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Abstract This paper investigates the output reachability and output regulation control design of Boolean
control networks (BCNs) by using the semi-tensor product method, and presents a number of new results.
First, the concept of output reachability is proposed for BCNs, and some necessary and sufficient conditions
are presented for the verification of output reachability. Second, based on the output reachability of BCNs and
the attractor set of the reference Boolean network, an effective method is proposed for the control design of the
output regulation problem. The study of an illustrative example shows the effectiveness of the obtained new

results.

Keywords Boolean control network, output reachability, output regulation, control design, semi-tensor prod-

uct of matrices

Citation Li HT, Wang Y Z, Guo P L. Output reachability analysis and output regulation control design of
Boolean control networks. Sci China Inf Sci, 2017, 60(2): 022202, doi: 10.1007/s11432-015-0611-4

1 Introduction

Output regulation is a fundamental issue in the systems control theory, which aims to design a feedback
control such that the output of the closed-loop system tracks reference signals produced by an exosystem.
In the last few decades, the output regulation problem has been well studied by lots of scientists [1-3].
In [1], the output regulation problem of linear systems was converted into an eigenvalue placement problem
for an augmented linear system via the internal model principle. Huang and Chen [2] established a
general framework which converts the robust output regulation problem of nonlinear system into a robust
stabilization problem for an appropriately augmented system. It is noted that the output regulation
problem is also important for the study of genetic regulatory networks [4]. For example, Julius et al. [4]
proposed a novel feedback control design procedure to make the fraction of induced cells in the Escherichia
coli bacteria attain a desired level. This is a typical example of the output regulation for genetic regulatory
networks.

As a suitable model of genetic regulatory networks, Boolean networks have attracted a great attention
from many scholars in the last few decades. The control of Boolean networks is an important issue in both
systems theory and medical science [5]. Recently, a semi-tensor product method has been proposed for the
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analysis and control of Boolean networks [6,7]. The main feature of this method is that one can convert
the dynamics of a Boolean control network (BCN) into a bilinear discrete-time system [8], and then one
can tackle BCNs by using the classical control theory. Using this novel method, many interesting results
have been established for the analysis and control of Boolean networks [9-28]. The semi-tensor product
method has also been applied to the modeling, analysis and optimization of networked evolutionary
games [29,30].

It should be pointed out that for BCNs, the output regulation problem was also studied in [31-33].
The output regulation of BCNs to a constant reference signal was studied in [31,32], and some effective
control design methods were presented. The output regulation of BCNs to reference signals produced
by some external Boolean network was investigated in [33], and a necessary and sufficient condition was
presented for the solvability of the problem. However, the result obtained in [33] cannot be applied to the
output regulation control design. Besides, since the reference signals produced by the external Boolean
network are time-varying, the methods proposed in [31,32] can hardly be used for the control design of
the above output regulation problem.

In this paper, using the semi-tensor product method, we firstly analyze the output reachability of
BCNs, based on which, we then propose an effective method for the control design of the output regulation
problem. The main contributions of this paper are as follows. (i) Some necessary and sufficient conditions
are presented for the output reachability of BCNs, which are crucial for the control design of the output
regulation problem. (ii) A novel method is proposed for the control design of the output regulation
problem based on the output reachability of BCNs and the attractor set of the reference Boolean network,
which is very effective in dealing with time-varying reference signals.

The rest of this paper is organized as follows. Section 2 gives some preliminary results. In Section 3,
we study the output reachability and the control design of the output regulation problem for BCNs, and
present the main results of this paper. An example is worked out to illustrate our new results in Section 4,
which is followed by some concluding remarks in Section 5.

Notation:

D:={1,0},D":=Dx---xD,A, :={6F : 1 <k <n},
n
where 0¥ is the kth column vector of the identity matrix I,,. For compactness, A := Ap. An n x ¢ matrix
M is called a logical matrix, if M = [6% 6% --- §%], which is briefly expressed as M = §,[i1 ia -« iy
All the n x t logical matrices form a set L, x;. Denote Blk;(A) by the ith n x n block of an n x mn
matrix A. Given a real matrix A € R"*™, (A); ;, Col;(A) and Row;(A) denote the (7, j)th element of A,
the ith column of A, and the ith row of A, respectively. A > 0, if (A); ; > 0 is satisfied for any 7 and j.

