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In this paper, an archetypal aseismic system is proposed with 2-degree of freedom based on a smooth and discontinuous (SD)
oscillator to avoid the failure of electric power system under the complex excitation of seismic waves. This model comprises two
vibration isolation units for the orthogonal horizontal directions, and each of them admits the stable quasi-zero stiffness (SQZS)
with a pair of inclined linear elastic springs. The equation of motion is formulated by using Lagrange equation, and the SQZS
condition is obtained by optimizing the parameters of the system. The analysis shows that the system behaves a remarkable
vibration isolation performance with low resonant frequency and a large stroke of SQZS interval. The experimental investigations
are carried out to show a high sonsistency with the theoretical results, which demonstrates the improvement of aseismic behavior
of the proposed model under the seismic wave.
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1 Introduction

This work is motivated by the increasing concern for the seis-
mic hazard resulted from the low frequency seismic waves in
horizontal directions to electric power system [1–5]. Rubber
bearings are widely used in most of the aseismic construc-
tion for high voltage transformers based on the traditional iso-
lation theory which has a weaker vibration isolation perfor-
mance for low frequency band [6–11]. However, huge kinetic
energy stored in seismic waves is at the low frequency brand
[12], taken a power spectral density (PSD) curve of a real
earthquake ground acceleration record for example, as shown
in the figure in Sect. 3, most of the energy of the seismic
wave is concentrated between 0.1 and 10 Hz. There are 137
transformer substations over 110 kV are destructed resulting

*Corresponding author (email: qingjiecao@hotmail.com)

in 181 transmission lines shutdown during a magnitude 8.0
earthquake occurred in Wenchuan, Sichuan Province, China
in May 12, 2008 [13–16]. The same disaster happened in the
magnitude 8.0 earthquake in Ya’an City of Sichuan Province
in April 20, 2013, there are 34 transformer substations and
626 transformation equipments shutdown [17–19].

Recent years, several types of isolators with stable quasi-
zero-stiffness (SQZS) characteristics have been studied. Al-
abuzhev et al. [20] designed a kind of vibration isolator with
positive and negative stiffness elastic elements in parallel.
Zhang et al. [21] proposed an isolator to provide the pre-
cision instruments at the frequency lower than 0.5Hz, which
consisted by an elastic component and Euler column. Some
designs can provide very low stiffness by using the buckled
Euler column as the negative stiffness component [22–24],
and some others utilized the pinched loop to achieve a low
frequency isolator [25, 26]. Zhou and Liu [27] presented a
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high static and low dynamic stiffness devices with a regulat-
ing system. Robertson et al. [28] exploited a kind of SQZS
isolator with fully magnetic springs. Xu et al. [29, 30] pro-
posed abundant research findings for geometric nonlinear vi-
bration isolatior with the SQZS characteristic, such as cam-
roller-spring and magnetic spring mechanism. Attention has
been made on low frequency vibration isolation with SQZS
[31–33] based upon a named smooth and discontinuous (SD)
oscillator [34] proposed by Cao et al., consisting of a lumped
mass and a pair of elastic springs. Several studies on its dy-
namics, including negative stiffness characteristics [35], have
been presented and is deeply developed recently [36–41]. It
has been proved that this kind of system can improve the
isolation performance significantly in a low frequency brand
[42–46].

The motivation of this paper is to propose an archetypal
vibration isolator with SQZS in multiple directions based on
the SD oscillator to protect the structure failure from the com-
plex earthquake waves horizontally. Another motivation is to
understand the failure mechanism of the system, by evaluat-
ing the response of the system under the harmonic and the
recorded earthquake wave excitations, respectively. Finally,
this paper is to investigate the theoretical results experimen-
tally.

2 SQZS analysis

Consider a vibration isolation system based upon the SD os-
cillator, as shown in Figure 1, which comprises a lumped
mass, m, linked by a pair of linear elastic springs, with the
stiffness k, the assembly length l and the equilibrium length
L. A damper with the damping coefficient of C is installed
along the direction in which the displacement of the mass is
limited. Define X is the displacement of the lumped mass,
and Y is the displacement of the basement, further, Z = X−Y
is the displacement of lumped mass relative to the basement.

