5‘@2 (L(:E :I"ta )](ZC,ZCt,t))

1y OV
wlcewiz+ 0 <o, a7)

for matrices f and L of appropriate dimensions, then Eq. (16) and (17) solve the stochastic Hs, state
estimation problem.

Proof. The proof is directly achieved as the same line of the proof for Theorem 1 [14].

It follows from Lemma 3 that the nonlinear filter (16) for (1) is more complicated than the filtering
problem from v(t) to s(t) in Lemma 2. In [14], the nonlinear filtering problem relies on solving a second-
order HJI, which is difficult to be solved except some special cases. There is no practicable nonlinear filter
design yet. However, the global linearization method has been conveniently applied for dealing with the
Hy/H, filtering problem in nonlinear stochastic systems [15]. This method will be employed to study
the Hy/H filtering problem in nonlinear stochastic time-varying delay systems.

Assume that the nonlinear stochastic time-delay system in (1) could globally be linearized as [34]

ox Jy ox Jy
0q(@,y,t) Oq(m,yt) Oj(z,y,t) Oj(w,y,t)
ox dy ox 9y

of(z,y,t) Of(x,y,t) Oh(z,y,t) Oh(x,y,t)
€N, Ve=uz(t), y=a(t—1(t)),

where the polytope 2 € R("T™) %47 means the system parameters set of the globally linearized time-delay
systems at vertices. Assume that (2 could be described as the following convex hull:

Actually, all the globally linearized time-delay systems in {2 of the nonlinear stochastic time-delay system
(1) can be interpolated as the subsequent m linear stochastic time-delay systems at vertices of the convex
hull of £2 [34]:

A1 A Cor Cia
Qo1 Qi1 Jo1 Juu

AO?n Alm COm Cl?n
QO?n le JOm Jl?n

(A01 (t) + Ali:n(t — T(t)) + Bﬂ}(t)) dt + (COZ'.T(t) + Clil’(t - T(t))) dW(t),
= (Qoiz(t) + Quiz(t — 7(t)) + Kiv(t)) dt + (Josx(t) + Juz(t — 7(1))) AW (2),
s(t) = Ge(t),i =1,2,...,m,

z(t) = ¢(t),t € [- 72,0]~

(19)

By the global linearization theory [34], it follows from (19) that each trajectory of the nonlinear stochastic
time-delay system in (1) means a trajectory of the convex combination of the m linearized stochastic time-
delay systems in (19), that is, the nonlinear stochastic time-delay system in (1) can be interpolated by
the convex combination of m linearized stochastic time-delay systems in (19) with proper approximation
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errors as below:

da(t) = (f(@(t), z(t = 7(t)), 1) + g(x(t), x(t = 7(2)), )o(t)) dt + h(x(t), z(t = 7(t)), t)dW (1)

n

o (x, T4, t){(AOiac(t) + Az(t — 7(t)) + Bio(t)) dt

i=1

s

(Coix(t) + Criz(t — 7(t))) AW (t)} + Afdt + Ago(t)dt + AhdW (),
dy(t) = (q(a(t), 2t — (1)), t) + k(x(t), (t — (1)), t)v(t)) dt + j(x(t), x(t — 7(t)), £)AW(¢)

m

= Zaz(l’ T, t QOz ( ) + Qlil’(t - T(t)) + Ki’l)(t)) dt

(20)

7

+ (Joim(t) + Juz(t — 7)) AW ()} + Aqdt + Ako(t)dt + AjdW (2),
s(t) = Gx(t),
(t) ¢(t)ﬂ te [ 7—270]7

where
Af = f(o,24,t) — i Oéi(SC,SCt,t) (AOi!E + Au!Et), Aq = q(z,24,t) — iai (xaxtat) (QOiSC + Quiﬂt),
i=1 i=1
Ah = h(z,z,t) — i o (@, 24, 1) (Cosw + Crizy), Aj = jx, @4,t) — 3 i (z, 2, t) (Josx + Jrize),
i=1 i=1
Ag = g(-T,.Tt,t) - iai(xaxtat)Bia Ak = kj(l',l't,t) - iai(xaxtat)Kia
i=1 i=1

with the interpolation functions o; (ac(t),ac(t - T(t)),t), 1 = 1,2,...,m, satisfying 0 < ozi(ac(t),ac(t -
7(t)),t) < 1and Y7 oy (x(t),z(t — 7(2)), t) = 1.

Remark 3. It is usually difficult to solve the HJTin (6) or (17). By the global linearization method, the
filter design problem for the nonlinear stochastic time-delay system can be studied by solving simultaneous
LMIs related by the globally linearized systems in (20) instead of a second-order HJI.

