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Abstract In this paper, we introduce polygonal fuzzy numbers to overcome the operational complexity of
ordinary fuzzy numbers, and obtain two important inequalities by taking advantage of their fine properties. By
presenting an actual example, we demonstrate that the approximation capability of polygonal fuzzy numbers
is efficient. Furthermore, the concepts of K-quasi-additive integrals and K-integral norms are introduced.
Whenever the polygonal fuzzy numbers space satisfies separability, the density problems for several functions
spaces can be studied, by means of fuzzy-valued simple functions and fuzzy-valued Bernstein polynomials. We
establish that the class of the integrally-bounded fuzzy-valued functions spans a complete and separable metric
space in the K-integral norms. Finally, in the sense of K-integral norms, the universal approximation of four-
layer regular polygonal fuzzy neural networks for fuzzy-valued simple functions is discussed. Furthermore, we
show that this type of networks also possesses universal approximation for the class of integrally-bounded fuzzy-
valued functions. This result indicates that the approximation capability which regular polygonal fuzzy neural

networks for continuous fuzzy systems can be extended as for general integrable systems.
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1 Introduction

A fuzzy neural network is an organic combination of an artificial neural network and fuzzy techniques,
that form a hybrid intelligent system with both intelligent information processing and adaptability. As
a particular type of pure fuzzy systems, fuzzy neural networks can effectively handle natural language
messages. In the real world, there are more data messages of digital type than language messages.
Thus, we may obtain data messages with corresponding input-output relationship of a fuzzy system
by measurement date and transmission. In studying the universal approximation of regular fuzzy neural
networks in 1994, Buckley [1] conjectured that a regular fuzzy neural network is a universal approximator
of a continuously-increasing fuzzy function class. Later, from the point of view of system approximations
and learning algorithms, this class of networks was thoroughly and systematically studied by many
scholars both domestically and internationally [2-5]. In China, the Professor Liu Puyin [6-10] later
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developed a great deal of useful work in regard to the above two aspects. He negated Buckley’s conjecture
by providing a counterexample, and introduced various concepts associated with Bernstein polynomials,
closure fuzzy mappings and integral norms, and subsequently, three classes of fuzzy functions in which
multiple-layer regular fuzzy neural networks constituting a universal approximator were given. In recent
years, the universal approximation of four-layer regular fuzzy neural networks for a class of fuzzy-valued
functions was investigated based on Lebesgue’s and Sugeno’s integral norm [11, 12]. In applications, all
of these results have important value for fuzzy inference, fuzzy control, and image restoration techniques.
In 1987, beginning with quasi-addition and quasi-multiplication, Sugeno et al. [13] developed definitions
of quasi-additive measures and integrals. In 1993, the Kt and tK integrals were defined by Jiang in [14] by
taking advantage of special operators K and t. With this foundation, induced operators were introduced
in 1998, and K-quasi-additive integrals were proposed in [15]. Furthermore, their convergence properties
were investigated, and some useful results [15-18] were obtained. Liu [7] introduced for the first time
in 2002 the two concepts, polygonal fuzzy numbers and polygonal fuzzy neural networks. In this paper,
we provide a definition of the K-integral norm using K-quasi-additive integrals, and study completeness
properties and separability of the spaces of fi-integrable-bounded fuzzy-valued functions in the sense of
this integral norm. Later, we discuss the universal approximation of polygonal fuzzy neural networks
for the class of ji-integrable-bounded fuzzy-valued functions in K-integral norm by means of the integral
transformation theorem and the operation properties with respect to polygonal fuzzy numbers.

2 Fuzzy numbers

Let RT = [0, +00), R? a d-dimensional Euclidean space, || - || be a norm in RY, and N the set of natural
numbers. For arbitrary VA, B C R?, define

A, B) = _ .
du(A,B) =max{ v, A lz=yl. v, A lz=yl)

From [23], we know that dy (A, B) is an Hausdorff distance between A and B. In particular, dy (A4, B) =
|a—c|V]|b—d| whenever A= [a,b] and B = [¢,d] C R. If [a1, b1] C [a2, b2] C [as, bs] C R, then is the
following can easily verified

du([a1,b1], [az, b2]) V du ([az, ba], [as, bs]) < du([a1, bi], [as, bs)).

Definition 2.1. Let A: R — [0, 1] be a mapping, then A is called a fuzzy number, if the following
conditions (1) and (2) are satisfied: (1) Ker(4) = {z € R | A(z) = 1} # 0; (2) the cut set Ay = {z € R |
A(x) = A} is a bounded closed interval, for arbitrary A € (0, 1].

Let Fy(R) denote the family of all fuzzy numbers on R. For each a € R, define a(a) = 1; a(x) = 0,z # a.
Obviously, the real number a is a special fuzzy number, and for all A € (0,1], @y = {a} = [a, a].

In fact, for classical sets, only single point sets and bounded closed units intervals constitute fuzzy
numbers. This is Because (2) in Definition 2.1 is very hard to satisfy for other types of classical sets. For
example, let A = {1,2,3} and B = (1, 2], then for arbitrary A € [0, 1], both Ay = {1,2,3} and By = (1, 2]
do not constitute closed intervals, and thus A and B are not fuzzy numbers. For the order, operations
and limits with respect to fuzzy numbers, the reader is referred to [19].

In this paper, on space Fy(R) of fuzzy numbers, we introduce following [19] a Hausdorff metric to define
D(A, B) = Vco.1jdu(Ax, By), for arbitrary A, B € Fy(R). In light of [19], it follows that (Fy(R), D)
constitute a complete metric space.

3 Polygonal fuzzy numbers

The application of fuzzy numbers poses significant problems for fuzzy theory. Unfortunately, fuzzy
arithmetic operations are nonlinear and extremely complex, even for the simplest cases, the triangular
and ladder fuzzy numbers. The reason is that the four arithmetic operations in Zadeh’s extension principle
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do not satisfy closeness. Therefore, a significant question of interest is for general fuzzy numbers how to
develop these nonlinear operations in some approximation scheme. One such approximation was proposed
in [7], involves the n-symmetric polygonal fuzzy numbers (simply called polygonal fuzzy numbers) which
have excellent linear properties that simplifies their operations. In this section, we summarize some of
these properties to develop the important Theorem 3.2. This theorem lays the theoretical foundation for
discussing a universal approximation of fuzzy neural networks.

Definition 3.1 [7]. Let A € Fy(R), for given n € N, divide the closed interval [0,1] along the y-axis

into n equi-sized closed intervals bounded by points x; = ;,i =1,2,...,n — 1. If there exists a set of
ordered real numbers: aé,a},...,ak,ai,...,a%,a% ERwitha) <al < - <al <a?2 <---<a? <d}
such that A(a?) = ©,q = 1,2 and A(x) is defined below, takes straight lines in [a}_,,a!] and [a2,a?_,],
where i = 1,2,...,n, (see Figure 1), i.e., for any = € R,

i—1 (w—aj_,) :

Zn +n(a1fa1i1)’ IE[ ’L 1, 1],221,2,...,77,,

Alw) = 1, z € [a}, a?],
=\ 1, Gl |

‘. +n(a2_117a2), x € [a?,a? ,],i=1,2,...,n,

0, otherwise,
where we define ? o = 0. Then A = (ad,al,... ak,a2,... a3 a2), or more simply A, is called an n-

polygonal fuzzy number.

