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Abstract This paper addresses the problem of iterative learning control algorithm for high order distributed
parameter systems in the presence of initial errors. And the considered distributed parameter systems are
composed of the one-dimensional fourth order parabolic equations or the one-dimensional fourth order wave
equations. According to the characteristics of the systems, iterative learning control laws are proposed for such
fourth order distributed parameter systems based on the P-type learning scheme. When the learning scheme
is applied to the systems, the output tracking errors on L? space are bounded, and furthermore, the tracking
errors on L? space can tend to zero along the iteration axis in the absence of initial errors. Simulation examples

illustrate the effectiveness of the proposed method.
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1 Introduction

Since the complete algorithm of iterative learning control (ILC) was first proposed by Arimoto et al. [1],
it has become the hot issues of cybernetics and has attracted broad attention in recent years [2-5]. The
basic idea of ILC is to improve the control signal for the present operation cycle by feeding back the control
error in the previous cycle. And the classical formulation of ILC design problem is as follows: find an
update mechanism for the output trajectory of a new cycle based on the information from previous cycles
so that the output trajectory converges asymptotically to the desired reference trajectory. Owing to its
simplicity and effectiveness, ILC has been found to be a good alternative in many areas and applications,
see [6] for detailed results. Nowadays, ILC is playing a more and more important role in controlling
repeatable processes.

Due to many practical problems can be described by the DPSs (distributed parameter systems) gov-
erned by the PDEs (partial differential equations), the applications of DPSs have been involved in many
fields in the last few years, and a series of the research achievements have been obtained [7-9]. Since
the variables of DPSs are related to infinite dimensional space, studies of ILC for infinite dimensional
processes are limited and there have been only a few works reported on ILC for DPSs, while ILC has
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been widely investigated for finite dimensional systems. Furthermore, most of them focused on the first
order or the second order DPSs [10-16]. Refs. [10-12] designed the ILC algorithms for parabolic DPSs by
using the P-type learning scheme. Ref. [13] discussed both the P-type and the D-type ILC schemes for
a parabolic DPS, which was transformed into a linear system on Hilbert space. In [14], ILC was applied
to a temporal-spatial discretized first order hyperbolic PDE, guaranteeing stability of the closed loop
system and satisfying the requirements of performance. Recently, ref. [15] proposed an ILC algorithm
for a DPS which is governed by a second order hyperbolic PDE. In [16], a D-type ILC algorithm for
irregular DPSs was introduced with the aid of the weak convergences of functional analysis. In the field
of the distributed control for DPSs, hitherto, almost all of the systems involved in ILC have been low
order (first order or second order). How to apply ILC algorithm to high order DPSs and conduct the
corresponding control design, to the best of our knowledge, there is no relevant literature about this.

Fourth-order PDEs problems arise commonly from the studies of phase separation in cooling binary
solutions [17], vibration of beams and thin plates [18-20], and have attracted broad attention in recent
years [21-27]. Hitherto, the related research work about fourth-order PDEs have mainly focused on
their well-posedness, numerical solutions, etc. [21-27]. In this paper, ILC technique is applied for the
first time to a class of fourth-order DPSs. And the considered DPSs are composed of the fourth-order
parabolic PDEs in [21] or the fourth-order wave equations in [22]. A P-type learning law and a convergent
condition, which can be applied for both the parabolic equation and the wave equation, are proposed.
And when the learning law is applied to the systems, the output tracking errors on L? space are bounded,
and furthermore, the tracking errors on L? space can tend to zero along the iteration axis in the absence
of initial errors.

In this paper, the following notational conventions are adopted: for function Q(z,t): [0,1] x [0,T] —

R, take the norm: [|Q(-,t)[|;. = \/fol Q?(z,t)dz, and define [|Q[[,2 , = supco, 7 [|Q( t)||2L2 Denote
HY(0,1) = {6(z,1)|0(x,t) € L2(0,1), 221 € 12(0,1),..., 2224 € 12(0,1)}, H(0,1) = {6(x,1)|0(z,t)
€ H'(0,1), and there exists a sequence 6., (z,t) € C§°(0,1) such that Om (2, t) = O(z,t) in space H'(0,1)},

L™((0,T); H(0,1)) = {9(x,t)|(f0T ||9(-,t)||zldt)% < oo}, and L*®(Q) = {0(z,t)]| |0(x,t)| < oo almost
everywhere in 2}, where 2 = (0,1) x (0,T].