3 H,, global linearization filter design

By the globally linearized model (20), the nonlinear filter (16) is replaced by the following global lin-
earization filter to study the H, filter for system in (1):

m

% (@), 2(t = 7(t)),t) { (Ao &(t) + Ay (t — 7(t)))dt + L [dy(t) —dy(t)] ), (21)
where L; is the gain for the jth filter and

Zak &, 24,t) (Qoit + Qi) dt

In this condition, the globally linearized filter is written as follows:

m m m

di(t) :Zai(az,xt,t)z:aj T, Ty, t Zak T, Ty, t AOJx—I—AljJ;t)dt—i—L [(QOix—l—Qliwt)dt
j=1 k=1

i=1 j= =

+Kivdt + (Joiw + Juize)dW (t) + Aqdt + Akvdt + AjdW (t) — (Qokd + Quede)dt] }. (22)

The augmented system is obtained as follows:

)= i@ @ t) Yoy (@, e t) > k(@ &, t) { (Aoijrb () + Avijuét — 7(t) + Biju(t))dt
=1 k=1

j=1
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+ (Doi€(t) + Dri&(t — (1)) AW () } + A fdt + Agu(t)dt + AhdW (t), (23)
where
x(t —- A I 0 —- A i 0
§(t) = A( , Aoijr = 0 » Avije = ! ;
(t) L;jQoi Aoj — LjQoxk L;iQui Arj — LjQug
_ B; _ Coi O _ Ci O VAN
Bi; = ; Doij = ° » Diig = ' , Af = m . f ;
LjKi LjJOi 0 Llei 0 Zj:l &7} (SC,SCt,t)Lqu

o l Ah
Z;'nzl Q (i’,i’t,t)LJAj

Denote 5(t) = [€7(t), €7 (¢ — 7(1)), L [, €7 (s)ds] ", () = [T (), 2" (¢ — ~(1))] -

Assumption 1. There are five positive bounded constants eq, s, €3, ¢4, and « such that

)

_ l Ay
Ag = m A A
ijl o (w,xt,t)LjAk

T
A A
IAfIF< eSO, AR < e2lICO 1Al < esl|COIL 1A < eal S, [Aﬂ [AZ] <al. (24

Remark 4. The nonlinear system (1), the globally linearized model (20), the globally linearized filter
(22), and the augmented system (23) are time-varying systems. Thus, the non-uniformly global stability
is studied in this paper.

Let us denote

e(t) = s(t) — 4(t) = [¢ — G)e(t) = Ge(w), (25)

where G = [G — G], then the nonlinear stochastic H filter design problem can be described as below.
Determined the filter gains L;,j =1,2,...,m, such that the following hold.

(1) System (23) is globally asymptotically stable in probability at £(¢) = 0 when v(t) = 0.

(2) For a prescribed v > 0, the subsequent inequality holds

le@®IIZ, < 2B{V(£(0),0} +¥*|[v(t)I|Z,, Vv € LF (R R™),v #0, (26)

where V(£,t) € C%(R*™ x [ty — 72,00); Ry ) with V/(0,0) =0.
Theorem 1.  For the augmented system in (23) with Assumption 1, if there exist P > 0,Q > 0, and
R > 0 solving the following matrix inequalities:

EJTPEJ- < B;I, with a scalar variable 8; >0, j=1,2,...,m, (27)
= <o,
where _ N ~ - - -
I 5 D;I;-P PBZ-J- Pf,j PL,
« -2 0 0 0
H{{C"’ = * * —722[ 0 0 ,
* * P — :I 0
| * * * * —f[_
with
b AT AT /A 2 T
PAOijk+A0ijkP+G G+P+Q+T2R P/ilijk 0

+(B; 4 Be) [3 (1 + )T + (3 +€3) 1]
Wiji = . —(1=7Q+ (B + Br) 0 ;
x[g(e?+e3)] + (e3+ed)]]

k * 77’22R
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and Dy; = [Dos; Duiy 0], P=[P 0 0]", L; = diag{I, L;}, Ly, = diag{I, Ly} for all i, j,k =1,2,...,m,
then the subsequent is true: (1) the augmented system (23) is globally asymptotically stable in probability
at £(t) = 0 when v(t) = 0, and (2) the subsequent inequality

le@®)IZ, < 2E{V(£(0),0} +*[lv(®)lI7,. Vo € L3 (R4 R™), v # 0 (28)

holds for a prescribed disturbance attenuation level v > 0.
Proof. By Lemma 2, if there is a positive definite decrescent radially unbounded Lyapunov—Krasovskii
functional V/(§,t) € C*1(R?™ x [ty — 72,00); R4) with V/(0,0) = 0 such that