For givenn € R, let Z,,(Fy(R)) denote the family of all n-polygonal fuzzy numbers on Fy(R). Obviously,
if n = 1, a 1-polygonal fuzzy number A reduces to a ladder fuzzy number or a trigonometric fuzzy number
whenever. In addition, by A(a?) = it is clear to see that

Aw(a‘q)_g(agfl) = ) 1= 172a"'an; q:172

From Definition 3.1, we easily find that the properties of polygonal fuzzy numbers are similar to those
of either ladder or trigonometric fuzzy numbers. For given n € N, the n-polygonal fuzzy number of a A
can be completely determined by the finite number of points a}, al,...,ak,a2,...,a?, a3 on R. Therefore,
for each fuzzy number in Fj(R) determines a unique n-polygonal fuzzy number. The explicit construction
is as follows:

For fixed n € N, let Z,,: Fo(R) — Z,,(Fo(R)) be a mapping where Z,, is said to be an n-polygonal
operator. For Ace Fy(R), divide the unit closed interval [0, 1] on y-axis into n equal parts hat is, insert
n — 1 partitioning points \; = ’,i = 1,2,...,n — 1. For arbitrary A € [0,1], let Alz) = M = L

from Definition 2.1, we know that this inequality has a unique solution on SuppA and solve for z such

that a} < 2z < a?. Let Alz) = N = 'yi=1,2,...,n — 1; similarly, we can solve for z that satisfies
af <z < af, and [ay, a7 C lag_y,a}_1] C -+ C [af,af] C [a67a3]
Thus, we obtain a set of real numbers a ,0=20,1,2,...,n;q¢ = 1,2 with ao a% <0 K a}l < a% <

- < a? < dd, that is to say that A can be changed into an m-polygonal fuzzy number, denoted as
Zn(A) = (a,al,...,ak, a2, ... a},dd) € Z,(Fp(R)).

) Yny Yno
Alternatively, let AL = [a},a?] where i = 0,1,2,...,n, connect the knot points (aj,0), (al, }), (a}, 2),
. (al,1),(a2,1),...,(a3, 2), (a3, }), (a,0) which are the points on the curve of membership function

g(x) with straight line segments in order. Consequently, we get one ladder polygonal with continuity
from the right whenever = < al, and continuity from the left whenever 2 > a2. Obviously, it is not hard
to see that

Ker(Z,(A)) = KerA = [a},a2], Supp(Z,(A)) = SuppA = [a}, a?];

(Zn(A)): = A =a},a]], i=0,1,2,...,n

Rt

Note 1. It is clear that polygonal fuzzy numbers are a special type of fuzzy numbers, i.e., Z, (Fo(R)) C
Fy(R). As for a given fuzzy number, its corresponding polygonal fuzzy number depends on the selection
of n; the larger the value of n is, the more knots there are in the polygonal representation. Consequently,
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Figure 1 n-polygonal fuzzy number.
the approximation capability of large n-polygonal fuzzy numbers of a given fuzzy numbers is much
stronger, at the moment, they are becoming more complex.

Definition 3.2.  Forgivenn € N, let A, B € Fy(R), and Z,,(A) = (a},al,...,a},a2,... a2 a2), Z,(B) =

(bg, b1, ... bE b2 02, 08) € Z,(Fo(R)), where af, b € R, i =0,1,2,...,n;¢ = 1,2, we define addition,
subtraction, multiplication, and scalar multiplication, as follows:

(1) Zn(A) + Zn(B) = (ap + by, a1 +by,..., aj +by,ap + by .., af + b7, a5 + b3);

(2) Zn(A) = Zn(B) = (af —b3,al — b3, ..., al —b2,a2 —bL, ..., a2 — bl a2 —b});

(3) Zn(A) - Zn(B) = (cbcly... ek 2, .. c3,c3) where ¢} = albl A alb? A a2b) A a?b? and ¢ =

albl v alb? Vggb} Vab?, i =0,1,2,...,n;

771

(4) k- Z,(A) = (ka, kai,. .. kal ka2, ... ka3, ka?) where k > 0.

Note 2.  Definition 2.1 implies that [a,b]y = [a,b] for any A € (0,1] whenever A reduces to a closed
interval [a,b]. In particular, {a}, = {a} = [a,a]. Hence, the single point set {a} constitutes a fuzzy
number defined by Z,({a}) = (a,a,...,a,qa,...,a,a) for arbitrary a € R with Z,(a) = Z,({a}). In
general though, Zn(g) has no significance whenever A does not constitute a fuzzy number; for example
Z,({1,2,3}).

Theorem 3.1 [7]. If A, B € Fy(R), for given n € N, then the following properties (1) and (2) hold

(1) Zn(A+ B) = Zp(A) + Zo(B), Zn(A-B) = Zn(A) - Zn(B);

(2) Zn(Zn(A)) = Zn(A); Zn(k-A) = k- Z,(A), k >0 where k > 0 and k can be regarded as {k}.

Evidently, the space Z,(Fp(R)) of polygonal fuzzy numbers is closed with respect to the linear op-
erations, its extension operations are simpler than the corresponding operations in Zadeh’s extension
principle, and possess excellent properties, all of which contribute to the success of polygonal fuzzy

numbers.

Note 3.  For given n € N and for any A, B € Fy(R), we find from [7]

D(Z(A), Zu(B) = 3 du(Zu(A)) 1, (Za(B)) ) = Y ([ al =b} |V | a? =23 ),

k3 i
n n

where D is a metric in Fy(R). Speciﬁ@lly, whenever B = 0, we define the norm of a polygonal fuzzy

number 7, (A), i.e., || Z,(A) ||= D(Z,(A), Z,({0})). In addition, (Zn(;li)):z = [a}, a?] with (Zn({0})): =

[’

[0,0], and therefore, || Z,(A) ||= V7o (| al | V| a2 |) satisfying the inequalities

| a? |<|| Zu(A) ||, |al = 0% |< D(Zn(A), Zn(B)), ¢=1,2; i=0,1,2,...,n.

Lemma 1 [7]. For any a;,b; € R, if there exists a real number 8 > 0 such that | a; — b; |< 3, where

i=1,2,...,n, then | A_ga; — A]_b; |< 3, where A =inf.

Lemma 2. Leta;; >0 (i=1,2,...,n; j=1,2,...,m) be a set of positive real numbers, then
M iy as )V (27 bij ) < 201 (aig Vb )5 (2) ViR (3071 as ) < 2275, (Viteas;)-

Proof. (1) For any i € {1,2,...,n}, then 377, aj; < 3770, (az; Vb ) and 300, by < 3070 (ai; Vbij )
are obvious. Hence, the (1) holds.
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(2) For any j = 1,2,...,m, we have a;; < Vi_yai; = Z 4y Gij < Z;n:l(\/?:oaij); whereas the left
hand side depends on 7, the right side is independent of i and j. Taking the maximum with respect to
i €{1,2,...,n}, then we can prove that the inequalities hold. Applying Lemma 1 and Lemma 2, we next
give the following important Theorem 3.2 for this paper.

