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Adaptive guidance law design based on
characteristic model for reentry vehicles
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In this paper an adaptive guidance law based on the characteristic model is de-
signed to track a reference drag acceleration for reentry vehicles like the Shuttle.
The characteristic modeling method of linear constant systems is extended for
single-input and single-output (SISO) linear time-varying systems so that the
characteristic model can be established for reentry vehicles. A new nonlinear dif-
ferential golden-section adaptive control law is presented. When the coefficients
belong to a bounded closed convex set and their rate of change meets some con-
straints, the uniformly asymptotic stability of the nonlinear differential golden-sec-
tion adaptive control system is proved. The tracking control law, the nonlinear
differential golden-section control law, and the revised logical integral control law
are integrated to design an adaptive guidance law based on the characteristic
model. This guidance law overcomes the disadvantage of the feedback lineariza-
tion method which needs the precise model. Simulation results show that the
proposed method has better performance of tracking the reference drag accel-
eration than the feedback linearization one.

characteristic model, nonlinear differential golden-section control law, logical integral control law, adaptive
guidance, asymptotic stability, reentry vehicles

1 Introduction

Guidance for reentry vehicles has attracted wide attention for a long time. For various vehicles,
tasks, and requirements, the purpose of guidance is various. Therefore, the guidance method is
largely different. Though the guidance laws in refs. [1, 2] have good performance for missiles and
vehicles which attack fixed targets on the earth surface, they are not applicable to reentry vehicles
like the Shuttle. These vehicles must satisfy many constraints to land safely for the high speed
during reentry. All the constraints specify the reentry corridor. For simplicity, a piecewise linear
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reference drag acceleration vs. speed profile is designed within the corridor to satisfy all the con-
straints and range requirement. A linear feedback guidance method™! for the Shuttle and a feed-
back linearization method™ ® for nonlinear systems are used. In ref. [7], an auxiliary variable is
defined and then the predictive control method is used. All the methods above have a common
characteristic, which is to make the second-order error dynamic equations have good perform-
ances by canceling out the nonlinearity exactly and choosing an appropriate frequency and
damping ratio. Due to the strong nonlinearity and coupling characteristic of systems, it is difficult
to obtain the precise model and the nonlinearity cannot be cancelled exactly so that the controller
performs badly. Adaptive control can adapt to parameter variations, but it is not applicable to the
transition phase. To overcome this disadvantage, an all-coefficient adaptive control method is
proposed from the viewpoint of engineering application[8]. Subsequently, a new modeling method
— characteristic modeling is proposed to overcome the modeling difficulty in control system!”.
The characteristic modeling is to model by combining the dynamic characteristics of the con-
trolled device with the control performance requirements. When the input is the same, the output
of the characteristic model is equivalent to that of the real object. That is to say, the output error is
within the permissible bounds during the transient phase and is zero after the steady state has
been reached. The all-coefficient adaptive control based on the characteristic model provides a
new idea for modeling and control of complex systems. This method has been applied to reentry
control of manned spacecraft and obtained good performances'”.

In this paper, an adaptive guidance law based on the characteristic model is designed to track a
reference drag acceleration profile for reentry vehicles like the Shuttle. Firstly, the characteristic
modeling method for linear constant systems is extended for SISO linear time-varying systems so
that the characteristic model can be established for reentry vehicles. Then, a new nonlinear dif-
ferential golden-section adaptive control law is proposed. When the coefficients belong to a
bounded closed convex set and their rate of change meets some constraints, the uniformly as-
ymptotic stable sufficient condition of the nonlinear differential golden-section adaptive control
system is given. That is to say, the coefficient variations of the closed loop system must satisfy
constraints (44)—(46). The tracking control law, the nonlinear differential golden section control
law and the revised logical integral control law are integrated to design an adaptive guidance law
based on the characteristic model. This guidance law overcomes the disadvantage of the feedback
linearization method that needs the precise model. Simulation results show that the proposed
method has better performance of tracking the reference drag acceleration than the feedback lin-
earization one has.

2 Drag acceleration derivation

The motion equations for reentry vehicles in the vertical plane are!'

