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Abstract The diversity performance of multiuser two-way relay networks is investigated over Nakagami-m

fading channels. We consider an amplify-and-forward relay network with beamforming at the base station

and all the mobile stations, and derive closed-form lower and upper bounds on the outage probabilities of two

unidirectional links, respectively. Moreover, the exact expression for the diversity order and the asymptotic

expressions for the outage probabilities of two unidirectional links are given too. Finally, simulation results are

presented to verify our formulations.
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1 Introduction

Refs. [1, 2] have derived the outage probability and diversity order of multiuser one-way relay networks
and have shown that the combination of multiuser diversity (MUD) and cooperative diversity can be
realizable. Recently, ref. [3] investigated the average rates of the amplify-and-forward (AF) multiuser
two-way relay network (MU-TWRN) consisting of a base station (BS), a fixed relay (R), and multiple
mobile stations (MSs). But in an MU-TWRN, the achievable diversity order will be limited by the BS-R
link due to the fact that there are no direct BS-MS links in this two-way network [4]. In this paper,
in order to improve the achievable diversity order, using beamforming [5,6] to the BS and MSs in an
AF MU-TWRN, we try to derive closed-form lower and upper bounds on the outage probabilities over
Nakagami-m fading channels, and to obtain the exact expression for the achievable diversity order.
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2 System and channel models

Consider an AF MU-TWRN consisting of a BS S0, a relay R, and K MSs {S1, S2, . . . , SK}, where all
the equipments operate in half-duplex mode. It is assumed that the BS S0 and MS Sk (1 � k � K) are
equipped with L0 and Lk antennas, respectively, whereas the relay has a single antenna.

We assume that the MUD scheduling selects an MS Sk (1 � k � K) to exchange information with
the BS S0. In the first time slot, S0 and Sk weight their scalar symbols by their respective beamforming
vectors, and then transmit their vector signals simultaneously to the relay. The received scalar signal at
the relay R is given by

yR = h†
0w0x0 + h†

kwkxk + nR, (1)

where x0 and xk are the transmitted scalar symbols from S0 and Sk, respectively, h0 is the L0×1 channel
vector between S0 and R, hk is the Lk × 1 channel vector between Sk and R, (·)† denotes conjugate
transpose, nR is the additive white Gaussian noise (AWGN) signal with zero mean and variance N0,
w0 = h0

‖h0‖F
and wk = hk

‖hk‖F
are the beamforming vectors at S0 and Sk [5], respectively, and ‖·‖F

denotes the Frobenius norm. In the second time slot, the relay R scales the received signal by

G =

√
PR

‖h0‖2
FP0 + ‖hk‖2

FPk + N0
, (2)

and broadcasts it, where P0 = E
[|x0|2

]
, Pk = E

[|xk|2
]
, and E[·] denotes the expectation operator. Next,

the received vectors at Sk and S0 are weighted by their respective beamforming vectors and can be
written as

zk = w†
k (hkGyR + nk) , (3)

z0 = w†
0 (h0GyR + n0) , (4)

respectively, where nk and n0 are AWGN vectors satisfying E

[
nkn†

k

]
= N0ILk

and E

[
n0n

†
0

]
= N0IL0 ,

In denotes the n × n identity matrix. After the self-interference parts are subtracted [4], the received
signal-to-noise ratios (SNRs) of the links S0 → R → Sk and Sk → R → S0 are given by

Γ k
1 =

γ0γRXYk

γ0X + (γR + γk)Yk + 1
, (5)

Γ k
2 =

γkγRXYk

(γR + γ0)X + γkYk + 1
, (6)

respectively, where X = ‖h0‖2
F, Yk = ‖hk‖2

F, γ0 = P0
N0

, γk = Pk

N0
, γR = PR

N0
.

The MUD scheduling selects the MS Sk∗ (1 � k∗ � K) that maximize Γ k
1 and Γ k

2 simultaneously
[3]. Specifically, both Γ k

1 and Γ k
2 are strictly increasing functions with respect to Yk, thus k∗ should be

selected as k∗ = argmax1�k�K Yk. Without loss of generality, we assume that γk = γR = γ0. Then the
received SNRs of the links S0 → R → Sk∗ and Sk∗ → R → S0 are given by Γ1 = γ2

0XY
γ0X+2γ0Y +1 ≈ XY

X+2Y γ0,

Γ2 = γ2
0XY

2γ0X+γ0Y +1 ≈ XY
2X+Y γ0, respectively, where Y � max1�k�K Yk.