Theorem 3.2. Let g17g27g3 € FQ(R)7§;€,5;€ € Fy(R) for k =1,2,...,m, for given n € N, then the
following conclusions (1)-(2) hold N

(1) D (Zn(Ar - A3), Zy (A1 - Ag)) <[l Zn(AL) || -D (Zn( A1), Zn(As));

(2) D (2 (Zk 1Bk) n(Zk:l Ck)) Zk:l (Zn(Br), Z (Ck))
Proof. (1) For fixed n € N, let Z,(4;) = (aly,aly,...;al a2 ... a2, a%) € Z,(Fo(R)) where i =

Y in) an)

0,1,2,...,n, in light of Theorem 3.1 and Definition 3.2, it follows that
Zo(Ay - Ag) = Zo (A1) - Zn(Ag) = (chycly .oyl 2L cd,cl),

where c; = a%ja%j/\a%jagj/\a?ja%j/\a?ja%j and c? = a%ja%j\/a%jagj\/a?ja%j\/a?jagj with j =0,1,2,...,n.
Analogously,
Zn(Ay - Ag) = Zy (A1) - Zy(As) = (db,db, ..., dL d2, ... d2,d2),

s Wnpy Unps
where d1 = alja3J A alja3J A a”a?,J A a”a?,J and d2 = alja3J \Y alja3J \Y a”a3J \% a 3

Subbtltutlng the corresponding terms ¢} and d1 combined with the definition of the norm || Z,() |,
we derive from the above expressions

J

| alljjag] - afja‘gj |:| azp] ' | a2] a3g |<|| Z ( ) H D ( n(AVQ)?Zn(AiB))? p,q= 172
In accordance with Lemma 1, we can obtain

Similarly, N N N

Thus, by Note 3, we immediately have
D (Zn(Ar - As), Zn(As - A3)) || Zu(A1) || -D (Zn(As), Zn(As)).

(2) Let Zn(Bi) = (bhgsblys ..o b a2, .o 02, b20) and Z,(Cr) = (Chos Chys v oy Choy €2 R ERo)
for k =1,2,...,n. Taking advantage of Theorem 3.1(1) and Definition 3.2(1), it follows that

Zn(ZEk) ZZTL <Zbk072bk17" Zbknvzbknv"'721)%172(7%0);
k=1 k=1 k=1 k=1

k=1 k=1
m m m
~ 0\ 1
Zn(E Ck>—(§ Ck07§ klv" E Ckm§ ckn?" E Ck17§ Cko)
k=1 k=1 k=1 k=1 k=1 k=1

Obviously, | >0 bf. — >0l 1< >0, | bl — ¢l | for ¢ = 1,2 and i = 0,1,2,...,n. By Note 3
and Lemma 1, we find

p(a(Lm) 2 (30)) - 3, (|0 - e v - )

=1 =1 =0\i= =1 =1 -
AL cm|v2|b 1)
< VST bks —cha |V [ B — ek |)

k=1

N
Ms

n
\:/(|bllci_cllci|v|bii_cii )

=0

>
Il

1
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=) D Zn(Cy)).
=1

Lemma 3 [7]. The (Z,(Fy(R)), D) constitutes a completely separable metric space.

Lemma 4 [7]. Let A, B € Fy(R), for arbitrary n € N, then D (Z,(A), Z,(B)) < D (A, B) and satisfies
limy, oo D (A, Z,(A)) = 0.
1.

Example Let fuzzy numbers A and B satisfy
Vo+l-1, 0<z<3, 2r—a? 0<w<l,
- 1, 3<r<4, o 1, lszs<2,
Alz) = B(z) = 4 — 2?
3—x, 4<x<9, R 2 < x <4,
0, otherwise, 0, otherwise.

Clearly, for the fuzzy number A, SuppA = [0,9], KerA = 3, 4].

Putting n = 3, we choose divided points /\1 = 1 , Ay = g; whenever z € [0, 3), let g(x) > 3, 3 =z >
g,x > 1 9 ; whenever = € [4,9], let A(x) > 3, 3 :> T < 694,33 < 499. Hence, we can obtain a 3-polygonal
fuzzy number of A, which plotted in Figure 2. It is easy to see that

~ 7 16 49 64
Z3(A)= (0 3, 4 9.
3() <79797779797)
Putting n = 4, we select divided points \; = 4 , Ay = i, A3 = Z, then one obtains similarly a 4-polygonal
fuzzy number for A in the form
~ 9 5 33 81 25 121
Z4(A) = 4
4(4) (0’ 16047 16" 0 Y16 40 160 9)
Now, returning to n = 3, the coordinates of the knots of A are in increasing order (0, 0), (g, é), (196, g),

(3,1),(4,1), (%0, 2), (5", 3),(9,0). The membership function Z3(A)(z) of the 3-polygonal fuzzy number

of A can be obtained and is given in Figure 2.
By utilizing the same method, the fuzzy number for B can be shown to be

~ 11
Z4(B):<0,1—\ég,1 Jo gy L2, 3,2+ 2,24+ V3, 4).
2(1

In light of Theorem 3.1(1) and Definition 3.2(1), we get
= = = ~ 25 V39 1 41 129 33 153
Zy(A+ B) = Z4(A) + Z4(B) = <0,16— 247 o' 16’ 4,6, 1) +V2, 6 + V3, 13)

N Next, we use Lemma 4 to discuss how well the the n-polygonal fuzzy number Zn(g) approximates to
A.

In fact, for every A € (0,1], let Ay = [p1(N), p2(N)], we can infer o3(A) = (1 +A)2 — 1 and @y(\) =
(3—\)2. The function ¢;(\) increases on [0,1], whereas 2(A) decreases on [0,1]. Moreover, for arbitrary
A€ (0,1] and n € N, there exists ¢ € {1,2,...,n} such that A € [*,*, ] with

(Zn(A)) P = gl C g)\ C Avi—l = (Zn(g))z‘—l.

1
n n n n

Since dy is a Hausdorff distance, for arbitrary i € {1,2,...,n}, it is straightforward to see that

dH(gA7gi;1) < dH(g::L,gi;l ), dH(gi# , (Zn(g))7—1) =0.

n
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i% 0<x<; 33l
2 7 16 3 .
3% o 9SS oo AR
3 x+ 2 16 <z <3 - ZA(A)x
nu’o9 TN 23—y I T /z;m)(‘\)
Z3(A)(z) = 1, 3 <z <4, \
- T+ 25, 1<z < 49, ___________________________________
137713 9
79 49 64
5T Tas 0 TS o P L 5 X
3T Mo 0|79 169 3 4499 64D 9

Figure 2 (a) Analytic expressions of Z3(A)(x); (b) graph of A(z) and Z3(A)(z).

Furthermore, we deduce that

di(Ax, (Za(A))2) < du(Ax, Ai- 1)+dH(A’ -1, (2 Zn(A)) i) + di((Zn(A)) i1, (Zn(A))2)

-1 -1 )
caniic 2 -2[(n(2) () (+(7) ()
9 .
_ .<6_21+1><2 <6—1)<12.
n non n n n
Thus, D(A, Z,(A)) = vAe(O,l]dH(gM (Zn(g))A) < !2. For example, given an error € = 0.1 > 0, if we

approximate this distance with D(A, Z,(A)) < ! 12 < O 1, then we only need choose n > 120. By varying

the error and making use of the n—polygonal fuzzy number Z, (A) to approximate to A we can obtain
rough estimates of n (see Table 1).