2 Problem description

Consider the following one-dimensional fourth order PDE:

aa
Gti? + szzz + (2 - a)gQ = (a - 1)sz + f(xvt)a (l‘,t) € Qv a=1or 27 (1)
with initial-boundary conditions: Q(z,0) = ¢(z)(a = 1,2), 29 zt)|t_ = ¢Y(z) (@ = 2), z € [0,1];

Q0,t) = Q(1,t) = 24zt (= 99D | — 0, ¢ e (0,7]. And f € L2(), g € L®(Q).
Remark 1. When a =1, Eq. (1) is the fourth order parabolic equation in [21]; When « = 2, Eq. (1)
is the fourth order wave equation in [22].

In this paper, we will expand the ILC framework to the one-dimensional fourth order distributed
parameter systems governed by (1). For the requirement of ILC design, we replace f(x,t) given in (1)
with the control variable u(x,t). And by adding an output variable y(z, t) with general form, the following
fourth order distributed parameter system governed by (1) is given:

T | Qe >m 2 - a)g(a,HQ(a. 1)
=(a-1)(Qz,1),, tulz,t), (z,t)eQ, a=1or2, (2)
y(z,t) = C)Q(z,t) + D(t)u(z,t), 0<t<T, z€[0,1],

with initial-boundary conditions: Q(z,0) = ¢(z)(a = 1,2), 8Q($ D)o = p(x)(a =2), 2 € [0,1); Q(0, 1) =
Q(1,t) = aQ(x oo = aQ(x D),y =0, t e (0,T]. Where Q(ac,t), (x,t),y(x,t) € R represent the state,
control mput and output of the system, respectively.
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Remark 2. When a = 1, then ¢(z) € L?(0,1); When a = 2, then p(z) € H2(0,1) N H3(0,1), and
W(x) € H(0,1).
The system (2) is assumed to satisfy the following assumptions.

Assumption 1. 0 < D; < D(¢t) < Da, where Dy, Dy are known constants. That is, the system (1) has

direct transmission from inputs to outputs. |C(t)| < C, where C' is an unknown constant.

Assumption 2. For a given trajectory y,(x,t), there exists a u,(z,t) € L?() such that
0°Q.(x,t
POED) Q1)) e + (2~ gl Q1 0,)

(a—l)(Q,(ac 1)y +ur(z,t), (2,6) €Q, a=1or2,

yr (2, Ct)Qr(x,t) + D(t)ur(z,t), 0<t<T, z€][0,1],

with initial-boundary conditions: Q,(z,0) = ¢, (z)(a = 1,2), 29 (x 99w t)), 0 = th(z) (o = 2), z € [0,1];
Qr(0,8) = Qr(1,t) = 2l 99let) g ¢ € (O,T]. And when a = 2, then u,(0,t) =

A, (x,t) Ouy(z,t) _
ur(1,t) = =52 om0 = =5 |e=1 = 0.
It is assumed that the system (2) is repeatable over ¢ € [0, T]. Rewrite the system (2) at each iteration
" o Qulat)
o z,
S+ (Qk(E.0) gy + (2= @), Qi (2 1)
<a—1><Qk<x7t>> tun(@,t),  (2,)€Q, a=1or2 (3)
yr(z, Ct)Qk(x,t) + D(t)ur(x,t), 0<t<T,x€]0,1],

with initial-boundary conditions: Q(z,0) = ¢i(z)(a = 1,2), m%i(f’t)h:o = ¢Yp(x) (o = 2), v €
[0,1]; Q(0,8) = Qu(1,¢) = 2ty = 2@ty — 0 1€ (0,7). k=0,1,2,....
Assumption 3. For all k, the repeatability of the initial setting is satisfied within an admissible de-
viation level, Le., [lor(-) = @r()llze < erla = 1), [lon() = or(llmz = o) = @r()lzz + 5 (er()—
or ()l +||%(‘pk(')_9@¢( DMz <ez (a=2), [vu() - ()HL2 €3, k_071a27"'7 where €1, €2, €3
are positive constants.

