
•Article• October 2022 Vol.65 No.10: 2503–2519
https://doi.org/10.1007/s11431-022-2158-9

Analytical solutions for deep tunnels in strain-softening rocks
modeled by different elastic strain definitions with the unified

strength theory
SUN ZhenYu1, ZHANG DingLi1*, FANG Qian1, DUI GuanSuo1 & CHU ZhaoFei2

1 Key Laboratory for Urban Underground Engineering of Ministry of Education, Beijing Jiaotong University, Beijing 100044, China;
2 School of Civil Engineering, Wuhan University, Wuhan 430072, China

Received June 6, 2022; accepted July 22, 2022; published online July 30, 2022

This paper presents the analytical solutions for the responses of tunnels excavated in rock masses exhibiting strain-softening
behavior. Since previous analyses give little consideration to the effect of the intermediate principal stress on the strain-softening
rock behavior, the unified strength theory was introduced to analyze the tunnel response. Four cases of different definitions of the
elastic strain in the softening and residual regions, used in the existing solutions, were considered. The tunnel displacements,
stresses, radii of the softening and residual zones and critical stresses were deduced. The proposed solutions were verified by
comparing with numerical simulations, model tests and existing solutions. Furthermore, the solutions of the four cases were
compared with each other to investigate the influence of the elastic strain expressions on the tunnel responses. The results
showed that the intermediate principal stress coefficient b has a significant effect on the tunnel displacements, stress fields, and
plastic radii. Parametric studies were performed to analyze the influences of the softening and residual dilatancy coefficients,
softening modulus and residual strength on the tunnel responses. The parametric analysis indicated that the existing models
should be carefully evaluated in the analysis of tunnels constructed through average-quality rocks; the proposed solutions
outperformed the existing models in solving the mentioned problem.
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1 Introduction

Tunnel responses such as displacements, stresses and plastic
radii are crucial factors in the analysis of surrounding rock
stability and quantitative support design. Three different
types of approaches are being currently used to predict tunnel
responses: theoretical analysis, numerical simulation and
model testing. These three approaches are considered com-
plementary to each other in tunnel design, while theoretical
analysis provides research benchmarks for numerical simu-

lation and model test methods, which plays an irreplaceable
role in grasping the essence of the problems and has been
widely used in the preliminary design [1–4].
Over the past few decades, the theoretical analyses of

tunnels have been mainly based on Mohr-Coulomb (M-C)
and Hoek-Brown (H-B) criteria. The different behaviors of
rock masses, such as the elastic perfect plastic [5–7], strain
softening [8–11], hardening [12–14], elastic-brittle plastic
[15–17] and elastic-plastic-viscous [18–20] have been
modeled and solved. However, neither the M-C criterion nor
the H-B criterion considers the effect of the intermediate
principal stress. In fact, the rock mass strength is often ob-
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served to be dependent on the intermediate principal stress,
and this effect is associated with the rock mass properties and
stress states [21–27]. The unified strength theory (UST),
which considers all the stress components and their effects
on the material yield and failure, can quantify the effect of
the intermediate principal stress of various materials with
different stress states and take full advantage of the material
strength [28–32]. In the past twenty years, the UST has at-
tracted extensive attention and has been used in several fields
such as tunnel engineering, geotechnical engineering, and
geological engineering [33–41].
In the elastoplastic analysis of tunnel responses, it is ne-

cessary to assume the expression of the elastic strain in the
plastic zone. There are generally four definitions of the
elastic strain in the plastic zone in existing analyses: ignoring
the elastic strain [42–44], treating it as a constant [45,46],
considering the plastic zone as a thick-walled cylinder
[47,48] and obtaining it using the Hooke’s law [49,50].
Different elastic strain assumptions cause significant differ-
ences in the calculation results of surrounding rock de-
formation, which will affect the support design. In fact, there
is no consensus on which definition should be adopted for
rock masses with different qualities. However, all existing
research used one or some of the above-mentioned expres-
sions of the elastic strain in the plastic zone, which is not
comprehensive and not conducive to tunnel design.
In addition, the post failure behavior of the rock mass has

significant effect on the tunnel responses. Many researchers
have developed a variety of methods for the plastic problems
of tunnelling, but mainly for elastic-perfectly-plastic or
elastic-brittle rock masses. In some cases, however, the
elastic-perfectly-plastic or elastic-brittle model were in-
appropriate to describe the post-failure behavior of a mate-
rial, particularly in the case of average-quality rock masses
[51,52]; the average-quality rock masses, with a geological
strength index (GSI) of 40 < GSI < 60, would behave in a
strain-softening instead. Indeed, both elastic-perfectly-plas-
tic and elastic-brittle models are special cases of the strain-
softening model and thus, it is important to investigate the
tunnel responses in strain-softening rock masses. In this re-
gard, there has been no research considering the effect of the
intermediate principal stress in the strain-softening rock
mass under different definitions of the elastic strain. The
effects of the residual dilatancy, cohesion and friction angle
on the tunnel responses remain unclear.
In this study, the UST is introduced in the derivation of the

tunnel responses accounting for the effect of the intermediate
principal stress. Based on four definitions of the elastic
strain, analytical solutions are presented for the displace-
ments, stress fields, plastic radii and critical stresses of deep
tunnels excavated in strain-softening rock masses. To in-
vestigate the effects of the intermediate principal stress and
different definitions of the elastic strains on the tunnel re-

sponses, the derived solutions are compared with the solu-
tions proposed by Yao et al. [53] based on the M-C criterion
and by Zhang et al. [54] who used the UST elastic-brittle-
plastic model. In addition, parametric analysis of the pro-
posed solutions, such as the influence of the dilatancy,
softening modulus, residual cohesion and friction angle on
the tunnel displacements, stress fields and plastic radii, was
performed.