4 K-quasi-additive integrals and K-integral norms

In 1998, the K-quasi-additive integral was suggested in [15] by introducing an induced operator, con-
vergence and auto-continuity have been studied in [15-18]. In this section, we shall state the relevant
definitions and give the concept of the K-integral norm.

Definition 4.1. Let K : RT™ — R™T be a concave function that is strictly monotonically increasing. If
K satisfies K(0) = 0, K(1) = 1 and differentiable on R*, then K is said to be an induced operator on
R*.

Obviously, its inverse operator K ~! exists and is strictly increasing. For example, for any = € RY,
then K(z) =z, K(z) = /2 and K(z) = logy(z + 1) are clearly induced operators.

Definition 4.2 [15]. Let K be an induced operator, for arbitrary a,b € R™, define their K —quasi-sum
@ and K —quasi-product ® as follows a ® b = K~} (K(a) + K(b));a ® b= K~ (K (a)K (b)).

Theorem 4.1. For any a,b € R™, then the following statements hold
Da+b<adbanda+b<adbiff K(a+0b) < K(a) + K(b);
(2) K(a®b) = K(a)+ K(b), Kla®b)=K(a)- K(b);
(3) K Ya+b)=Ka)e K *b), K 'a-b)=K a)® K b).
Proof.  'We only prove (1), the others can be verified directly. In fact, without loss of generality, assume
0 < a < b, for quasi-sum @, there certainly exists an induced operator K. Furthermore, by the Lagrange
theorem of mean value, it follows that there exists 3¢; € (0,a) and 3¢5 € (b, a + b) such that

K(a) = K(a) - K(0) = K'(&)a, K(a+b) - K(b) = K'(&)a.
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Table 1 Estimation of error

Error e=0.1 €=0.07 e=0.04 €=0.02 €=0.008 €=0.002
Estimation value n > 120 172 300 600 1500 6000

As K is a differentiable concave function iff K'(z) is a decreasing function, it follows that & <
a <b< & = Ki(&) < K'(&). Consequently, we obtain K(a +b) < K(a) + K(b) and therefore
a+b=K YK(a+b) <K K(a)+ K(®b) =adb.

Definition 4.3 [14, 15]. Let (X,R) be an arbitrary measurable space, K be an induced operator,
R — [0, —|—oo] a set function satisfying the following conditions (1)—(4).
( ) (D) =

(2) If A, BE%andAﬁB 0, then (AU B) = i(A) ® i(B);

(3) It A, C R and A, T A, then i(Ay) T 1(A);

(4) If A, C R, A, | A, and there exists ng € N such that ji(A,,) < 400, then ji(4,
Then i is called a K-quasi-additive measure, and the corresponding triple (X, R,

space of K-quasi-additive measure.

fi(A).

)l
ii) is said to be a

Definition 4.4 [17].  Let (X, R, /i) be a space K-quasi-additive measure, K be an induced operator, f
a nonnegative measurable function, A € ® and T = {A;, Ay, A3, ..., A, } an arbitrary finite measurable

partition of A. Putting [\ fd = supy Sk (f, T, A) and Sk (f,T, A) = & X0 (infoea,naf(z) ® f(A;i N
A)), then L(XK) fdji is called a K-quasi-additive integral of f with respect to i on A. In particular, f is
called fi-integrable whenever integral is finite, f/(xK) fdi < +oo.

Lemma 5 [17](Integral transformation theorem).  Let (X, R, i) be a space of K-quasi-additive mea-
sures, K an induced operator, and f a nonnegative measurable function on (X, R), for all A € R, putting
()= K(i(-)), A € R, then p is a Lebesgue measure, and f(K) fdp =K' ([, Ko fdpi).

Note 4. From Lemma 5, we know that a K-quasi-additive integral reduces to a Lebesgue integral
whenever K (x) = x. Thus, this kind of integral is a generalization of Lebesgue integrals. In addition, the
corresponding quasi-sum and quasi-product reduces to the ordinary sum and product, respectively. In
fact, Lemma 5 changes K-quasi-additive integrals into Lebesgue integrals. Hence, some of their properties
are very easily to obtain (see [14-18]).

Definition 4.5. Let F : RY — Fy(R) be a fuzzy-valued function, K an induced operator, and
n € N, if there exists a nonnegative ji-integrable function w(z) such that for any y € (Z,,(F(z))) implies
|y |< w(x) for all A € (0,1] and = € R?, then F is said to be fi-integrable bounded on R<.

Denote L'(1) = {F : R? — Fy(R) | F is a fi—integrable bounded fuzzy-valued function on R%}.
Obviously, for any F € LY(f1), || Zn(F(x)) ||= D (Zn.(F(x)), Zn({0})) is Lebesgue integrable, and there
exists a fi—integrable function w(x) such that || Z,(F(z)) ||< w(z) with L(XK) w(z)dp < +oo.

Definition 4.6.  Let (X, R, i) be a space of K-quasi-additive measures, and K an induced operator,
for given n € N, for any Fy, Fy € L'(71) and A € R, define H(F}, Fy) = j<K> D (Zn(Fi(2)), Zn(Fs(2)))dji.
Then H is called a K-integral norm. Clearly, according to Lemma 5, H can be expressed as

H(F), F>) = ( R >>,Zn<F2<x>>>>du).

Theorem 4.2. For arbitrary Fy, F» € L'(j1), then H(Fy, F») < +o00.

Proof.  Actually, because Fy, Fy € L'(fi), then there exists fi-integrable bounded functions w;(z) and
wo(x), respectively, such that || Z,(Fi(z)) [|< wi(z) and || Z,(Fa(z)) ||< we(z). As D is a metric, then
in light of Theorem 4.1(1), for every x € R%, we can deduce that

D (Zn(F1()), Zn(F2(2))) < D (Zn(Fi(2)), Zn({0}) + D (Z,({0}), Zn(F2(2)))
= || Zu(Fi(2)) || + || Zn(Fa(z)) ||I< wi(x) © wa(z).
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Combining Lemma 5, Theorem 4.1(2), and the fact that K1 is strictly increasing, it shows that

(R R = K [ KD (Z0(F ), 2, (Fa(0)an)
< K‘1< /A K(wl(a:)@wg(x))du)

=5 [ Klrtonau + [ Kentoan)

(K) ()
= / wi(z)df @/ wo(z)dft < 4o00.

A A

Theorem 4.3. For arbitrary Fy, Fy, F3 € L'(j1), then integral norm H satisfies three points inequality
with respect to the quasi-sum &.

Proof. Since D is a metric on Z,(Fy(R)), by Theorem 4.1(1), we have for all z € R?

