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Abstract In this paper, a new fuzzy adaptive control approach is developed for a class of SISO uncertain
pure-feedback nonlinear systems with immeasurable states. Fuzzy logic systems are utilized to approximate
the unknown nonlinear functions; and the filtered signals are introduced to circumvent algebraic loop systems
encountered in the implementation of the controller, and a fuzzy state adaptive observer is designed to estimate
the immeasurable states. By combining the adaptive backstepping technique, an adaptive fuzzy output feedback
control scheme is developed. It is proven that the proposed control approach can guarantee that all the signals of
the resulting closed-loop system are semi-globally uniformly ultimately bounded (SGUUB), and the observer and
tracking errors converge to a small neighborhood of the origin by appropriate choice of the design parameters.
Simulation studies are included to illustrate the effectiveness of the proposed approach.
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1 Introduction

In recent years, adaptive backstepping control for uncertain nonlinear strict-feedback systems has been
widely studied using fuzzy logic systems (FLSs) and neural networks (NNs), and many significant devel-
opments have been achieved (see for example, [1-13] and the references therein). The adaptive fuzzy and
neural backstepping control approaches in [1-6] are developed for single-input and single-output (SISO)
uncertain nonlinear strict-feedback systems, and those in [7-9] are for multiple-input and multiple-output
(MIMO) uncertain nonlinear strict-feedback systems, while [10-13] are for the uncertain SISO nonlinear
strict-feedback systems with immeasurable states. In general, these adaptive fuzzy or NN backstepping
controllers can provide a systematic methodology of solving tracking or regulation control problems,
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where FLSs or NNs are used to approximate unknown nonlinear functions and typically adaptive fuzzy
or NN controllers are constructed recursively in the framework of backstepping design technique. The
main features of these adaptive approaches include (i) they can deal with those nonlinear systems without
satisfying the matching conditions, and (ii) they do not require that the unknown nonlinear functions be
linearly parameterized.

Although many important results have been achieved for the adaptive fuzzy and NN backstepping
control for uncertain nonlinear strict-feedback systems, only a few results in the literatures can be available
for solving the problem of adaptive control of uncertain nonlinear pure-feedback systems. As shown in
[14-16], the pure-feedback system represents a more general class of triangular systems which have no
affine appearance of the variables to be used as virtual controls. In practice, there are many systems
falling into this category, such as mechanical systems, aircraft flight control systems, biochemical process,
Duffing oscillator, etc. It is quite restrictive and difficult to find the explicit virtual controls to stabilize the
pure-feedback system by using the existing backstepping technique. To solve the above control problem,
adaptive NN control schemes in [15,16] are proposed for a class of pure-feedback systems, where the last
equation of the controlled system is affine nonlinear to avoid the algebraic loop problem. Direct adaptive
NN or fuzzy control approaches in [17-20] are developed for some classes of uncertain pure-feedback
systems without or with time delays, where an implicit theorem is exploited to assert the existence
of continuous desired feedback controllers, and NNs or FLSs are utilized to approximate these desired
feedback controllers. However, the bounds and the signs of the derivatives of the nonlinear functions
for all the variables are assumed to be known. Therefore, a priori knowledge of the plant dynamics was
required to determine these signs and bounds, which are difficult to acquire in practical applications as
indicated by [21]. More recently, an adaptive fuzzy backstepping control approach in [21] are developed
for a class of uncertain nonlinear pure-feedback systems by using FLSs. The proposed approach not
only relaxed the restrictive conditions in [17-20] that the bounds and the signs of the derivatives of the
nonlinear functions for all the variables are assumed to be known, but also avoided the algebraic loop
problem in [15,16] by introducing the filtered signals into the backstepping control design.

Despite these efforts in adaptive fuzzy and NN backstepping control, the above mentioned fuzzy or
NN adaptive control methods are all based on the assumption that the states of the controlled systems
are available for measurement. It is well known that state variables are often immeasurable for many
practical nonlinear systems. In such a case, observer-based control schemes should be required. It is
worth mentioning that in the case of linear systems, output-feedback control problems can be solved by
combining state-feedback controllers with a state observer. However, the separation principle doses not
hold for nonlinear systems; thus the observer-based adaptive output feedback backstepping control design
and stability analysis are more complex and difficult than the counterpart of state feedback. To our best
knowledge, to date, few attempts have been made on adaptive fuzzy or neural network backstepping
controllers for uncertain SISO nonlinear pure-feedback systems with immeasurable states, which are
important and more practical. This has motivated us to make this study.