2 Preliminaries

Given two real matrices A € R™*™ and B € RP*?, let o = lem(n, p) be the least common multiple of n
and p. Then, the semi-tensor product of A and B is

AxB=(A®I:)(B®Ia), (1)

where ® is the Kronecker product.

It is well known that the semi-tensor product of matrices is a generalization of the conventional matrix
product, which keeps all the properties of the conventional matrix product. In the following, we will omit
the symbol “x” if no confusion arises.

Unlike the conventional matrix product, the semi-tensor product of matrices has the following pseudo-

commutative law.
Lemma 1 ([6]). Let X € R™! be a column vector and A € R™*™. Then

XxA=(I®A) xX. (2)
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Using the semi-tensor product of matrices, one can convert a Boolean function into a matrix expression.
To do this, we identify A ~ D, where “~” denotes two different forms of the same object. We have the
following result.

Lemma 2 ([6]). Let f(x1,22,...,25): D° — D be a Boolean function. Then
f($1,$2,...,$s):Mf D(le Ti, X4 EA, (3)

where My € Lox2s is called the structural matrix of f.
For example, the structural matrices of Negation (—), Conjunction (A) and Disjunction (V) are M,, =
522 1], M. = 02[1 2 2 2] and My = d2[1 1 1 2], respectively.

3 Main results

In this section, we firstly analyze the output reachability of BCNs, and present some necessary and
sufficient conditions, based on which, we then propose an effective method for the control design of the
output regulation problem.

3.1 Output reachability analysis of BCNs

Consider the following Boolean control network:

yi(t) =h;(X(#), j=1,...,p,

where X (¢) = (z1(t), z2(t),. .., 2o (t)) € D", U(t) = (u1(t), ..., um(t)) € D™ and Y (t) = (y1(2), ..., yp(t))
€ DP are the state, the control input and the output of the system (4), respectively, and f; : D™t — D,
t=1,...,nand h; : D" — D, j =1,...,pare Boolean functions. Given a control sequence {U(t) : t € N},
denote the state trajectory of the system (4) starting from an initial state X (0) € D™ by X (¢; X(0),U),
and the output trajectory of the system (4) starting from X (0) € D" by Y (¢; X(0),U).

Using the vector form of Boolean values and setting z(t) = X, x;(t) € Agn, u(t) = X7 u(t) € Agm

and y(t) = x¥_,y;(t) € Agp, by Lemma 2, one can convert (4) into the following algebraic form:

{:c(t +1) = Lu(t)z(t),

y(t) = Ha(t), )

where L € Lonyom+n and H € Lopyon.

Now, we define the concept of output-reachability for BCNs as follows.
Definition 1. Consider the system (5). y5 € Ay is said to be s-output-reachable from the ini-
tial state x(0) € Agn, if one can find a control sequence u(0),...,u(s — 1) € Agm, under which
y(s;2(0),u(0),...,u(s — 1)) = yr. yy is said to be s-output-reachable from the initial state set Agn,
if y; is s-output-reachable from any x(0) € Agn. yy is said to be output-reachable from the initial state
z(0) € Agn, if one can find an integer s > 0 such that y; is s-output-reachable from z(0). yy € Agp is
said to be output-reachable from the initial state set Agn, if y¢ is output-reachable from any z(0) € Agn.

In order to give a necessary and sufficient condition for the output-reachability of BCNs, we recall a
useful result on the reachability of BCNs. For details, please refer to [34].
Lemma 3. Consider the system (5). Let x5 = §4, and z(0) = d5. be given. Then,

1) xy is reachable from x(0) at time s, if and only if

(M?)q,r >0, (6)
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where
2m
M =" Biki(L); (7)
=1

2) z is reachable from z(0), if and only if

2m,+n

> (M*)g, >0. (8)

s=1

Based on Definition 1 and Lemma 3, we have the following result.
Theorem 1. Consider the system (5). Let y; = 05, and 2(0) = 6. be given. Then,

1) yy is s-output-reachable from z(0), if and only if

(HMS)]C’I > 0; (9)

2) yy is s-output-reachable from Agn, if and only if

Row,(HM?) > 0; (10)

3) yy is output-reachable from z(0), if and only if

2m+n

> (HM?)gy > 0; (11)

s=1

4) yy is output-reachable from Agn, if and only if

2m+n

> Rowg(HM?®) > 0. (12)

s=1

Proof. We just need to prove Conclusions 1) and 3). Conclusion 2) follows from Definition 1 and
Conclusion 1), while Conclusion 4) follows from Definition 1 and Conclusion 3).

