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A three-dimensional disc model with non-uniform heat generating is built. A series of cooling channels are inserted to cool this
disc which is strewn in a hierarchical pattern. To reveal thermal and flow characteristics, a composite objective function
comprised of the maximum temperature difference (MTD) and pumping power is constructed. The deployment pattern of
cooling channels contains two cases, i.e., the radial-pattern and dendritic-pattern. By capitalizing on constructal design method
together with finite element method, the diameter of radial-pattern cooling channels is optimized in the first place. Next, the
diameter, angle coefficient and length coefficient of dendritic-pattern cooling channels are three degrees-of-freedom to be
stepwise optimized at different heat generating conditions. Furthermore, NSGA-II algorithm is introduced into the multi-
objective problem. Upon obtaining its Pareto optimal solution set, Topsis method is invoked to yield the optimal solutions under
given weighted coefficients. The heat generation over the entire body and the volume ratio of cooling channels operate as the
primary constraints. Based on these premises, constructal design will be stepwise performed by varying three degrees-of-
freedom. The obtained results state that more heating components or devices should be installed as close to the cooling water
inlet as possible. This can further reduce MTD at the same cost of pumping power, thereby improve thermal and flow
performance and prolong the lifespan of devices. As optimized with two degrees-of-freedom, the MTD is reduced by 18.6%
compared with the counterpart obtained from single degree-of-freedom optimization, while the pumping power is increased by
59.8%. As optimized with three degrees-of-freedom, the MTD is decreased by 6.2% compared with the counterpart from two
degrees-of-freedom optimization, while the pumping power is increased by 3.0%. It is manifest that when two sub-objectives
form a composite objective, the performance improvement of one sub-objective will inevitably elicit the vitiation of the
alternative.
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1 Introduction

Catering to the phenomenal ever-increasing demand of

portable electronic products, electronic products are mark-
edly upgrading towards high-speed, lightweight, multi-
functional, low power consumption and other prospects. At
the same time, their packaging structures are developing
more compact, which have conceivably behaved the li-

© Science China Press and Springer-Verlag GmbH Germany, part of Springer Nature 2021 tech.scichina.com link.springer.com

SCIENCE CHINA
Technological Sciences

* Corresponding author (email: lingenchen@hotmail.com; lgchenna@yahoo.com)

https://doi.org/10.1007/s11431-020-1697-7
https://doi.org/10.1007/s11431-020-1697-7
http://tech.scichina.com
http://springerlink.bibliotecabuap.elogim.com
http://crossmark.crossref.org/dialog/?doi=10.1007/s11431-020-1697-7&amp;domain=pdf&amp;date_stamp=2020-10-23


abilities of thinness and miniaturization. The significant
advancement of integrated circuit sheds light on the evolu-
tion of advanced packaging technologies. Whereas, the
roadblock arising from high demand for potent heat dis-
sipation has turned increasingly tougher. Around recent
years, the highest power of integrated circuits will exceed
360 W/cm2, which poses severe obstacles to the efficient
heat dissipation of electronic products [1]. In order to defeat
the inevitable dilemma due to miniaturized electronic pro-
ducts along with high power density, enhanced convective
heat transfer provides a viable solution as matters stand.
Since Tuckerman and Pease [2] pioneered the application of
micro-channels to cool an electronic chip, the micro-channel
cooling technique has been made tremendous advances and
gradually moves towards a market-oriented industrialization,
especially in the aspect of cooling electronic products. As a
result, plenty of research attentions have been riveted on the
geometry optimizations of cooling channels [3], which has
edified a broader lore of how micro-channels can improve
the heat dissipation performance.
Constructal theory was put forward by Bejan [4,5], the gist

of which could be expatiated that the structural evolution
originates from providing an increasingly more accessible
gateway for the “flow” that flows through its interior. It
unprecedentedly puts a fresh spin on the structural design in
terms of a finite size flow system. On this basis, a score of
academicians have investigated various engineering pro-
blems by resorting to constructal design method in our age
[6–18], e.g., heat sinks [19–23], heat source [24] solid-gas
reactors [25,26], slab continuous casting [27–29], blast fur-
naces [30–32], converter [33], sinter cooling process [34],
reheating furnace wall [35,36], hot water network [37], gas
turbine blade [38], various heat exchangers [39–43], fins
[44–50], vascular networks [51], dual-pressure turbine [52],
and energy conversion systems [53–55]. Amongst, the con-
structal design of convective heat dissipation problem in the
disc is a concerned aspect.
On the arena of constructal design for uniform heat gen-

erating disc, Wechsatol et al. [56] firstly utilized analytical
method to research the two-dimensional steady-state “disc-
point” thermo-fluid model by minimizing the total flow re-
sistance. It was reported that the optimal flow resistance
performance could be obtained by increasing the internal
structural complexity of cooling pattern in the case that the
shortest distance between the cooling channels remained
invariant. Inspired by the research carried out in ref. [56],
Lorente et al. [57] re-examined the “disc-point” heat con-
vective problem with the minimizations of flow path length
and total flow resistance, respectively. The analytical results
proved that under the same geometric restraints, the optimal
geometry yielded from minimizing flow path length is not
much different from the counterpart yielded from minimiz-
ing total flow resistance. Wechsatol et al. [58] documented