Starting with the aforementioned observations, in this paper, an adaptive fuzzy backstepping output
feedback control approach is proposed for a class of SISO nonlinear pure-feedback systems with immea-
surable states. FLSs are first used to approximate the unknown nonlinear functions, and then a fuzzy
state observer is designed for estimating the immeasurable states. Based on the backstepping design
technique, an observer-based adaptive fuzzy output feedback approach is developed. It is proven that
the proposed control approach can guarantee that all the signals of the resulting closed-loop system are
SGUUB, and the observer and tracking errors converge to a small neighborhood of the origin by ap-
propriate choice of the design parameters. The main advantages of the proposed control approach are
as follows: (i) by designing a fuzzy state observer, the proposed adaptive control method removes the
restrictive assumption in [15-21] that all the states of the system are available for measurement, (ii) by
incorporating the filtered signals into the controllers designs, the proposed adaptive control method can
avoid the algebraic loop problem in [15,16], and relax some restrictive conditions in [17-20] that the
bounds and the signs of the derivatives of the nonlinear functions for all the variables are assumed to
be known.
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2 Problem formulations and preliminaries

2.1 System descriptions control problems

Consider the following uncertain SISO pure-feedback nonlinear system:

:i:i:fi(zi,:ri+1)+sci+1, Z.:1,2,...,7L71,

Yy=1=r,
where x; = (z1,22,...,7;)", i = 1,2,...,n are the state vectors of the system, u € R and y € R are
system input and output, respectively; f;(-), ¢ = 1,2,...,n are smooth unknown nonlinear functions. In

this paper, it is assumed that only output y is available for measurement.

Let fl(z;,xiv1) = filx,, iv1) + ®ig1, ¢ = 1,2,...,n — 1 and f/(z,,u) = fn(z,,u) + u. Then the
nonlinear pure-feedback system (1) can be transformed into the following pure-feedback nonlinear systems
considered in [17,20]:

i‘i:fi/(zi?xi‘i’l)? 7::]_,2,...,7171,
T = fz’(:rn,u), (2)
Yy=2=a1.

Remark 1. It should be mentioned that if the states are available for measurement, then system (1) is
the one considered by [21]. If the states are available for measurement and &, = f,.(z,) + v(z, )u, with
v(z,,) being a known function, then system (1) is the model studied by [15,16]. If the states are available
for measurement and the bounds and signs of df/(z;, zi+1)/0xi+1 and Jf](x;,u)/Ou are known, then
system (2) becomes the models in [17,20]. In this paper, the states are not required to be available for
feedback; thus the control design and stability analysis are more difficult than in [15-20].

Assumption 1. There exists a set of known constants m;, ¢ = 1,2,...,n, such that VX, X, € R?
the following inequality holds: |f;(X1) — fi(X2)| < m; || X1 — X2||, where || X]|| denotes the 2-norm of a
vector X.

Our control objective is to design an adaptive fuzzy output feedback control scheme by using FLSs so
that all the signals involved in the resulting closed-loop system are SGUUB, and the state observer and
tracking errors are as small as desired.

2.2 Fuzzy logic system

A fuzzy logic system (FLS) consists of four parts: the knowledge base, the fuzzifier, the fuzzy inference
engine, and the defuzzifier. The knowledge base is composed of a collection of fuzzy If-then rules of the
following form:

Rl If xy is F! and 29 is F} and ... and z,, is F!, then y is G', I = 1,2,..., N, where x = (x1,...,7,)"
and y are the FLS input and output, respectively. Fuzzy sets F} and G! are associated with the fuzzy
membership functions ppi(z;) and pgi(y), respectively. N is the rule number of IF-THEN.

Through singleton fuzzliﬁer, center average defuzzification and product inference [22], the FLS can be
expressed as

N _
_ 21:1 Ui H?:1 ML ()

— , 3
Sy [Ty s ()] ¥

y(z)

where §; = maxyer pgi(y).
Define the fuzzy basis functions as
H?:1 HE €

SN (T )
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Denote 0T = [g1,%2,...,9n] = [01,02,...,0n] and p(x) = [p1(2),...,on(2)] T. Then fuzzy logic

system (3) can be rewritten as
y(z) = 0" p(x). (5)

Lemma 1 ([22]). Let f(z) be a continuous function defined on a compact set 2. Then for any constant
e > 0, there exists a fuzzy logic system (5) such that sup,cq |f(z) — 67 ¢(z)| < e.

3 State observer design

Note that the states x2,x3,...,2,-1 and z, in system (1) are not available for feedback; therefore, a
state observer should be established to estimate the unmeasured states, and then fuzzy adaptive output
feedback control scheme is investigated based on the designed state observer.

To begin with, rewrite (1) as

I]'Si:fi(ji,fi+17f)+xi+1+Afi, i:1,2,...,n71,
l"n:fn(jjnauf)'i_u""Afna (6)
Yy =,

where Af; = fi(x,, xig1) — fi(@;, Tivr,7), 1 = 1,2,...,n = 1; Afy, = fulz,,u) — fu(Z,,ur); Z; is the

estimate of the state vectors x,, which can be obtained by the state observer designed later. £; f and uy
are the filtered signals defined by [21,23]

i’i’f = HL(S)i’i, Uy = HL(S)U, (7)

where H (s) is a Butterworth low-pass filter (LPF), the corresponding filter parameters of Butterworth
filters with the cutoff frequency we = 1 rad/s for different values of can be obtained in [21].