Firstly, we prove Conclusion 1).

(Sufficiency) Suppose that (9) holds. Since

271,
(HM®)i = (H)ii(M*)iy, (13)
i=1
there must exist an integer 1 < ¢y < 2" such that (H)g,, =1 and (M?®);,; > 0.
By Lemma 3, 055 is reachable from 6%, at time s, that is, one can find a control sequence u(0),...,u(s—
1) € Agm such that
(85 0%n,u(0), ..., u(s — 1)) = 629,.

Thus,
y(s; 5l2"au(0)7 cou(s—1)) = H(%(i, = Col;,(H) = 5§P7

which implies that 65, is s-output-reachable from z(0).
(Necessity) Assume that 85, is s-output-reachable from d&5,.. Then, there exists a control sequence
u(0),...,u(s — 1) € Agm such that y(s;db.,u(0),...,u(s — 1)) = 55,.
Since
y(s; 05, u(0),...,u(s — 1)) = Hx(s; 64, u(0), ..., u(s — 1)),

setting x(s; 05, u(0),...,u(s — 1)) = 62, one can obtain that Col;,(H) = 0%,, and 6%, is reachable from
6L, at time s, that is, (H)x,i, = 1 and (M*);,; > 0.
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Thus,
on
(HM*)j0 =Y (H)i(M?)ig > (H)pio (M*)ig0 > 0,
i=1
which implies that (9) holds.

Next, we prove Conclusion 3).

(Sufficiency) Suppose that (11) holds. Then, there exists an integer 1 < s < 2™ such that
(HM?®),,; > 0. By Conclusion 1), yy is s-output-reachable from x(0). Thus, ys is output-reachable
from z(0).

(Necessity) Assume that y; is output-reachable from z(0). Then, there exists an integer s > 0 such
that (HM?®),; > 0. From (13), there must exist an integer 1 < ip < 2" such that (H)g,;, = 1 and
(M*);y1 > 0. By Lemma 3, we only need to consider 1 < s < 2™m+™,

Therefore,
27n+n

> (HM)y = (HM?)gy > 0,
j=1
which implies that (11) holds.

Finally, suppose that 8%, is s-output-reachable from d5... From the proof of Theorem 1, one can design
a control sequence to realize the output-reachability by Algorithm 1.

Algorithm 1

1) Find an integer 1 < io < 2™ such that (H)g,;, = 1 and (M*®);,,; > 0;

2) Find an integer 1 < a < 2™ such that (Blka(M*71L));,; > 0. Set u(0) = §%n. If s = 1, stop. Otherwise, go to the
next step;

3) Find two integers 1 < j < 2" and 1 < 8 < 2™ such that (Blkg(L))i,,; > 0 and (Blka (M*72L));; > 0. Set u(s—1) = 65,,1
and z(s — 1) = Jgn. If s — 1 =1, stop. Otherwise, replace s and ip by s — 1 and j, respectively, and go to 2).

Remark 1. The main differences between the state reachability [34] and output reachability of BCNs
are shown below.

e The state reachability reflects the possibility of reachability between two states in the state space,
while the output reachability reflects the possibility of reachability between a state in the state space and
an output in the output space.

e The state reachability can be applied to the state feedback control design of BCNs (see [15]), while
the output reachability can be applied to the output related control problem of BCNs (see [12] and
Theorem 4 below).