h=vsind, (1)
v =—p(r)SCp(a, Ma)v* |(2m) — g(r)sin 6, )
0= p(r)SC, (ax,Ma)vcoso /(2m)—g(r)cos@/v+vcos@/r, 3)

where / 1is the height, v is the velocity, & is the flight path angle, » is the radius from the

center of the earth to the vehicle, S is the reference area, m is the mass, « is the angle of
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attack, o is the bank angle, Ma is the Mach number. C,(a,Ma) is the lift coefficient,
Cp(a,Ma) is the drag coefficient. Both of them are the functions of aand Ma. p(r) is the
atmosphere density, g(r) is the gravity acceleration of the earth. Both of them are the functions
r . For written simplicity, C,(a,Ma), C,(a,Ma), g(r) and p(r) are replaced respectively
by C,, C,, g and p in the following. a, is the drag acceleration; L is the lift; D is the
drag; L/D=C,/C, is the lift-drag ratio. Input u is the vertical component of the lift-drag

ratio. The expressions for the above variables are

u=(L/D), =(L/D)cosc =(C, /Cp)cosao, 4)
h=r—R,, (5)
p=pe", (6)
a, = pSCV* 1(2m), (7)
g=R3gy /1", ®)

where R, is the mean radius of the earth, g, is the gravity acceleration at the standard sea

level, h

. is a constant. The purpose of guidance is to control vehicles to track a designed refer-

ence drag acceleration profile. Therefore, the drag acceleration a, is chosen as the system out-
put. Using egs. (4) and (7), the derivatives of v and & follow from egs. (2) and (3) as
v=-—a,—gsind, )
ézaDu/v—gcosé’/v+vcosc9/r. (10)
Then, the derived input-output dynamics is represented as

-2 . 3 2 2 ‘e -2
_4p _,apdp _ 2ap +2aDg _2apg  apv L8 apCp  apCp

ap =

ap v Vv v r hr hy Cp Cé
2 2 2 2 2 2
+sin” @ —4ang +6aDg+aDv +sin @ a_D_4a_12)g +u _Zg#_a_[, cosd. (11)
V r hr A y y hy

The detailed derivation of eq. (11) is in Appendix of this paper. Due to the small € during
reentry flight, letting™ sin@=~0,cos@~1, eq. (11) becomes eq. (12),

-2
a

.. _Yp

dp=—">-2

2 2 2
ap Y Y % r hgr hy Cp Ch

. 3 2 2 5 ) 2 2
apdp  2ap N 2apg”  2apg  apv L 98 apCp  apCp +[_2gaD B aD]u
S |u.
v hy

(12)

3 Perturbation equation of the drag acceleration

In eq. (12), the input-output relationship is a nonlinear function. Small deviations from the refer-
ence values are defined as

. A .. . . A . . A A A
Adp =dp —dp , Aap=ap—ap , Aap=ap—ap , Av=v—v,, Au=u—u,.

Differentiating eq. (12),
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Si = 2aD0 2a,, ; +_aﬂ 2ap,  6ap  2g 2¢ v . g S Cgo
° ap, Yo P “éﬂ Yo Vg Vg e hry hy Cp C[2)

4ga 2a 4a},  4a 2a, v, 2a,a 4ga? ..
gzD g D, ”o} aD+[ f D3g hD 0 D, 9D g3Dﬂ u0]5 + Lo 56,
VO 2 VO VO Sro VO VO D,
2a, C . 2a, C2  a,C 2 1
_%éCD + D03 - DOZDO 9Cp +(—_<;>7__ afz%&” (13)
D, CD0 CD0 vo h

where the subscript 0 represents the reference values. With Earth-relative speed chosen as the
independent variable, Jv=0. During reentry flight, bank angle modulation is used for ranging.

Therefore, (see ref. [3]) 5CD =0, 5CD =0, 0C, =0. Then, eq. (13) becomes

24 2a a 2a 6a’ 2 2
5&D:£ N 00]5. [ o _n 2Mn  2¢7 28 o 8

ap, Vo b aéﬂ Vo Vg Vg T hry b
Cp Cp 4ga 2a
+ﬂ_%_ g2D° Uy — Do U, 5aD+(—2—§—iJaéO§u. (14)
CD() CD() Vo hS Yo hs
Since ay, ,vy.r, are time-varying, eq. (14) can be represented equivalently as
Sdp, = ay(1)Say +ay(t)day, +b(t)ou, (15)
where
al(t)=2dD0/aD0 —2ap /v, (16)
ap,  2a,  6ap 2¢% 2¢ 2 g Cp Ch o 4gay  2ay
e A A A
a D, Vo Vo Vo o sT0 s D, CD Vo s
b(t) =(—2g/v§ —l/hs)aéo. (18)

4 Characteristic model establishment

To obtain the characteristic model of eq. (15), the SISO linear time-varying system in the form of
eq. (19) is modeled first. The derivation is similar to that of ref. [12].