2 Problem definition and basic assumptions

2.1 Strain-softening model

Figure 1 shows a deep circular tunnel excavated in a
homogeneous and isotropic rock mass with the radius r0 in
the plane strain state. The tunnel is subjected to a hydrostatic
stress p0 at infinity and a uniformly distributed pressure pi at
the internal surface. With the decrease in pi, the softening
zone appears when pi is less than the initial yielding stress
ps. After yielding, the rock strength gradually decreases from
the peak value q and follows the post-peak softening be-
havior. When pi decreases to the critical stress pr, the re-
sidual zone appears with the residual strength being qr.
Figure 2 shows the trilinear constitutive relationship of a

strain-softening material used in this study [55–57]. The
compressive stress components and the inward tunnel dis-
placement are counted positive. The elastic behavior is
governed by Hooke’s law, whereas the plastic behavior is
assumed to obey the UST with unassociated flow rules. To
solve the proposed problem, four different cases of the de-
finition of the elastic strain in the plastic zones (both the
softening and residual zones) are distinguished as follows:
Case a: Elastic strains are ignored in the plastic zones;
Case b: Elastic strains are constant in the plastic zones;
Case c: Elastic strains are obtained by considering the plastic
zones as the thick-walled cylinder;
Case d: Elastic strains are obtained using the Hooke’s law.
Among all the cases, Cases a, b and c are approximations,

while Case d is an exact solution to the radial displacement
[15,49].

2.2 Unified strength theory

The UST proposed by Yu [58] assumes that a material begins
to yield when the sum of the two greater principal shear
stresses and the corresponding normal stress functions reach
certain values. Since it considers all the stress components
and their effects on the yield and failure of materials, the
theory is suitable for geomaterials with different tensile and
compressive strengths, which can appropriately reflect the
effect of the intermediate principal stress. The UST refers to
a series of constitutive models related to the value of the
intermediate principal stress coefficient b, as shown in
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Figure 3.
As two special cases, the M-C criterion and the twin-shear

criterion can be obtained when b = 0 and b = 1, respectively.

The UST can be expressed in terms of the three principal
stresses as follows [58]:

( )
( )

F a b b d

F a
b b d

= 1
1 + + , ,

= 1 + + , ,
(1)

t

t

1 2 3 2

1 2 3 2

where 1, 2 and 3 are the maximum, intermediate and
minimum principal stresses, respectively; a is the ratio of
tensile strength t to the compressive strength c.

c= 2 cos
1 + sint and c= 2 cos

1 sinc . c and are the cohesion and

friction angle, respectively. d is the demarcation point of the

domain and d a
a= +

1 +
1 3 .

For the plane strain problem, the intermediate principal
stress 2 can be expressed by 1 and 3 as [58]

m= 2 ( + ), (2)2 1 3

where m is an empirical constant, the magnitude of which is
equal to µ2 in the elastic state and quite close to 1 in the
plastic state. µ is the Poisson’s ratio.
Accordingly, we have

m= 2 ( + ) 1
2( + ). (3)2 1 3 1 3

Substituting a = t
c
into the demarcation point of the do-

main, d can be reformulated as

d = 1
2( + ) sin

2 ( ). (4)1 3 1 3

Since sin > 0 and 1 3, d is always lower that the
rightmost-hand side of eq. (3). Combining eqs. (3) and (4)
results in d2 . Under the assumptions made in this study,
the principal stress , the radial stress r and axial stress z
are the major, minor and intermediate stresses, respectively.
Based on the mechanical model used here, the UST can be
written as

F
E

= = 0,

= ,
 for the softening zone, (5)r cq

cq q
p

0

F = = 0,  for the residual zone, (6)r r qr

where E is the unified softening modulus. q, cq and qr are
the unified peak strength, rock strength in the softening zone
and residual strength, respectively. 0 and r are constants
which can be expressed as

b bm
bm

b c
bm

b bm
bm

b c
bm

= 2(1 + )(1 + sin ) (1 sin )
(2 + )(1 sin ) ,

= 4(1 + ) cos
(2 + )(1 sin ) ,

= 2(1 + )(1 + sin ) (1 sin )
(2 + )(1 sin ) ,

= 4(1 + ) cos
(2 + )(1 sin ) ,

(7)
q

r
r r

r

qr
r r

r

0
0 0

0

0 0

0

Figure 1 (Color online) Sketch of the tunnel surrounding rock exhibiting
strain-softening behavior.

Figure 2 Constitutive relationship of a strain-softening material.

Figure 3 (Color online) Unified strength theory in the deviatoric plane.
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where c0 and 0 are the unified cohesion and friction angle in
the softening zone, respectively. cr and r are the unified
residual values of the cohesion and friction angle of the rock,
respectively.

3 Derivation of the stress and displacement of
deep circular tunnels

3.1 Analytical solution for the elastic zone

For the axial symmetry of the problem, the differential
equilibrium equation can be expressed as

r r
d
d + = 0. (8)r r

The displacement in the elastic zone of surrounding rock
can be expressed as [5]

u A
Er µ= (1 + ), (9)r

where E is the elasticity modulus of the surrounding rock. A
is a coefficient to be determined and A p p r= ( )i0 0 when
there is no softening zone.
Substituting r r= 1, u u=r r1

into eq. (9) yields

u A
Er µ= (1 + ), (10)r

11

where r1 is the radius of the softening zone.
Substituting eq. (10) into eq. (9) yields

u u r
r= . (11)r r
1

1

The stresses in the elastic zone can be expressed as [59]

u Er
µ r p

u Er
µ r p

= (1 + ) + ,

= (1 + ) + .
(12)

r
e r

e r

1
2 0

1
2 0

1

1

Substituting r r= 1 into eq. (12) and combining eq. (5), the
displacement at the elastoplastic interface can be obtained by

u
r µ p

E D r=
(1 + ) ( 1) +

(1 + ) = . (13)r
q1 0 0

0
0 11

Considering the geometric equations
u
r

u
r= d

d ,   = . (14)r
r r

The strain solutions in the elastic region can be obtained by
D r

r
D r

r= , = . (15)r
e e0 1

2

2
0 1

2

2

3.2 Analytical solutions for the softening zone

In the softening zone, the total strain is the sum of the cor-
responding elastic and plastic strain components as

= + ,
= + ,

(16)r r
e

r
p

e p

where r
p and p are the plastic components of the radial and

circumferential strains in the softening zone, respectively.
The nonassociated flow rule in softening zone can be

written as [5]

h+ = 0, (17)r
p p

where h is the dilatancy coefficient of the softening zone and
( ) ( )h = 1 + sin / 1 sin0 0 which is greater than 1 when

considering the dilatancy effect of the rock mass and is equal
to 1 without dilatancy. 0 is the unified dilation angle in the
softening zone.
By substituting eq. (16) to eq. (17) and using the dis-

placement at the elastoplastic interface eq. (13), the general
solution to the displacement in the softening zone can be
obtained by