the monotonous decreasing characteristic of the maximum
thermal resistance versus pumping power under the con-
straints of constant disc geometry and cooling channel vo-
lume. The numerical results indicated that the optimal
geometry of the cooling channel obtained from the minimum
total thermal resistance was radial-pattern flow structure,
which was contrary to the dendritic-pattern flow structure
obtained from the minimum pumping power. Reddy et al.
[59] presented the thermo-fluid disc models with steady and
transient states, respectively, and they showed that increasing
the structural complexity of flow pattern brought benefits to
the uniformity of temperature in the disc-shaped body. Be-
sides, the decreasing trend of total thermal resistance slowed
down as the internal complexity of cooling pattern increased.
Revellin et al. [60] considered the influence of fluid phase
change and optimized the dendritic-pattern circular flow path
by means of maximizing the critical heat dissipation rate. In
their research, the cooling pattern that chose radial- or den-
dritic-pattern deployment should be determined by the
practical pumping power. Daguenet-Frick et al. [61] fed
R134a into the disc strewn with radial- and dendritic-pattern
cooling channels, and minimized the flow resistance by nu-
merical method. It was shown that increasing the structure
complexity of cooling pattern was not tantamount to the
improvement of thermo-fluid performance. Ghaedamini et
al. [62] configured the disc with recirculating micro-channels
so as to procure a disc configuration with better heat transfer
performance. They revealed that the realization of high heat
dissipation rate required more pressure drop as cost, beyond
that reducing the thickness of the disc could decrease the heat
resistance to some extent. Feng et al. [63] commenced to
minimize the maximum temperature difference (MTD) and
re-optimized the “disc-point” convective thermal and flow
problem proposed by ref. [56]. In tune with constant total
pumping power, the optimal constructs of cooling channels
were thus obtained by analytical method, and the radial- or
dendritic-pattern arrangement of cooling channels was cru-
cially affected by the critical disc radius. Salimpour and
Menbari [64] chose the minimum total flow resistance and
thermal resistance as optimization objectives and then sur-
veyed the optimal arrangement of cooling channels. It was
presented that the mass flow rate of cooling fluid behaved a
great impingement on the maximum thermal resistance. On
the contrary, the flow resistance was scarcely affected by the
variance of mass flow rate. Apart from the abovementioned
papers, many scholars put their focal points of interest on the
distributions of cooling channels at various conditions of
heat flux inputs [65–76].
As the practical electronic devices function commonly, the

components strewn over the printed circuit board (PCB) are
separately powered by the copper layers which are non-
uniformly coated on the surface. On account of the diver-
sities in the operating power and install position of individual
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component, the localities with different local heat current are
dispersed on the surface of PCB. As a result, the non-uniform
heat generating (NUHG) phenomenon will take place in the
package. In the case that the generated heat flux cannot be
promptly output into the ambient, the real-time performances
of the electronic devices will be inevitably compromised. So
far as in this stage without any retrofits, it will incur great
damage to the operating characteristics, and eventually lead
to a greatly shortened lifespan of the devices. Henceforth, it
merits a particular investigation of how NUHG will impinge
upon the thermal and flow performance. Intended to reveal
the effects of NUHG phenomenon and mend the foregoing
literature gap, You et al. [77] implemented a constructal
design for NUHG rectangular body which was cooled by
circular channels placed in parallel pattern. They utilized
alumina ceramics and water as the heat generating material
and cooling fluid, respectively, afterwards verified and va-
lidated the credence of mathematical solution by experi-
ments. Apart from riveting on heat convection problem,
some academicians also made use of constructal design
method to research the heat dissipation performance of heat
conduction whilst the computational domain was non-uni-
formly heat generating [78–84]. Accordingly, Figure 1
manifestly showcases the redrawn flowchart with regard to
the constructal design method based on ref. [85]. With the
light of the aforementioned latest publications, constructal
design method is exploited in the following procedures.
In order to study the heat dissipation performances of real

electronic devices, one can regard these devices as NUHG
bodies. Especially, in terms of disc-shaped electronic de-
vices, one can insert cooling channels to tackle the high heat
dissipation demand. On this basis, a three-dimensional
steady-state disc model will be built to reveal the heat
transfer and fluid flow characteristics. The deployment pat-
tern of cooling channels contains two cases, i.e., the radial-
pattern and dendritic-pattern. First, the diameter of radial-
pattern cooling channels is optimized under different heating
conditions. Next, the diameter, angle coefficient and length
coefficient of dendritic-pattern cooling channels are three
degrees-of-freedom to be stepwise optimized under different
heat generating conditions, which is inspired by constructal
design method. A composite objective function comprised of
the MTD and pumping power is utilized as the optimization
objective. Here, the exhaustive search method will be
adopted in order to uncover the constructal design in the
range of values used. Then, the multi-objective problem is
further optimized by NSGA-II algorithm and on this basis its
Pareto optimal solution set is yielded. Based on the Topsis
multi-attribute decision method, the final solutions under
specific weighted coefficients are procured by inputting the
target weighted coefficients offered by the decision maker.
Finally, the effects of NUHG coefficient on the geometry
evolution of the pattern are analyzed.

2 Model establishment

2.1 Physical modeling

Normally, an electronic device can be simplified and re-
garded as a control body with internal heat generating as it is
in steady operation. Figure 2 depicts the physical model of a
disc-shaped control body. It is clear from Figure 2(a) and (b)
that, r and H denote the diameter and height of the disc-
shaped body, respectively. N circular cooling channels are
radially arranged in the body, which are also uniformly
strewn along the radial direction. Cooling fluid flows
through inside so as to steer the generated heat away from the
disc-shaped body. The diameter of cooling channels is dc,
and in the meantime the volumetrically heat generating
coefficient in the control body is q″′. As depicted in
Figure 2(b), one can notice the symmetrical characteristic of
the flow pattern in the disc-shaped body, therefore, the entire
disc-shaped body can be stripped into N identical unit sec-
tors. To this end, the unit body that featuring volume vel and
apex angle 2θ0 can be particularly isolated as the research
geometry. Furthermore, for the brevity of numerical calcu-
lation, the model shown in Figure 3 is finally ascertained to
be the computational domain solved by the finite element
method. Under the hypothesis of the invariable volume of
disc-shaped body, both the height H/2 and radius r vary with

Figure 1 (Color online) Flowchart with regard to the constructal design
method redrawn based on ref. [81].
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the number of cooling channels. Table 1 lists the geometric
parameters and the mutual relationships among them. Given
the unit body, the heat generated inside the unit sector is first
conveyed to the interface of cooling channel by heat con-
duction in the heat generating substrate with thermal con-
ductivity ks. In the next, the heat is exported away from the
unit sector through heat convection process among the
cooling fluid and the interface. From Table 1, the cross-
section of circular cooling channel is d /4c