A =gy (t)x+a (t)x+-+a,_ (t)x(”_l) +b(1)u(r). (19)
Assume that a,(¢), b(t), x(t), and the derivatives of x(¢) are all bounded in eq. (19). The fol-

lowing is derived from eq. (19).
i=ay()x+a (0)i+-+a,, (0)x" ) x4 x4 b(c)u(r)
= ay (1)x+b()u(r)+ ( ), 20)
where
F(J'c,---,x(")) =a (t)x++a,, (t)x("_l) s

Differentiating eq. (20),
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= dg (1) +aq (1) 5+ B(0)u (1) + b(1)ii(1) + dF (5" ) d. @1)
Making difference of eq. (20),

x(k)—x(k-1)
At
Making difference of eq. (21)

x(k+1)=2x(k)+x(k-1) _ 4 (k)_ao(k_l)x(k)+a0 (k)x(k)—x(k—l)

= ay (K)x (k) + b(k)u(k)+ F (k). 22)

Ar? At At
R G e et B LR G o
Adding egs. (22) to (23), then eq. (24) is derived.
x(ke+1) =] 2+ (a () — ay (k1)) At + a, (k) At = At + a, (k) Ar |x (k)
[ 1= ay (k) Ar+ A (k= 1)+ [ (b (k) = b(k —1)) At + b (k) At + b(k)Ar* Ju(k)
+[=b(k)At Ju(k 1)+ F (k)A* +[ F(k)—F (k—1)]At. (24)

Let
fi(k)=2+(a(k)—ay (k—1))At +ay (k) At — At + ay (k) AL,

fo(k)=-1-a,(k)At+At,
o (k) =(b(k)—b(k—1))At+b(k)At+b(k)Ar*
& (k) =-b(k)Ar,

W (k)= F(k)At* +[F (k) —F (k —)]At.
If the constant control is desired, then W (k)=0 at steady state, since F (k) is the combina-
tion of the derivatives of x so that F(k)=F(k—1)=0. During the transient phase, since the
coefficients and derivatives of x in eq. (19) are all bounded, F(k) and F(k-1) are

bounded. Assuming |F(k)|<K (Kis a constant), then [(k)|<2KAt+KA”. IfAt—>0,

then W (k)— 0. Therefore, W (k) can be treated as the modeling error during the transient
phase. Then, the characteristic model of eq. (19) is

x(k+1) = f (k) x(k)+ £y (k) x (k —1) + go (k)u(k)+ g, (k)u(k—1). (25)
Judging from the expression for W (k), the smaller the sampled period is, the smaller the mod-
eling error is during the transient phase. Given ¢ satisfying & >0, chosen Af satisfying
0<Ar<&,where &=min{l,¢/(3K)}, then

[ (k)| < 2KAt + KA# = (2K + KAHAt < (2K + K)e /(3K) = &.

From the above derivation, when the sampled period satisfies 0 < A¢ <, the modeling error
of the characteristic model is smaller than & . In this sense, the characteristic model is equivalent
to the original system. That is to say, when the inputs are the same, the outputs are equal during
the steady phase and the errors are kept within permissible bounds during the transient phase.
Therefore, the characteristic model reflects the characteristic of the original system.
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Using the method above, the characteristic model of eq. (15) is established as follows. eq. (15)
is written as

(t)=ay()x(t)+ag()x(t)+b(t)u(r), (26)
where x(t)=0da, (t) and a(t), a,(t), b(¢) are given by eqs. (16)—(18). Making difference
of eq. (26),

x(k+1)—2x(k)+x(k—1)_ x(k)—x(k—l)

a (k)

vay (K)x(k)+b(k)u(k). @)

AP At
eq. (28) is derived from eq. (27).
x(k+1) =y (k)x(k)+ o, (k)x(k=1)+ p(k)u(k), (28)

where
o (k)=2+a,(k)At+a, (k) AL,
a, (k)=-1-a,(k)At,

B(k)=b(k)At*.
Due to the simplification for derivation of eq. (14) and other effects (such as the aerodynamic
coefficients and their derivatives cannot be obtained precisely; the atmosphere density is modeled
approximately) the coefficients o, (k), o, (k) and B(k) by the above expressions are not

precise. The uncertainties can be compensated by estimating coefficients of the characteristic
model (28) on line. Therefore, it is not necessary for characteristic modeling to know the precise
dynamic model of the object.

The coefficients of the characteristic model (28) have the following characteristics:

1) a;(k),i=1,2,and (k) aretime-varying.

:|ai(k+1)—ai(k)| |pk+1)- (k)|

Defining A, o (F) and A, —| 0 |, if At—>0, then A —0,

A, > 0.
2) If At—0, then o (k)—>2, a,(k)— -1, and the sum of the coefficients in eq. (28) is

equal to 1.
From expressions (16)—(18), we know a,(k), a,(k), b(k) are bounded, then

lim ¢, (k) = im[2 + a,(k)At + a, (k)A*1=2,
At—0 At—0
lim o, (k) = lim[-1—q, (k)At]=—1,
At—0 At—0
. L 2 21_
A1[13)[011 (k) +ay(k)+ (k)] = Altlgo[l +a, (k)At + b(k)At 1=1.