( )u r r h r D r r
r= 1 + d + . (18)h r

r h
r
e e

h

0 1
1

1

Substituting r r= 1 into eq. (12), the radial stress at the
elastoplastic interface can be obtained by

p
= =

2
+ 1 . (19)r

p
r r r

e
r r

q
= =

0

01 1

By combining eqs. (5) and (8), the differential equation for
the radial stress can be expressed as

r r
E
r

d
d + (1 ) = . (20)r r q

p
0

To obtain the tunnel displacement and stresses in the
softening zone, the elastic strains in the plastic zone should
be determined first. For the simplicity of the solutions, there
are mainly four different definitions of elastic strain used in
theoretical analyses.
Case a: With ignoring the elastic strain in the softening

zone [42–44], the radial displacement in the softening zone
can be obtained by substituting = = 0r

e e into eq. (18) as

u D r r
r= . (21)

h

0 1
1

By substituting eq. (21) into eq. (14) and considering eq.
(16), the plastic strain components in softening zone can be
written as

hD r
r D r

r= ,   = . (22)r
p

h
p

h

0
1

+1

0
1

+1

Substituting eq. (22) into eq. (20) yields

( )r
r E D r

r
d
d + 1 = . (23)r

r q

h

0 0
1

+1

Integrating eq. (23) and considering the stress continuity
condition at the elastoplastic interface eq. (18), the stresses in
the softening zone can be expressed as
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( )

( )

r
r

p r
r

r
r

p
h r

r

=
2

+ 1 + + + ,

=
2

+ 1 + + ,
(24)

r
q

h

q
h

1
1

0

0
1 1 1 1

1
+1

0
1

1
0

0
1 1 1 1

1
+1

0

0

where ( )= / 1q1 0 , and ( )E D h= / +1 0 0 .
Case b: With the assumption that the elastic strains are

constant and equal to that of the elastoplastic interface
[45,46], the elastic strain components can be written as

D D= , = . (25)r
e

r r
e

r r= 0 = 01 1

By substituting eq. (25) into eq. (18), the displacement in
the softening zone can be obtained by

u D r
h

r
r h= + 1 2 + 1 . (26)

h
0 1

+1

By substituting eq. (26) into eq. (14) and considering eq.
(25), the circumferential plastic strain in softening zone can
be written as

D
h

r
r= 2

+ 1 1 . (27)p
h

0 1
+1

Substituting eq. (27) into eq. (20) yields

( )r
r

D E
h

r
r

d
d + 1 = 2

+ 1 1 . (28)r
r q

h

0
0 1

+1

Integrating eq. (28) and considering eq. (19), the stresses in
the softening zone can be expressed as

( )

( )

r
r

p r
r

r
r

p
h r

r

=
2

+ 1 + + + ,

=
2

+ 1 + + ,
(29)

r
q

h

q
h

1
1

0

0
2 2 2 2

1
+1

0
1

1
0

0
2 2 2 2

1
+1

0

0

where h D E
h=

(1 + ) + 2
(1 )(1 + )

q
2

0

0
, and D E

h h= 2
( + )( + 1)2

0

0
.

Case c: By considering the softening zone as a thick-
walled cylinder subjected to p p( )r 0 at the internal surface
r r= 2 and p p( )s 0 at the outer surface r r= 1 [47,48], the
elastic strains in the softening zone can be written as

µ
E µ C C r

r

µ
E µ C C r

r

= 1 + (1 2 ) + ,

= 1 + (1 2 ) ,
(30)

r
e

e

1
2 1

2

2

1
2 1

2

2

where

C p p r p p r
r r

C p p r
r r

=
( ) ( )

,

= ( ) ,
(31)

s r

r s

1
0 1

2
0 2

2

1
2

2
2

2
2
2

1
2

2
2

where r2 is the radius of the residual zone. pr and ps are the

unified critical stresses referring to the initiation of the
softening and residual zones respectively. The calculation
method of pr and ps will be introduced later.
By substituting eq. (30) into eq. (18), the radial displace-

ment in the softening zone can be obtained by

u M r
r

M r M r
r= + , (32)

h

h1
1

+1
2

2
3 2

2

where [ ]M µ
E C µ C D= 1 + (1 2 ) +1 2 1 0, and M2=

µ
E µ C1 + (1 2 ) 1, M µ

E C r
r= 1 +

3 2
1
2

2

.

By substituting eq. (32) into eq. (14) and considering eqs.
(16) and (30), the circumferential plastic strain in the soft-
ening zone can be written as

M r
r= . (33)p

h

1
1

+1

Similar to eq. (24), the stresses in the softening zone can be
expressed as

( )

( )

r
r

p r
r

r
r

p
h r

r

=
2

+ 1 + + + ,

=
2

+ 1 + + ,
(34)

r
q

h

q
h

1
1

0

0
3 3 3 3

1
+1

0
1

1
0

0
3 3 3 3

1
+1

0

0

where ( )= / 1q3 0 , and ( )E M D h= ( + ) / +3 1 0 0 .
Case d: By using Hooke’s law with considering the initial

hydrostatic stress [49,50], the elastic strains can be expressed
as

µ
E p µ

µ p

µ
E p µ

µ p

= 1 ( ) 1 ( ) ,

= 1 ( ) 1 ( ) .
(35)

r
e

r

e
r

2

0 0

2

0 0

By substituting eq. (35) into eq. (18) and then integrating,
the radial displacement in the softening zone can be obtained
by

[

]

u µ
Er r µ hµ h hµ µ

µ h p r D r r
r

= 1+ (1 ) + ( )

(1 2 )(1 + ) d + . (36)

h r

r h
r

h

0 0 1
1

Note that the derivation to eq. (36) requires stresses in the
softening zone. Subsequently, by substituting eqs. (35) and
(36) into eqs. (14) and (16) yields

u
r

µ
E p µ

µ p= 1 ( ) 1 ( ) . (37)p
r

2

0 0

Combining eq. (37) and eq. (5) yields

( )
Eu µ r µ µ

E µ E r
= (1 + ) [( ) + ]

1 +
, (38)p r0 0

2

where µ µ p= (1 ) + (2 1)q 0.
Substituting eq. (38) into eq. (20) yields
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( )
r

r f E µ
E µ E

d
d + ( ) = (1 + )

1 +
, (39)r

r q 2

where

( )( )f E Eu E µ µ µ r
E µ E r

( ) = 1 + (1 + )( )
1 +

. (40)r r
r

0
0 0

2

Integrating eq. (39) yields

C= er

f
r r

( )
dr

E µ
r E µ E

r+e
(1 + )

[ (1 ) + ]
e d , (41)

f
r r

f
r r

( )
d

2

( )
dr r

where C is the constant which can be determined by using
the boundary condition of eq. (19).
Subsequently, the radial displacement and stresses of the

softening zone can be obtained by integrating eq. (41) in
combination with eq. (36).