The learning control target is to find an appropriate learning scheme, such that the output tacking errors
on L? space are bounded, and furthermore, the iterative learning sequence yy(z,t) uniformly converges

to the desired trajectory y,.(z,t) on L? space in the absence of initial errors, that is limy_, o ekl s =0,
where ey (z,t) = yr(x,t) — yp (2, t).
For Dy, Dy given in Assumption 1, take a positive number ¢ satisfying
D2 _ Vite+1 (4)
Dy J1Fe—-1
Constructing the learning scheme for the system (3) as follows:
uk+1(l‘,t) - uk(xat) +qek(:c,t), (5)
where ¢ > 0 is the learning gain. Take ¢ so that
1
p= sup |1—¢D(t)| < (6)
te[0,T] 1+¢

holds. Denote 0Qy(z,t) = Qry1(x,t) — Qr(z,t), dug(z,t) = upy1(x,t) — ug(z, t). It follows from (3) and
(5) that

er+1(2,t) = ep(2,t) + yu(2, 1) — yrta1 (2, 1)
= ex(z,t) — C()0Qx(x,t) — D(t)dur(z,1)
= ep(x,t) — C(t)0Qx (z,t) — qD(t)ey(x,1t)
= (1—=¢gD(#))er(x,t) — C(t)0Qk(z,1t).



Fu Q, et al. Sci China Inf Sci  January 2017 Vol. 60 012204:4

From (6) and Assumption 1, we have
lexta (2, )] < plew(e, t)] + Cl0Qk(z,1)] -
Using the basic inequality, it yields
1

(@0 < (et + (14 1) COau0)P

Integrating both sides with respect to « from 0 to 1, we get
2 < 2 2 1 2 5 2
lewr1( )z < (L +e)p” fen )llze + {1+ = ) C710Qu( )]s -

For A > 0, we have

{7 lest D13 }

sup {e M flepia(0)5. } < (1+2)p* sup
te[0,T te[0,T
1
(1) e sw (e 10Qu0IE) ™)
€ te[0,7]
It follows from Assumption 3 that
16Qk (0l L2 = llopt1() = @r() + 0r() = r()ll L2 < 281, =1, (8)
16Qk (Ol = llon+1() = #r() + 00 () = @r( )l g2 < 262, =2, (9)
9(0Qk (-t
PORLDN | s () = ) + )~ ez < 225 (10
ot t=0llr2
Lemma 1 ([28]). If {ax}, k € {0,1,...,00} is a sequence of real numbers such that

|ak+1|<ﬁ|ak|+ﬁa O<ﬁ<1a 6>O7

then

lim sup |ax| < p -
k— 00 1-

3 ILC for the fourth order parabolic system

When a = 1, we have the following theorem.

Theorem 1. Let Assumptions 1-3 and (6) be satisfied, then the output tracking error on L? space is
bounded under the effect of the learning control law (5). Furthermore, when ¢ (x) = ¢, (x), = € [0, 1],
k=0,1,2,..., the output tracking error on L? space can tend to zero along the iteration axis, under the
effect of the learning control law (5), i.e., limg— o0 [l€x|| 2 , = 0.