K(D (Zn(F1(2)), Zn(F3(2)))) < K(D (Zn(F1(2)), Zn(F2(2))) + D (Zn(F2()), Zn(F3(2))))
S K(D (Zn(F1(2)), Zn(Fa(2)))) + K(D (Zn(F2(2)), Zn(F3(2))))-

Hence, in accordance with Lemma 5, Theorem 4.1(3), and that K ~! is a monotonic increasing function,
for every A € R, we derive

H(F, Fy) ( [ &0 @ Fie >>,zn(F3<x>>>>du)
( [ KD @B, ZaEsepan+ [ KD (zn<F2<x>>,Zn<F3<x>>>>du)

K- ( [ k0 @ (Fie >>,zn<F2<x>>>>du) @KI( [ xw (zn<F2<x>>7Zn(F?,(x))))du)
H(F17F2)€BH(F27F3)

Theorem 4.4. The (L'(j1), H) constitutes a metric space with respect to quasi-addition .

Proof. By Definition 4.6, H satisfies nonnegativity and symmetry; thus by synthesizing Theorem 4.2
and Theorem 4.3, the statement can be proved.

5 Separability of (L'(f),H)

In the above section, we have outlined the concept of the K-integral norm by introducing K-quasi-
additive integrals, and determined that integrable system (L!(j1), H) constitutes a metric space by means
of the integral norm. In this section, we shall go on proving that (L'(j), H) constitutes a completely
separable metric space. To overcome the shortcoming in [7], we will adopt the method of polygonal
fuzzy numbers to develop the space of general fuzzy numbers. This eventuates because n-polygonal fuzzy
numbers, handled via the Z,, map constitutes a completely separable metric space. The algorithm is easy
to comprehend and the method is simple and clear.

Definition 5.1.  Let (R% R, /1) be a space of K-quasi-additive measure, 2 C R? mapping S : £2 —
Fo(R),{E; | i = 1,2,...,m} be a finite partition of £, i.e., U~ E; = 2 and E; N E; = 0(i # j)
where E; € ®,i = 1,2,...,m. For any = (21,29,...,24) € {2, if there exists a set of fuzzy numbers
Ay Ay, Ay € Fy(R) Wlth S)y=3", A; - xp, (), where yp, (z) is a characteristic function, then S
is called a fuzzy-valued simple function defined on (2.
Let S,,(£2) denote the family of all fuzzy-valued simple functions on (2. Obviously, from Theorem 3.1
and Definition 3.2, we obtain Z,(S(z)) = Y1~ Zn(A;) - &, (z) for every x € (2.
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Definition 5.2.  For given n € N, let Q : 2 — Z,(Fy(R)) be a polygonal fuzzy-valued function,
xo € §2, for arbitrary € > 0, if there exists a 6 > 0 such that D (Q(x), Q(zo)) < & whenever n(z,z¢) < 0,
then @ is said to be continuous at point xg, where 7 is a metric in £2 C R%,

In addition, for every « = (z1,22,...,2q4) € {2, the polygonal fuzzy-valued function @ can be denoted

as Q(z) = (fo (@), fi(2),-.., fal@), f1(@), ... [{ (2), f§ (@) € Zn(Fo(R)).

Definition 5.3. Let F : 2 — Fy(R), for given n € N,zg € 2, if polygonal fuzzy valued function
Z,(F(+)) is continuous at point g, then F is said to be continuous at point xg, if F' is continuous at an
arbitrary point on {2, then F is said to be continuous on {2.

Taking Lemma 4 into account, F is continuous on {2 iff Z, (F(-)) is continuous on {2 and iff each f(z)
is continuous on (2 for ¢ =1,2;7=0,1,2,...,n.

Next, we will verify that the class of fuzzy-valued simple functions S,,(§2) is dense on the space L (j1)
of integrable bounded functions; that is, S, (§2) possesses a universal approximation with respect to L*(fi)
in the sense of K-integral norms.

Theorem 5.1.  Let (R% R, 1) be a space of a K-quasi-additive measure, j1(2) < +oo with 2 Cc R, F :
2 — Fy(R) be ji-integrable, K an induced operator, n € N, then S, ({2) can approximate F to arbitrary
accuracy with respect to K-integral norms.

Proof.  For given n € N and any € > 0, we need only prove that there exists Sy € S5, (2) such that
H(F,Sy) < ¢ for every F € L'(j1).

From Lemma 3, we know that the completely metric space (Z,,(Fo(R)), D) is separable. Without loss
of generality, suppose {gf | i € N} is a countably-dense subset of Z,(Fy(R)), where each n-polygonal
fuzzy number ,Zf € Z,(Fy(R)), i = 1,2,.... Thus, for every ¢ > 0, there exists i € N and X € Fy(R)
such that D(Z,(X), A?) < e. Let

By ={z € Q| D(Z,(F(z)), A; <},
By ={x € 2| D(Za(F()), A}) > &, D(Zn(F(x)), A3) < e},

Ey = {:,C €N | D(Zn(F(x))vgzZ) Ze€ (z =12,--- k- 1)» D(Zn(F(x))ﬂzii) < 5}7

Clearly, these sets fulfill ;N E; = 0(i # j), and Uz, Ex = 2, where every Ej, is measurable. In fact,
Ure, Ex C £2 is obvious. On the contrary, assume for any z € 2, then (1) if z € Ey, then 2 C J;—, Ex
holds; else (2) if ¢ Fj, then in regard to the sequence {E;} of the sets, we know that there exists an
io € N such that D (Z,(F(z)), AZ) < e.

As for the ip-th term, if D(Z,,(F(x)), ,Zf) > eforeveryi € {1,2,...,ip—1}, by means of the definition of
the sequence { E; } of sets, it follows that x € E;; C (Jpo; Ex; otherwise, if there exists i, € {1,2,...,i90—1}
such that D (Z, (F(z)), gfk) < ¢, then may be this i;, does not sole. Let iy, be the smallest of all i, with
D(Zn(F(x)),A?) > e, i =1,2,...io — 1, thus, z € E;,, C Ui, Ex. Therefore, 2 = ;2 Ej.

Furthermore, let p (1) = K(f (+)), by Lemma 5, we can see that u is a Lebesgue measure that
satisfies p (E) = K(f (F)) < K(i (£2)) < +oo for all E € R. Taking advantage of the countable
additivity of the Lebesgue measure p with regard to sequence {Ej} of measurable sets, we find that
Yopeq i (Br) = p (Upey Ex) = p (2) = K(fu (£2)) < +oo. Hence, the series of positive terms > oo ; p1 (Ey)
is convergent, and thus, for arbitrary ¢ > 0, there exists a N € N and whenever n > N such that

00 00 00 N
(U B)= % ) =|Snm-3u )| <
k=N-+1 k=N+1 k=1 k=1
Setting Eo = Jy— 1 Ek, then the above can be rewritten as u (Fp) < €.
Synthesizing the above discussion, 2 = (U,ICV:1 Ex) U Ey and {E1, Es,...,En, Ep} constitutes a new
finite measurable partition on {2. Now, we select the front n—polygonal fuzzy numbers {gi | k£ =
1,2,...,N}; of course, EZ € FH(R), £k =1,2,...,N. Let Sp(z) = ZkNZOEZ - XE,(x) for all x € £2.
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Whenever k£ = 0, replenish Az = (0,0,...,0,0,...,0,0), then Sy is a fuzzy-valued simple function on 2,
i.e., So € S,(£2). From Definition 3.2, we obtain Z, (A7 - xg, (z)) = Zn(AZ) - Zn(x5, () = A7 - x5, (2).
Consequently, Z,,(So(z)) = So(z). In addition, the distance function D(Z, (F(z)), So(x)) is bounded and
Lebesgue integrable on 2, as also is K (D(Z,,(F(z)), So(x))). According to the absolute continuity of the

Lebesgue integrals, taking ¢ = & > 0, whenever u(Ep) < € = d, we derive from

. (D(Zn(F(2)), So(z)))dp < e. (1)

In light of the sequence {E}}, for all z € E}, we can infer
D(Zu(F(2)), S0(2)) = D(Za(F(2)), A7) < &, k=1,2,...,N. 2)

By use of Lemma 5, combining the monotonicity of K1, (1) and (2), we have

ars) =k [ KOEE@). S [ KDEE),Si)i)

Eo
< Kl(;é . K(e)dp + s) =K! (K(a) -u( U Ek) + a)
<K Y u(2) K(e) +¢).