2 , and its volume
proportion to the unit sector is defined as the volume ratio of
cooling channel to unit sector, which can be computed by

( )v v d r r N H= / = / / (4 ), (1)ch el c
2

and the volume of unit sector is

v Hr N= / . (2)el
2

The total heat generating rate in the entire disc-shaped
body is fixed, that is

Q V q q v= = d , (3)
V0

where q 0 is denominated as the NUHG constant. In this
precondition, eq. (3) serves as a general heat generating
constraint in the following calculations.
Pertinent to the background of industrial application, on

the notice of widely differing power consumption and install
position of individual component, the heat generated over the
genuine electronic devices is commonly non-uniform dis-
tributed. Intended to study the influence of NUHG on the

thermal and flow characteristics, the heat generating rate is
presumed to linearly decrease along the radial direction. In
this case, q is equal to q p p r(1 + 0.1 0.15 )0 according
to refs. [77,86], among which r is nondimensionalized as

x y r( + ) /2 2 1/ 2 (x and y denote the spatial location in the xy
plane) and p denotes the NUHG coefficient. It is obvious that
various values of p can dictate different cases of heat gen-
erating. Upon completing the non-uniform heat source, one
can burrow into the mechanism of how NUHG will impinge
upon the optimal flow pattern to cooling a disc-shaped body
both qualitatively and quantitatively.

2.2 Numerical modeling

Alumina ceramics (Al2O3) are characterized by their fine
thermal conductivity, robust heat resistance as well as eli-
gible mechanical strength. In this regard, alumina ceramics
have been widely employed to fabricate the substrate for
integrated circuit board. This paper selects the high-purity
alumina ceramics as the heat generating material and chooses
water as the cooling fluid. On this basis, the generated heat is
exported out of the disc-shaped body by the cooling water
that flowing through the radially distributed cooling path. In
order to complete the definitions of respective materials,
Table 2 lists the thermal properties of alumina ceramics and
cooling water.
In terms of the three-dimensional steady-state model of a

Figure 3 (Color online) Computation domain and relative boundary
conditions.

Table 1 Geometrical parameters of a NUHG disc-shaped body

Parameters Expressions Notices

V r H2 Constant, volume restriction

N – Independent variable

vel r H N/2 Dependent variable

dc – Independent variable

H d r r N( / ) / (4 )c
2 Dependent variable, ϕ denotes

volume ratio restriction

r V H/ Dependent variable

Figure 2 (Color online) Thermo-fluid model for a NUHG disc-shaped body. (a) Stereo view; (b) top view.
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NUHG disc as presented in Figure 3, the following simpli-
fied assumptions are enumerated here.
(1) The solution is carried out in the case of Re<2300

(Reynolds number), where both the heat transfer and fluid
flow are in steady state. Moreover, the flow is considered
laminar and fully developed.
(2) The fluid flows without any phase change and in the

meantime is incompressible.
(3) The thermo-physical properties of heat generating

material and cooling fluid are substantially immutable with
the temperature variance. The uniform and isotropic thermal
conductivity material is adopted in the solid part.
(4) The wall which environs the cooling fluid is applied by

no-slip boundary condition.
(5) The heat dissipation owing to viscous dissipation is

disregarded. Besides, the effect of gravity is also not taken
into account.
In line with the foregoing presumptions, the governing

equations to depict the convective heat transfer problems can
be yielded. The mass, momentum and energy conservation
equations describing the thermal and flow characteristics in
the cooling channels are given as

X u( ) = 0, (4)
i

if

X u u P
X X µ

u
X( ) = + , (5)

i
i j

j i

j

i
f f

( )X u c T X k T
X= , (6)

i
i

i i
f p,f f

where X denotes the spatial dimension, u denotes the velocity
component, and the subscripts i and j (=1, 2, 3) dictate the
three axis directions, respectively; μf denotes the dynamic
viscosity, ρf denotes the density, cp,f denotes the heat capacity,
kf denotes the conductivity, and the subscript f dictates the
thermo-physical properties of cooling fluid; P denotes the
pressure distribution in the cooling channel; T denotes the
temperature distribution in the computational domain.
In the alumina ceramics with NUHG, the differential

equation to describe the three-dimensional steady-state heat

conduction is given as

X k T
X q p p r+ (1 + 0.1 0.15 ) = 0, (7)

i i
s 0

where ks denotes the conductivity of alumina ceramics.
In addition to the listed governing equations, Table 3 fur-

ther gives the pertinent boundary conditions which are re-
quisite to integratedly solve eqs. (4)–(7).
(1) Cooling fluid inlet: The mass flow rate of cooling fluid

flowing into the unit sector is m, at which the temperature is
hold at 300 K coming from a thermostatic water cabinet. As
to ascertain that the fluid flow is always in laminar state, the
mass flow rate varies between 2.0×10−4 and 1.8×10−3 kg/s
after numerical verification. In this paper, the numerical
optimization is carried out under several sets of mass flow
rate.
(2) Cooling fluid outlet: The outlet is loaded with pressure

outlet condition, which features a constant value of Pput
=0 Pa. In the cooling channel, subtracting the pressure of
inlet from that of outlet can yield the pressure drop.
(3) Wall: The outskirts of alumina ceramics are entirely

adiabatic, besides that the solid and fluid interface is in strict
concord with the continuity equations of temperature and
heat flow density.
By solving eqs. (4)–(7) along with corresponding bound-

ary conditions, one can obtain the temperature distribution in
the unit sector and the pressure drop features in the cooling
channel. Henceforth, the MTD within the unit sector can be
obtained by

T T T= , (8)max min

where Tmax and Tmin denote the temperatures of the hotspot
and cooling water inlet, respectively.
The pressure drop loss caused by water flowing in a single

cooling channel is derived as
P P P= . (9)in out

One can further yield the pumping power required in the
whole disc-shaped body:
W M P N m P= / = / , (10)f f

where M denotes the total mass flow rate of cooling water
that flowing through the disc-shaped body, i.e., M N m= .