Now, we have obtained the characteristic model (28) for the reentry vehicle whose input is the
vertical component of the lift-drag ratio and output is drag acceleration.

In order to verify the input-output equivalent relationship between characteristic model (28)
and the system (14), u(z)=1 and u =sin(0.1 z¢) are chosen as the input signals in the simula-

tion. The output of characteristic model (28) is y,.(k)=x(k) and the output of system (14) is
Y, (t)=6ap(t). The sampled period is Ar=0.1s. The simulation lasts for the whole reentry
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period of the nominal trajectory. The output error between the characteristic model (28) and the
system (14) at the sampled time is e(k) =y, (k)—y, (k). When u(¢)=1, the maximum output
error is e, =9.6x10”. When u=sin(0.1 7¢), the maximum error is e, =1.1x10".

Therefore, the input-output relationship of the characteristic model and the original system is uni-
form within the given error bounds.

5 Nonlinear differential golden-section adaptive control and the stabil-
ity analysis

When the slope of the tracked reference drag acceleration profile is changed abruptly, the over-
shoot cannot be avoided due to the high speed of the vehicle during reentry. If the differential
coefficient is increased, the system damping ratio will be increased so that the tracking can con-
verge quickly. Considering the tracking characteristic of the piecewise linear drag acceleration vs.

velocity profile, a nonlinear differential golden-section adaptive control law is proposed as fol-
lows:

u, (k)= —[(Llo?l (k)+Lyé, (k))x(k) - Lya, (k)(n1 (k)| + nz)(x(k) ~x(k —1))}//3’(/(), (29)
where L, =0.382, L, =0.618 are golden-section coefficients;,,77, are positive constants and
4 is a constant. The three constants can be chosen according to object features and control per-

formance requirements. & (k), &, (k), and (k) are the estimated values of the corre-

sponding coefficients in eq. (28). The coefficients are estimated by the gradient projection algo-
rithm,

(=01 +¢f1(i(fl_);)(k_l)[x(k)—¢T (k-1)6(k-1)] (30)

O(k)=x| 6 (k)], 31)
where 0k=D)=[¢(k=1) dy(k=1) A=D1 : (k=) =[x(k=1) x(k=2) u(k=DI"; 4,
A, are positive constants satisfying 0<A4 <1, 4, >0; 7z(x) represents the orthogonal pro-

jection fromx to the bounded closed convex set D. D is related to discretization method and
sampled period.
Defining

k, =[ L (k)+ Ly, (k)]/ B (k).
ky =-L,é, (k) B(k),
K, (k,x(k)) =k, [771 |x(k)|ﬂ + 772} ,
then nonlinear differential golden-section adaptive control law (29) can be represented as
w, (k) ==k, x (k) + K (e, (k) (x(k) = x(k = 1)) ]. (32)
The differential coefficient K, (k,x(k)) is related to k, and it varies with |x(k)| . Noticeably,
the control law (29) proposed in this paper is different from that in ref. [13] which cannot satisfy
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the requirement for high speed reentry vehicles of tracking the drag acceleration profile with
abrupt change of slope.

The closed loop system which consists of the characteristic model (28), the parameter estima-
tion algorithm (30)—(31) and the nonlinear differential golden-section adaptive control law (29)
can be written as

x(k+1)+ f; (kx(k))x (k) + f3 (k. x(k))x(k=1) =0, (33)

where

£ (kox(k)) = -, (k)+[L1021(k)+L2d2(k)—L2022(k)(nl (k) + 71 )} BR)B(K). (4

£ (ke (k) ==y (k) + [dez () )+, ﬂ Bk)/ B (k). (35)
Eq. (33) can be described as
X(k+1)=A(k+1,X(k+1)) X (k), (36)
where

A(k+1,X (k+1)) = N 1
(k+1.x (k+1))= —fo (ke Lx(k+1) —f (k+Lx(k+1)) |

X (k)=[x(k) x(k+1)]".
For written convenience,fl(k,x(k)), f (k,x(k)), and A(k,X(k)) will be replaced re-
spectively by f;(k), f,(k),and A(k) in the subsequent part.

In order to analyze the stability of the closed loop system, several lemmas are given first.
Lemma 1'°),  The nonlinear time-varying system (33), whose origin is the equilibrium point,
is uniformly asymptotic stable if given a uniformly bounded and positive definite matrix

P(k, X (k)), that is to say, the constants m, >0 and M, >0 existand P(k,X(k)) satisfies
mI < P(k,X (k)< M. (37)
O(k,X (k)) determined by
A" (k+1L,X (k+1))P(k+1,X (k+1))A(k+1,X (k+1))- P(k, X (k))=-0(k, X (k)) (38)
is uniformly bounded and positive definite, that is to say, the constants m, >0 and M, >0
exist and Q(k,X(k)) satisfies
my] < Q(k, X (k))< M,I, (39)
where / is aunit matrix with proper dimensions.