T m m m o B B B
agg Zoéi (&,&.t) Z 5 €t Z (6,6, t) (Aoijn€ + Avijn&s) + AF
i=1 =1
T
0%V
0&2

m

; D i€ &t Z (£, &0,t) (Doigé + Duij&e) + Ah
=1

“ - _ _ | oV o1, -
X [;Oﬂ §,&t,t 521&8 €&t ) (Doisé + Dusés) + Ah| + ot + 2||Gf|\2
1 L, |ovT [& - _
+ 2’7 8€ ;O‘i(gagta ;O‘j 5 £t7 Ag
a i ov
X (; [&7] (£7£t7t) s;as (£7£t,t)Bls + Ag) 85 < 07 (29)
then (1) and (2) hold. Choose a Lyapunov—Krasovskii functional candidate as
Ve =y oren+, [ Eeeeeds T [ [ @oreease. o)
2 2 t—7(t) 2 —70 Jt+6

For SlmpllCItY7 denote Qg (Eaght) = 4, Oq (£7£tat) = i, Oy (éa éht) = dja Qg (éa ét,t) = dka Qg (é, éht) =
s with all the variables omitted.

By (30), Eq. (29) can be rewritten as

Z @iy gy Gy aqy & x {Sym (€T P[Aoiié + Aign&e]) + 4 TSym(E"PBy;)
l:1 j=1 k=1 =1 s=1

+€7GTGE + TSym([Doist + Drs] )P )+ Sym(€PAS) + |y TSym(€" PArg)

m

+r% e i ijj S04 PE+ETPAGY oy

=1 s

a5 B, P€

NE

1

S0 Y ;[ Doisé + Duyj&]  PAR+ ARTP Z o Z & [Doisé + Dusti]

i=1  j=1 =1 s=1

[€TQ£ — (1 =7(1)& Q& + T3¢ RE — 72/ €% (s)RE(s)ds

(NI

m

1 m . m . m . B B B B
< 9 Z @ Z @ Z g Z y O X {Sym (ETP[AoijkE + Aujkft]) + 2TSym(STPBij)

=1

HETGTGE + TSym ([Duiié + Dig) )P+ ) [€7PE + ATTPAT] + 7> TSym (€7 Psg)

s
Il
—
<
Il
—
B
Il
—
-
Il
—
w

m m m m

17_2 TP ZQZZQJQ ij 1J+Zalzab BléBlS P€
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Table 1 Procedure for Hs global linearization filtering

Steps Design procedures
Step 1: Establish the globally linearized model (19);
Step 2: Choose the matrix G,
Step 3: Obtain the five positive bounded constants e1, ez, e3,e4, and « in (24) along the entire
trajectory of the nonlinear system (1) that comes from the simulation of the system (1);
Step 4: Solve the LP in (35) to get Ymin, P1, P2, Q1, Q2, Q3, R1, Ra, R3, 8;, and Y}, then L; = Py 'Yj;
Step 5: Establish the globally linearized filter in (21).
1 _ 1
+ 2TSym(§TPAg) + 2TSym(§TPAg ] Z o Z @ Tsym( [Doisé + Diyjés] ') P
=1
TN -, 1 T 1 1 1
~ N N 7T 7 7T 7 . T 7
+ ; a ; Gy TSym([Dowé + Duse] )P+ JARTPAR+  ARYPAR| + ) ARTPAR
1 t
by |08 - (1= D) Qs+ 3¢ Re - n [ (me(e)as). (o Lewma 41 [15)
t—T
m m m :
o ZdJ Z Qg X {Sym (§ P[Aowkg + Alukft]) + 29~ 2TSym(gTPBU) +1GTGe
i=1 7j=1 =
= T
+2[Doi;€ + D1ijéi]