3.2 Owutput regulation control design of BCNs

In this subsection, based on the output-reachability of BCNs, we study how to design the state feedback
gain for the output regulation of BCNs. To this end, we give the dynamics of the reference Boolean
network as follows.

nlt+1) = [ (),
To(t+1) = f2(X (1)),

1
Uity =h; (X)), j=1,....p,

where X (t) = (Z1(t),Z2(t), ..., Bn, (t)) € D™ and Y (t) = (G1(1),. .. ,Up(t)) € DP are the state and the
output of the system (14), respectively, and fi:Dm D, i=1,...,n and ﬁj D" —D,j=1,...,p
are Boolean functions. Given an initial state X (0) € D™, the state trajectory of the system (14) is
denoted by X (t; X (0)), and the output trajectory of the system (14) is denoted by ¥ (¢; X (0)).
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The output regulation problem is to design a state feedback control in the form of

w (1) = g1 (X (1), X (1)),
(15)

~

Um(t) = gm(X (t)a X(t)),

where ¢g; : D"t™ - D, i = 1,...,m are Boolean functions, under which there exists an integer 7 > 0
such that
Y(ta XO? U) = Y(tv XO)

holds for V¢ > 7, ¥V Xy € D" and V X, € D™.
Using the vector form of Boolean values and setting Z(t) = X2, Z;(t) € Agny and y(t) = xb_ 7;(t) €
Agp, the system (14) and the control (15) can be converted to

{ Bt+1) = L), (16)
y(t) = Ha(t),
and

u(t) = Ga(H)z(t), (17)

respectively, where L € Lom %271 5 H € Lopysm and G € Lomyon+ny. Hence, the output regulation
problem becomes the design of the state feedback gain matrix G € Lom ygn+ns.

In the following, based on the output-reachability of BCNs, we study how to design the state feedback
gain for the output regulation problem.

For the system (16), starting from any initial state Z(0) € Agny, the state trajectory will converge to
a fixed point or a cycle. Correspondingly, the output trajectory will converge to a constant output or a
set of periodic outputs. Thus, to design the state feedback gain for the output regulation problem, we
just need to consider the states of the system (16) belonging to the attractor set. We firstly consider the
following two special cases:

e Case I: The attractor set of the system (16) only has fixed points. Denote the set of fixed points by
= {654 ,..., 050 }.

e Case II: The attractor set of the system (16) only has cycles with length greater than 1. Denote the
set of cycles by T' = {C4,...,C.}, where C; = {5;;1 e 6;i§} is a cycle with length d;, i = 1,...,7r. We
assume that 5;i1 - 5;3§ — 527;1.

Consider the system (5) with L = dan[ly Iz -+ lgm+n]. For each integer 1 < j < 2P, define

O(83,) = {04, : Coly(H) = &3, }. (18)

For a nonempty set S C Agn and an integer k € Z,, denote by Rj(S) the set of all the initial states
which reach S at the kth step, that is,

Ry (S)={z¢ € Agn :there exist u(0),...,u(k — 1) € Agm such that z(k;zg,u(0),...,u(k —1)) € S}. (19)

Then, for Case I, we have the following result.

Theorem 2. The output regulation problem is solvable for Case I, if and only if the following two
conditions hold:
1) O(H8Z,) #£0, Vi=1,...,q
2) for each i € {1,...,q}, there exist a nonempty set S; C 0(1?{5;511) and an integer 1 < 7; < 2™ such
that
Si - R1 (Sz) and RTl(S,L) = Agn. (20)

Proof. (Sufficiency) Assuming that Conditions 1) and 2) hold, we prove that the output regulation
problem is solvable for Case I by a constructed state feedback control.
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For each i € {1,...,q}, set
RZ(Sz) :Rk(Si)\kal(Si), k= 1,...,Ti, (21)

where Ro(S;) := (). Then, it is easy to see that R} (S;)(Rg,(Si) =0, V ki, ke € {1,...,7i}, k1 # ko,
and |J;_; R;(S;) = Agn. Thus, for any integer 1 < j < 27, there exists a unique integer 1 < kz T; such
that 83, € R;; (S:).

For k; = 1, there exists an integer 1 < 9;- < 2™ such that

L x 52% X 89 = 52(: e,
For 2 < k% < 7, there exists an integer 1 < 6} < 2™ such that 52n TV Rk}_1(5i)-
Now, we set G = Jam[v] Vg -+ Vgning]| € £2m,><2n+n1, where
v = 0%, fork=(—-1)2"+m, i=1,...,q, j=1,...,2",
k=0 -1 i q, J (22)
v €{1,2,...,2™},  otherwise.