Lemma 2. Assuming that B(k) :(b

. (k)) is an nth order real symmetrical matrix, if all
the sequential leading minors of B(k) are bounded and larger than some positive constant, then
B(k) is uniformly bounded and positive definite, that is to say, the constants m >0 and
M >0 exist which make B(k) satisfy ml < B(k)<MI.

Lemma 3", Assuming M, (k)eR, 0<M,(k)<M, where M is a positive constant,

2012 YANG JunChun et al. Sci China Ser F-Inf Sci | Dec. 2008 | vol. 51 | no. 12 | 2005-2021



the quadratic trinomial of Z (k) is

N(k)=-M,(k)Z* (k)+ M, (k)Z(k)+ M, (k), (40)
whose discriminant is
A(k)=M; (k)+4M, (k) M, (k). (41)
Then,
(a)if A(k)>0 and Z(k) satisfies

MDA My (k) + AR

T AT AT I “
then N(k)>0.
(b)if A(k)>&>0 and Z(k) satisfies
MO E o ) -

2M, (k) <Z(k)< 2M, (k) '
then N(k)>e/(4M).
The following stability theorem is for the system (33).
Theorem 1. Assuming 0< ﬁ(k)/ﬁ(k) <2 and |x(k)|# <M , the closed loop system

(33), which consists of the time-varying linear controlled device with unknown parameters which
belong to a known bounded closed convex set D, the estimation algorithm (30)—(31) and the
nonlinear differential golden-section adaptive control law (29) , whose origin is the equilibrium
point, is uniformly asymptotic stable, if

The change rate of f; (k) satisfies

\/q” )am (k)-8 <—& (k +\/q11 ) (k)5 (44)
The change rate of f*(k) and fy (k) satisfies
ACSER) <~ (k+ D)+ (1428, = 8) f2(k+ 1) = £k + 1)+ 8, — 6, — 5y, (45)
AL <A =8) £ (k+1) = 2k + 1) £ (k+1)+ 8, -6, (46)
where 0<8,<6,, 0<68,, 0<68,, 0<38<08,8y, 0<& <08 /(\3M,), M, is the upper
bound of |f;(k)|, Af(K)=fik+1)=fi(k), AR =f(k+1)= f,(k), Ak = /7 (k+1)
—f20), ALK =1+ D)= £ (k)

Ny(k)==2p,(k+1)=2[ p, (k +1) f(k +1) = pyy (k+ 1) fy(k + 1) f,(k + D], 47)
puk) =17 (k) + 4,
P (k) =& f,(k), (48)

P (k)= [ (k) +5,,
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q11(k) = py (k) = py (k + 1)f22(k +1),
G12(k) = pry (k) + py(k+1) f5(k +1) = pyy (k +1) fi(k +1) f,(k +1), (49)
Gry (k) = ppy (k)= pi (k+ D)+ 2p, (k+1) fi(k+1) = pyy (k + 1)f12 (k+1),

Proof. For system (33), choose a Liapunov function as
V(k)=X"(k)P(k)X (k).
Combining eq. (36), then
AV (k) ==x" (k)| P(k)= A" (k+1)P(k+1) A(k+1) | X (k). (50)
According to Lemma 1, Q(k) can be expressed as

O(k)=P(k)-A" (k+1)P(k+1)A(k+1), (51)

1) palh
(CR[AAn &

pu(k), pyp(k), p,(k) are given by eqgs. (48).
O(k) follows from eq. (51) as
‘111(k) q12 (k)}
O(k)= ) (53)
( ) {912 (k) 5y (k)
where ¢y, (k), ¢, (k), and gy, (k) are given by expression (49). Since o (k), o, (k), and

where

g (k) belong to a known bounded closed convex set D, and estimation algorithms (30), (31)
make & (k), a,(k), and B (k) belong to the same D, according to the assumption
0 <ﬂ’(k)/,5(k) <2MTand |x(k)|ﬂ <M , using expressions (34), (35), f;(k) and f,(k) are
bounded. That is to say, M, >0 and M, >0 which make
|4 (k)| <My, |f ()| < M,. (54)
Since f;(k) and f,(k) are bounded, from expression (48), we can conclude that every ele-
ment of P(k) is bounded. And then, from eq. (49), every element of Q(k) is bounded.
Step 1. Prove that P(k) is uniformly bounded and positive definite.
The first order sequential leading minor of P(k) is
Mg = p, (k)= f; (k)+6, > 6. (55)
The second order sequential leading minor of P(k) is
My, = pyy (k) o (k) = piy (k) = (£ (k) + 8, ) (A7 (k) + &, ) = & 2 (k) > 6 =67 /3. (56)
According to expressions (55), (56), Mp and M, are larger than a positive constant. Since
every element of P(k) is bounded, then M R and M p, are bounded. From Lemma 2, we can