P[Dg;jé+ Dijj&] + €' (P+Q+ m3R)E — (1 — 7)€ Q&
T

1/t }T oo 1t sorns | 9| | Dg| -p
— s)ds| (5 R s)ds +~y “¢" PL,; L;P
o] @m ) [ s | 0010 Lxee
A A ' A ' A
- - 1 - _
2 PLy | Y T\ Lfpe+ f LTPL; f
ANk | | Ak 2| Ag Aq
A ' A Ah ' Ah Ah ' Ah
1 o o o
+ ! Ly PLy f + | | LyPLy| |+ | .| LiPLy|
2| Aq Ag Aj Aj Aj Aj
{by Lemma 4 in [15] and Proposition B.8 (Jensen inequality) in [38]}
1 m m m
< > a Y {nT(t) {Hijk + 2y *PBy; BLP +2D5 PDyj + oy >PL;LTP
i=1  j=1 k=1
+a’y_2]5ik1i;£]5} n(t)} <0.  {by (24) and LT PL; < 8;I} (31)
The aforementioned inequality holds if the following inequalities:
iji + 2y °PBijBSP + 2D PD;j + ay >PL;LT P+ ay *PL L P <0 (32)

are true for all 4,5,k = 1,2,...,m, with IL;, D”,P LJ, and Lj being defined in Theorem 1. By the
Schur complement [34], Eq. (32) is equivalent to (27) under LJTPL < B;1. It follows from the inequalities
in (32) and LT PL; < ;I that (1) and (2) of the theorem hold. The proof is completed accordingly.
Remark 5. By the declaration of (33), the matrix inequalities in (27) can be formulated as in (34) to
solve P > 0,P, > 0,Q1 > 0,Q2,Q3 >0 and Ry > 0, Ry, R3 > 0. For ease of design, let

Py Py @1 Qe
Py P Q2 Qs |

Ry Ry

33
R, R, (33)
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and Eq. (27) should be modified as the LMIs in (34):

HH“’— (1’1) (1a2)
S R (2,2) 5

8,1 0 P P,
x B Y YT

<0, Vi, j, k=1,2,....m,

0= <0 B;,>0, 7=1,2,...,m,
* x —P —P !
* * x =Py
where
Iy Dip Tig Tig [00T1; Tig Tg P, Y; P Yy
T'oo T'o3 T 00 0 0 I'ygyPY, PY,
(1,1): * 22 123 Log ’(1,2): 29 172 Y5 I Yi ,
* * F33 F34 00F37 Fgg 0 0 0 0 O
* % ok I'yy (1000 0 0 0 00O
(2,2): s — diag —13R1 —T3 R _1;1 _1;2 _721 _721 _,YQI _,)/21 _,sz
b HQOC % 77—22R3 b % 7F2)2 ) 27 a) Oé) Oé) a b

Y; = BLj, 0= (2 +¢3) + (3 +€3),

Ti = PrAo; + Agi P+ Y;Qoi + QoY) + GTG + Pr+ Qu+ w3 Ry + (B + Br)ol,

Tiz = AGi P2 + P2 Aoj + Qq;Y;" = YiQok — GTG + Py + Q2 + 13 R, Tiy = PrAy; +Y;Qui,
D1y = PyAy; = Y;Quk, Trr = G P+ J5,Y, Tis = Cg Py + JYSE, Tho = PBi + YK,
Doy = PrAoj = YiQok + Ag;Po = Qi Y)" + GTG + Po + Qs + 75 Ry + (B + Br) o],

Doz = PoA1i + YjQui, Toa = PaAy; = Y;Qup, o9 = P2Bi + YK,

Tss = —(1—7)Q1+ (85 + Br)ol, Taa = —(1—7)Qs + (B; + Br) (¢ + €3)o1,

P34 = —(1=7)Qa, T3y = CLPL+ JLY]Y, Tag = CLP + JSY .

By the previous discussion and the choices of P, @, and R in (33), the optimal H., globally linearized
filter design is formulated as the subsequent linear programming problem (LP),

min 0,
{P1,P2,Q1,Q2,Q3,R1,R2,R3,0;,Y; } (35)
s.t. (34) with p=~2, P=PT >0, Q=Q" >0,R=R"T > 0.

For clarity, a design procedure for the H, globally linearized filter design is given in Table 1.
Remark 6. (1) In the globally linearized filter design, the HJI in (17) of the nonlinear state filter
design in (16) is replaced with the matrix inequalities in (27), which can be efficiently solved by the LMI
toolbox in Matlab. (2) By Remark 2, one can obtain a corresponding v* as

m m . B B 8V 3 - a m m . B B 3 -
o=y gy [B?j 85} +77%0g 2¢ => ;Y a7 [BEPE +4720g"PE, (36)

=1 j=1 i=1 =1

where v* can be taken as the worst case disturbance achieving the desired energy gain 2.