Assuming that the mass produces relative displacement of
Z, the length of a each oblique spring can be expressed as

Ls =
√

Z2 + l2, (1)

based upon the geometric relation. The elastic force produced
by each spring can be obtained as

Fs = k (Ls − L) . (2)

Thus, the restoring force of system along the direction Z is

F (Z) = 2Fs
Z

Ls
. (3)

The equation of motion can be written as

mX′′ +CX′ + 2k

1 − L
√

Z2 + l2

 Z = 0, (4)

  

Figure 1 Vibration isolation unit for a single direction.

where X′ and X′′ represent the first and second order deriva-
tive of the displacement X to the time t, respectively, and the
following are the same. The equivalent stiffness of the system
can be obtained, written as

K (Z) =
∂F (Z)

∂Z
= 2k

1 − l2L(
Z2 + l2

) 3
2

 , (5)

then the SQZS condition can be obtained by letting K (0) = 0,
written as

L = l. (6)

Substituting eq. (6) into eq. (4), the equation of motion of
the SQZS vibration isolation system is shown as following:

mX′′ +CX′ + 2k

1 − l
√

Z2 + l2

 Z = 0. (7)

Considering the condition of the static basement, that is
Y = 0. Then the dimensionless dynamic equation will be
transformed into the following form:

z′′ + ζz′ + ω2
0

1 − 1
√

z2 + 12

 z = 0, (8)

where z = Z/l, ζ = C/ (mω0), ω2
0 = 2k/m. The curves

of the dimensionless restoring force and equivalent stiffness
with different ω0 are shown in Figure 2. Combined with
actual working conditions, let ratio of the stiffness and the
mass ω2

0 = 25, 30, and 35, we can notice that the restoring
force is very close to zero in the case of a small displace-
ment emerged, from Figure 2(a). And the Figure 2(b) shows
that the equivalent stiffness is always greater than or equals
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Figure 2 Dimensionless restoring force and equivalent stiffness curves with the parameter ω0 =
√

25,
√

30, and
√

35, plotted by dotted, dashed, and solid
lines, respectively. (a) The restoring force; (b) the equivalent stiffness.

to zero, and only when the lump mass at the equilibrium po-
sition of the system, the equivalent stiffness equals to zero.
This is the most important statics characteristic of SQZS sys-
tem. That means the system has a stable restoring force in the
whole range, and the variance ratio is small enough within a
certain range. In other words, this kind of system reduces
the natural frequency to the minimum under the premise of
ensuring stability, so that it can improves the performance of
low frequency vibration isolation.

3 Isolation analysis

Considering the forced nonconservative SQZS system with
the base displacement Y = B cosΩt in eq. (4), the equation
of motion can be written as

mZ′′ +CZ′ + 2k

1 − l
√

Z2 + l2

 Z = mBΩ2 cosΩt. (9)

The dimensionless equation can be written as the follow-
ing by letting z = Z/l, ω2

0 = 2k/m, τ = ω0t, ω = Ω/ω0,
ζ = C/ (mω0), and b = B/l.

z̈ + ζ ż +

1 − 1
√

z2 + 1

 z = bω2 cosωτ, (10)

where ż and z̈ represent the first and second derivatives of the
dimensionless displacement z to the dimensionless time τ, re-
spectively, and the following are the same. Taylor expand the

unjustifiable term
(
1 − 1√

z2+1

)
z at z = 0 to avoid the introduc-

tion of elliptic integral, then eq. (10) reads

z̈ + ζ ż +
1

2
z3 = bω2 cosωτ. (11)

Assuming the solution of the system (11) is periodic, using
the averaging method and substitutingz = a cos (ωτ − ϕ) ,

ż = −aω sin (ωτ − ϕ),
(12)

into eq. (11), it can yield the equations of slowly varying
amplitude and phase as that

ȧ = −
1

ω
P (a, ϕ) sin (ωτ − ϕ),

ϕ̇ = −
1

aω
P (a, ϕ) cos (ωτ − ϕ),

(13)

in which

P (a, ϕ) =bω2 cosωτ + ζaω sin (ωτ − ϕ) + aω2 cos (ωτ − ϕ)

−
1

2
a3 cos3 (ωτ − ϕ). (14)

By averaging ψ = ωτ− ϕ for eq. (13) over a period from 0 to
2π, the averaging equation with respect to a and ϕ is written
as

ȧ =
1

2
(−aζ + bω sin ϕ) ,

ϕ̇ =
1

2

3a2

8ω
− ω −

bω

a
cos ϕ

 . (15)

Let ȧ = 0, ϕ̇ = 0 that derive singular point (as, ϕs) that corre-
sponds to the periodic solution of steady state of the eq. (11),
which satisfies

sin ϕ =
aζ

bω
,

cos ϕ =
a
(
3a2 − 8ω2

)
8bω2 .