Then, starting from any z(0) € Agn and any Z(0) € Agni, under the control u(t) = Gx(t)Z(t), there exist
three integers 1 <o < 2™, 1< i< qgand 1 <7 < 2" such that

Z(t;2(0)) = 054,, Vt >0
(03 2(0),u) = &3,
x(o + k;, z(0),u) € S;.

Since S; C R1(S;), one can see that
z(t;2(0),u) € S, Vi = 0 +k},
which implies that
y(t;2(0),u) = Ha(t;z(0),u) = Hop, = §(t;2(0)), Vt=>o+kl.

From the arbitrariness of (0) and Z(0), one can see that the output regulation problem is solvable for
Case I by u(t) = Gz(t)Z(t).

(Necessity) Suppose that the output regulation problem is solvable for Case I by a state feedback
control, say, u(t) = Gz(t)x(t), G € Lomyontni. Then, the closed-loop system consisting of the system
(5) and the control u(t) = Gz(t)Z(t) becomes

{x(t +1) = L(@E(t)z(t), (23)

y(t) = Ha(t),

where L(Z(t)) = LG(Izn @ Z(t))My.an.

Firstly, we prove that Condition 1) holds. In fact, if Condition 1) is not true, then there exists an integer
1 <i < g such that O(HGZ:, ) = 0, that is, y(t; 2(0), u) # H6%:, holds for any ¢ € N, any #(0) € Agn and
any control sequence {u(t) : ¢ € N}. On the other hand, y(¢; 05, ) = A(ng;l, vVt € N. Thus, starting from
Z(0) = 454, and under the control u(t) = Gz (t)z(t), we have y(¢; £(0),u) # y(t; £(0)), Va(0) € Aga, Vi €
N, which is a contradiction to the solvability of the output regulation problem by u(t) = Gxz(¢)Z(t). Hence,
Condition 1) holds.

Next, we prove that Condition 2) holds.

For the system (16), starting from any z(0) = d54,, i = 1,...,q, it is easy to see that Z(¢;£(0)) =
6%, , YVt € N. In this case, L(Z(t)) = LG(Ign ® 654, )My9n, ¥Vt € N.

For each i € {1,...,q}, denote all the states belonging to the attractor set of the system (23) with
LE(1) = LG(Iyn ® doa )My on by S;. In addition, let 1 < 7; < 2™ be the transient period [6] of the
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system (23) with L(Z(t)) = LG(In ® 634,)My2n. Obviously, S; C Ri(S;) and Rr,(Si) = Agn. We just
need to prove that S; C O(H63:, ).

In fact, if S; € O(ﬁégﬁ,l) then there exists 52w € S, such that H&, +# H(52n1 Since 5%w is a
fixed point or a state belonging to some cycle of the system (23) with L(Z(t)) = LG(Izn @ 655, M, o,
there exists a positive integer 7" such that 63, = x(kT;63,) holds for all k € N. Thus, y(kT;8.) =
H x(kT;égn) # H 0gni, Yk € N, which is a contradiction to the solvability of the output regulation
problem by u(t) = Gz(t)z(t).

Therefore, Condition 2) holds for S; and 7;. This completes the proof.

In what follows, we study Case II.

For the system (16), starting from any initial state Z(0) € Agn1, the state trajectory will converge to a

cycle, say C; = {5277%1 e 2n1} Then, the output trajectory also converges to a set of periodic outputs

6( C;) = {H 52n1 ey )i 2n1} Thus, if the output regulation problem is solvable for Case II, there exists
a state feedback control such that the output trajectory of the system (5) starting from any z(0) € Agn
converges to (3(01-), i=1,...,r. Hence, a necessary condition for the solvability of the output regulation
problem for Case II is as follows.

Proposition 1. If the output regulation problem is solvable for Case II, then ﬁé;ﬁiu i=1,...,r, j=
1,...,d; are output-reachable from Agx.

However, the condition presented in Proposition 1 is not sufficient. For example, consider the systems
(5) and (16) with L = 6,[1 1213444, H=10,1112, L =6,2321] and H = &[1 12 1].
Obviously, the attractor set of the system (16) only has a cycle with length 2, that is, C; = {63, 63}, and
O(Cy) = {6}, 62}. A simple calculation shows that Z§=1 Row;(HM?®) > 0, i = 1,2. By Theorem 1, both
83 and 7 are output-reachable from A4. However, one can easily check all G € Loy 16 and find that the
output regulation problem is not solvable for this example.