3.3 Analytical solutions for the residual zone

In the residual zone, the total strains can be written as

= + ,
= + ,

(42)r r
s

r
r

s r

where r
s, r

r and s, r are the softening and residual
components of radial and circumferential strains in the re-
sidual zone, respectively.
The nonassociated flow rule in the residual zone can be

written as [5]

f+ = 0, (43)r
r r

where f is the dilatancy coefficient of the residual zone and
( ) ( )f = 1 + sin / 1 sinr r . r is the unified dilation angle in

the residual zone. Based on the testing results obtained by
Farmer [60], a range of f = 1.3 1.5 is appropriate for soft
rocks.
By substituting the displacement at the softening-residual

interface into eqs. (42) and (43) and then integrating, the
general solution to the displacement in the residual zone can
be obtained by

( )u r r f r u r
r= 1 + d + , (44)f r

r f
r
s s

r

f
2

2 2

where ur2
is the radial displacement at the softening-residual

interface.
By combining eqs. (6) and (8), the differential equation for

the radial stress can be expressed as

( )r
r

d
d + 1 = . (45)r

r r qr

Integrating eq. (45) and considering the stress continuity
condition at the softening-residual interface, the general so-
lution to the stresses in the residual zone can be expressed as

r
r

r
r

= 1 + 1 ,

= 1 + 1 .
(46)

r r
qr

r

qr

r

r r
qr

r

qr

r

2

1

2

1

r

r

2

2

For Cases a, b and c, by substituting r r= 2 into eqs. (24),
(29) and (34) and combining eq. (46), the stresses in the
residual zone can be obtained by

( )

( )

r
r

p

r
r

r
r

r
r

p

r
r

r
r

=
2

+ 1 + +

       + 1 + 1 ,

=
2

+ 1 + +

       + 1 + 1 ,

(47)

r
q

i i i

i

h
qr

r

qr

r

r
q

i i i

i

h
qr

r

qr

r

1
2

1
0

0

1
2

+1

2

1

1
2

1
0

0

1
2

+1

2

1

r

r

0

0

where the subscript i i( = 1,  2,  3) refers to the above-men-
tioned three cases respectively.
While for Case d, the stresses in the residual zone can be

obtained by substituting r r= 2 into eq. (42) combining with
eq. (46).
To obtain the displacement solution in the residual zone,

four cases corresponding to the above derivation will be
distinguished as well.
Case a: Ignoring the elastic strain in the residual zone, ur2

can be given by substituting r r= 2 into eq. (20) as

u D r r
r= . (48)r

h

0 1
1
22

Substituting eq. (48) into eq. (44) and considering eqs. (13)
and (20) yields

u D r
f

r
r f h h r

r= + 1 + ( + 1) . (49)
h f

0 1
2

+1
2

+1

Case b: By assuming that the elastic strains are equal to
that of the softening-residual interface, the softening strain
components can be obtained by combining eqs. (13) and (25)
as

D
h h h r

r

D
h

r
r h

= + 1 1 2 ,

= + 1 2 + 1 .

(50)
r
s

r r

h

s
r r

h

=
0 1

2

+1

=
0 1

2

+1

2

2

By substituting r r= 2 into eq. (25), ur2
can be given as

u D r
h

r
r h= + 1 2 + 1 . (51)r

h
0 2 1

2

+1

2

Substituting eqs. (50) and (51) into eq. (44) yields

2508 Sun Z Y, et al. Sci China Tech Sci October (2022) Vol.65 No.10



u D r
h

f h
f

r
r h D r

f
r
r

r
r= ( + 1)

2 2
+ 1 + 1 + 2

+ 1 . (52)
h h f

0 1
2

+1
0 2 1

2

+1
2

Case c: By using the thick-walled cylinder theory, the
elastic strains in the residual zone can be written as

µ
E µ C C r

r

µ
E µ C C r

r

= 1 + (1 2 ) + ,

= 1 + (1 2 ) ,
(53)

r
e

r
r

e
r

r

1
2 2

2

2

1
2 2

2

2

where

C p p r p p r
r r

C p p r
r r

=
( ) ( )

,

= ( ) .
(54)

r
r i

r
i r

1
0 2

2
0 0

2

2
2

0
2

2
0
2

2
2

0
2

Substituting eq. (32) into eq. (14), then combining with
eqs. (53) and (42) considering eq. (16), the softening com-
ponents of the strains in the residual zone can be obtained as

M M r
r M h r

r M

M M r
r M r

r

= + ,

= + + ,
(55)

r
s

r r

h

s
r r

h

2 3
0
2

2 1
1
2

+1

2

2 3
0
2

2 1
1
2

+1

where M µ
E µ C= 1 + (1 2 )r r2 1 , and M µ

E C r
r= 1 +

r r3 2
2
0

2

.

The displacement on the softening-residual interface ur2

can be given by substituting r r= 2 into eq. (31) as

u M r
r M M r= + ( ) . (56)r

h

h1
1

+1

2
2 3 22

Substituting eqs. (53) and (54) into eq. (44) with integra-
tion, the radial displacement in the residual zone can be
obtained by

u rN
f

r
r

f
f M r

r
r
r

M r
r M M r r

r

= + 1 1 + + 1
1 1

       + + ( ) ,

(57)

r
f

r

f

h

h

f

2
+1

3
0
2

2
1

1
1

+1

2
2 3 2

2

where N f M f h M r
r M= ( + 1) + ( )r r

h

2 1
1
2

+1

2.