conclude that P(k) is uniformly bounded and positive definite.
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Step 2. Prove Q(k) is uniformly bounded and positive definite.
Since
g1 (k) ==A( £ (0))+ (1=6,) f5 (k+1) = /7 (k +1) /5 (k+1) 65,
using inequality (46), then ¢, (k)>&;.
Since
Gor (K) ==A(f7 (k)= £ (k+1)+ (1426 = 8,) £ (k+1) = £ (k+1)+ 8, - &,
using inequality (45) , then g,, (k) > 6,,.
The first order sequential leading minor of Q(k) is
My =qy, (k)> 6.
The second order sequential leading minor of Q(k)
My, =] p (k)= piy (k+1) T + N, (k) pra (k) = poy (K +1) ]+ Ny (k).
where
Ny (k) ==2py, (k+1)=2[ piy (k+1) fy (k+1) = pyy (K +1) f; (k+1) f5 (K +1) ],
Ny (k)= pps (k+1)+ N, (k) pps (k+1)
[Py (k1) £, (k+1) = poy (k+1) £ (k +1) f5, (k + 1) ] + a0, (k) a5 ().
Defining
M(k)=1, B(k+1)=p,(k+1), F(k)=0, D(k)=q, (k)gn(k),
C(k+1)=pp (k+1) f5(k+1) = pyy (k+1) f; (k+1) f5 (K +1).
Then,

(57)

(58)

(59)

(60)

(61)

(62)

Ny (k)=M (k)B*(k+1)+ N, (k)B(k+1)- M (k)C* (k+1)+ F (k)C(k +1)+ D(k), (63)

N, (k)=-2M (k)B(k+1)-2M (k)C(k+1)+F (k).
The discriminant of the quadratic polynomial

=M (k) p (k) = pra (k + 1)]2 + N (K)[pyp (k) = pp (K + D]+ Ny (k)
i

A(k)=N{ (k) +4M(k)Ny(k) = F* (k)+4M (k)D (k) =4q,, (k) g, (k) > 45,,0,,.

Choose £=46 and 0<& <85y, then A(k)>e

N, (k)—JA(k)-¢ N, (k)+JA(k)-¢
2M (k) < (k)= pip(k+1)< 2M (k) ,
\/6111 )45 (K -6 < —& A1, (k +\/‘]11 )4 (K

If inequality (66) is valid, then inequality (67) is satisfied. Accordlng to Lemma 3 (b), then

My >&l(4M)=35.

(64)

(65)

(66)

(67)

(68)

According to expressions (59) and (68), M, and M o, are larger than a positive constant.
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Since every element of Q(k) is bounded, then M, and M, are bounded. From Lemma 2,
we can conclude that Q(k) is uniformly bounded and positive definite.

Summing up the statement above, if the change rate of f (k) satisfies inequality (44); the
change rate of f£;”(k) and f; (k) satisfies inequalities (45), (46); in addition, there exists a

uniformly bounded and positive definite matrix P(k) which makes Q(k) determined by eq.

(51) uniformly bounded and positive definite, then according to Lemma 1, we can conclude that
the closed loop system with origin as the equilibrium point is uniformly asymptotic stable.

Note 1. In Theorem 1, the condition 0< ﬂ(k)/ ﬂA(k)SZ implies f(k)#0. Since f(k)
belongs to the bounded closed convex set D, then B(k)e[f

min »

Piax ] - Therefore, zero is not
included in [f,,,,5..x]- Because the projection algorithm (30), (31) guarantees ,B(k)e

[Buin> Pnax 1> the estimation ﬁ’ (k) can be avoided to approximate zero.

6 Design of adaptive guidance law

According to eq. (12), if the vehicle flies along the reference trajectory, the tracking control input
is given by

-2 . 3 2 2 . .
. ap, ap,dp, 201,3O 2aD0g ZaDOg ap Ve 4p,g& aDOCDO aDOCD(J
—dp, +—2=2 - — - -
0
k)= aDO Vo Yo Vo o hsr 0 hs CDO CDO
uy (k)= rod: 4
gD0+ Dy
2
VO hs
(69)

Since the vehicle enters the atmosphere with hypersonic speed, the inertia is large. In order to
reduce the tracking error of the piecewise linear drag acceleration vs. velocity profile, the logical
integral is added in the neighborhood where the abrupt change of slope occurs. Considering that
the velocity varies quickly during reentry, the logical integral is revised. To reduce the effect of
previous errors on present states, errors of only the recent N steps are accumulated in the logical
integral.