Now, we give a sufficient condition for the solvability of the output regulation problem for Case II as
follows.

Theorem 3. The output regulation problem is solvable for Case II, if ﬁé;};l, i=1,...,r,j=1,...,d;
are l-output-reachable from Aon.

Proof. Suppose that ﬁé;ﬁtl, i1=1,...,r, j=1,...,d; are 1-output-reachable from As.. Then, for any
ie{l,...,r},any j € {1,...,d;} and any k € {1,2,...,2"}, from Algorithm 1, one can design a control

57:9% such that Hoja, is l1-output-reachable from 6%, .

We set G = 52m [’Ul Vo v ’U2n+n1] S £27n><2‘n.+‘n.1, where
Up = Ni,j,k;s foru:(k71)2"1+’y;_1,i:l,...,r,j:l,,,,,di,k:l,...,Q”, (24)
v, €{1,2,...,2m}, otherwise,

and 7§ := 74 . Then, starting from any 2(0) € Agn and any Z(0) € Agny, for the system (16), there exist

three integers 1 < 0 < 2™, 1 < i < rand 1 < j < d; such that Z(o;Z(0)) = 5;{1; for the system (5),
under the control u(t) = Gz(t)Z(t), there exists an integer 1 < k < 2" such that z(o — 1;2(0),u) = 65,.

Since H (5;’;1 is 1-output-reachable from 6%, under the control 655", we have

y(o;2(0),u) = H x L x G x 65, x 5;7{11 X 0K, = HLOJ " 6%, = H(52n1 = y(o;2(0)).
Similarly, since f[&;ﬁl is 1-output-reachable from z(o; 2(0), u) under the control G (o; x(0), u)(?;il, one
can see that .
y(o +1;2(0),u) = Hoyit' = (o + 1;2(0)).

In general, for any integer ¢ > o, we have
y(t: 2(0),u) = Hojz, = §(t:2(0)),

where « = (j + ¢t — o) mod (d;).
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From the arbitrariness of 2(0) and Z(0), one can see that the output regulation problem is solvable for
Case I by u(t) = Gz(t)Z(t).

Finally, based on Cases I and II, we study the general case, that is, the attractor set of the system
(16) has fixed points and cycles with length greater than 1. Denote the set of fixed points by IT =
{654, ..., 054, }, and the set of cycles by ' = {C},...,C,}, where C; = {5;&1,. .. ,6;31} is a cycle with
length d;. We assume that 5;&1 — = 5gff§ — 6;%.

For the general case, combining the proofs of Theorems 2 and 3 together, we have the following result.
Theorem 4. Suppose that the following three conditions hold:

1) O(H63:) #£0, Vi=1,...,q;

2) for each i € {1,...,q}, there exist a nonempty set S; C O(Hd3:,) and an integer 1 < 7; < 2" such
that Sz gRl(Sz) and RT% (Sz) = Agn;

3) ﬁd;ﬁ;l, i=1,...,7, j=1,...,d; are 1-output-reachable from Agn.

Then, the output regulation problem is solvable.

Algorithm 2

1) For each i € {1,...,q}, calculate R(S;) and R}(S;),k =1,...,7; according to (19) and (21), respectively;

2) For any ¢ € {1,...,q} and any j € {1,2,...,2"}, find the unique integer 1 < k; < 7; such that &, € kY, (S;). If
J

Loi—1y2n 4

k; =1, find an integer 1 < 9; < 2™ such that §,,’ € 5;. If2< k; < 7, find an integer 1 < 9;- < 2™ such that
1
(01 —1)2n 4
Oyn’ € Rk;_l(si);
3) For any 7 € {1,...,r}, any j € {1,...,d;} and any k € {1,2,...,2™}, from Algorithm 1, design a control 5;1’;3* such
that H 6;,’;1 is 1-output-reachable from 6%,,;
4) The state feedback gain matrix can be designed as
G = 52"1 [’Ul vy v U2n+n1}7
where
vy = 0%, foruy=(j—1)2" +m;, i=1,...,q, j=1,...,2",
V= N gk forp=(k—=1)2" +~i_,i=1,...,r j=1,...,d;, k=1,...,2", (25)
vy € {1,2,...,2™}, otherwise,
and 'yé = 'yfiq .