Because K and K ! are strictly increasing, u(£2) is finite, thus, for all € > 0, it follows that u (£2) -
K (g) + € can be made arbitrary small, and consequently, the expression K ~!(u (£2) - K () + ¢) still can
be arbitrary small. Hence, S,,(2) can approximate F' with respect to the K-integral norm to arbitrary
accuracy.

Theorem 5.2. Let (R% R, 1) be a space of K-quasi-additive measure, £2 C R? be a bounded measur-
able set, K an induced operator, for given n € N, let C(£2) = {F : 2 — Fy(R) | F is continuous on {2},
then C'(£2) is dense in S, (£2).

Proof.  Select a bounded set B C (2, and construct the function and sequence of functions on (2 as

follows
1

= V. (0 =1,2,...
l—l—mp(x,B)’ T E , M ) &

)

p(x, B) = ylg]fg n(z,y), Gm(x)

where 7 is a metric on R?, for all = € 2, the function p(x, B) and G,,(x) can be shown to be uniformly
continuous on {2, and thus continuous on 2 satisfying

. 1, zeB
A Gn(@) = z¢ B = x5 (@)

Now for any A € Fy(R), and for a given n € N, then Z,(A) € Z,(Fo(R)) C Fy(R). Let S(z) =
Zn(A) - xB(@), Fn(x) = Zn(A) - Gp(x), for arbitrary = € 2, m = 1,2,..., then S € S,(£2) and
F,.(z) € Z,(Fo(R)). By Note 2, we find Z,(S(z)) = S(z) and Z,,(Fin(x)) = Fp ().

Next, we are going to prove that the polygonal fuzzy-valued function F,,(x) is continuous on (2.
Actually, for each xo € 2, since each real function G,,(x) is continuous at point xg, then for any ¢ > 0,
there exists a 0 > 0 such that | Gy, () — G (o) |< € for all 2 € 2 and whenever n(x, z9) < §. Applying

Theorem 3.2(1) and Note 2, we immediately deduce
D (Fu(@), Fu(20)) <|| Zu(A) || - | Gin(x) = Grn(o) [<I| Za(A) | &.

By Definition 5.2, we get that each F,,(x) is continuous at point xg, furthermore, it is continuous on
2. Consequently, F,,, € C(2),m =1,2,....

In addition, for any = = (x1,z2,...,24) € 2, as xp(x),Gn(z) € R, utilizing Note 2, Note 3, and
Theorem 3.2(1), it is straightforward to see that

D (S(x), Fu(x)) <|| Za(A) | -D (x5(2), G (@) =] Zu(A) | - | Gn(2) = x5(@) |- 0 (m — o0).
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Hence, lim,,—oo D (S(x), Fin(z)) = 0, and by continuity of K, implies lim,, oo K (D (S(x), F(x))) =
K(0) = 0, applying the continuity of K~! and the dominant convergence theorem of Lebesgue’s integral

lim H(S, Fy) = K! </QW}LmOOK(D (S(;v),Fm(x)))du> =K *0)=0.

Therefore, the polygonal fuzzy-valued simple function S may be approximated by polygonal fuzzy-
valued function F,, that is to say that C(£2) is dense in S, (£2).

Definition 5.4 [8]. Let f : [0,1]? — Fy(R) be a d—dimensional fuzzy-valued function, for all z =

(71,22,...,24) € [0,1]¢ and m € N, we introduce the expression By, (f;z) = Ef,iz,...,id:o Qms: irin,...ig (T)-
J(i}w ii, ceey ii) Then B,,(f;x) is called a d—dimensional fuzzy-valued Bernstein polynomial of f, where

Qs v igsonia () = CACHE - Claghigl B (1 — 21)™ 1 (1 — 29)™ %2 - (1 — 24)™ ™ is a real-valued

multi-variable polynomial function.

Note 5. Here 211 92,...,0g=0 T EZLZO ’ EZ:O e EZZO’ and Zﬁiz,...,id:o Qm; 11,42, 50d (Z‘) =1

Lemma 6 [9]. Let F : [a,b]¢ — Fy(R) be a continuous fuzzy-valued function and D a metric in Fy(R).
For arbitrary € > 0, then there exists a d-dimensional fuzzy-valued Bernstein polynomial By, (F';z) such
that D(B,,(F;x), F(z)) < ¢ for any = € [a, b]%.

Theorem 5.3. Let (R, R, i) be a space of K-quasi-additive measure, 2 C R? a bounded measur-
able set, and K an induced operator, for given n € N, denote P(£2) = {F : 2 — Fy(R) | F(z) =
ZZL,Q,...,M:O Aihiz,...,id . Qm; i1,02,... 04 (x),Aihizw’id € FQ(R)} Then P(Q) is dense in C(Q)
Proof.  Obviously, P({2) is a countable set, since {2 is bounded. Thus, there exists a closed d-dimensional
rectangular parallelepiped [a, b]? such that 2 C [a, b]%.

Indeed, for every F' € C({2), by Lemma 6, we know that for any € > 0, there exists a d—dimensional
Bernstein polynomial B, (F;z) = ZZL@V“,”:O Eil,iz,...,id “Qms i1 ia,....iq () such that D(By, (F; ), F(x))

< ¢ for all z € £2, where Eil,i%___“ € Fy(R). Making use of Theorem 3.1, for given n € N,

m

Zn(Bm(Fix) = Y Zn(Biyigia) - Qs iriannia (@) € Zn(Fo(R)).

01,82,...,24=0

By means of Lemma 4, for each z € (2
D (Zn(Bm(F;2)), Zn(F(x))) < D (B (F;x), F(x)) < e, (3)

In accordance with Lemma 3, suppose R = {E /~1§, ﬁ ...} is a countably dense subset of

Zn(Fo(R)), then there exists corresponding polygonal fuzzy numbers {A } C N for a clus-

7,1 7,2“.. Zd
ter of polygonal fuzzy numbers Zn(Bil,iQ,___M) such that D(A Zn(B“712,___7¢d)) < ¢ for any
inin, .. ig €10,1,2,. .. m).