Remark 2. As stated by [21,23], the filtered signals used in (7) are to circumvent the algebraic loop
problem, and the replacements Z; ~ &; s and u ~ us are reasonable because most actuators have low-pass
properties.

Denote 41,5 = uy, and rewrite (6) in the state space form

n—1
by = Av, + Ky+ Y Bilfi(&;, #i31.5) + Afi] + Bulfa(&,,up) + v+ Afy]
i1
= Axn'f'Ky‘f'ZBi[fi(ii,fiHl,f) + Af;] + Bhu, (8)
i=1
where
—kq kq 0
T
A= I 7K: 7Bn: 7Bi:|:0 1 0:|
-k, 0...0 kn 1

Choose the vector K to make matrix A a strict Hurwitz matrix. Thus, given a matrix Q@ = QT > 0,
there exists a matrix P = PT > 0 satisfying

ATP+ PA=-2Q. (9)

By Lemma 1, the fuzzy logic system is a universal approximator, i.e., it can approximate any smooth func-
tion on a compact space; thus it can be assumed that the nonlinear functions f;(-) in (8) can be approx-
imated by the following fuzzy logic systems: fl(a?z, Ziv1,710:) = 0 0i(2;,2i41,f), 1 <i < n. The optimal
fil@y Bigr,p 105) — fi(@is Biga,p) ],

* 3 x .
parameter vector 07 is defined as 07 = argming,cq, [sup(iwiwlwf)e(]i
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1 < ¢ < n where §; and U; are bounded compact sets for 8; and (Z;, i11,f), respectively. Also the fuzzy
minimum approximation error €; and fuzzy approximation error d; are defined by

e = [il@; Eip1g) = Fil@; @1 g 167), 6 = fil@y i) = filds, Bivag 16)- (10)
Assumption 2. There exist unknown constants €}, d; and 7,0 (71,0 = 0) such that |g;] < &f, |6;] < 67,

and |Z41 — Tiv1,7| < 0, ¢ =1,2,...,n. Denote w; =¢&; — d;, i = 2,...,n, by Assumption 2, there is an
unknown constant w; > 0 such that |w;| < w} =&} + J;.

Remark 3. By Lemma 1, a fuzzy logic system has the approximation capability for any continuous
smooth function. Thus, it is generally assumed that the fuzzy minimum approximation errors e; and
approximation errors ¢; are bounded by their known supper bounds € and 67, for example, [1-7,12,13]
and the references therein. However, in practice, it is difficult to determine the upper bounds €} and J;.
In this paper, an approach to estimating them online via adaptation laws is proposed. Also, according to
[21,23], the filtered signals &; ¢ satisfy &; r = Hr(s)&; = 25, ¢ = 1,2,...,n+ 1; therefore, it is reasonable
to assume that |z;11 — Ziq1,¢| < 7,0, With 7 0 being a known constant.

Design a fuzzy state observer as

11;71' = Ii?i+1 —+ kl(’y — SEl) —+ fi(ii7ii+1,f |91), ’L = ].,2, ey — ].,
Bn = kn(y — 21) + (@ Bnr1 s 0n) + u, (11)

g =i

Rewrite (11) as
Zp = A, + Ky + 30| Bifi(2;,%i41,5 |6:) + Bou,
j=C¢

where C=[1--- 0--- 0]
Let e = x,, — &, be observer error. Then from (8) and (12), one has

¢=Ae+> Bil(fild; dit1.) = fi(@;, dig110:))+ Afi] = Ae+ Y Bildi+ Afi] = Ae+5+AF,  (13)
i=1 i=1
where 0 = [01,...,0,]T and AF = [Afy,...,Af,]T.
Consider the Lyapunov function candidate Vj as

1
Vo = 2eTPe. (14)
The time derivation of Vj is
. 1 1
Vo = 2éTP.e + 2eTPé. (15)

Using (9) and substituting (13) into (15) results in
Vo < —Amin(Qlell® + TP + AF), (16)

where Apin(Q) is the largest eigenvalue of the matrix Q.
By the Young’s inequality 2ab < a? + b, and by Assumptions 1 and 2, one can obtain the following
inequalities:
Loz o Looznenz o Lz, 1ypne)ee2
TP < el + IPIPISIE < el + IR, (1)

1 1 1 1
[€TPAF| < el + JIPIPIAFI? < llell + JIPIPAAL + -+ AL[)

1 2 2 . 2 2 "
< el + 2] Y omillel® + [PI* Y mird,, (18)
i=1 i=1
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where §* = [07,...,6%]T.
Substituting (17) and (18) into (16) yields
Vo < —rlle]l* + M,
2 20 ox 12 2
where 7 = Auin(Q) — 1 = [|P[|* 3272, mf and M = 3 ||P|I°[|6%]1" + | PII” 320, miso.