Proof. It follows from (3) (o = 1) and (5) that

0(0Qk(x,1))

B 4 (0Quw1)) s + 9(,00Qu(,0) = qerat), (5,1) € 0. (1)

Multiplying both sides of (11) by dQx(z,t) and integrating with respect to « from 0 to 1, we can get

' 0(0Qx(z,1)) '

= q/o 5Qk(:c,t)ek(x,t)dxf/0 g(z,t)(éQk(x,t))de, 0<t<T, (12)
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while

! 2(6Qx(, 1)) o 1d ! _1d 9
/0 {(Wk(%ﬂT} do=54 ; (0Qx(z,1))*dr = 3 10Qr s IZe (13)
1 1 1
/ 0Qk(z, t)eg (z,t)dx < %/ (5Qk(:c,t))2d:c+%/ (ex(z,t))*dz
0 0 0
1 1
= S10QuCDIZ: + 5 s, D) (14)

- / o, ) (5Qx (. 1)) dz < / o, ) (5Qx (2, 1))*dal| < o 15Qx(- D)% | (15)

where o = ||| (o) Integrating by parts and combining with the boundary conditions of the system
(3), we can derive

/ [0Qu(, 1) (G 1))
— (3Qu(e.0) (6Qu(. )}~ | {(5Qu(w 1)), (0Qu, 1)}l
- {(5Qu, 1), (5Qu (1))} o
=~ {(6Qua. 1), (3Qu( ). Hy + [ {(0Qu(w, 1)), (5 (1)), } o

1
- / (0Qx(x,1))2, dz > 0. (16)
0
Substituting (13)—(16) into (12), it yields

d
SI8QUC DI < (a+20) 15QuC, O3 +allex(, O3, 0<t<T,

Applying Gronwall lemma and combining with (8), we have
16Qx( )72 < Q/Ot eltt20E=) ey (o) |72 dp + €2 [15Q (-, 0) 17
<aos27 [ feutemadn + 4ot
= qe(q+2a)T /Ot eMe—An llex (-, 77)H2L2d77 + 4€%e(q+2cr)T

t
a2 [y sup (e fen(r 03} + dsfelr2T
0

t€[0,77]
2 Te)\t*1 At 2 2 20)T
= 2T E sup {e™ e (D)7 | + defe@2OT,
A e
Therefore
—\t 2 (q+20)T L—e™ —At 2
sup {e ||5Qk(-,t)||Lz}<qe Sup \ ————  Sup {e ||ek('7t)HL2}
te[0,T] te[0,T] te[0,7]
+ sup {e”\t}élsfe(q”")T
t€[0,T]
(¢+20)T L —e M =Xt 2 2,(q+20)T
= el 20T sup {7 e (- 1) | + defelr 2T,
t€[0,T]

Substituting the above expression into (7), it yields

1 1—e M
sup {e-“|ek+l<-,t>|iz}<{<1+e>p2+ (1+—) c2qe<q+2“>T—} sup {e ex (-, 0)[7 }
te[0,7] € A t€[0,T]
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2 1 2 . (¢4+20)T
+4e] (14— ) C%
£

1
= p sup {7 flex(, D72 | + 4¢3 <1 + _> C2elat2o)T
t€[0,T] £

where
o AT

1 1—
p=(1+e)p*+ <1 + g> C’Qqe(‘”Q")Tf.

Since 0 < (1 +¢)p? < 1 by (6), it is possible to choose X sufficiently large so that p < 1. So it can be
derived by Lemma 1 that

1 1
imsup § sup {o N 03} p < poaed (141 ) 2,
k—o0 te[0,T] 1-p €

Further we have

lim sup [|ex | .2, = hmsup{ sup |ek<.,t>||§2} < hmsup{ sup {e e ||ek<-,t>|iz}}
k—o00 ’ k—oo | te[0,T) k—oo | tel0,T)

1 1
M limsup{ sup {e_’\t ||ek(-,t)|\22} < _4e2erT (1 + —) C2elat20)T
k—oo | tel0,T) 1-p €
That is, the output tracking error on L? space is bounded. Furthermore, if px(z) = ¢, (z), x € [0,1],
k=20,1,2,..., then e = 0, and we can obtain
li =0.
Jim flex 2 o
This completes the proof.
Remark 3. Ref. [21] discussed the problem of observability estimate for a one-dimensional fourth order
parabolic equation, which is sometimes known as Cahn-Hilliard type equation and appears in the study of
phase separation in cooling binary solutions and in other contexts generating spatial pattern formation.
And the observability inequality for the system was given. The following one-dimensional fourth order
parabolic PDE was given in [21], with the initial-boundary conditions:

Qt + Quaza +9Q = [, (z,1) € Q,
Q0,t) =Q(1,t) =0, te (0,7),
Q2(0,t) = Q=(1,t) =0, t € (0,7),
Q(z,0) = Qo(x), z € (0,1).