Table 2 Thermo-physical properties

Materials Thermo-physical
properties Values

Alumina ceramics
(Solid region)

Density (kg/m3) 3900

Specific heat (J/(kg K)) 900

Thermal conductivity
(W/(m K)) 27

Water (Cooling fluid)

Density (kg/m3) 998

Specific heat (J/(kg K)) 4180

Thermal conductivity
(W/(m K)) 0.61042

Dynamic viscosity (Pa s) 8.0183×10−4

Table 3 Related boundary conditionsa)

Positions Boundary conditions for fluid flow and heat transfer

Inlet Mass flow rate m (2.0×10−4–1.8×10−3 kg/s)
Temperature 300 K

Outlet Pressure outlet P = 0out

Walls No-slip wall, T
n = 0

Interface No-slip wall, k
T
n k

T
n=f

f
s

s

a) n denotes the normal direction of the relative wall.
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As mentioned above, both the MTD and pumping power
are worthy of full attention. Backed by practical industrial
applications, one sub-objective cannot be simply exerted
while the alternative is left behind. A composite objective
function comprised of the MTD and pumping power is built
up herein, so as to evaluate the trade-off effect of enhanced
convection for a NUHG disc-shaped body. Its physical sig-
nificance can be regarded as two different cases as follows.
On the one hand, one can relish the smaller hot spot tem-
perature as the same amount of pumping power is consumed.
On the other hand, one can also relish the smaller pumping
power as the hot spot temperature is the same. Thus, it is
evident that the thermal and flow performance is superior in
the case of a smaller composite function value. The com-
posite objective function FTW can be defined according to
ref. [77], that is

( )F T
T

W
W

= + 1 , (11)TW 0
int

0
int

where λ0 denotes the weighted coefficient, which varies be-
tween 0 and 1 and can be determined according to the var-
iances in the importance of each sub-objective and the
demands for tangible industrial applications.
The conjugate thermal and flow problem of a NUHG disc

can be depicted as the following optimization problems.
(1) Objective function: The composite objective function

FTW which bridges a collaborative trade-off between the
MTD and pumping power, i.e.,

FMinimize . (12)TW

(2) Design variables: The dimensionless diameter
(d d r= /c ) of cooling channel.
(3) Design constraints: The volume of the entire disc-

shaped body is constant along with that the volume ratio of
cooling channels is invariant. Because of the constant volu-
metric heat generating coefficient q 0 , the general heat
generating rate also stays unchanged. These constraints are
given as

vd = Constant, (13)
V

v v= / = Constant, (14)ch el

q f x y z v''' ( , , )d = Constant. (15)
V 0

3 Constructal design based on composite ob-
jective function

With the exertion of the finite element method, COMSOL
Multiphysics is resorted to numerically solve eqs. (4)–(7)
abided by corresponding boundary constraints. For brevity,
Figure 4 presents the detailed and step-by-step scheme for
how to implement the constructal design in terms of en-

hanced convective problem of a NUHG disc. The explicit
solving procedures mainly consist of these as follows.
(1) Define the material properties, computational domain

as well as respective boundary conditions. In the meantime,
initialize the original geometric parameters for the unit
sector.
(2) Proceed with the unstructured meshing. Yield the

temperature distribution and fluid flow field by solving the
foregoing governing equations.
(3) Compute the MTD and pumping power as the two sub-

objectives.
(4) Estimate the criteria of governing equations whether to

converge or not. If not, then repeatedly resume step i until the
convergence criteria are satisfied.
(5) Choose exhaustible search algorithm to obtain the

Figure 4 (Color online) Flow diagram of numerical solution for en-
hanced convective problem in a NUHG disc-shaped body.
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optimal solution of constructal design, and determine whe-
ther the composite objective function is minimized. If not,
then resume step i.
(6) Post-process and analyze.

3.1 Radial-pattern disc

During meshing process, tetrahedral unstructured grid is
employed to mesh both the solid region and fluid domain.
Apropos of that the solid-fluid interface behaves a severe
impact on the heat convection, as a result, appropriate re-
finement of mesh for this interface is added. Before pro-
ceeding any further, the grid independence is corroborated in
order to eliminate the influence of the grid precision on the
numerical results.
In the case that the unit sectors N=10 in entire disc-shaped

body, the NUHG coefficient p=0 (viz. the alumina ceramics
are uniformly heat generating), the volume ratio ϕ=0.05, the
diameter dc=3 mm of cooling channels and the mass flow
rate M=8.0×10−4 kg/s of cooling water in single unit sector,
the grid precisions are separately set as coarse, regular, fine,
finer and ultra-fine ones. The obtained numerical results
under different mesh precisions are evaluated through a
contrastive analysis. Table 4 lists the grid numbers of five
sets, in which the correlative MTD and pumping power for
each case are also given. As listed in Table 4, as the grid
number is 135004 regarding the computational domain only,
the MTD and pumping power are 46.05 K and 3.72×10−4 W,
respectively. If proceed with refinement to the grid number
of 275528, the counterparts respectively varies 0.13% and
1.3%, which is leading to a comprehensive 0.7% variance for
the composite objective function. Taking account the time
cost and required accuracy, the fourth set of grid precision is
applied as the meshing template in this paper. Beyond that,
the continuity and energy convergence criteria are restrained
as 1×10−4 and 1×10−6, respectively. Figure 5 shows the grid
model with an unstructured grid number of 135004. It can be
seen from eq. (11) that, prior to the constructal design of
NUHG disc, the initial performance indexes (i.e., ∆Tint and
Wint) should also be given. The initial geometric dimensions
plus the performance indexes are listed in Table 5.
To deal with the verification of numerical results, it is