4 Suboptimal mixed H,/H, global linearization filter design

If a desired attenuation level v is chosen, we can obtain an H filter in (21) under v*(¢) in (36) for the
nonlinear stochastic time-delay system. The H, filter design that minimizes the norm of the estimation
error is called the mixed Hy/H filter design, and the worst case disturbance v*(¢) in the H filter case
is considered for v(t) in (1).
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In view of (36), the augmented system in (23) is rewritten as follows:

t) :Zai(sc,xt, Zaj Z sc Iy, t Zal(:c,:ct,t) Zas(i,it,t) X {[Aol-jkf(t)
i=1 k= s=1

J=1 =1
+ A€t — 7(t) + _QBz‘szsPE +7 2By AGT PE+ PGB PE+ 2 AgAG T PE]dt
+A fdt + [Doi&(t) + D&t — 7(t)) + AR]dAW(2)} . (37)

It follows from Proposition 1 and Theorem 1 that we obtain the subsequent result.
Theorem 2.  For the augmented system in (23) with Assumption 1, if there are P > 0,Q > 0, and
R > 0 satisfying the following matrix inequalities:

{ EJTPEj < B;I, with a scalar variable 5; >0, j=1,2,...,m, (38)

/e g,

where 3 } 3 L
1L D;g-P PB;; PL; PLy

« =T 0 0 o0

Ha/Heoo 2
T e S
2
* * x —21 7T 0
2a
2
* * * x —1 7
207

with Hijk,Dij, and P being defined in Theorem 1, L; = diag{I, L;}, L, = diag{I, Ly} for all i,j,k =
1,2,...,m, then the subsequent hold: (1) the augmented system (23) is globally asymptotically stable in
probability at £(¢) = 0 when v(t) = 0, (2) the estimation error satisfies the Ha norm property as

le(®)lI7, < 2E{V(£(0),0}
0
= E{¢(0)PE(0)} + E {/ §1(5)Q¢(s)ds + 72/

0

o (s + Tg)&T(s)Rf(s)ds} , (39)
—7(0 —T2

that is, E{¢T(0)P£(0)} + E{ f )£T 5)Q&(s)ds + 7o fi)m (s+72)ET(s)RE(s)ds} is the upper bound of
e(t)]|7, and is to be minimized in the suboptimal H, filtering case; and (3) the global linearization filter
also satisfies the filtering performance in (28).

Proof. By Proposition 1, if there exists a Lyapunov—Krasovskii functional V(&,t) € 02’1(R2" X [to —
To, 00); R+) with V(0,0) = 0 such that the equation as below is derived, then (1) and (2) hold.

m

Zal x, T, t Zaj T, 8, Zak(i,it,t) ;al(x,xt,t) Z_:as(i,i’t,t) > {88£ [Aoijné

=1 k=1

3

+ Ak + 2BUB P&+ 2B AGTPE+ v P AGBLPE+ v 2P AGAG T PE+ Af]
T92VT

+2||G’£H2+ 2[DOij£+D1ij£t+Ai_l] 8&2

_ _ - A%
[Dois€ + Dusés + Ah] + 5¢ } <0. (40)

By substituting (30) into (40), it follows from the same lines as the proof of Theorem 1 that

m

1 m m m
5 E al T, X, t E aj T, Ty, t E :c , Ty, t E al T, xe,t g as(ac,xt,t)
i=1 j=1 =1 s=1

k=1
X {fTP[AOijkf + Aviji& + v ?Biy BLPE + v 2By AgT PE+ 2 AGBL PE]

[*A(szkré~ + Alz]kgt + 7_2BljB Pf + 7_231J AgTPé- + V_QAQBZSPS] P&
+29 2T PAGAGTPE+ ETPAT + AFTPE+ETGTGE + £7QE — (1 —7(1)& Q&
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t
+736"RE — 7 ¢T(s)RE(s)ds + [Doij€ + D& + AE]TP[DOZSf + D1isés + AR }

t—7o
m

1 m m
<, ay Y aw {n" (1) [y + 4y2PBy B P+ 2DL PD,
=1 J=1 k=1

+20y2PL;LTP + 207~ 2PLkLTP] n(t )} <0.  {by (24) and LTPL; < 8;I} (41)

J

From the previous analysis, if the subsequent inequalities
Iiji + 4y ?PB;; B, P+ 2D PD;j + 20y *PL;L] P + 20y *PLi L, P < 0, (42)

hold for all 4,j,k = 1,2,...,m, then both (40) and (41) hold. By the Schur complement [35], Eq. (42)
is equivalent to (38) under E;rPlij < B;1. It follows from matrix inequalities in (38) and Z;FPI:JJ- < Bl
that (1) and (2) of the theorem hold. By (42), the following inequality can be obtained:

Wij + v 2PBijBLP + 2D PD;j + oy ?PL;L P+ oy >PLy L\ P
< =2y ?PByBYP — ay *PL;LTP — ay *PL,L{ P < 0. (43)

It follows from (43) and the Schur complement that Eq. (27) is satisfied. Then, (3) of Theorem 2 holds
from Theorem 1. The proof is complete accordingly.