()

It is easy to see that Eq. (17) is the same as Eq. (1) in this paper (when aw = 1). And the uniqueness and
existence of the solution of (17) have been given in [21] as follows: for each g € L*°(Q2), each f € L?*(Q)
and each Qg € L?(0,1), Eq. (17) admits a unique function Q € C([0,T]; L?(0,1))N L2((0,T); H2(0,1)).
Moreover, Q € L2((6,7); H*(0,1)) and Q; € L*((5,T) x (0,1)) for all § € (0,T). From above, we
know that if the initial control ug(z,t) in (3) is taken from L?*(2), then the solution of (3) at k = 0 is
existing and unique. Furthermore, by (5) and Assumption 2, uj(x,t) € L?(Q) is obtained to guarantee
the uniqueness and existence of the solution of (3) at k = 1. So, the solution of the system (3) at kth
iteration is always existing and unique (k =0,1,2,...).

4 ILC for the fourth order wave system

When a = 2, we have the following theorem:
Theorem 2. Let Assumptions 1-3 and (6) are satisfied, then the output tracking error on L? space is
bounded under the effect of the learning control law (5). Furthermore, when ¢y () = pr(x), Yi(z) =
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Pr(x), € [0,1], k =0,1,2,..., the output tracking error on L? space can tend to zero along the iteration
axis, under the effect of the control law (5), i.e., im0 ||€x|| 2 ; = 0.
Proof. Tt follows from (3) (o =2) and (5) that

0?(6Qy(z, 1))

gz T OQk(,1)) 0y = (0Qk(2,1)) 5, + ger(@,1), (w,8) € Q. (18)

Multiplying both sides of (18) by W and integrating with respect to x from 0 to 1, we can get

/01 {8(6Qg£x7 t)) 6%6%;2(% t) } 4o + /O 1 {W (6Qu(z, t>>mz} da

- /01 {W (5Qk($’t))m}d$ +Q/01 {W@k(m,ﬂ}dx, 0<t<T, (19)

while

/01 {a(anix,t)) 82(5%:2(x,t))}dz _ %d%/o (a(aniz,t))>2dx
1d H 2(5Qk (1) ||*
2 ot

L2

/01 {W@k(x,w}dm %/ (W)Qdﬂﬂr%/ol (en(z,1)*dx
%H O 1 L fea )12 (21)

L2

Integrating by parts and combining with the boundary conditions of the system (3), we can derive

/o1 {W (5Qk(w,t))mx} da

R e
- / {(0Qu(, 1)) (0Qu(z, 1)), } da

= — {(6Qu(x, 1))y, (6Qi(x,1),,}; +/O {(0Qk(2,1)) 1y (0Q1 (1)) } daz

9*(5Qu(-, 1) ||
Ox?

:/O {(6Qu(,1)) 10 (6Qu (1)), } dar = %d%‘

L2

/01 {W (6Qx(z,1)), }dx

_ {a(an(x, )

0 (5.}

/ {(0Qu(, 1))y (0Qu (1)), } da

=~ [ 10Qu(0), (Gu(e. ),y do = 3 & | XOBLD)

2
L2

L2

Substituting (20)—(23) into (19), it yields

4 {H 5Qk t) ||

2

9(0Qk(, 1))

*(0Qxk (1))
L2 H Ox M

0x?