(16)

Then the relationship of the amplitude of relative displace-
ment a and frequency ω is derived by employing the averag-
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ing technique as the following:

(bω)2 − (aζ)2 =

3a3

8ω
− aω

2

. (17)

It is clear that the dimensionless absolute displacement is in
the following form:

x = c cos (ωτ + θ) = z + y = a cos (ωτ − ϕ) + b cosωτ

=
√

a2 + b2 + 2ab cos ϕ cos (ωτ + θ),

cot θ = −
a cos ϕ + b

a sin ϕ
,

(18)

from which the relationship between amplitude of abso-
lute displacement c and relative displacement a is shown
as following by eliminating the phase angle cos ϕ using
eq. (16):

c2 = −a2 + b2 +
3a4

4ω2. (19)

The equation of the amplitude of absolute displacement c and
frequency ω can be obtained, by substituting eq. (19) into eq.
(17):

3b2 − 3c2 −ω2 +

ω − 6
(
b2 + 3c2

)
ω

−3b2 + 3c2 + 4
(
4ζ2 + ω2)


2

= 0. (20)

Define

Ta =
ẍmax

ÿmax
=

√√3

8
a3

2

+ (ζaω)2

ω2b
, (21)

and

Td =
xmax

ymax
=

c

b
(22)

are the transmissibility of the acceleration and absolute dis-
placement of the system, respectively. The acceleration trans-
missibility relationship can be obtained by simultaneous eqs.
(17) and (21), and the absolute displacement transmissibility
relationship can be obtained by simultaneous eqs. (20) and
(22) as the following:

27b4
(
1 + 3T 2

a

)3
ω2(

3b2 (−1 + T 2
a
)
+ 4

(
4ζ2 + ω2))3

+
32ζ2

(
1 + 3T 2

a

)
3b2 (−1 + T 2

a
)
+ 4

(
4ζ2 + ω2) = 8T 2

a , (23)

and

3b2 − 3b2T 2
d − ω2 +

ω − 6b2
(
1 + 3T 2

d

)
ω

3b2
(
−1 + T 2

d

)
+ 4

(
4ζ2 + ω2)


2

= 0, (24)

respectively.
Figure 3(a) and (b) exhibits the acceleration transmissibil-

ity and absolute displacement transmissibility curves for eqs.
(23) and (24), respectively, with the amplitude b = 0.5 and
the different damping ratio, ζ = 0.31, 0.32 and 0.33, for dot-
ted, dashed, and solid lines, separately. It is interesting that
there is an almost fixed point at the frequencyω∗ for both Fig-
ure 3(a) and (b) and the transmissibility will decrease and in-
crease as the damping ratio increase for ω < ω∗ and ω > ω∗,
respectively, along the dashed arrow, as shown in both Fig-
ure 3(a) and (b). This implies that even the resonance can be
restrained by increasing the damping, the increasing damping
will result in the isolation performance sacrificed for the high
frequency band. It is found from Figure 3(b) that the jump-
ing phenomenon occurs for lower damping ratio, the trans-
missibility curve will increase along the arrow 1 as the fre-
quency increase from 0 and then drop to the lower branch
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Figure 3 (Color online) The acceleration transmissibility and absolute displacement transmissibility curves with the damping ratio ζ = 0.31, 0.32, and 0.33,
plotted by dotted, dashed, and solid lines, respectively. (a) The acceleration transmissibility; (b) the absolute displacement transmissibility.
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suddenly and decrease. Correspondingly, the transmissibility
will increase along the arrow 2 as the frequency decreases
and then jumps to the higher branch immediately and de-
crease, as shown in Figure 3(b), which implies the jumping
phenomenon can be eliminated by choosing proper damping.

The system may still exhibit many other types of solutions
besides the principal resonance solution, based on the non-
linear characteristic, such as the ultraharmonic, subharmonic,
and chaotic solutions. However, this paper mainly focuses on
the isolation performance of the system for seismic waves, so
the other types of solutions will not be analyzed or discussed
in detail.

Considering a real earthquake ground motion record pro-
vided by China Electric Power Research Institute, whose
spectrum is shown in Figure 4. The maximum acceleration
of 0.4g at the duration of 43.98 s, as shown in Figure 4(a). It
is found that from Figure 4(b) the most of the energy is con-
centrated between 0.1 and 10 Hz with a peak at about 1 Hz.
Combining with the actual design requirement of vibration
isolator, we assuming the mass of the loading and the isolator
are m = 200 kg and M = 150 kg, respectively, and the width
of the prototype l = 0.2 m, in the following calculations.