By the previous discussion, the suboptimal mixed Hs/H, filter design is obtained by the following
minimization problem:

0

. T 0 T T
pohin (e <0>P«s<o>}+E{ / o ST OQE) s+ | (sme (s)R&(s)ds},

st.  (38) with P=PT' >0, Q=Q" >0, and R=R" >0.

(44)

Similarly, with P, @, R in (33), the matrix inequality constraints in (38) should be modified as (45), with
(1,1), (1,2), and I';; being defined in Remark 5.

1,1 1,2
Héfz/Hoo: (1,1) (1,2) <0, Vi, j, k=1,2,....m
* (2,2)1_[}42/}1oo
7ﬂjI 0 Pl P2

« —B;I YT YT

0= J J <0 B;,>0, j=1,2,...,m,
* * —P1 —P2 !
* * x —P
where
_TQRl _TQRQ

_P 47 2’ 22’ 22’ 2a

(2,2)ym2/m0 = diag {
2
2

_1;1 _1;2‘| _,YZI _,YZI 72[ ,YZI _721}

* —T R3 *

Remark 7. It is assumed that E{f 0 &(8)§ (s)ds} = NNT, E{fi)r2 (s+72)&(s)€T (s)ds} = LLT and
E{£(0)ET(0)} = M = diag {M11,0}, 6 € [—72,0], if () = 0 is always assumed. Then, the suboptimal
mixed Hs/Hoo globally linearized filtering design problem in (44) is formulated as follows:

min tr{ M P} 4+ tr{NTQN} + tr{L" (R)L},
ot | {MP}+ a{NTQN} + tr{L7 (nF) L) -
st.  (45) with P=P" >0, Q=Q" >0, and R=R" > 0.

Remark 8. By the Schur complement, Hf /Mo implies Hf‘” < 0. Therefore, the sufficient
condition (34) in the mixed Hs/H case has been removed.
A design procedure for the suboptimal mixed Hs/H, globally linearized filter is presented in Table 2.
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Table 2 Procedure for suboptimal mixed H2/Hoso global linearization filtering

Steps Design procedures
Step 1: Establish the globally linearized model (19);
Step 2: Choose an attenuation level v and a Gj
Step 3: Obtain the five positive constants er, e2, e3,e4, and « in (24) along the entire trajectory of the
nonlinear system (1) that comes from the simulation of the system (1);
Step 4: Calculate NNT LLT and M in Remark 7 as the expectations of the initial state in Lo sense
and mean-square sense, respectively;
Step 5: Solve the LP in (46) to get Pi, P2,Q1,Q2,Qs, R1, R2, R3, 8;, and Yj, then L; = Py 'Yj;
Step 6: Establish the globally linearized filter in (21).
0.40
v T e T e T e T e T e Tl e B 0.35 —x,(0)
: .l 030 )
2 0.25¢
£ 10l 0.20p
3 0.15H
; 0.5 0.10
B 0.05}!
B 0 0.00 '.|
A - - . -0.05 L : :
0 5 10 15 0 50 100 150
Time (s) Time (s)
Figure 1 Exogenous disturbance v(t). Figure 2 Trajectories of the states with v(¢) = 0.

5 Simulation example
Consider the following Ito-type general nonlinear stochastic time-varying delay system:

day (t) = [—4a1(t) — 223 (t) + Bao(t) + 0.1z (t — 7(t)) — 0.5 cos(z1(t))v(t)] di
+ [0.123 () 4+ 0.121 (t — 7(£))] AW (),
dwy(t) = [—4a1 (t) — 1029(t) 4 0.129(t — 7(t)) — sin(ay (£))v(t)] dt
+[0.1z2(t) + 0.122(t — 7(¢))] AW (2),
dy(t) = [921(t) — 23 (t) — 9z (t) + 0.1z1 (¢t — 7(t)) + 0.1z (t — 7(1)) + 1221 (t)v(t)] dt
+ [0.123(t) + 0122 (t) + 0.1z (t — 7(t)) + 0.1ao(t — 7(t))] AW (),
s(t) = x(t),
() = [£1(0),22(0)]" , 0 € [~72,0],

(47)

where z7(t) = [x1(t), 22(t)]. The external disturbance v(t) is described by the periodic rectangle wave
with amplitude 2 in Figure 1, and the trajectories of the states are displayed in Figure 2 when v(t) = 0.
7(t) = exp(—(1 +¢)71), then 7 = 1, 7 = 0.3679.