wy (k) =k > x(i),
i=k—N
uli(k):{u;(k) v —Av, SVSy + Ay,

0 otherwise,

(70)

kl' =

1

ki x(k)[x(k)-x(k-1)]>0,
ki x(k)[x(k)-x(k-1)]<0,
ki =k; =0, Av,>0, Av, >0,
where v, is the velocity at the first transition point of the reference drag acceleration profile. N,

Av,,and Av, are chosen according to the vehicle’s characteristic and the specific shape of the

reference drag acceleration profile.
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Combining expressions (29), (69) and (70), the adaptive guidance law of tracking the reference
drag acceleration profile is

u(k)zuo (k)+uL (k)+u,i(k). (71)
Since u is the vertical component of the lift-drag ratio, the bank angle follows from expression
(4) as
L/D
o=cos @ =cos | —2 , (72)
(L/D) (L/D)

where (L/D) is the actual lift-drag ratio. Since the bank angle is limited by the upper and lower
bounds, that is, o €[o,c], then u(k) should be limited by corresponding bounds, that is,

u(k) e [uk),u(k)].

7 Simulation example

The dynamics of a reentry vehicle are described by eqs. (1)—(3). The sampled period is
At=0.1s. The parameters of the vehicle ' are given by

m=104305 kg, S=391.22 m?,
C, =-0.041065+0.016292c + 0.00026024 0.,
C,, =0.080505—0.03026C, +0.86495C;.

The purpose of guidance is to make the vehicle track the piecewise linear reference drag accel-
eration vs. velocity profile (Figure 1). The profile is within the corridor bounded by the maximum
heat rate, the maximum overload, the maximum dynamic pressure and the equilibrium glide con-
straint. Noticeably, in Figure 1 the drag acceleration is the function of velocity, and the reentry is
a process with velocity decreasing.

i i | i
I I I
251 ------ R oo - oo B s e Sa REEEEEE EEPERE

! Dynamic pressure boundary — Heat rate boundary

o 1 1 ] ] [

£ 20F------ e = et D . t et

E 4 Overload boundary

k5 . 3

E |5 ___________________ l __________________________

] . . .

§ :Th|rd pomt: ¥ Drag acceleration profile

%IJ 10 - - -

=} ! Second point
I I ]

i | 1 Equilibrium glide boundary
] 1 I I
i i I
] 1
O | | | l | 1 1
0 1000 2000 3000 4000 5000 6000 7000 8000

Velocity (m/s)
Figure 1 Reference drag acceleration vs. velocity profile within the reentry corridor.
7.1 Tracking control law + nonlinear differential golden-section control law

Choose the tracking control law and the nonlinear differential golden-section control law to make
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up the control input as

u(k)=uq (k) +u, (k). (73)
The corresponding bank angle can be obtained by expression (72). When this o acts on the
point-mass motion eqs. (1)—(3), the actual flight trajectory is obtained. Figure 2 gives the track-
ing of the reference drag acceleration vs. velocity profile when the input is given by eq. (73). The
solid line represents the actual drag acceleration. The dashed line represents the reference drag

acceleration. Figure 3 shows the tracking error history. Figures 2 and 3 show that the tracking is
perfect except some overshoot at the first transition point. In Theorem 1, proper small constants

8, Oy, O, Oy, 0, andg are chosen to satisfy requirements. During the simulation, the
change rate of f;(k), f7(k), and f; (k) is recorded. The results show that inequalities
(44)—(46) are satisfied during most of the reentry time.

?)

Drag acceleration (m/s?

Tracking error (m/s?)

Shoo_J | mem—— Reference |- - - - = - -
Actual
0 1 : 1 X 1
0 200 400 600 800 1000 0 500 1000
Time (s) Time (s)

Figure 2 Tracking of the reference drag acceleration with the adap-  Figure 3 Tracking error with the adaptive guidance
tive guidance law given by eq. (73). law given by eq. (73).

7.2 Tracking control law + nonlinear differential golden-section control law + logical inte-
gral control law

In order to reduce the tracking error near the first transition point, the logical integral control law
is added. Considering that the velocity varies quickly during reentry, errors of only the re-
cent N steps are accumulated. Using eqs. (71)—(72), the adaptive guidance law and the corre-
sponding bank angle are obtained.

- | | I

2 10F-----r-F - - :‘éz

= | =

= | —

2 ! <]

g ----- Reference ! -?,

ol Actual ! =]

0o ! —

5 0 1 L ] L :

0 200 400 600 800 1000
Time (s) Time (s)

Figure 4 Tracking of the reference drag acceleration after the logi- Figure 5 Tracking error after the logical integral
cal integral control law is added. control law is added.