Case d: By using the Hooke’s law, the elastic strains can be
obtained by eq. (35). Substituting eq. (32) into eq. (14), then
combining with eqs. (35) and (42) considering eq. (16), the
softening components of the strains in the residual zone can
be obtained. Thereafter, the radial displacement in the re-
sidual zone can be obtained by substituting the softening
components of the strains ( r

s and s) and the displacement at
the softening-residual interface ur2

into eq. (44). Notably, the
softening components of the stresses require solving si-

multaneous equations, and the closed-form solution to the
radial displacement in the residual zone cannot be obtained.

4 Analysis of the plastic radii and critical
stresses

4.1 Analysis of the softening state

The radii of the softening and residual zones with the critical
stresses ps and pr are derived in this section. Notably, the
stresses of Cases a, b and c are in similar forms, their soft-
ening radii will be solved in a uniform manner, whereas Case
d will be solved separately. Since the initial yielding of rock
mass is defined by the yield criterion, it does not influence
the definition of the elastic strains of the softening zone. By
substituting eq. (5) to eq. (12) considering eq. (11), the
unified initial yielding stress ps can be obtained by

p
p

=
2
1 + . (58)s

q0

0

Without the residual zone, the tunnel wall is in the soft-
ening state. For Cases a, b and c, by substituting r r= 0,

p=r i into eqs. (24), (29) and (34), the transcendental
equation form of the softening radius can be expressed as

r r p r
r

p
=

2
( + 1) + 1 . (59)i i

i

q

i

i

i

h

1 0
1
0

1
0

0

1
+10

Based on eq. (59), the radii of the softening zone for all the
cases can be obtained at given pi. Notably, Case c, 3 is a
function of r1 and the expressions of C1 and C2 should be
rearranged as

C p p r p p r
r r

C p p r
r r

=
( ) ( )

,

= ( ) .
(60)

s i

i s

1
0 1

2
0 0

2

1
2

0
2

2
0
2

1
2

0
2

When the residual zone is about to appear ( p p=i r), the
tunnel wall r r= 0 is exactly at the softening-residual inter-
face. Therefore, by substituting r r= 0 into eqs. (24), (29), and
(34) and combining eq. (46) gives the transcendental equa-
tion form of the critical softening radii

( )E= + , (61)qr q
p

r r r r= 0 0

where r0
can be given by substituting r r= 0 into eqs. (24),

(29), and (34) as

( )r
r p r

r= + + + . (62)r s i i i i

h
1
0

1
1
0

+1

0

0

Defining n r r= /1
*

0 and then combining eqs. (61) and (62)
considering eqs. (22), (27), and (33), the general transcen-
dental equation form of n can be written as

N n N n N+ + + = 0, (63)h
q qr1

* +1
2
* 1

3
*0
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where N1
*, N2

* and N3
* are the undetermined coefficients

related to the different cases as follows:
Case a:

( )N E D= r1
*

1 0 0,

( ) ( )N p= +s r2
*

1 1 0 ,

( )N = r3
*

1 0 .
Case b:

( )N D E
h= 2

+ 1r1
*

2 0
0 ,

( ) ( )N p= +s r2
*

2 2 0 ,

( )N D E
h= + 2

+ 1r3
*

2 0
0 .

Case c:

( )N E M= r1
*

3 0 1,

( ) ( )N p= +s r2
*

3 3
*

0 ,

( )N = r3
*

3 0 .

By substituting r r= 0, p=r r into eqs. (24), (29), and (34)
considering eq. (6), the critical stress pr can be obtained by

( ) ( )p r
r p

h r
r

= 1
+ 1 1 + +

+2 + (1 ) . (64)

r
r

s i i

i i

h

qr

0
1*

0

1

1*

0

+1

0

Evidently, the residual zone will exist only if the internal
support pressure pi is less than pr.
While for Case c, using the boundary condition p p=i r at

r r=2 0, the critical values of C1 and C2 in eq. (30) can be
expressed as

( )
( )

( )

C
p p r p p r

r r

C p p r
r r

=
( ) ( )

,

=
( )

.

(65)

s r

r s

1
*

0 1
* 2

0 0
2

1
* 2

0
2

2
* 0

2

1
* 2

0
2

The critical values of 3 and M1 in eq. (34) can be ex-
pressed as

[ ]

E M D
h

M µ
E C µ C D

=
+

+ ,

= 1 + (1 2 ) + .
(66)

3
* 1* 0

0

1
*

2
*

1
*

0

For Case d, note that f ( )r in eq. (41) is a function of r1;
thus, substituting r r= 0 and p=r i into eq. (41), the softening
radius r1 can be obtained.
Considering that when the residual zone is about to appear,

the boundary condition that p=r r0
should be satisfied,

substituting p=r r0
into eq. (61) yields

p
E

=
+

( ) . (67)r
qr q

p
r r

r

= 0

By substituting r r= 0, p=r r into eq. (41), the relationship
between pr and r1

* can be given. Thereafter, in combination
with eq. (67), the critical stress pr and critical softening ra-
dius r1

* which the residual zone is about to appear can be
obtained.

4.2 Analysis of the residual state

In this section, the residual radii of Cases a, b and c will be
solved in a uniform manner, whereas Case d will be solved
separately.
When p p<i r, the radius of the residual zone will be

greater than r0. The boundary condition is r r= 2,
=r r dr r r dr+ ; substituting r r= 2 into eqs. (5) and (6) yields

( )E= + , (68)qr q
p

r r r r= 2 2

where r2
of Cases a, b and c can be given by substituting

r r= 2 into eq. (47) as

( )r
r p r

r= + + + . (69)r s i i i i

h
1
2

1
1
2

+1

2

0

Defining l r r= /1 2 and then combining eqs. (68) and (69)
considering eqs. (22), (27), and (33), the general transcen-
dental equation form of l can be written as

N l N l N+ + + = 0, (70)h
q qr1

+1
2

1
3

0

where the undetermined coefficients for the three cases are as
follows:

Case a: N N=1 1
*, N N=2 2

*, N N=3 3
*.

Case b: N N=1 1
*, N N=2 2

*, N N=3 3
*.

Case c: ( )N E M= r1 2 1,

( ) ( )N p= +s r2 3 3 , ( )N = r3 3 .