Assumuing that h0 and hk are channel vectors with Nakagami-m fading entries, the probability density
function (PDF) of ‖hk‖2

F (0 � k � K) is given by [6,7]

f‖hk‖2
F
(x) =

mLkmk

k xLkmk−1

Γ (Lkmk)ΩLkmk

k

exp
(
−mkx

Ωk

)
ε(x), (7)

where mk is the fading parameter of the channel between Sk and R, Ωk = E‖hk‖2
F

Lk
, ε(·) denotes the unit

step function, and Γ (·) is the Gamma function (eq. (8.310.1) in [8]).
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Figure 1 Integral area to determine bounds on outage probabilities.

3 Bounds on outage probabilities

The outage probabilities of the links S0 → R → Sk∗ and Sk∗ → R → S0 are given by P 1
out =

Pr{Γ1 < γth}, P 2
out = Pr{Γ2 < γth}, respectively, where γth is a certain threshold, and Pr{·} sym-

bolizes probability. Moreover, the overall outage probability [9] of the network can be defined as
P overall

out = Pr {min(Γ1, Γ2) < γth}.
For i = 1, 2, it clearly holds that Γmin � min{Γ1, Γ2} � Γi � max{Γ1, Γ2} � Γmax. So we have

PLB
out � Pr{Γmax < γth} � P i

out � Pr{Γmin < γth} � PUB
out . (8)

Let U � 1
X , V � 1

Y . From eq. (7), the cumulative distribution functions of U and V can be obtained as
follows:

FU (u) =

⎡
⎣1 −

γ
(
L0m0,

m0
Ω0u

)
Γ (L0m0)

⎤
⎦ ε(u), (9)

FV (v) =

⎡
⎣1 −

K∏
k=1

γ
(
Lkmk, mk

Ωkv

)
Γ (Lkmk)

⎤
⎦ ε(v), (10)

where γ(·, ·) is the lower incomplete gamma function (eq. (8.350.1) in [8]). According to the integral area
shown in Figure 1, we can obtain

PLB
out = Pr {max{Γ1, Γ2} < γth}

= Pr
{

V > −2U + ρ0, V > −U

2
+

ρ0

2

}
> 1 − Pr{U < ρ0, V < ρ0} = 1 − FU (ρ0)FV (ρ0), (11)

PUB
out = Pr {min{Γ1, Γ2} < γth}

= 1 − Pr
{

V < −2U + ρ0, V < −U

2
+

ρ0

2

}

< 1 − Pr
{
U <

ρ0

3
, V <

ρ0

3

}
= 1 − FU

(ρ0

3

)
FV

(ρ0

3

)
, (12)

where ρ0 � γ0
γth

. Let P (c) = 1 − FU (ρ0
c )FV (ρ0

c ). Then P (1) < PLB
out � P i

out � PUB
out < P (3).

Let fU (u) and fV (v) denote the PDFs of U and V . Then it is easy to find that fU (u) (or fV (v))
approaches zero fast with an increase in u (or v), so we can obtain a close approximation to the overall
outage probability as follows:

P overall
out = PUB

out ≈ 1 − Pr
{
U <

ρ0

2
, V <

ρ0

2

}
= P (2). (13)
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Figure 2 Outage probabilities of AF MU-TWRN with beamforming.

4 Diversity order

From (eqs. (8.351.2) and (9.210.1) in [8]), we know that γ(s, x) ≈ xs

s as x → 0. So the asymptotic
expression for P (c) at high SNR (γ0 → ∞) can be derived as follows:

P (c) ≈ A(c) × γ−L0m0
0 + B(c) × γ

−
K∑

k=1
Lkmk

0 ≈ Θ(c) × γ−Gd
0 , (14)

where A(c) = (cm0γth)L0m0

L0m0Γ (L0m0)Ω
L0m0
0

, B(c) =
∏K

k=1
(cmkγth)Lkmk

LkmkΓ (Lkmk)Ω
Lkmk
k

, and

Gd = min

{
L0m0,

K∑
k=1

Lkmk

}
, (15)

Θ(c) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A(c), if L0m0 <

K∑
k=1

Lkmk,

B(c), if L0m0 >

K∑
k=1

Lkmk,

A(c) + B(c), if L0m0 =
K∑

k=1

Lkmk.