(1) Design 1: optimal H,, globally linearized filter design.

Step (a). Establish the three vertices of the globally linearized model at x;(¢) = —0.5,—0.1, and 1.5
as in (19) with Ao;, 414, Coi, Chi, Qoiy @i, Joi, J1i, 1 = 1,2,3 are shown in Appendix A.

Step (b). Choose the matrix G = I.

Step (c¢). Obtain the five positive bounding constants in (24) with the Simulink in Matlab as follows:
er = 0.0411, e5 = 0.0066, e3 = 0.0914, e4 = 0.0066, and o = 0.4751.

Step (d). Solve the LP in (35) with the LMI optimization toolbox in Matlab. From Table 1, one can
obtain 72, = 7.8745, with Py, P2, Q1,Q2, Q3, R1, R2, R3, B, and Y; being displayed in Appendix B.

Then, the H., globally linearized filter gains are proposed as follows:

—0.1278 —0.0758 —0.0704
L = Lo = Ly = .
0.1871 0.0288 0.0477
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1.0 r . 1.0 . .
— W) —W(@)
2 05} 2 o5l
= Of S0
g g
£ 05 £ 05
-1.0 : : -1.0 . .
5 10 15 0 5 10 15
Time (s) Time (s)
Figure 3 Wiener process W (t) in Design 1. Figure 4 Wiener process W(t) in Design 2.

0.3
0.2 |4
0.1}

-0.1
-0.2
. : . -0.3 : :

0 5 10 15 0 5 10 15
Time (s) Time (s)

Figure 5 Trajectories for the proposed optimal Hs global linearization filter. (a) Trajectories for z1 and Z1; (b) trajec-
tories for zo and 9.

Step (e). Establish the globally linearized filter as in (21) with the subsequent interpolation functions

1 1
(#1+0.5)2 (#1+0.1)2

o =
)2+ ° ¥ )2+ )2+

Q] = 1 1
(#1—1.5)2 (#140.5

(#140.5

a3 = 1

1 1 1 1 ’
)2+(i:1+0.1 (#140.1 (#1—1.5)2 (:i1+0.5)2+(i:1+0.1)2+(a‘:171.5)2

for x1 = —0.5, x1 = —0.1, z; = 1.5, respectively.

Let W(t) be a standard one-dimensional Wiener process with E{W ()} = 0 and E{W?()} = t¢.
The corresponding Wiener processes are shown in Figures 3 and 4. Figure 5 shows the trajectories of
x1(t), x2(t), #1(t), and Za(t), respectively, by the proposed Hy, globally linearized filter. It follows from
Figures 1 and 5 that the estimation error mainly results from the sharp change of exogenous disturbance
before finishing estimating the upward (downward) signal. In other words, the filter is forced to estimate
the downward (upward) signal before finishing estimating the upward (downward) signal so that the peak
and valley of the signal cannot be estimated accurately.

Assume that [z1(0), 22(0), &1(0), #2(0)]" = [21(0), 22(0),0,0]", where z1(6), z2(f) are random initial
values with E{[z1(0), z2(0)]} = 0, E{[z1(0), 22(0)]T[z1(8),2(0)]} = I. Thus, M = diag {I,0}, and then,

in Remark 7, N = diag{\/ 4 (1),0}, L= diag{i%,O}.
exp

(2) Design 2: suboptimal mixed Hs/H globally linearized filter design. Solve the LP in (46) with
the LMI optimization toolbox in Matlab. In this case, for a prescribed v? = (4.16)2, by Table 2, one can
obtain Pi, P, Q1,Q2, @3, R1, Ra, R3, B, and Y}, which are shown in Appendix C, the optimal Hj cost
Jy = 48.0289. Then, the Ho/H globally linearized filter gains are presented as follows:

—0.0955 —0.0790 —0.0418
1= ’ Ly = ) L3 = .
0.1206 0.1589 0.0548
By the proposed suboptimal mixed Hy/H, globally linearized filter, the trajectories of x1(t), z2(t), #1(t),
and #o(t) are displayed in Figure 6, respectively. Omne can obtain the average estimation errors by
the proposed filters as in Table 3. By the extra consideration of the Hs suboptimal filtering in (44), it

follows from Figures 7-10 that the mixed Hs/H, filter substantially improves the estimation performance
compared with the H, filter.
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0.2 : . 0.2
(@) —x,(t)
0.1 ES(ORE 0.1f
O

0.1

-0.2

5. 1.0 15 0 5 10 15
Time (s) Time (s)
Figure 6 Trajectories for the proposed optimal Hz/H global linearization filter. (a) Trajectories for z1 and #1; (b)

trajectories for x9 and Za.