By substituting the boundary condition r r= 0, p=r i into
eq. (47), the unified residual radii can be obtained as follows:

r r
p

l p l
= 1

[ ( + )] + + 1
. (71)

i
qr

r

s i i i i
h qr

r

2 0 1 +1

1
1 r

0

Notably, when the physical and mechanics parameters of
the softening and residual zones are identical, eqs. (61) and
(68) will be the same as those proposed by Fan et al. [61],
and the solutions in Case b will degenerate to those of Fan’s
solutions. Moreover when b = 0, the UST will degenerate to
the M-C criterion; subsequently, the solutions to Case b can
be transformed to those proposed by Yao et al. [53].
For Case d, eq. (68) can be transformed as
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E
=

+
. (72)r

qr q
p

r r

r

=

2

2

Substituting r r= 2 into eq. (37) yields

u
r

µ
E p µ

µ p= 1 ( | ) 1 ( ) , (73)p
r r

r
r r r= 2

2

= 0 02
2

2 2

where ur2
can be obtained by substituting r r= 2 into eq. (36).

Note that r2
is the radial stress at the softening-residual

interface, it can be obtained by substituting r r= 2 into eq.
(41). Subsequently, in combination with eq. (72), the ratio of
the softening and residual radii l can be given. Moreover, by
substituting r r= 0, p=r i into eq. (41), the residual radius r2
in terms of pi can be obtained. Thereafter, the softening
radius can be obtained at a given pi.

5 Validation of the proposed method

5.1 Comparison to the numerical simulations

To validate the proposed model, the results of the proposed
method are compared with numerical simulations using the
secondary development program of FLAC3D. Due to the
algebraic complexity, a MATLAB program is compiled to
carry out the computations for the analytical model. A deep
circular tunnel of radius r = 6 m0 with the burial depth of
400 m is considered here. The physical and mechanical
parameters of the surrounding rock of E = 1.3 GPa , µ = 0.3,
c = 1 MPa0 , = 300 , c = 0.7 MPar , = 20r , h = 2.5,
f = 1.5, E = 400 MPa , b = 0.5, and m = 1 are adopted for
the analysis. The tunnel is subjected to a hydrostatic stress of
p = 10 MPa0 . Due to the symmetry of the analyzed pro-
blem, only a quarter of the tunnel is considered, as shown in
Figure 4. Based on the proposed solutions, the ground re-

action curves are obtained by gradually reducing the internal
pressure pi from 10 MPa to zero. A stress release function is
conducted in the numerical simulation to get the tunnel
displacements with a given support pressure. A total of three
stages are foreseen in the calculation corresponding to the
stress states of the surrounding rock.
The results of the proposed method and the numerical si-

mulations are shown in Figure 5. It is shown that the ground
reaction curves from the proposed method of Case d match
well with the numerical simulations, which means that the
elastic strain definition in the numerical simulation is the
Hooke’s law. The plastic radii from the numerical simula-
tions are slightly affected by the mesh division, which cannot
be obtained accurately. While the critical support pressures
regarding the elasto-plastic and softening-residual transition
obtained by the proposed method is also in a good agreement
with the results of the numerical simulations.

5.2 Comparison to the model test

5.2.1 Model test layout
As shown in Figure 6, the model test was conducted in a tank

Figure 4 Numerical model used in the validation.

Figure 5 Validation of the proposed method by the numerical simulations. (a) Ground reaction curves; (b) analytically plastic radii and the numerical
simulation results.
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with dimensions of 1000 mm × 1000 mm × 600 mm. The
front wall was made by transparent organic glass, and the
other sides were made by steel plate. A circular tunnel was
installed in the middle of the tank with the diameter of
200 mm. According to the similarity principles, the simi-
larity constant of the geometric dimension, stress, and elastic
modulus are C C C= = = 70l E , and the similarity constants
for the unit weight, strain and Poisson’s ratio are
C C C= = = 1µ . This model test was aimed to illustrate the
effect of the intermediate principal stress on the tunnel re-
sponses, the strain-softening behavior of the rock mass was
not considered herein. Since the strain-softening model can
degenerate to the elastic-perfectly plastic model, the model
test can also be used to validate the proposed analytical so-
lution. According to the refs. [62,63], we selected barite
powders, quartz sand, vaseline and low-viscous lube to si-

mulate the rock mass, of which the mixture ratio was
12:5:1.4:1. Through a set of compressive and shear tests, the
physical and mechanical parameters of the model and pro-
totype material are shown in Table 1.
The model test system is mainly composed of a loading

system and data collection system. The vertical and hor-
izontal pressures are applied by the top and the lateral
loading systems respectively. To simulate the axisymmetric
stress field, the vertical and horizontal pressures were set as

= = 80 kPav h , corresponding to the prototype in-situ
stress of 5.6 MPa. The data collection system includes the
stress measurement system and the displacement analysis
system. The stress measurement was conducted by the earth
pressure cells and the JC-4A static strain test system. In order
to obtain the ground reaction curve, as well as explain the
intermediate principal stress effect, the earth pressure cells
were installed on the tunnel vault and both sides to monitor
the radial, circumferential and the axial stresses. Since the
pressure cells were installed closely with the small enough
spacing, the stresses of different cells can be treated as the
different stress components of a single point on the tunnel
vault. The displacement measurement was carried out by a
digital image correlation system, including a digital camera,
a computer and the video gauge software (Figure 6).
The key processes of the model test are shown in Figure 7.

The similar materials were mixed in a blender according to
their weight ratios and then poured into the tank from the
bottom to the top layer. After pouring a layer of materials, the
corresponding glass plate was assembled and the ground was
tamped by a rubber hammer. The earth pressure cells were

Figure 6 Overview of the model test.

Table 1 The detailed parameters of the rock mass in the model test

Rock mass Unit weight (kN/m3) Elastic modulus (MPa) Poisson’s ratio Internal friction angle (°) Cohesion (kPa)

Prototype 20.3 36.2 0.33 26.2 6.8

Similar material 20.3 2536.1 0.33 26.2 476.7

Figure 7 Key processes of the model tests.
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buried at the designed locations. Then the horizontal and
vertical pressures were applied at the same time, when they
reached the designed values the pressures were kept con-
stant. In model tests, the tunnel model was pulled out at a
constant speed controlled by a hand instrument. The ground
pressures and displacements are collected timely at the same
time. To reduce the surface friction between the ground, the
tunnel model was covered by a smooth reflective sheeting.