(16)

Thus, for i = 1, 2, we have Θ(1)× γ−Gd
0 < P i

out < Θ(3)× γ−Gd
0 at high SNR. So both the diversity orders

of two unidirectional links are Gd.
In fact, the simulation results in Figure 2 show that P (1) and P (2) agree excellently with the “worse”

and “better” direction at moderate and high SNR, respectively. So Θ(1)×γ−Gd
0 and Θ(2)×γ−Gd

0 present
the exact asymptotic expressions for the outage probabilities of the “worse” and “better” directions,
respectively.

5 Simulation results

In this section, computer simulations are performed to validate the analytical results. Without loss
of generality, we set K = 4, m0 = m1 = · · · = mK = 0.5, Ω0 = 0.7−3, Ω1 = · · · = ΩK = 0.3−3,
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L1 = · · · = LK = 2, γth = 10. Figure 2 shows the outage probabilities of AF MU-TWRNs with
beamforming for L0 = 2 and L0 = 4.

In Figure 2, we can find that the simulation results are consistent with the derived diversity order Gd,
and the lower and upper bounds P (1) and P (3) are parallel with the outage probabilities of two unidirec-
tional links at high SNR. Furthermore, the lower bound P (1) agrees well with the outage probability of
the “worse” direction at moderate and high SNR. Besides, P (2) provides a very good approximation to
the overall outage probability, and is almost in line with the outage probability of the “better” direction
at all SNR.

6 Conclusions

In this letter, the diversity order of AF MU-TWRNs with beamforming over Nakagami-m fading channels
is determined, and the asymptotic expressions in concise closed-form for the outage probabilities of two
unidirectional links are derived too.

Acknowledgements

This work was supported by the Program for Changjiang Scholars and Innovative Research Team in University

(Grant No. IRT0852), the Natural Science Foundation of Guangdong Province (Grant No. U0635003), the

National Major Specialized Project of Science and Technology of China (Grant No. 2009ZX03003-003/004), and

the “111” Project (Grant No. B08038).

References

1 Sun L, Zhang T, Lu L, et al. On the combination of cooperative diversity and multiuser diversity in multi-source

multi-relay wireless networks. IEEE Signal Proc Let, 2010, 17: 535–538

2 Chen S, Wang W, Zhang X. Performance analysis of multiuser diversity in cooperative multi-relay networks under

rayleigh-fading channels. IEEE Trans Wirel Commun, 2009, 8: 3415–3419

3 Jang Y U, Lee Y H. Performance analysis of user selection for multiuser two-way amplify-and-forward relay. IEEE

Commun Lett, 2010, 14: 1086–1088

4 Rankov B, Wittneben A. Spectral efficient protocols for half-duplex fading relay channels. IEEE J Sel Area Comm,

2007, 25: 379–389

5 Louie R H Y, Li Y, Vucetic B. Performance analysis of beamforming in two hop amplify and forward relay networks.

In: Proceeding of IEEE International Conference on Communications. Beijing: Institute of Electrical and Electronics

Engineers, 2008. 4311–4315

6 da Costa D B, Aı̈ssa S. Cooperative dual-hop relaying systems with beamforming over Nakagami-m fading channels.

IEEE Trans Wirel Commun, 2009, 8: 3950–3954

7 Wang J, Chen J. Performance of wideband CDMA systems with complex spreading and imperfect channel estimation.

IEEE J Sel Area Comm, 2001, 19: 152–163

8 Gradshteyn I S, Ryzhik I M. Table of Integrals, Series, and Products. 7th ed. San Diego: Academic Press, 2007.

892–1023

9 Guo H, Ge J, Ding H. Symbol error probability of two-way amplify-and-forward relaying. IEEE Commun Lett, 2011,

15: 22–24



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