Let P (x) =320 0 im0 Aivinsia " @mi i in,...ia (%), for all z € 2, then P, € P(£2). From Theorem

3.1(2), we can obtain Z, (P, (z)) = Pn(z) € Z,(Fy(R)) C Fyp(R). According to Theorem 3.2(2) and
Note 5, we immediately derive

7,1 7,2“.. Zd7

m

D(Pm(x)vzn(Bm(F7x))) < Z Qm; 1'171'2,---71'[1( ) (A,ll,lg, ,m)Zn(Eil,h,---,M))

11,%2,. ,id 0

—1. DA,

Zn(Bil,ig,...,id)) <e. (4)

11,82,..05%d

Furthermore, by applying Theorem 4.3 and Lemma 5, and combining (3) and (4), we can infer

H(Pp, F) < H(Pr, B (F)) @ H(Bim(F), F)

=5 [ KD (Po(e). 205, (F:)))an)
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o k([ KD @u(BnFie), 2,(F))an)

1(/{)K(s)du>@f(1</QK(s)du) =K1<2u (Q)-K(€))~

Evidently, for arbitrary e > 0, expression K ~1(2u (£2) - K(g)) will still arbitrary small. Therefore,
for every continuous fuzzy-valued operator F' in C'({2) can be approximated by the operator P, of a
fuzzy-valued Bernstein polynomial in P({2). This means that P({2) is dense in C'(£2).

Theorem 5.4. let (R?, R, /1) be a space of K —quasi-additive fuzzy measure, 2 C R? a bounded
measurable set, and K an induced operator. Then (L'(f1), H) is a completely-separable metric space.

Proof. That (L'(j1), H) constitutes a metric space has been demonstrated in the proof of Theorem
4.3. In addition, repeating the arguments for the completeness with respect to the integrable space in
functional analysis, we may prove the completeness of (L!(j1), H). Thus, we need only demonstrate the
separability of (L'(i1), H).

Applying Theorem 5.3, Theorem 5.2, and Theorem 5.1, we immediately know that P({2) is also dense
in L'(j1), that is to say that P({2) is a dense subset in L' (). Hence, (L'(fi), H) is a completely-separable
metric space.

6 Universal approximation of polygonal fuzzy neural networks

A polygonal fuzzy number is solely determined by a finite number of points on a straight line R, which
can be used to approximate to a class of bounded fuzzy numbers up to arbitrary accuracy. Thus, it not
only is a generalization of trigonometric fuzzy numbers or a ladder fuzzy numbers, but also can give an
approximation of general bounded fuzzy numbers. In simplifying the extension principle (Definition 3.2
and Theorem 3.1), polygonal fuzzy numbers both assure the closeness of their four arithmetic operations,
and maintain similar properties to ladder fuzzy numbers. At the same, the space of polygonal fuzzy
numbers and FEuclidean space have analogous properties.

The polygonal fuzzy neural networks introduced in this paper are a class of network systems in which
connection weights as well as threshold values take values that are polygonal fuzzy numbers, and their
inner operations are based on the simplified extension principle. Indeed, the structure of the following
polygonal fuzzy neural networks can be described as an operational system combining both addition and
multiplication with respect to polygonal fuzzy numbers. In other words, polygonal fuzzy neural networks
finish fuzzy information processing by a finite number of points that determine the polygonal fuzzy
numbers. Consequently, for a polygonal fuzzy neural network, its approximately-expressible capability is
readily solved by means of the linear operational properties of polygonal fuzzy numbers. In this section,
we shall discuss the universal approximation of four-layer regular polygonal fuzzy neural networks with
respect to the class of ji-integrable bounded fuzzy-valued functions in the sense of K-integral norms.

For the rest of this paper, we will always let wi;, vk, and wy be a connected weight between the i-th
input neuron and the j-th neuron in the first hidden layer, the j-th neuron in the first hidden layer and
the k-th neuron in the second hidden layer as well as the k-th neuron in the second hidden layer and
output neuron, respectively, where w;x;,vx; € R, and wy € Fy(R). Let the neurons in the input layer
and the second hidden layer as well as the output layer be linear, and the activation function o in the

first hidden layer be a bounded continuous function on R, where u(j) = (wirj, U2kj, - - -, Udkj) € R<. For
= (z1,29,...,74) € R%, and given n € N, then a four-layer regular polygonal fuzzy neural network is
denoted as

%O[U]Z{G R — Z,(Fy(R)) | Gpgla ZWk (Zv,ﬂ ) + Ok )),

p,g €N, Wy € Zn(Fo(R)), vgj, 01; € Roug(s) € RY }
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where 6; € R is a threshold value for the j-th neuron in the first hidden layer. Let p and ¢ be the
number of neurons in the first hidden layer and second layer, respectively.

Actually, every element in So[o], where o0 : R — RT is a four-layer regular polygonal fuzzy neural
network consisting of two hidden layer. As an activation function of the first hidden layer, it is bounded
with lim,_,_ o o(2) =0, lim;— oo o(z) = 1.

Definition 6.1 [6]. Let A={ F:R?— Fy(R) | F is a fuzzy valued function}, I' C A, for arbitrary
€ > 0, for any F € I' and a compact set U C R?, if there exists p,q € N, connection weight Wk €
Fy(R),vg; € R,ug(j) € R? and threshold value 0y € R for i = 1,2,...,d;5 = 1,2,...,p;k = 1,2,...,q
such that D (Z,,(F(z)),Gpe(z)) < € for all z = (z1,22,...,24) € U, then we say that the four-layer
regular polygonal fuzzy neural network 3g[o] possesses a universal approximation to I', or it is called a
universal approximator of I

Definition 6.2 [6]. Let 0 : R — R* be an activation function and f : R? — R be continu-
ous function, for arbitrary ¢ > 0 and for each compact set U C R? if there exists m hidden neu-
rons, connection weight v; € R, W; = (w1, waj,...,we) € RY and threshold value ; € R such that
| Yo vj - o((Wy,a) +0;) — f(x) |[< e for all 2 = (21,22,...,24) € U, then o is called a Tauber-Wiener
function.

Theorem 6.1.  Let (R? R, i) be a finite space of k-quasi-additive measure, o a Tauber-Wiener func-
tion, K an induced operator, for given n € N, then Sg[o] possesses a universal approximation for S,,(£2)
with respect to K-integral norm H.

Proof.  For arbitrary € > 0 and S € S,,(£2) with 2 C R? a compact set, we need only prove that there
exists G € Solo] such that H(Gp», S) < €.

Practically, from Definition 5.1, choose any fuzzy valued simple function S € S,,(£2) for given n € N,
let S(z) = Y i~ 1A X, (z) for all £ = (z1,29,...,24) € 2, where Ay, Ay, ..., A, € Fy(R) and with
UL, Ei= QENE; =0 (G # j). Without loss of generality, we can assume that from the norms
| Zn(AD) ]l Zn(A2) ||+ || Za(Aw) |, at least exist one || Z,(A;) || satisfies || Z,(A;) || 0 where
1< <m.

Since each characteristic function x g, () is a nonnegative measurable on 2,i € {1,2,...,m}, then, in
light of the Lusin theorem, for arbitrary € > 0, it follows that there exists a closed subset A; C 2 such
that xg,(x) is continuous on A; with p(2 — 4;) < °,
every x g, (x) takes value 1 or 0 on A;.