5.2.2 Comparison of the analytical solution and experi-
mental results
Figure 8 shows the relationship between different directions
of the surrounding rock pressures at the tunnel vault. Since
the vertical and the horizontal pressure components are the
minimum and maximum pressures 3 and 1 respectively at
the tunnel vault, the relationship of the 1 and 3 are fitted
herein. Moreover, the relationship of the sum of 3 and 1
with the intermediate principal stress 2 (axial stress) can be
determined. Denoting the area that 1 increases with 3 as the
plastic zone, then by substituting the coefficients of the fitted
curves into eqs. (5) and (58), the intermediate principal stress
coefficient b and the related parameter m can be determined
as 0.49 and 0.98 of the prototype respectively. In this regard,
the model test can be served as an alternative approach to
determining the intermediate principal stress coefficient.
When the peak strength and the residual strength of the

rock mass are identical, the proposed solutions will degen-
erate to the elastic-perfectly plastic solutions. Then by sub-
stituting the values of b and m into the proposed solutions,
the ground reaction curves can be obtained. Figure 9 shows
the results from the analytical model and the model test. It
can be seen that the solution of Case d matches best with the
model test, which is the exact one. The maximum tunnel
displacement from Case c is a little greater than that from
model test with the relative error of 5.7%, which can be used
in the tunnel design from the safety viewpoint. The results
from solutions of Cases a and b are much smaller than those
from the model test, which should be carefully evaluated for
solving a particular problem.

5.3 Comparison to the existing analytical models

To investigate the effect of different definitions of the elastic
strains and highlight the advantages of the proposed method
in engineering applications, the proposed analytical solutions
are compared with the models proposed by Yao et al. [53]
and Zhang et al. [54]. Since Zhang’s solution is based on the
UST elastic-brittle-plastic model with three definitions of the
elastic strains, the results obtained by Zhang’s model are
based on the softening parameters. The physical and me-
chanical parameters of the rock mass are the same as Sect.
5.1. To better compare the proposed method and the existing
models, the dimensionless values of the calculated results are

used here. The displacement and plastic radii are normalized
by the tunnel radius, and the stress is normalized by the in-
situ stress.
Figure 10 shows the dimensionless tunnel displacements

of the above-mentioned four cases with the internal support
pressure p = 0i . The tunnel displacements of Case a are the
lowest, while Case c gives the highest displacements. On the
tunnel boundary, the displacement of Case c is more than
twice that of Case a. The displacements given by Case b fall
in between those given by Cases c and d, while they are
closer to that given by Case a. Cases a and b may under-
estimate the tunnel displacement, particularly for tunnels
excavated in soft rocks, which should be carefully evaluated
in tunnel design. As the exact one, Case d is a little lower
than Case c, which could not yield a specific solution for the
tunnel displacement. In terms of tunnel safety and calcula-
tion simplicity, Case c is appropriate for solving a particular
problem. Moreover, the comparison between the proposed
method and Yao’s solution shows that the M-C criterion

Figure 8 Surrounding rock pressure components at the tunnel vault from
model test.

Figure 9 Comparison of the analytical solutions with the model test.
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overestimates the tunnel displacement without considering
the effect of the intermediate principal stress. This means that
the M-C criterion may underestimate the rock mass strength,
which unnecessarily increases the support cost. Moreover, it
shows that the tunnel displacements from the proposed
method are greater than those from the Zhang’s solution in
all the cases. Therefore, Zhang’s model should be carefully
evaluated for rock masses exhibiting strain-softening beha-
vior, particularly for average-quality rocks. The proposed
model thus excels in solving the mentioned problem over the
classical models.
Figure 11 shows the dimensionless stresses with the in-

ternal support pressure p = 0i . As shown, the radial stresses
in the residual zone are the same in the four cases. The peak
values of the circumferential stresses given by Cases b, c and
d are nearly equal, which are greater that of Case a. In
comparison, the positions where the peak values are located
are quite different, which means that the radii of the soft-
ening and residual zones differ. The area where the cir-
cumferential stress increases in Case c is the largest and that
in Case a is the smallest close to Case b. In comparison, the
area obtained by the M-C criterion is much larger than that
obtained by the proposed method. This once again proves the
importance of considering the effect of the intermediate
principal stress. A comparison shows that the peak values of

obtained from Zhang’s model are slightly greater than
those obtained from the proposed model. In addition, the
radial stresses of all the cases are slightly different, and the
definitions of the elastic strains have relatively less effect on
the radial stresses.
The radii of the softening and residual zones can be ob-

tained by gradually reducing the internal support pressure pi,
as shown in Figure 12. The initial yielding stresses ps of the
four cases are identical, while the softening-residual critical
stress pr of Case c is the highest, indicating that the residual
zone appears earlier with the stress release. The radii of the
softening and residual zones of Case c are also greater than
those of the other three cases. A comparison of the proposed
method and Yao’s solution shows that the critical stresses,
and the radii of the softening and residual zones obtained by
the M-C criterion are greater than those obtained by the UST.
Therefore, it can be concluded that the UST takes full ad-
vantages of the rock mass strength, which is beneficial to
reduce the project cost. Zhang’s model includes one single
plastic zone, and the plastic radius rp is free from the defi-
nition of elastic strain. rp from Zhang’s model is significantly
greater than those from the proposed model in all the cases.

6 Parametric analysis

In this section, an extensive parametric analysis is conducted
to investigate the effects of the intermediate principal stress,

Figure 10 Dimensionless tunnel displacements with different definitions
of the elastic strain.

Figure 11 Dimensionless stresses with different definitions of the elastic
strain.