(19)

Remark 4. By the designed state observer (11) can guarantee the convergences of the observer errors if

we choose 7 > 0. Thus the designed state observer of this paper is reasonable.

4 Fuzzy adaptive output feedback control design and stability analysis

In this section, a fuzzy adaptive output feedback controller will be developed by using the above fuzzy
state observer in the framework of the backstepping technique. The stability of the closed-loop system

will be given below.

The n-steps fuzzy adaptive output feedback backstepping design is based on the change of coordinates:

X1=Y = Yr, Xi=%T; — 01, i:2,...,71,

where a;_1 is an intermediate control, and u is designated in the last step.
Step 1: Expressing xs in terms of its estimate as xo = &3 + e2, we obtain

X1 = %1 — U = T2+ fi(z1,22) — G = T2+ f1(21,82,5) —Ur +e2+ Af1
= @+ 0701 (21,30, 1) — Ur + €2+ 01 p1(21,20,7) + €1 + Afy,

where 51 = 07 — 0, is the parameter error vector.
Taking %2 as a virtual control, from (20) and (21), one has

X1 =X+ a1+ 0T (81, 82 f) — Gr + o+ 0 01 (21,82, 5) + 1 + Afr.
Consider the following Lyapunov function candidate:
1 1 s 1
Vi =V 7 010 >
1 0+2X1+271 1 1+2,.—>/1€1’
where v; > 0 and 4; > 0 are design constants. €; is the estimate of €], and €; = €] — &;.
The time derivative of V; along with (19) and (22) is
. . . 1 P 1 _ .
Vi=WH+xixi+ 0701+ _ &6
a! ga!

(20)

(22)

(23)

. R R . ~, R R 1 ~n2 1 .
= Vo+xilxz + a1 + 07 01(21,22,5) — G + €2+ 0] 01(81, 82,p) + 21 + Af1] + ” 076, + 5 E1€1
1 1

N

—rlel® + x1[xz + a1 + 0 @181, 22,) — 9o] + X1 A S| + [x1] €]
~ . . 1 ~m 2 1 .
+eax1 + 0L o1 (21, 22, 1)x1 + ” 076, + 5 €161 + M.
1 1

By Young’s inequality 2ab < a? + b? and Assumption 1, one has

1

1., 1
2><12<2H6H + .x1%,

< 1| |2
e < leo|” +
2X1 ) 2 9

1 1 5 1 9
X1+ L IAAP <X+ millel” + m373.

Substituting (25) and (26) into (24) yields

1
2

1 -~ R R .
+|x1let + , OF (Vi1 (81, E2,5)x1 — 01) + M + m3735 .
1

IX1Af1] <
Vi < —(r—

—m})el” + xalxe + x1 + a1 = g + 07 o1 (F1, 22,5)]

For the convenience of the subsequent derivations, we cite the following Lemma 2.

(24)

(25)

(26)

(27)
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Lemma 2 ([24]). For any x > 0, |z| — x tanh(¥/,) < 0.2785x = &’ is satisfied.

By using Lemma 2, Eq. (27) can be rewritten as

1 . oA
=5 —m)llel® +xalxz +x1 +ar =g + 07 @1 (d1, 82 )]

+ alel — xaeq tanh (X1, ) + xaeq tanh(X1/;,)

1+ o : 1.
+ ” 07 (y11(1, %2, f)x1 — 61)* +M+m27'20 + 5 €1€1
1 1

1 . A R %
S—r—y - mi)llell” + xalxa + x1 + a1 — G + 07 @1 (81, 82 ) + &1 tanh (X1 )] + €74/
1 -~ A . 1. R
+ 0F (i1 (1, &2,5)x1 — 61) + 5 E1(ixa tanh(X1/ ) — &) + M + m373,,. (28)
1 1

Since variables x1, 1 and Z3 s are available, the intermediate control function o1, and the adaptation
laws for 67 and £; are chosen as

ar = —cix1 — x1 — 01 @1(&1, &2, 7) — €1 tanh(X1/ ) + g, (29)
01 = 1101(d1,22,)x1 — 0161, (30)
1= Y tanh (X1, ) — o121, (31)

where ¢; > 0, k1 > 0, 07 > 0 and &1 > 0 are design parameters.
Substituting (29)—(31) into (28) and applying Lemma 2, one has

. o1 5 01 . .
Vi < —rilel® = enxd + xaxe + 71 076, + ,?18151 + My, (32)
1 1

where 71 =7 — 1/2 —mj and My = e}r} + M +m3735 .
Step 2: Differentiating (20) yields