veritable to compare the results yielded from the aforemen-

tioned numerical solution with the counterparts yielded from
analytical solution in ref. [63]. For d = 0.023, the tempera-
ture difference between the cooling water inlet and outlet is
10.0 K based on numerical solution, which features a 16.3%
variance compared with the counterpart based on analytical
solution. In addition, the pumping power is 4.1×10−4 W
based on numerical solution, which features a 14.5% var-
iance compared with the counterpart based on analytical
solution. Therefore, it is vindicated that the proposed nu-
merical solution is authentic with regard to ref. [63].
Figure 6 presents the variations of the MTD and pumping

power in the disc-shaped body versus the dimensionless
diameter d of the cooling channels. As shown in Figure 6, the
MTD behaves an extreme value with the increase of di-
mensionless diameter, while the pumping power decreases
monotonously. This is due to the appendant effect that the
disc-shaped body is thinner as d is smaller. On the one hand,
because the radial-pattern disc is rather flat, the zone far
away from the cooling channels is not effectively cooled,
which leads to a high temperature difference among the heat
generating body. On the other hand, the flow resistance along
the cooling channels shoots up in the case of smaller d , as a
result the pressure drop loss severely increases. Referred to
eq. (10), the pumping power is linear with the pressure drop
loss, thus W is larger at smaller d . When d increases gra-
dually, the height of the disc increases likewise. At the same
time, the heat generated in the region far away from the
cooling path can also be conveyed by the cooling water. Thus
the MTD can be reduced by this means, and obviously the
minimum value can be obtained at a proper condition. With
the further increase of d , the structure of radial-pattern disc
morphs slenderer and longer. This results in that the zone far
away from the internal cooling path along the z direction
cannot be effectively cooled, thus the MTD increases again.
Normally, the engineering designers always relish to use the
least cost (the pumping power is the minimum) to procure
the largest profit (the MTD is the minimum). Whereas, as
revealed in Figure 6, the MTD and pumping power are two
contradictory sub-objectives that forms a game against each
other. It is never going to happen that achieving the minimum
of one sub-objective at the same time without causing the
deterioration of the alternative.
Figure 7 presents the variation of the composite objective

Table 4 Grid independence corroborationa)

Precision Coarse Regular Fine Finer Ultra-fine

Grid numbers 34553 61461 92832 135004 (*) 275528

∆T (K) 45.88 45.94 46.01 46.05 46.11

W (W) 3.43×10−4 3.49×10−4 3.68×10−4 3.72×10−4 3.77×10−4

FTW 0.9592 0.9679 0.9942 1 1.007

a) * presents that the MTD and pumping power are selected as the initial values for numerical solution as the number of grids is 135004.
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function FTW versus the dimensionless diameter d for dif-
ferent values of NUHG coefficient p. As shown in Figure 7,
FTW decreases first and then increases gradually as d in-
creases. It is clear that, under different conditions of heat
generating, a minimum value (FTW,m) of FTW can be reached
when d d= opt. Note that in the case of p=9, FTW is minimized

to be 0.40 as dopt is equal to 0.10. As a result, the MTD (∆T)
and pumping power (W ) are 33.8 K and 2.29×10−5 W, re-
spectively. By comparing the thermal and flow performances
of initial unit sector in Table 5, ∆T and W are decreased by
26.6% and 38.4%, respectively, which coherently leads to

60.2% reduction in FTW. It is indicated that the optimal trade-
off between the MTD and pumping power can be bridged by
rational selection of the diameter of cooling channels, which
is capable of improving the overall thermal and flow per-
formance. Additionally, one can notice that FTW features a
monotonous decrease trend against the increase of p. Be-
sides, the optimal d (dopt) scarcely changes as p increases.
The heat generating near the cooling water inlet is relatively
larger. As a result, more heat is expelled by the cooling water
out of the NUHG disc, and the hot spot temperature turns to
decline. The composite objective function FTW is decreased
and the overall thermal and flow performance is elevated. It
is implied that more heating components or devices should as
far as possible be installed near the inlet, which can further
decline the hot spot temperature in the disc-shaped body in
the premise of the same pumping power. It improves the real-
time operating performance and prolongs the service life-
span. In coherence with the aforementioned calculating
parameters, Figure 8 presents the temperature contours of the

Table 5 Initial geometrical parameters and performance indexes

Category Parameters Initial values

Geometrical parameters

V (m3) 1.5×10−4

N 10

H (m) 0.00424

r (m) 0.1061

Vel (m
3) 1.5×10−5

dc (m) 0.003

ϕ 0.05

Performance indicators

Q (W) 285

m (kg/s) 8.0×10−4

∆T (K) 46.05

W (W) 3.72×10−4

Figure 6 (Color online) Variations of ∆T and W versus d.

Figure 5 Grid model of computational domain.

Figure 7 (Color online) Variation of FTW versus d for different values of p.

Figure 8 (Color online) Temperature contours of the optimal NUHG
disc-shaped body. (a) p=0; (b) p=3; (c) p=6; (d) p=9.
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optimal disc-shaped heat generating bodies at the conditions
of p=0, 3, 6 and 9, respectively. It is obvious that the hot spot
temperature inside the disc decreases as the NUHG coeffi-
cient increases.
Figure 9 presents the variation of FTW versus d for dif-

ferent values of volume ratio ϕ at p=9. For the given NUHG
condition and ϕ, FTW first decreases and then increases as d
increases. Besides, the minimum value (FTW,m) of FTW can be
further reduced by increasing ϕ. Besides, the optimal d (dopt)
gradually increases as ϕ increases, that is, the diameter of
cooling channels morphs larger while the structure of disc
grows slenderer in this regard. As shown in Figure 9, as the
volume ratio increases from 0.03 to 0.05, the composite
objective function goes down from 0.46 to 0.40, which is
lowered by 13.0%. As a result, one can elevate the overall
thermal and flow performance by increasing the volume ratio
of the cooling channels.
Figure 10 presents the variation of FTW versus d for dif-