L2 ‘
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2

o(0 ot
<a| XLLD s glaor
L2
D(6Qx(1) [|° D(Qx(1) [|* P*(6Qx (1) ||” 2
<o R g |SBLI| TERLD | gl
200Qk( ) > [[20Qi )|, [|0*(6Qx( 1) || 2
— 1) 7 <T.
Applying Gronwall lemma and combining with (9) and (10), we have
QEQLC, ) [* [0 [* || 2(6Qx(. 1) |
ot L2 Ox L2 0x? L2
t
< q/ ! [leg ()17 dn
0
et {[[20QC)| P 26QkC0D [P [[220Qk( 0D
ot t=oll 12 Ox L2 0x? L2

<qe™ [ lex(,n)|72dn + 4(c3 + e3)e”
t
= geTd / MM |leg, (-, )| F2dn + 4(eF + €3)e”
0

t
<qet [y sup {e N eu D)7} +a(e3 + e
0 te[0,7T]

_ qu/\t_ — )t A2 A(e2 4 22)eTa
= g™ sup [ e} + 4+ e
t€[0,T]
Therefore
2 —\t
ot 1
sup e M 900Gk (1) < e’ sup { ° } sup {e_)‘tHek(-,t)Hiz}
e[0T ot 12 €[0T A te[0,7]

+ sup {e M}4(e] +e3)e’
t€[0,T]

1—e
= quqf sup {e_”\t ||ek(-,t)||iz} +4(e2 + £2)eT. (24)

te[0,7]
On the other hand, by using the basic inequality, we have

d 2 d ! _ ! a(éQk(zat))
Glseunli = 5 [ 6 0yar =2 [ s 2 mlas

< /01 (6Qx(z,1))*dx + /01 (W)de

0(6Qu (1)) ||

= |5Qk(-,t)liz+H fn 0<t<T.

?

L2

Applying Gronwall lemma and combining with (9), we can obtain

ls@ut- s < | { 2060st.1)

2

} dn + €' |6Qx (-, 0)| 72

L2
2

t
get/ cO-Dng—an [ 200Qk(, ) a4 4e2eT
0 on .2
t 2
< et/ e(Afl)ndn sup {e M 9(0Qx(, 1)) + 4€§eT
0 te[0,7] ot 12
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At t

e - — X\t

= sup e
A—1 t€[0,T] {

2

9(0Qk (-, 1))
ot

} + 4e2e”
L2

Take A > 1, then

1— e~ (=Dt SQr(- )
sup {e M 0Qu(, )7} < sup {7} sup 4 o=t [| 2098
te[0,T te[0,T A—1 te[0,T ot L2
+ sup {e_kt} 4e3e”
te[0,7]
1 —e (DT A || 90Qk (1)) || 2T
=——— sup (e V|| ——* + deje . 25
)\ - ]. tG[O,T] { at L2 2 ( )
Substituting (24) into (25) results
1— ef(Afl)T 1—e T
sup {e™ 5Qu( 1)} } < ge™ sup {e™ lex(, 1)} }
t€[0,7] A—1 A o)
1— —(A=1)T
+4(e2 + Eg)equi + 4e3e”.

A—1

Substituting the above expression into (7), it yields

sup {7 flewsa ()5}

tel0,T
1 1—e DT =T
<farars (147) om0} s (oM a0l
€ - t€[0,7
1— —(A=1)T 1
(42 )Tt ——S 42T ) (142 ) 02
A—1 €
A 2 o | oy pgl—e DT 2T 1Y\
—p swp {e N a0l + (106 + Tt ket (14 1) €,
te[0,T7] A—1 9
where DT o
1 1—e "7 1—e™
p=(1 2 1+ =) C?ge’?
; <+e>p+(+€) sl Lo

So, it can be derived by Lemma 1 that

: —xt 2 1 2, oy rgl—e AUT 2.7 LY\ 2
limsup § sup {e Hek(~,t)||L2} < —— (4(e3+ e3)e’ I ————— + 4eze 14— )C~.
k—oo | te[0,7] L—p A-1 €

That is, the output tracking error on L? space is bounded. Furthermore, if pi(2) = ¢, (), ¥r(z) = ¥, (1),
z€]0,1], k=0,1,2,..., then o =0, €3 = 0, and we can obtain

I =0.
Jm lexllz2 =0

This completes the proof.