)'(2 = SEQ — dl = Ii'g + k2€1 + 9;902(!%2,;’%3,]0) —+ é’ZTSDQ(i'Q,i'g,f) + w2
Oa ; oo 30419 oo . Oai .. Oaj .
— 1 — & — — . e —
R CHR R, R WAL L VR L Wi
= &3+ koey + 03 02 (&g, 23.f) + 03 @2 (B, &3, 1) + w2
80(1 80(1 5 8051 . 80(1 .
oF k g gy
aA [Z2 + 07 @1 (21,22 f)+ 1e1] — 94, €1 00, 1 Oy, Y
a1 O 0T o (51, 0.g) + €3+ 01 + AS1]
— . I 21,2 e
5'y'T Y 8y 2 1 P1\T1, T2, f 2 1 1
N 80(1 80(1 ~T N N
=23+ Hy— g e o (A1 +01) + 02 02(2a, 83,5) + w2, (33)
Yy dy
h H, = eT S S _ Oaq [z T - _ Oaq A 8a1 Oaq Bal
where Hy = 05 02(Z4, 23, 1) 0% [£2 + 01 p1(x1,Z2,7) — k1e1] — e, €1 — 91 oy Ur — g e + koe1 —

880‘1 [#2+0T 01 (21, T2 _1)]- Consider the following Lyapunov function candldate Vo=Vi+ 2X2 1 9T92 +
2; w2, where 75 > 0 and 42 > 0 are design constants; 92 = 05 — 02; w; is the estimate of w}, and
W = wf —w;, (i=2,...,n).

The time derivative of V4 along with (33) is
. 1.
Vo = Vi +xa2x2 + 92 0 + w2w2

< —rillel’ = ex? + xixe + 9T91 + % Yae 4+ M

8051 80(1

+x2 |23+ Ho — 8y62 ay

(01 + Af1) + o tanh (X2, ] + [x2| w3 — w3 xo tanh(X2/ )

1 ~ o . 1 . 7 :
o 0 (Vax2wp2 (&, &3,5) — b2) + 502 (72X2 tanh(X2/;) — wz) : (34)
2 2
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By using the Young’s inequality, one has
Oay oo 3 2 92 2 1 2 1 2
- - 0+ Af) < (0ay /0 07 A
X2 g €2 Xzay(1+ f1) < @21 /9y) " + llell” + 017 + , |Af]
3 1.,
< 001/0y)*x3 + 07 + (m + Vel + mir3o.  (35)
By using Lemma 2 and substituting (35) into (34) yields
. . . 1 ~2
Vo = Vi + xaxe + 92T5’2

. . 3 Oa
< —7ollel? *01X1+X1X2+ 9T91+ €1€1+M2+X2[5173+H2+ !

o 2( ay )?X2 + W2 tanh(X2/,. )]

1 - N 1 . R
+ " 05 (Yoxaw2 (&9, #3,5) — 92) + - w2 (Y2x2 tanh (X2 ) — 2), (36)

where 75 =1 —1—m? and My = My 4 501% + m373 o + wikh.
Take 23 as a virtual control, and choose intermediate control function as, the adaptation laws for 5

and w9y as
3 N
Qg = —X1 — C2X2 — 2(3041/331)2X2 — Hy — 1o tanh(XQ/ﬁ2)7 (37)
b2 = Yox2p2(@y, &3,5) — 0202, (38)
11'\}2 = Ya2Xx2 tanh(XZ/@) — G929, (39)

where o9 > 0 and 62 > 0 are design parameters.
From (20), (36)—(39), (36) can be rewritten as

2 2 _
. R o2 .
Vs < —rQHeH2 + My — E CkX% + x2Xx3 + g ” 9T9k —|— 5151 + ; Wos. (40)
2
k=1 k=1

Step ¢ (3 < i< n—1): The similar procedures to step 2 are employed recursively at step ¢. The time
derivative of x; is

Xi = Tj — Q-1

1—1
R . ~ A 004Z . Oay;_ i
= i1 + kier + 07 0i(8, i, p) + 0] i(@4y Tigr,p) + wi — 1y Py !
k
k=1
i—1 i—1 i
Ooy_1 : Oai—1 Ooi_1 Ooi_q (k)
— e G- D DR S
881 —o 8w 1 89k o1 8y£ )
i1
= &ip1 + kier + 0] @2y, Bigrp) + 07 @i(2y, Bigrg) +wi — Y &%—1 [Zr41 + O @i(Eg, g p)]
k=1
Oa_1 3041 1 A Oaij— 1 Oaij— 1 Oaj—1 (k)
T 87 &1~ Zkﬂ i Z a0, O _Zay(k—my?'
k=2 k=1 r
8ai_
T oy 1[ 2+ 07 p1(81,Z2,7) + e2 + 61 + Afq]
. = . Oay; Oy
= it + Hi + 07 0i(34, Big1,p) +wi — ay Yy — 5 Y6+ Af), (41)
A A i—1 Oaj_1 14 o o i A i—1 da; A
where H; = ke + 9T<Pz(l’“$z+1,f) - Zkzl oo [Brer + O or(Zg, Trr1.)] — 881 Y& =Dk o, Wk —
Z; Lk ag; ! f ag;kl —> et 82?,::}) y k) 6057;1 [#2 + 0T 1(21, 2, f)]. Consider the following
Lyapunov functlon candidate:
V= Vi 4 2 9T9+ ! (42)
1 — Vi—1 2X1 271