ferent values of N at p=9. As the number N of unit sectors
increases from 10 to 15, FTW,m is decreased by 14.0%. Be-
sides, FTW,m is further decreased by 8.13% as N increases

from 15 to 20 according to Figure 10. In line with eq. (10), it
is manifest that the pumping power that consumed to sustain
fluid flow increases if the number of unit sectors increases.
On the opposite side, the composite objective function shows
a decreasing trend, which dictates that the benefit brought by
the decrease of hot spot temperature infallibly outperforms
the cost brought by the increase of pumping power. There-
fore, it is implied that the improvement of overall thermal
and flow performance can profit from increasing the number
of cooling channels strewn in the disc-shaped body.
To further explain the variation of the composite objective

function with the number of unit sectors, Figure 11 presents
the influences of the number of unit sectors on the char-
acteristics of the MTD and pumping power versus the di-
mensionless diameter. It can be seen from Figure 11 that,
when the number of unit sectors increases, the MTD first
changes slowly and then increases sharply, while the
pumping power behaves differently. The pumping power
firstly features a rapid decrease and then a slow decrease.
Under the combined effect, there exists an extreme value of
the composite objective function, so that the MTD and
pumping power can finally match an optimal trade-off. From
Figures 10 and 11, for possible industrial applications, the
engineering designers need to equitably determine the
number of cooling channels strewn in the NUHG disc in
order to obtain the optimal overall thermo-fluid performance.
Figure 12 presents the variation of FTW versus d for dif-

ferent values of mass flow rate M at p=9. As shown in
Figure 12, as d varies between 0.028 and dopt, FTW increases
with the increase of M . This can be illuminated as: in-
creasing the mass flow rate through the entire flow pattern,
on the one hand, can ensure more cooling water to participate
in the convective heat transfer and convey away more heat;
on the other hand, it can also lead to the steep increasing of
pumping power. The final result is the deterioration of the
overall thermal and flow performance. Apart from this, one
can also note that FTW,m gradually decreases with the increase

Figure 9 (Color online) Variation of FTW versus d for different values of ϕ.

Figure 10 (Color online) Variation of FTW versus d for different values of N.
Figure 11 (Color online) Variations of ∆T and W versus d for different
values of N.
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of M . From the above analyses, it can also be found that the
engineering designers should not baselessly increase the
mass flow rate attempting to elevate the thermal and flow
performance, which on the contrary should be rationally
selected according to practical situation.
Figure 13 presents the variation of FTW versus d for dif-

ferent values of λ0 at p=9. As can be seen from Figure 13, as
λ0 increases, the optimal dimensionless diameter dopt de-
creases while FTW gradually increases; that is, the overall
thermal and flow performance is compromised to this end.
On the basis of eq. (11), the increasing of weighted coeffi-
cient means that the potent demand for reducing the MTD is
prior to that for reducing the pumping power. The specific
value of weighted coefficient included in the composite
objective function should be accordingly determined to ob-
tain a potential trade-off between heat transfer and fluid flow.

3.2 Dendritic-pattern disc

To further improve the overall thermal and flow performance

of a NUHG disc, the disc model cooled by dendritic-pattern
channels is established, as shown in Figure 14. The unit
sector that constitutes the NUHG body of the radial-pattern
disc is fabricated into a dendritic-pattern disc at the periph-
ery. The arrangement pattern adopted in this paper is ela-
borated as follows: stem cooling channels (diameter dc) are
equidistantly dispersed along the circle, which outwardly
extends from the center with a length of r (α stands for the
length coefficient). Then, each stem cooling channel is
conjoint with two branch cooling channels (diameter dc and
angle [ ]r r r2 = 2 arctan sin / ( cos )0 1 1 ). These
branches are attached to the periphery (β denotes the angle
coefficient). As mentioned above, the entire dendritic-pattern
disc contains N stem cooling channels and 2N branch cooling
channels. The stem and branch cooling channels play the
roles as the bough and limb, respectively. That is, the cooling
water first flows through the confluent stems and then into
the tributary branches. As depicted in Figure 14(b), the apex
angle of each unit sector striped from the dendritic-pattern
disc is 2θ1, which includes a bough and two limbs. On this
basis, eqs. (4)–(7) and the corresponding boundary condi-
tions are numerically solved by invoking the software of
COMSOLMultiphysics. This optimization problem contains

Figure 13 (Color online) Variation of FTW versus d for different values
of λ0.

Figure 12 (Color online) Variation of FTW versus d for different values
of m.

Figure 14 (Color online) Thermo-fluid model for a NUHG dendritic-
pattern disc. (a) Stereo view; (b) top view; (c) computation domain.
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three design variables: The dimensionless diameter d of
cooling channels, the length coefficient α and the angle
coefficient β. In this section, these three variables are free to
morph so as to carry out constructal design of the dendritic-
pattern disc under different heat generating conditions for the
thermal and flow problem as Figure 15 indicated.
Figure 16 presents the three-dimensional diagram of FTW

versus d and β with α=0.5 and λ0=0.5. As shown in
Figure 16, the composite objective function obtains the
quadratic minimum FTW,mm=0.348 in the case of dopt=0.074
and βopt=0.73. Compared with the performance indexes of
the unit with initial design listed in Table 5, ∆T and W are
decreased by 42.3% and 90.2%, respectively. As a result,
FTW is reduced by 65.2%. From Figures 7 and 16, one can
note that as the dendritic-pattern disc is quadratically opti-
mized, the composite objective function FTW,mm slumps by
40.0% compared with the counterpart FTW,m obtained for
single degree-of-freedom optimization in Sect. 3.1. It can be
concluded that the superior overall thermal and flow per-
formance can be achieved by logically selecting the di-
mensionless diameter of cooling channels and angle
coefficient in the premise of given length coefficient.
Table 6 further lists the effects of p on the optimal geo-