Moreover, as £2 C R? is a compact set iff £2 is a bounded closed set, each A;(i = 1,2, ...,m) is a compact
set, and g (£2) < 4o00. Because o is a Tauber-Wiener function, for every continuous function x gz, (z)(it
always is 1 or 0) on 4;, by Definition 6.2, for arbitrary € > 0, we know that there exists quantity A\; € N
of the neurons in the hidden layer, connected weights u/(1),u}(2),...,u;(\;) € R, vy, vy, ..., viy, € R,
and threshold values 0;,,0},,...,0;, € R such that

where u(-) = K(i(+)), 1 is a Lebesgue measure,

Ai
. €
> vl o((uih),z) + 65 ) — xm,(@)] < . (5)
j=1
for arbitrary x = (z1,22,...,2q4) € 4A;, i =1,2,...,m. Now, for all x € £2, we let

m A
G'(x) =D Zu(Ay) - (Zvéj co(<up(g), x> +0;; )),
i=1 Jj=1

and write maxi<i<m || Zn ( i) ||= a, where a is regarded as a given constant. In accordance with Theorem
3.2 and (5), it is straightforward to see that

m Ai
D(G'(x), Zn(S(2))) < Z | Zn(A3) || - | ngj o(<ui(g), e > +0;; ) — xEi (2) |[< ma- ;L = ae.
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Therefore, we obtain [, K(D(G'(z), Zn(S(z < [ K(ag)dp = p (2) - K(ae) < +oo. This
means that function K(D(G'(x), Z,(S(x)))) is Lebesgue integrable on 2. Putting A = (", A;, then
A C A; C 2, and A is still a compact set. Applying the sub-countable additivity of the Lebesgue
measure £, we immediately can infer p(2 — A) = p (U2, (2 —4:) <37 w(2—-A) <X, 5 =e.

Obviously, A # (), as if not then this would imply u(£2) < e from the above formula contradicting
the fact that u(£2) is finite. Taking advantage of the absolute continuity of the Lebesgue integral, for
arbitrary € > 0, select § =& > 0, whenever p (2 — A) < g, it is not hard to see that

K(D (G'(x), Zn(S(2))))dp <e. (6)

2—A

Next, we shall construct the transformation of a system. Assume A = >, \;, 3; = Z_:ll Ak, and
take 61 =0, i =2,3,...,m. Let

. Vi), Bi <J < Bit, 0. — Oli—py  Bi <J < Piv,
Y 0, otherwise, Y 0, otherwise,
. uwi(j —Bi),  Bi <Jj < PBisr,
ui(j) = 0

otherwise.

Then for m, A € N, and for arbitrary z € A = (" | A; C A;, according to the transformation of above
system, the following formula holds

Ai

Zvu wi(j),x) + 055 ) = > _ vl - o((uf(5), =) + 0)). (7)

=1

Let Ga(z) = Y1t Zy, (A;) - Zg 1Vij - o(< ui(j), x > +6,;) for arbitrary o = (z1,22,...,2q4) € {2,
then we can infer that G,,x € Solo] with Z,(Gma(z)) = Gpa(z). Of course, by the absolute continuity
of the Lebesgue integral, we have [,  K(D (Gma(z), Zn(S(2))))dp < e.

Making use of Theorem 3.2(2), for arbitrary x = (21,22, ...,2q4) € A =2, 4;, it follows that

. Zvij '0'(< uz(])yx >+ oij ) —XEi(x)

i=1 j=1
m . i
=D M Za(A) || - D vij - o(< wi(h), x> + 6] ) = X (@)
i=1 j=1
<ma - i ag
m

By Lemma 5 and eq. (6), and combining the monotonicity of K !, we derive
HGmo8) =K ([ KD (ZlGonla)). Zuls0))n
AU(R-A)
=5 [ KD (GG @) ZuS@Nit [ KD (Za(Gonnle). Zo(S)n
< K‘l(/ K(as)du—i—s) = K YK(ag) - p (A) +¢).
A
In fact, for any Ve > 0, as K is strictly increasing, hence pu(A) < p(2) < +oo. Consequently, the
expression K (ag) - u(A) + ¢ is an infinitesimal quantity. Furthermore, since K1 is strictly increasing,
which implies that the expression K (K (ag) - u(A) + €) remains arbitrary small. Synthesizing the

above discussion, we argue that the four-layer regular fuzzy neural network Sg[o]| possesses a universal
approximation for the class of fuzzy-valued simple functions with respect to the K-integral norm H.
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Theorem 6.2. Let (R? R, 1) be a finite space of K-quasi-additive measure, o a Tauber-Wiener func-
tion, and K an induced operator, for given n € N and arbitrary F' € L'(j1), then Sg[o] can approximate
F' to arbitrary accuracy with respect to K-integral norm H.

Proof.  In accordance with Theorem 5.1, we know that a fuzzy-valued simple function can approximate
F' to arbitrary accuracy with respect to K-integral norm. This means that there exists Sy € S, (£2) for
any € >0 and F € L'(1), such that H(Sy, F) < ¢.

Using Theorem 6.1, the polygonal fuzzy neural network S [o] possesses a universal approximation with
respect to S, (£2), i.e., for the above-given Sy € S, (§2), there exists a polygonal fuzzy-valued function
Gmx € Solo] such that H(Gpmx, So) < €.

Applying Theorem 5.4 and using the three-point inequality for the integral norm H , it is straightforward
to see that

H(Gx, F) < H(Gmx, So) @ H(So, F) < e @e = K '(2K(e)).

Actually, for all e > 0, as K~ ! and K are strictly increasing, we argue that the expression K ~1(2K (¢))
remains arbitrary small. Therefore, for every F' € L(fi), the polygonal fuzzy neural network Solo] can
approximate F' to arbitrary accuracy with respect to K-integral norm H.

7 Conclusions

It is well known that operations between general fuzzy numbers are not simply linear, but depends on
Zadeh’s complex extension principle. Thus, studies of the applications of fuzzy numbers are very difficult,
even operations for the most simplest trigonometric or ladder fuzzy numbers do not possess closeness.
The big question is: how can one realize these nonlinear operations between fuzzy numbers? Solving this
problem has important significance in constructing a suitable fuzzy neural network that approximates
a given nonlinear function, and in studying learning algorithm, fuzzy inference, and fuzzy information
processing. In this context, The polygonal fuzzy number was presented in [7]. It overcomes the above
shortcomings by simplifying the extension principle, and consequently, such numbers were able to replace
traditional ones.

Moreover, a polygonal fuzzy neural network has the following merits: 1) it extends the scope over
which fuzzy valued functions had been approximated in the past, that is to say, extends it to fi-integrable
bounded fuzzy-valued functions; 2) it is similar to handling trigonometric fuzzy number information, and
their learning algorithms can be easily designed; 3) compared with traditional fuzzy neural networks, its
input-output capability is more stronger; and 4) its approximation capability has been improved. In fact,
the K-quasi-additive integral is a generalization of a traditional the Lebesgue integral. In addition, a
polygonal fuzzy neural network is far superior to traditional neural networks, through use of this kind of
integral to define the K-integral norm and the approximation afforded by adopting polygonal fuzzy neural
networks. All of these aspects undoubtedly generalize [11, 12]. Consequently, we shall be continuing and
developing Liu Puyin’s work [6-10]. Systems involving the class of integrable functions are pervasive in
research work, therefore, continued study of the approximation capability of fuzzy neural networks to
various fuzzy integrable functions will have important significance in theory as well as applications.
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