Tong S C, et al. Sci China Inf Sci January 2014 Vol. 57 012204:9

where v; > 0 and 4; > 0 are design constants and 6’1 =07 —0,.
The time derivative of V; along with (41) is

. . 8041'_ 8041'_ ~ . *
Vi < Vier + xil@ip1 + Hi +wi — ay es — ay (01 + A1) + 1 tanh(Xi/ )] + xq| w]
1~ . . 1 . ) 2
—w; x; tanh(Xi/,. ) + 7_9?(%xz-<pi(%wi+1,f) —0;) + '_Y'wi(%Xi tanh(Xi/; ) —w;). (43)

Again by using Young’s inequality, we have

Oai_q Oai—1
€ X

3 8041 1.2 2
Xi ay 2 1 ay )

(01 +Af) < ay 5*2 (mi + 1)]lell® + m373,. (44)

By using Lemma 2 and substituting (44) into (43), (43) becomes

11,

Vi < —rile|? chxwrxl 1X1+Z 9T9k+ 5151+Z Ot + My

Oai—1

+ Xi ay

2
) Xi + w; tanh(Xi/,.)

X 3 1~ o .
Tipr+ Hi+ 9 < + i 0} (vixipi(#, Zira,g) — 03)

1 .
+ ,_Y@i(%xz' tanh(Xi/;) — ;) (45)

where r; =1 — (i — 1)(1+m3) and M; = My + (i — 1)(567% + m373,) + 22:2 w3k
Choose intermediate control function «;, adaptation laws for 6; and w; as

3 8041'_1 ~ .
@ = —Xi-1 = GiXi — o5 (g )?xi — Hi — ; tanh(Xi/,. ), (46)
Yy
0i = vixipi(Z;, Tiv1,r) — 0ibs, (47)
W = YiXi tanh(Xi/; ) — i, (48)

where o; > 0 and &; > 0 are design parameters.
Substituting (46)—(48) into (45), we have

Vi < —rillelf? Z CkXE + XiXit1 + Z 9T9k + 6161 + Z wkwk + M;. (49)

Step n: In the final design step, the actual control input u appears.
The time derivative of x,, is

. : . ~ . day, Oty _

Xn =2n — Gn1 =u+ Hy + 0 0, (8, ur) +w, — 87; Loy — 87; Y61+ Afy), (50)
where H,, = kpe1 + 0} 0, (2, ur) — 2;11 632,:1 [Zr41 + O ok (&, Trpr,f)] — 821 D Sy ) 63;},; D —
Z" ! k; 8‘52 ! 722;11 8‘55;1 O —> p_1 6‘2‘2‘,2:}) y,(,k) 80‘8" Y[Z2+ 0T p1(21, 22, ¢)]. We consider the overall
Lyapunov function candidate as

1 1 s 1
Vi = Voo 2 0r6 T 51
n n 1+2Xn+2,yn n n+2,7nwn7 ( )
where 7, > 0 and %, > 0 are design constants.
By setting i = n, the control u and adaptation laws for #,, and w,, are described by
3 8@ -1 N
U= —Xn-1—CnXn — Hp — 2( 8:; )ZXn — Wy, tanh(Xn lin)’ (52)

én = ’Yn@n(fcnv uf)Xn — onbn, (53)
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fU;Jn - f_)/an tanh(xn/,‘@n) - 5—nwn~ (54)
By (51)—(54), and in the same procedures done previously in step 4, one can obtain
— n —
. o1 . . Ok . .
Vi, < 77’n||€||2 Z Cka + Z 9T9k + 716161 + Z - WrWy + My, (55)
T
k=1 =2

where 1, =11 — (n = 1)(1+m3) and M,, = M + (n — 1)(367% + m375 ) + 27 Wik,

By using Young’s inequality, one has the following inequalities:

Ok 5T Ok ;T/ ;5 * Ok ;T4 Ok %2

09k: 0 —0, +07) < — 0,0, + 077, 56
- k e ( k) 27k k Q’Ykl il (56)
o1 . . 01 2, 01 49

£1é61 < _ET+ eln, 57
TR 27, 1 2y ! (57)
0k . . Ok .o Ok o
_WrpWg < _ + _w”. 58

Substituting (56)—(58) into (55) results in

. 01 . Ok -
Vn S _T’RHeH chXk Z 2 eTek ! 2 Z 2/_;; 2 +Mn

+ Z |9k T2y Z 25, (59)