metries and performance indexes of the dendritic-pattern
disc. As shown in Table 6, one can see that the optimal dopt

gradually decreases as p increases, while the optimal βopt first
decreases and then increases and last decreases as p in-
creases. In addition, it is manifest that as the NUHG coef-
ficient increases from 0 to 9, more heat is generated near the
cooling water inlet. Under this condition, ∆T is decreased by
13.8%, while W is increased by 37.6%. Owing to that the
increase of pumping power is relatively smaller compared
with the reference value of pumping power (see Table 5), it
eventually reduces FTW,mm by 8.9%. This explicitly shows
that the heat generation component should as far as possible
be situated near the cooling water inlet. Although the
pumping power required for cooling the dendritic-pattern
disc increases to a certain extent, the hot spot temperature in
the disc keeps decreasing. Thus, it is proven that increasing
the NUHG coefficient is contributive to improving the
overall thermal and flow performance of enhanced convec-
tion.
Figure 17 presents the variation of the composite objective

function FTW versus length coefficient α at d=0.074 and
β=0.73. It can be seen from Figure 17 that FTW features a
minimum value in the case of a proper α. This can be ex-
plained as follows: on the one hand, as α is extremely small,
the stem cooling channels turn out to be rather smaller
compared with the branch cooling channels, and it can be
approximately regarded that the dendritic-pattern disc de-
generated into a radial-pattern disc consisting of 2N unit
sectors. Although the entire heat generating disc is cooled
thoroughly, it will court the upsurge of pumping power

Figure 15 Flowchart of performed study with exhaustive search techni-
que.

Figure 16 (Color online) Three-dimensional diagram of FTW versus d
and β.

Table 6 Var iations of d opt, opt
, ∆T,W and FTW,mm for different cases of p

p d opt
βopt ∆T (K) W (W) FTW,mm

0 0.0809 0.787 31.9 2.66×10−5 0.382

3 0.0808 0.720 30.7 2.77×10−5 0.371

6 0.0755 0.804 29.654 3.42×10−5 0.358

9 0.0740 0.726 27.5 3.66×10−5 0.348

Figure 17 (Color online) Variation of FTW versus α at d=0.074 and
β=0.73.
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(seeing eq. (10)) and behaves a poor overall thermo-fluid
performance. On the other hand, as α is extremely large, the
branch cooling channels morph rather shorter than the stem
cooling channels, which means that in this case the dendritic-
pattern disc can be assumed to degenerate into a radial-pat-
tern disc consisting of N unit sectors. Although the pumping
power is manifestly reduced, the heat generating disc is not
well cooled and thus the overall thermal and flow perfor-
mance is not promising. The numerical results indicate that
there exists an extreme value of FTW when α varies. That is,
the optimal compromise between the MTD and pumping
power can be attained by choosing a sound value of α.

4 Multi-objective optimization based on NSGA-II

In the above section, a composite objective function is
constructed by exerting the linear weighted method, which
thus transforms the multi-objective optimization problem
(MOOP) into a single objective optimization problem. By
taking advantage of the mature single objective optimization
algorithm, the optimal solution under a given weighted
coefficient is obtained. However, having noticed of the
contradictory characteristics among the most of sub-objec-
tives, it is impossible to manage an optimal solution in reality
so that all the sub-objectives can behave the optimal per-
formance at the same time. The only path is to compromise
and coordinate the trade-offs among the sub-objectives, as a
result the common solution of MOOP is formed by a set of
non-inferior solutions, namely Pareto optimal solution set. In
this section, the non-dominated sorting genetic algorithm

(NSGA-II) will be utilized to probe for the optimal match-
ings, which is associated with elite strategy to realize the
same level fast sorting. Figure 18 elaborates the flow dia-
gram of NSGA-II in detail. As shown in Figure 18, if given
that the generation excesses the upper preset limit, the op-
timization procedure will break up to produce the optimal
Pareto solution set. In the state of the art, to its credit of
potent computational efficiency, NSGA-II has aroused much
attention and interest in many engineering optimization
fields, and furthermore already becomes one of the main-
stream solutions of MOOP [87–90].
The dendritic-pattern disc with NUHG features three de-

grees-of-freedom, that is the dimensionless diameter d of
cooling channels, the length coefficient α and the angle
coefficient β. Herein, these three design variables are free to
morph so as to yield a better thermal and flow performance.
Upon choosing the optimization parameters, in order to
achieve reliable convergence and global seeking of the op-
timization process, the following constraints are imposed on
the design variables as

d0.04 0.12,
0.1 0.9,
0.1 0.9.

(16)

The two optimization objectives (f1 and f2) are the MTD
(∆T) in the dendritic-pattern disc and the pumping power
(W ) needed to sustain enhanced convection, namely

f T T T
f W M P

: = ,
: = / .

(17)1 max min

2 f

Topsis method [87,88] is applied to obtain the final optimal

Figure 18 (Color online) Flowchart with application of NSGA-II algorithm.
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solution, which is based on the distance away from the pros
and cons. The weighted coefficient of each attribute can be
flexibly selected according to diversified backgrounds, and
then one can obtain the values of corresponding sub-objec-
tives, respectively. For instance, as the dimensionless dia-
meter of cooling channels is optimized which is in concord
with the results of Sect. 3.1, Figure 19 shows the scatter
diagram of ∆T versus W at p=9 and ϕ=0.05. The weighted
coefficients of these two sub-objectives are presumed to be
0.5 and 0.5, respectively. As a result, the optimal geometry of
the NUHG radial-pattern disc is yielded by applying Topsis
method to proceed with multi-attribute decision, i.e.,
dopt=0.10 along with ∆T=33.8 K and W=2.29×10−5 W. It is
proven that the result derived of Topsis decision is consistent
with that of linear weighted method, and by this means the
credibility of Topsis decision and linear weighted method are
verified by each other.
On the basis of NSGA-II algorithm compiled by Matlab,