Figure 12 Dimensionless softening and residual radii with different de-
finitions of the elastic strain.
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the dilatancy property, and softening and residual degrees on
the tunnel responses. The typical values of b, h, E´, cr and φr
are adopted for the analysis, as listed in Table 2. When
studying the influence of one single parameter, the other
parameters take the fiducial values of Table 2. As mentioned
above, Case c is the most appropriate assumption for soft
rocks, it is chosen as the example herein. Notably, the in-
tension here is not to study all the influential parameters, but
to explore the different tunnel responses under the effect of
the intermediate principal stress and to prove the necessity
for considering the difference between the softening and
residual zones, which was not included in the existing stu-
dies.
Figure 13 shows the effect of the intermediate principal

stress with different softening dilatancy properties of the
rock mass. With the increase in b, the tunnel displacement
and the radii of the softening and residual zones decrease to
different degrees. The greater the h value, the more sig-
nificant the effect of the intermediate principal stress. Taking
h = 1 and h = 3 as examples, the tunnel displacement and the
radii of the softening and residual zones decrease by 50%
and 57%, 26% and 32%, 31% and 31%, respectively, when
b = 0 compared with those when b = 1. This indicates that
the greater the dilatancy of the surrounding rock, the more
important it is to consider the intermediate principal stress.
Therefore, the effect of the intermediate principal stress
should be considered reasonably in practical engineering
applications. The value of b can be obtained by geological
exploration combined with true triaxial test, laboratory
model test and numerical simulation [58,64]. The analysis of
Figure 13 also shows that the softening dilatancy has a cer-
tain influence on the tunnel responses. With the increase in h,
the tunnel displacement and radius of the softening zone
increase significantly, whereas the radius of the residual zone
almost remains unchanged.

The dimensionless tunnel displacements, stresses, and ra-
dii of the softening and residual zones under different soft-
ening degrees represented here by the softening modulus E
are plotted in Figure 14. As shown in Figure 14, with the
decrease in E , the tunnel displacement, maximum cir-
cumferential stress, and stress-increasing area increase sig-
nificantly. Interestingly, E does not influence the stresses in
the residual zone, while it affects the residual radius. Owing
to the increase in E , the radii of the softening and residual
zones decrease, so does their ratio. According to Jiang et al.
[56] and Zhang and Chen [65], the greater the residual ra-
dius, the lower the stability of the surrounding rock and the
more difficult it is to control. Therefore, by controlling the
softening degree of the surrounding rock, the radius of the
residual zone can be reduced, which is beneficial to tunnel
safety.
Figures 15 and 16 show the tunnel responses varying with

the mechanical parameters in the residual zone cr and r with
different residual dilatancy f. With the increase in cr and r,
the tunnel displacements and radii of the softening and re-
sidual zones reduce dramatically. The values of cr and r not
only affect the response of the residual zone, but also has a
significant effect on the softening zone. The ratio of the
softening and residual radii decreases with cr and r, which
means that the elastoplastic and softening-residual interfaces
get closer. When = = 30r 0 , the radii of the residual and

Table 2 Fiducial values and variation ranges of the parameters

Parameter Fiducial value Variation range

b 0.5 0, 0.25, 0.5, 0.75, 1

h 1.35 1.3, 1.35, 1.4, 1.45, 1.5

E′ (MPa) 400 200, 400, 600, 800, 1000

cr (MPa) 0.7 0.6, 0.7, 0.8, 0.9, 1.0

φr (°) 20 10, 15, 20, 25, 30

Figure 13 Effect of the intermediate principal stress under different softening dilatancy. (a) Dimensionless tunnel displacements; (b) dimensionless plastic
radii.
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softening zones are almost equal. Figures 15 and 16 also
show that with the increase in f from 1.35 to 1.5, the tunnel
displacement increases slightly, while the radii of the soft-
ening and residual zones remain stable, showing no re-
lationship with increasing f. Moreover, when cr and r
increase, the influence of f on the tunnel displacement be-

comes more limited. This result indicates that, the greater the
residual strength, the weaker the effect of the residual dila-
tancy. Therefore, the mechanical parameters in the residual
zone should be identified carefully rather than considering
them as those of the softening zone. According to the con-
vergence-confinement method, the existing models would
lead to unsafe tunnel design. The existing models should be
used with caution in solving a particular problem. The pro-
posed solutions thus excel in tunnel design over the existing
models.

7 Conclusions

In this study, the analytical solutions for the responses of
deep circular tunnels excavated in rock masses exhibiting
strain-softening behavior were derived based on the unified
strength theory. The difference in the definitions of the
elastic strain was illustrated for strain-softening rock masses.
A parametric study with the proposed solutions was per-
formed to investigate the effects of the intermediate principal
stress and mechanical parameters of the residual zone on
tunnel responses. The main conclusions can be summarized
as follows.
(1) Based on the UST and different definitions of the

elastic strain, solutions to the tunnel displacements, stresses,
plastic radii and critical stresses considering the effect of the
intermediate principal stress were deduced. The proposed
solutions were further used for obtaining the ground reaction
curve, the results from the proposed model matched well
with the model test and numerical simulations, thus permit-
ting its application in the convergence-confinement method
for tunnels excavated in strain-softening rock mass.
(2) Among the four definitions of the elastic strain, Case a

yielded the lowest tunnel displacements and plastic radii.
The calculated values of Case b were slightly greater and
close to those of Case a, which also underestimated the
tunnel responses. The results of Case d were found to match
best with the model test, which can be treated as the exact
solution. Case c yielded the highest tunnel displacements and
plastic radii, slightly greater than the exact one (Case d)
without explicit solution. In view of tunnel safety and
computing simplicity, solutions based on Case c were found
to be the most appropriate for practical applications in en-
gineering design.
(3) The calculated values of the tunnel displacements and

plastic radii by UST were lower than those obtained by the
M-C criterion, indicating that the M-C criterion over-
estimated the tunnel responses. The effect of intermediate
principal stress helps prevent the surrounding rock from
yielding and resisting tunnel displacement. The greater the
intermediate principal stress coefficient b, the lower the
tunnel displacements and plastic radii. Therefore, the effect

Figure 14 Effect of the softening modulus on tunnel responses. (a) Di-
mensionless tunnel displacements; (b) dimensionless stresses; (c) di-
mensionless plastic radii.
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of intermediate principal stress helps fully utilize the strength
of rock masses, which is beneficial to reduce the support cost
and cannot be neglected. Appropriate values of b should be
determined for different materials in practical engineering,
and the presented model test can be served as an alternative
approach to determine the intermediate principal stress.
(4) To highlight the significance of different parameters,

which most of the existing solutions neglected, a parametric
study was performed. The softening modulus and softening
dilatancy showed a significant effect on the tunnel responses,
while the softening dilatancy had a negligible effect on the
residual radius. The effects of the mechanical parameters in
the residual zone on the tunnel responses were remarkable,
while the influence of the residual dilatancy was quite lim-
ited under a high residual strength. Therefore, the proposed
model outperformed the existing solutions using the UST
elastic-brittle-plastic model in solving the mentioned pro-
blem for average-quality rocks.
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