Let
rn >0, (60)
¢ = min{2r, /Amin(P), 2¢;, 04,00 =1,...,n}, (61)
Ok
A= Mn+z |k| +22 (62)
Tk
Then Eq. (59) becomes
V<—cV+ A (63)
Eq. (63) can be further rewritten as
A
V() < V(0)e " + . (64)
From (64), and in the same proof as [1-13] it can be shown that for each i = 1,2, ..., n, the signals z;(t),

Z;(t), e(t), 0;, €1, W; and u(t) are SGUUB, and there exists a time 7" such that for all ¢ > T, the state
observer and tracking errors satisfy |e;(t)| < u and |y(t) — y,(t)| < p, where p > (2X/c)'/2.
The above design and analysis are summarized in the following theorem.

Theorem 1. Suppose Assumptions 1 and 2 hold. Then the fuzzy adaptive output tracking design scheme
described by the state observer (12), intermediate control functions (46), control law (52) and parameter
adaptive laws (47) and (48) can guarantee that all the signals of the closed-loop system are SGUUB, and
the observer and tracking errors converge to a small neighborhood of the origin by appropriate choice of
the design parameters.

Remark 5. According to the definition of A and (9), the parameters k;, ¢ = 1,2,...,n are chosen to
make A a stable matrix, i.e., the all real parts a; of eigenvalues of A (denoted by A\; = —a; + b;i) satisfy
that a; > 0,1 =1,2,...,n. By (13), if the parameters k; are chosen to make a; larger, the observer error
vector can be made smaller.

According to Refs. [4-9,11-13] and from (61) and (64), increasing the values of the design parameters
Ciy Vis Vi, N 05 and &, ¢ = 1,2, ..., n and decreasing the value of x; can decrease the observer errors and
tracking errors. However, if ¢;, i, ¥, A, 0; and &; are larger and k; is smaller, control energy will become
larger. Therefore, in practical applications, the design parameters should be chosen suitably to achieve a
better transient performance and control action.
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Remark 6. The proposed adaptive control approach can be used for a large class of SISO nonlinear sys-
tems with immeasurable states, including the following class of uncertain SISO strict-feedback nonlinear
systems:

1 = fi(z1) + g1(x1)xe,
B2 = fa(zs) + g2(z2)3,
N (65)
Tp—1 = fnfl(xn—l) + gnfl(xn_l)xn,
i'n = fn(xn) + gn(l‘n)UW
Yy=2=a1.

Let fi(wiawi-‘rl) = ﬁ(‘rz) + gi(-ri)wi-‘rl) 1= 1727 cee, 17 fn(‘rnﬁu) = an(:En) + gn(‘rn)u Then Eq (65)
can be expressed in the form of (2).

Remark 7. It is worth mentioning that some observer based adaptive fuzzy backstepping control ap-
proaches have been recently developed by [10]-[13] for a special class of uncertain SISO strict-feedback
nonlinear system (65). They require that f;(z;,;41) = fi(z;) + xit1 and fo(z,,u) = fu(x,) + u; that
is, the virtual and control gains are known constants. Thus, they cannot be applied to the SISO strict-
feedback nonlinear systems (65) with virtual and control gains being unknown continuous functions.

5 Simulation example

In this section, a simulation example is presented to show effectiveness of the proposed adaptive fuzzy
control approach.

Example 1 ([17,21]). Consider the nonlinear system
T1 = T1 +x2+$§/5, jcgzwlxg—i—u—i—us/?, y=1. (66)
The famous van der Pol oscillator is taken as the reference model:
Eq1 = Taz, Faz = —xa1 + Bl — 4Tz,  Yr = Tar, (67)

which yields a limit cycle trajectory when 8 > 0 (5 = 0.2 in the simulation) for initial states starting
from points other than (0,0). Let x41(0) = 0.5 and z42(0) = 0.8.

Remark 8. Note that the variable is assumed to be immeasurable; thus the adaptive NN and fuzzy
approaches in [15-21] cannot be applied to control the nonlinear system (66). Meanwhile, system (66) is
a nonlinear system in pure-feedback form; thus the control approaches in [10-13] cannot be applied to
control this system.