Livelink with Matlab is integratedly invoked to run the
aforementioned three-dimensional thermo-fluid model es-
tablished in the software of COMSOL Multiphysics. Upon
this, NSGA-II algorithm should be initialized. Herein, the
number of population is 50, the probability of crossover is
0.9, and the probability of mutation is 0.1. After 30 gen-
erations of evolution, the Pareto optimal solution set of the
MOOP is procured as shown in Figure 20. It is found that at
the same cost of pumping power, the MTD in the dendritic-
pattern disc decreases with the increase of the NUHG coef-
ficient. This manifests that loading the heat source as close to
the cooling water inlet as possible is propitious to reduce the
MTD and in the meantime promotes the overall thermal and
flow performance at the same cost of pumping power. From
exertion of multi-attribute decision, the optimal solution with
weighted coefficients of 0.5 and 0.5 is determined. In the
case of p=0, the optimal constructs are dopt=0.0184,
αopt=0.806 and βopt=0.800, while the corresponding sub-ob-
jectives are ∆T=27.2 K and W=4.05×10−5 W. In the case of
p=9, the optimal constructs are dopt=0.0773, αopt=0.603 and
βopt=0.849, while the corresponding sub-objectives are
∆T=25.8 K and W=3.77×10−5 W, respectively. As the
NUHG coefficient is increased from 0 to 9, the MTD is
decreased by 5.1%, and the pumping power is decreased by
6.9%. Furthermore, Figure 21 presents the temperature
contours of the optimal dendritic-pattern disc in the case that
the weighted coefficient is equal to 0.5. Table 7 shows the
effects of p on the optimal constructs and performance in-
dexes of the first order dendritic-pattern disc under different
heat generating conditions. As shown in Table 7, one can see
that as p increases, the optimal length coefficient (αopt) gra-
dually decreases, while the optimal angle coefficient (βopt)
first increases and then decreases.

As shown in Figure 8, the sub-objectives of the optimal
solution for the radial-pattern disc with only one degree-of-

Figure 19 (Color online) Scatter diagram of ∆T versus W and Topsis
decision verification.

Figure 20 (Color online) Pareto optimal sets under different heat gen-
erating conditions.

Figure 21 (Color online) Comparison of the optimal geometries of the
dendritic-pattern disc. (a) p=0; (b) p=9.

741Chen C, et al. Sci China Tech Sci April (2021) Vol.64 No.4

SEC3.1


freedom are computed to be ∆T=33.8 K and W=
2.29×10−5 W, respectively. As shown in Figure 16, the sub-
objectives of the optimal solution for the dendritic-pattern
disc with two degrees-of-freedom are computed to be ∆T
=27.5 K and W=3.66×10−5 W, respectively. As shown in
Figure 21, the sub-objectives of the optimal solution for the
dendritic-pattern disc with three degrees-of-freedom are ∆T
=27.8 K andW=3.77×10−5 W, respectively. When optimized
with two degrees-of-freedom, the MTD is reduced by 18.6%
compared with the counterpart from single degree-of-free-
dom optimization, while the pumping power is increased by
59.8%. When optimized with three degrees-of-freedom, the
MTD is decreased by 6.2% compared with the counterpart
from two degrees-of-freedom optimization, while the
pumping power is increased by 3.0%. Apparently, it is in-
dicated that as two sub-objectives contradict against each
other, the improvement of one sub-objective will inevitably
elicit the deterioration of the alternative. The engineering
designers need to implement the constructal design for a
NUHG disc in view of practical needs, so as to procure the
optimal heat transfer performance under the premise of a
lower pumping power.

5 Conclusions

After a view to the phenomenon of NUHG among electronic
devices, this paper establishes a three-dimensional disc
model with NUHG for heat dissipation problem. In its in-
terior, the radial- and dendritic-pattern cooling channels are
equidistantly strewn over the body to realize enhanced
convection. From exertion of constructal design method and
finite element method, the radial- and dendritic-pattern discs
are stepwise optimized with design variables as the diameter,
length ratio and angle ratio of the cooling channels. These
foregoing variables are exploited as three degrees-of-free-
dom which are free to morph. The total heat generating rate
and volume ratio of cooling channels over the entire disc are
set as the two constraints. First, a composite objective
function that takes the MTD and pumping power into ac-
count is applied as an optimization objective. Then, NSGA-
II algorithm is invoked to optimize the multi-objective op-
timization problem and further yield the Pareto optimal so-
lution set. Upon this, Topsis method is used to determine the

final solutions under given weighted coefficients. The results
reveal that follows.
(1) More heating components or devices should be in-

stalled as close to the inlet of cooling water as possible,
which is propitious to reduce the hot spot temperature at the
same cost of pumping power. Thus, this improves the real-
time operating performance and prolongs the service life-
span.
(2) As the weighted coefficients dictating two sub-objec-

tives are 0.5 and 0.5, respectively, the optimal constructs of
the radial-pattern disc obtained from Topsis decision are in
good agreements with the counterparts obtained from linear
weighted method, and by this means the credibilities of
Topsis decision and linear weighted method are verified by
each other.
(3) When optimized with two degrees-of-freedom, the

MTD is reduced by 18.6% compared with that obtained from
single degree-of-freedom optimization, while the pumping
power is increased by 59.8%. When optimized with three
degrees-of-freedom, the MTD is decreased by 6.2% com-
pared with the counterpart from two degrees-of-freedom
optimization, while the pumping power is increased by 3.0%.
(4) As the two considered sub-objectives form a game

against each other, it is requisite to take not only the extreme
temperature that electronic components can bear, but also the
pumping power needed to sustain fluid flow into account.
One should not emphasize on one sub-objective at the ex-
pense of the other, but should procure the optimal trade-off
between heat transfer and fluid flow.
The outcomes obtained in this paper can contribute to the

design of practical electronic packages like PCB and in-
dividual electronic components to a promising thermo-fluid
performance. In the following research, one can insert arrays
of fins into the cooling channel in order to harvest a better
thermo-fluid performance.
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