Remark 2. It should be pointed out that the conditions presented in Theorem 4 are not necessary
for the output regulation problem of BCNs. For instance, consider the systems (5) and (16) with L =
54[4332142432124443],H:52[1211],3:58[14166247] andﬁ:52[2111221l].
One can easily see that for this example, the system (16) has a fixed point d3 and a cycle with length
3, that is, Cy = {63, dg, 05 }. Moreover, ﬁég = ﬁég = 8}, and ﬁég = 62. For this example, it is easy to
obtain from (7) that

N = O =
N = = O
e
— = N O

Thus,

4 3 3 2
HM = ,
0112
which implies that 63 is not 1-output-reachable from A4. However, it is easy to check that the output regu-
lation problem is solvable for this example under the state feedback gain G = 64[3214112331131122
244233441223221 1]. Therefore, the condition presented in Theorem 4 is not necessary. A

necessary and sufficient condition needs to be obtained in the future work.
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Finally, suppose that all the conditions of Theorem 4 hold. One can design a state feedback gain for
the output regulation problem by Algorithm 2.

Remark 3. From (25), one can see that the state feedback gain is completely determined by the
attractor set of the system (16). Therefore, Theorems 2-4 establish an attractor-driven method for the
control design of the output regulation problem.

Remark 4. The computational complexity of Algorithm 1 is O(2™*"*P). Moreover, the computational
complexity of Algorithm 2 is O(2m*tnmt?p),

4 An illustrative example

In this section, we present an illustrative example to show the effectiveness of our main results.
Example 1. Consider the following BCN:

21t +1) = [u®) A (21 (8) Va2 (8)] V [~ut) A =(2(E) V2 (1)),
w2t +1) = (u(t) Azr (1) V (~u(t) A -z (h); (26)
y(t) = 1 (t)

The dynamics of the reference Boolean network is

Zi(t+1) = (z1(t) A Z2(t)) V21 (2),
To(t+1) =21(t) V (271 () A Z2(t)); (27)
y(t) = 21 (t) V (=22 (8) A =22 (1))-

Our objective is to design a state feedback control (if possible) such that the output regulation problem
is solvable for (26) and (27).

Using the vector form of Boolean values and setting z(t) = x?_,z;(t) and Z(t) = x?_,7;(t), by
Lemma 2, one can convert (26) and (27) into

{x(t +1) = Lu(t)z(t), (28)
and
{?(t + ”j La(t), (29)
y(t) = Hz (1),

respectively, where L = 64[1124443 1], H=0,[1122], L = 6,[132 1] and H = 6,[1 1 2 1]. Moreover,
one can easily see that the attractor set of the system (27) has a fixed point J} and a cycle with length 2:
{6%,03}. A simple calculation gives O(Hd}) = {d1,02} and O({6%,03}) = {63,63}.

For the fixed point d}, setting S = {61} € O(HS}), one can easily obtain that S C R;(S) and
R2(S) = Ay4. For the cycle {47,83}, it follows from

1111
HM = ,
1111
that both 63 and §2 are l1-output-reachable from A,. Thus, all the conditions of Theorem 4 hold. By

Theorem 4, the output regulation problem is solvable for this example.
According to Algorithm 2, we can obtain 16 state feedback gain matrices as follows:

G=063[11201120vs112w15221 vyg),

where v; € {1,2},i = 4,8,12,16.
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5 Conclusion

In this paper, we have studied the output reachability and output regulation control design of Boolean
control networks by using the semi-tensor product method. We have proposed the concept of output
reachability for BCNs, and presented some necessary and sufficient conditions for the verification of
output reachability. We have proposed an attractor-driven method for the control design of the output
regulation problem based on the output reachability of BCNs and the attractor set of the reference
Boolean network. The study of an illustrative example has shown that the new results obtained in this
paper are very effective.

It should be pointed out that Theorem 4 only presents a sufficient condition for the controller design
of the output regulation problem. One possible way of getting a necessary and sufficient condition is to
use the classical augmented system method [2].
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