The control objective is to make the output of system (66) follow the reference trajectory y, generated

from the van der Pol oscillator (67).
(2176+2l)2] _ (i2f73+l)2]
2 4

Choose fuzzy membership functions as (&1, Tay) = exp[— x exp|

(&1—6+20)2 (&2—3+1)2 (up—9+31)2
2 ] 5 ] 7 ]

) MFQZ (‘fi‘la i’27

uy) = exp[— X exp[— X exp[— , I =1,...,5. Construct fuzzy logic sys-

tems (5) according to (3) and (4). Choose the Butterworth low-pass filter as Hy (s) = 1/(s*>+1.414s+1).
The controller and parameter adaptive laws are given as follows:

ar = —cix1 — x1 — 0 ¢1(d1,82,5) — €1 tanh (X1 ) + gy, (68)
01 = v191(21, B2,7)x1 — 0161, (69)
&51 = Y1X1 tanh(Xl/m) — 01é1, (70)

3 /001> .
U=-—X1T X2 T, ( 5'y1) X2 — Ha — 2 tanh(X2/. ), (71)
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Figure 5 ||01] (solid line) and ||02]|| (dash-dotted) of Case 1. Figure 6 1z (solid line) and y, (dash-dotted) of Case 2.

02 = Yax2p2(Eg, d3, 1) — 0202, (72)
’11;)2 = Ya2X2 tanh(XZ/,iz) — OoWs. (73)

To illustrate the effects of the main design parameters k1, ko, c1, ¢2, kK1 and k2 on the control performances,
in the simulation , two kinds of the design parameter selections are considered.

Case 1: Choose k1 = 10, ke =12, ¢c1 =7, co =5, k1 = ke =01, 1 =2, 91 =4, 72 = 3, 2 = 5,
o1 =09 =0.12, 51 = 69 = 0.14.

Case 2: Choose k1 =5, ko =6, ¢c; =4, co = 3, k1 = k2 = 0.2 and the other design parameters are
chosen the same as case 1.

For the above two cases, the initial conditions are chosen as z1(0) = 0.5, z2(0) = 0, #1(0) = 0,
#2(0) = 0, £€1(0) = 0, w2(0) = 0, 6T(0) = [0,0,0,0,0], 65 (0) = [0,0,0,0,0]. The simulation results for
case 1 and case 2 are shown by Figures 1-5, and Figures 6-10, respectively, where Figures 1 and 6 show
the trajectories of state y and y,. Figures 2 and 7 show the trajectories of state x; and its estimate
Z1. Figures 3 and 8 show the trajectories of state xo and its estimate Zs and Figures 4 and 9 show the
trajectory of input u. Figures 5 and 10 show the trajectories of both ||61| and ||62].

To further compare with the control performances between Case 1 and Case 2, define the performance



Tong S C, et al. Sci China Inf Sct  January 2014 Vol. 57 012204:13

0 10 20 30 40 50 0 10 20 30 40 50
S S

Figure 7 1 (solid line) and &1 (dash-dotted) of Case 2.  Figure 8 x2 (solid line) and #2 (dash-dotted) of Case 2.

6 ' ' ' ' 1.0
4 0.9
0.8
2 0.7 |
0.6 NN
0 0.5 TR
5 04 Y
0.3
4 02¢) | 1
014 |
-6 0 W v
0 10 20 30 40 50 0 10 20 30 40 50
s
s
Figure 9 wu of Case 2. Figure 10 ||01]| (solid line) and ||02| (dash-dotted) of Case 2.

Table 1 Performance comparisons between Casel and Case 2 with the tracking error, observer errors and control indexes

Performance comparisons Case 1 Case 2
I 2.141 15.632
I 3.375 12.589
I3 1.811 2.070
Iy 81.342 41.132

indexes of the observer errors as It = >__, |z1(k) — &1 (k)| and I = >°;_; [z2(k) — &2(k)|. The tracking
error and control indexes are defined as Is = Y ;_, |y(k) — y- (k)| and I, = >, _, |u(k)|, where n is the
number of sampling data. The tracking error, observer errors and control indexes are calculated from
0 to 50s with a sampling period of 1s (note that the sampling operation is only adopted to obtain the
tracking error, observer errors and control indexes).

From Figures 1-10 and Table 1, one can conclude that the larger the design parameters ki, k2, c1
and co are, and the smaller the design parameters k1 and ko are, the faster the convergence rates of
the tracking and the observer errors are. However, if k1, k2, ¢; and ¢y are chosen larger, and k; and ko
are chosen smaller, the control energy will become larger. Therefore, in practice, to achieve satisfactory
control performances, an appropriate choice of the design parameters is necessary.

6 Conclusion

In this paper, a fuzzy adaptive output feedback control approach has been developed for a class of SISO
uncertain pure-feedback nonlinear systems with immeasurable states. Fuzzy logic systems are utilized
to approximate the unknown nonlinear functions, and the filtered signals are introduced to circumvent
algebraic loop systems encountered in the implementation of the controller. A fuzzy state adaptive
observer is designed to estimate the immeasurable states. Based on the adaptive backstepping design
technique, a fuzzy adaptive output feedback control is developed. It is proven that the proposed control
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approach can guarantee that all the signals of the resulting closed-loop system are SGUUB, and the
observer and tracking errors converge to a small neighborhood of the origin by appropriate choice of the
design parameters.
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