Table 3 Performance of the proposed filters

Filters E{f015 lle()||?dt}
The proposed optimal H global linearization filter 0.1668
The proposed suboptimal mixed H2/H global linearization filter 0.1073
o 03 g 03
= =
% 0.2 é 0.2
g 0.1 s 0.1
- S
% 0 % 0
= —0.1 = —0.1
9]
£-02 £ -02h
£-03 £-03
M _0.4 m _04
0 5 10 15 0 5 10 15
Time (s) Time (s)
Figure 7 Estimation error response for H filter. Figure 8 Estimation error response for Ho/Hxo filter.
0.14 : . 0.10
0.12 1
I 50 0.08 1
8% 010 —e) | 22 e
c g 9]
= 20.08 s 0.06
22 0.06 1S
g % : E % 0.04 |
=2 004 5 b7 g
A2 002l o2 0.02} 1
0 5 . 10 15 0 5 10 15
Time (s) Time (s)
Figure 9 Estimation error response in mean-square sense Figure 10 Estimation error response in mean-square
for Hoo global linearization filter. sense for suboptimal Hs/Hoso global linearization filter.

6 Conclusion

In this paper, based on a globally linearized model, a stochastic BRL is established to design the H.
globally linearized filter for a nonlinear stochastic time-varying delay system by solving simultaneous LMIs
instead of a second-order HJI. The mixed Hs/H, globally linearized filter design problem is formulated
as a LP with a desired attenuation level when the worst case disturbance is considered. A simulation
example is presented to demonstrate the proposed method. This method is applicable for state estimation
in filtering problem and state-estimator-based control designs in nonlinear stochastic time-varying delay
systems when state variables are unavailable. Undoubtedly, how to solve the HJI is a very valuable
research topic and deserves further study.
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Appendix A Coefficient matrices of the linearized systems in Example 1.

N

-55 5 —4.06 5 -175 5 —0.1 0.0
Ag1 = , Aoz = , Aoz = , Co1 = ,
—4.0 —10 —4.00 —10 —4.0 —10 0.0 0.1
—0.02 0.0 0.3 0.0 —0.4388 —0.4975 —0.0353
Co2 = , Coz = , B1= , By = , B3 = )
0.00 0.1 0.0 0.1 0.4794 0.0998 —0.9975
Qo1 =[10 =9], Qu2=1[92 9], Qo3 =[6 —9], Jor =[—-0.1 0.1, Jo2 = [ —0.02 0.1],
Jo3=1[030.1], A;;=C1; =011, Ji;=Q1; =[010.1],i=1,2,3. K1 = —6, Ko =—1.2, K3 =18.

Appendix B The solutions for the Design 1.

—2.0187 58.8091 0.9774 57.3793 —126.6186  405.5264

98.8078 2.0187] P {90.4942 0.9774} 3 { 202.8815 126.6186]

31.3462 318.8367 —3.9626 267.6041 —78.6251 275.3162

{134 3078 —67. 1257} 0s — {109.2999 3.9626] R [166.0323 78.6251]
115.8016 —32.5824 96.0875  6.0596 —11.3778

—14.7431 218.8133 6.0596 187.9714 10.6131

1.5799

—6.8297 —6.3267
| 2.6685

} , B1 = 133.5388, B2 = 302.5023, B3 = 305.4660.

Appendix C The solutions for the Design 2.

Y; =

_ [ 864424 00653 ] , _ [33.7203 2.0105 [ 104481 —3.8656
0.9653 26.4368 2.0105 26.0207 | —3.8656 16.1123
0y — 6.6629 —1.2627 _ [66007 051017 [ 62020 ~27815
27| Z0.4789 12.0140 ~ | 0.5101 10.9685 T | —2.7815 14.6409
4.6083 —0.9929 3.7606 0.6977 [ —2.9799
Ry = , Ry = Y; =
~0.3309 12.4857 0.6977 11.1249 2.9471

~2.3460 ]

—1.2982
3.9747

. B1 = 37.1182, By = 40.1896, B3 = 40.1227.
1.3412] A1 Pe Ps
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