Remark 4. Ref. [22] studied the initial boundary value problem for a class of one-dimensional fourth
order wave equations, and by using potential well method, the global existence of weak solutions, general-
ized solutions and classical solutions under some assumptions was proved. The following one-dimensional
fourth order wave equation was given in [22], with the initial-boundary conditions:

Qi + Quaze = 0(Qu)z + f(2,t), 2 € (0,1),¢t>0,
Q(0,t) =Q(1,t)=0,t>0,

Qz(0,1) = Qz(1,t) =0, ¢t > 0,

Q(z,0) = ¢(x), Q¢(x,0) = ¢(z), = € [0,1].

(26)



Fu Q, et al. Sci China Inf Sci  January 2017 Vol. 60 012204:10

In (26), we take t € [0,T] and let the initial conditions ¢(z), 1 (x) satisfy the corresponding assumptions
in Remark 2. Furthermore, take the function o(s) = s, then it is easy to see that the system (2) (when
a = 2) is composed of the fourth order wave equation (26). For o(s) = s, we have (i) o € C°(R),
U(O) 0 a'(0) > O o”(0) = 0, and o(s) is not identically zero in the neighborhood of the origin;
(i) 2s0(s) — [, o(p)dp < 0 holds for all s € R. That is, the assumptions for o(s) in [22] are satisfied, see
(2.4) and Theorem 4 1 in [22] for detailed results. It follows from Theorem 4.1 in [22] that, if f(x,t) is
taken to satisfy f(z,t) € H'((0,T]; H*(0,1)) and f(0,¢) = f(1,¢) = 2Lzt = 9T  — 0 then
the global classical solution of (26) is existing and unique.

From (3), (5) and Assumption 2, we know that if the initial control ug(z,t) in (3) is taken to satisfy
ug(x,t) € HY((0,T); H*(0,1)) and uo(0,t) = ug(1,t) = 6“0—“)|1 0= 6“0—“)|1 1 =0, then uy(x,t) €
HY((0,T); H*0,1)) and u1(0,t) = u1(1,t) = WB: = 81“(1 t)|1 1 = 0. So, the global classical
solution of the system (3) at kth iteration is always existing and umque (k=0,1,2,...).

Remark 5. For Eq. (26), the global classical solutions are selected to be considered in this paper. In
fact, if the corresponding assumptions in [22], which can guarantee the global existence of weak solutions
and generalized solutions, are adopted in this paper, then the corresponding results may also be obtained.

Remark 6 ([15,16]). From Assumption 1, when we choose the learning gain ¢ such that Divl\—/i—g <
1 I

\/1+e+1

Do/ 1+6

convergence condition (6) always exists.

, the convergence condition (6) holds. And from (4), the learning gain ¢ satisfying the

5 Simulation examples
(1) Let o =1 and take g(z,t) =1, C(t) = D(t) =1, T = 0.5, then the system (2) is as follows:

% + (Q(Iat))aaaa + Q(z,t) = u(x, 1), (z,1) € Q,

y(r,t) = Qx,t) +u(x,t), 0 <t < 0.5, z€[0,1].

For the given desired trajectory: y,(w,t) = 3elz?(x — 1)? + 24e!, we have Q. (z,t) = elz?(x — 1),
up(z,t) = 2e'z?(z — 1) + 24e’.
Construct the kth iteration
0Qx(x,t
ORD) L (Qutar1)e + ) = uiad) (€0

yr(x,t) = Qrlx,t) +ur(z,t), 0 <t < 0.5, z € [0,1].

Combining with Assumption 3, we take the initial-boundary values at kth iteration:
Qk(IL',O) - (1+51k)x2(1'7 1)27 HS [07 1];

an(l‘,t) _ an(l‘,t)

=0, te(0,T].

x=0 r=1

Take the initial control ug(z,t) = 22¢’, and construct the following ILC:
uk+1(x, t) = uk(xv t) + qek(xv t)a

k=0,1,2,.... Takinge = 2 16"
Therefore, we take ¢ = 1.5. By using the mathematical software Mathematica, we have the following
cases.

it follows from Remark 6 that the iteration is convergent for 0.2 < ¢ < 1.8.