Figure 4 shows the tracking of the reference drag acceleration vs. velocity. Figure 5 gives the
corresponding error. It is obvious that after the logical integral is added, the tracking error near

the first transition point decreases largely. The maximum tracking error is |AaD| =0.52 m/s”.
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Figure 6 gives the bank angle history.

120
100

80
60
40
20

Bank angle (deg)

0=

Time (s)

Figure 6 Bank angle history.
7.3 Comparing with the feedback linearization method

The adaptive guidance law is given by eq. (71). The feedback linearization method refers to refs.
[3,5—7, 16]. These two methods are compared by simulation in three cases. The first case is for
nominal condition. The second is the case when the drag coefficient decreases 40 percent. The

third is the case when time-varying navigation error exists. The height change rate caused by the

inertial navigation system is &h = 5¢*°*

in the simulation. Figures 7—9 show that in three
cases the adaptive guidance method is better than the feedback linearization one. For the feed-
back linearization method, the controller is designed by cancelling out the nonlinearity com-
pletely. When model error exists in the system, the control performance will fall down because
the nonlinearity can’t be cancelled exactly. For the adaptive guidance law based on the character-
istic model, the controller is designed by estimating the parameters of the characteristic model on
line. Therefore, the good tracking performance can be obtained even if large model error exists
(see Figure 8). Since the drag acceleration derivative that includes the height change rate is used
in the feedback linearization guidance law, the error of height change rate caused by navigation
system has effect on the system. For the adaptive method presented in this paper, the derivative of
the drag acceleration is not used so that the above disadvantage can be avoided. In Figure 9, the
error of height change rate has little effect on the tracking error for the adaptive method but
causes large tracking error for the feedback linearization method.

2 : ! : ) 3 : . s
R mm— Adaptive ! =~ | K | Adaptive |
~§ = ['eedback linearization | | “E 2 Feedback linearization |,
— 1 T T F " : '
5 | | | | 5 |
=4 I 1 1 1 I
A R :
2 0 NN S 2L B |
Q ] 1 I [ ! = l
s I .

=1 L L L I |
0 200 400 600 800 1000
Time (s) Time (s)
Figure 7 Tracking error in nominal case. Figure 8 Tracking error when the drag coefficient decreases
40 percent.
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———— Adaptive

e Feedback linearization

Tracking error (m/s?)

1000

Time (s)
Figure 9 Tracking error when navigation error exists.

8 Conclusions

In this paper, the characteristic model is established and a new nonlinear differential golden-sec-
tion adaptive control law is proposed. For the characteristic model described by the second order
time-varying differential equation, when its parameters belong to a bounded closed convex set,
the uniformly asymptotic stable sufficient condition of the closed loop system is obtained. The
sufficiency is constraints on the change rate of parameters. The tracking control law, the
nonlinear differential golden-section control law, and the revised logical integral control law are
integrated to design an adaptive guidance law. For the nonlinear differential golden-section
control presented in this paper, the large differential coefficient can be chosen so that the damping
ratio is large which makes the tracking become stable quickly. The tracking error is reduced fur-
ther after the logical integral is added. For the simulation example, during most of the time of
reentry flight, inequalities (44)—(46) in Theorem 1 are satisfied. The simulation results show that
the tracking performance of drag acceleration is obviously better for the adaptive guidance
method than for the feedback linearization one. In addition, the control method proposed in this
paper combining the nonlinear differential golden-section control law with the revised logical
integral control law provides an idea for tracking problems with fast and abrupt change of slope.

Appendix The derivation of eq. (11)
Differentiating eq. (8)

& =-2iRig,/r =-2rglr. (A1)

Differentiating eq. (1)
h =vsin @ +vOcosb. (A2)

Differentiating eq. (6)
p=—=(hih)pee™™ ==(hi h))p. (A3)

Differentiating eq. (7)
ap =(Cp/Cp+plp+2v/v)ay,. (A4)

Using eq. (A3), the derivative of drag acceleration follows from eq. (A4) as

ap =(Cp/Cp—h/h +2V/v)ay,. (A5)
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O 0 3 N W

10
11
12

13
14

Eq. (AS) is divided by a,, and then differentiated, eq. (A6) is derived.

play —aslal=Cp/Cp—ChlCh—hlh +2V/v—2v" V. (A6)
Following from eq. (A6)
dp =ap(an/ap+CplCp—ChlCh—hlh +2V/v—2v"/v?). (A7)

Combining eq. (A1), the derivative of v follows from eq. (9) as
V=—da, — gfcos@+2gsinbr/r. (A8)
Combining egs. (1), (5), (9), (10), (A2), (A7) and (AS8), eq. (11) is obtained.
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