Case 1. ey, is selected randomly from the interval [—30,30], &k = 0,1,2,.... The simulation result of
lexll,2 , with the change of k is shown in Figure 1.
Case 2. €1, = 0, k = 0,1,2,.... The simulation result of |ex||;- , with the change of k is shown in

Figure 2.

,S
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lledl.z. lledl.2.
12 12
10 10
8 8
6 6
4 4
2 2
2 J 6 g 2 7 6 8 -
Figure 1 Iterations for the output tracking errors on L? Figure 2 Iterations for the output tracking errors on L?
space in the presence of initial errors (o= 1). space in the absence of initial errors (o = 1).

(2) Let o« =2 and take C(t) = D(t) = 1, T = 0.5, then the system (2) is as follows:

% Q1) pyg0 = (Qx, 1))y T ul®, 1), (2,1) € Q,

y(l‘,t) = Q(Zat) + U(:L',t) , 0105, xe [Oa 1]
For the given desired trajectory: y,(z,t) = 0.01 (2:04 — 423 — 1022 + 122 + 22) e!, we have Q. (z,t) =

0.01e*z?(z — 1)%, up(x,t) = 0.01 (z* — 223 — 1122 + 12z 4 22) ¢".
Construct the kth iteration

2
%}f&x’t) + (Qk(xvt))zzzz - (Qk(mat))mg + uk(m’t) ’ (Z',t) € Q’
yr(z,t) = Qu(z, 1) +ur(z, 1), 0 <t <0.5, 2 € [0,1].

Combining with Assumption 3, we take the initial-boundary values at kth iteration:

Qk(xv 0) = (001 + 5219)332(1' - 1)27 aCQkT(f’t) = (001 + 53k)x2(:£ — 1)2, x € [07 ]_];
t=0
_ ~0Qk(x,1) _0Qk(x,1) B
Qi(0,1) = Qi(1,) = —5— e =l =0, te(0,7T].

Take the initial control ug(z,t) = 0.22¢*, and construct the following ILC:
uk+1(x, t) - uk(xv t) + qek(xv t)a

k=0,1,2,.... Taking e = %, it follows from Remark 6 that the iteration is convergent for 0.2 < ¢ < 1.8.
Therefore, we take ¢ = 1.5. By using the mathematical software Mathematica, we have the following
cases.

Case 1. eg; and e3;, are selected randomly from the interval [—0.1,0.1], £ =0, 1,2,.... The simulation
result of |lex||,2 , with the change of k is shown in Figure 3.
Case 2. g9, = €3, =0, k=0,1,2,.... The simulation result of Hek||L2,

in Figure 4.

s with the change of k is shown

6 Conclusion

This paper considers the ILC problem for a class of high order DPSs in the presence of initial errors.
And the considered DPSs are composed of the one-dimensional fourth order parabolic PDEs or the
one-dimensional fourth order wave equations. According to the characteristics of the systems, the ILC
laws are constructed based on the P-type learning scheme. When the learning scheme is applied to the
systems, the output tracking errors on L? space are bounded, and furthermore, the tracking errors on L?
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lleal.2. lledl.2.

1.4x107 1.4x107

1.2x107 1.2x10~°

1.0x10°° 1.0x10-

8.0x10° 8.0x10°

6.0x10° 6.0x10°°

4.0x10°¢ 4.0x10°¢

2.0x10° 2.0x10°¢

k k
2 4 6 8 2 4 6 8

Figure 3 Tterations for the output tracking errors on L2 Figure 4 Iterations for the output tracking errors on L?
space in the presence of initial errors (o = 2). space in the absence of initial errors (a = 2).

space can tend to zero along the iteration axis in the absence of initial errors. The simulation results are
consistent with theoretical analysis. Since the DPSs involved in ILC have been low order (first order or
second order) until now, the result of this paper extends the range of the application of ILC design for
DPSs to some extent.
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