Figure 3(a) and (b) shows that the absolute displacement
transmissibility is more sensitive to the damping ratio ζ than
the acceleration transmissibility, and the absolute displace-

ment transmissibility resonance phenomenon in the low fre-
quency region is more obvious than the acceleration trans-
missibility. In order to narrow the range of optimal system
parameters C and k, the following restrictions are given based
on the absolute displacement transmissibility (24).

(1) Suppressing the jumping phenomenon of the transmis-
sibility curve to avoid the uncertainty caused by the initial
value of the system response. That means the transmissibil-
ity of the system has and only has a single solution at any
excitation frequency ω. The relationship between frequency
ω and transmissibility Td is expressed as an explicit function
as follows:

ω2 =ω2

(
T 2

d

)
=

1

8T 2
d

(
ζ2

(
4 − 20T 2

d

)
+ 3b2T 2

d

(
3 + T 2

d

)
±

√(
1 + 3T 2

d

)2 (
16ζ4 + 9b4T 2

d − 24b2ζ2T 2
d

))
(25)

based on eq. (24). Let the number of roots of the equation,
shown as following:

d
(
ω2

)
d
(
T 2

d

) = 0, (26)

be no more than 1. Solving the eq. (26), the roots can be
obtained as following:

T 2
d =

45b4 − 144b2ζ2 ±
√

3
√

243b8 − 3168b6ζ2 + 13056b4ζ4 − 16384b2ζ6

2
(
36b4 − 96b2ζ2) . (27)

When the present formula, written as

243b8 − 3168b6ζ2 + 13056b4ζ4 − 16384b2ζ6 6 0, (28)

holds, the restriction can be satisfied.
(2) The initial isolation frequency ω∗ is lower than 1 Hz,

to ensure that the isolator can effectively isolate most of the
energy of seismic waves. Let 243b8−3168b6ζ2+13056b4ζ4−

16384b2ζ6 = 0, and the transmissibility satisfies

T 2
d =

45b4 − 144b2ζ2

2
(
36b4 − 96b2ζ2). (29)

The restriction can be satisfied when the following relation-
ship, shown as

ω∗2 = − 352ζ2 −
2
√

2
(
3b2 − 8ζ2

) √√√(
69b2 − 208ζ2

)2 (
45b4 − 144b2ζ2 + 128ζ4

)
(
3b2 − 8ζ2)2

5b2 − 16ζ2

+ b2

261 + ζ2

 128

5b2 − 16ζ2 +
72

−3b2 + 8ζ2

 6 768π2

ω2
0

(30)

is established by substituting eq. (29) into eq. (25).
(3) The transmissibility response is no more than 0.6 at the

external excitation frequency equals to 1 Hz. It can be proved
that the transfer rate is a subtraction function of frequency,
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Figure 4 The time domain and frequency domain spectrum of a real earthquake ground acceleration record. (a) The time domain spectrum; (b) the power
spectral density (PSD) curve of the spectrum.

based upon the conclusion of the restriction 1 that there is no
jumping phenomenon and the restriction 2 that the initial iso-
lation frequency is lower than 1 Hz. Thus, this restriction can
be reinterpreted as

ω∗2 6 ω2

(
0.62

)
max
6

4π2

ω2
0

. (31)

The intersection of inequalities eq. (28), (30) and (31)
is solved according to the actual engineering design require-
ments, where ω0 =

√
k/m and b = B/l = a/

(
4π2ml

)
. The

design range of the optimal parameters C and k is limited as
following:ζ ∈ [0.25, 0.6] ,

k ∈ [2500 N/m, 3500 N/m] .
(32)

4 Determination of parameters

In this section, the vibration isolation performance of the sys-
tem under the seismic acceleration record is investigated and
the physical parameters are optimized.

The equation of motion under the seismic acceleration ex-
citation is established as the following:

mZ′′ +CZ′ + 2k

1 − l
√

Z2 + l2

 Z = MS (t), (33)

where M is the mass of the isolator, and S (t) is the seismic
acceleration record which is shown in Figure 4.

The optimization of parameters k and C in eq. (33) are car-
ried out numerically using Runge-Kutta Method to match the
minimum of acceleration peaks within the limit of the relative
displacement peaks less than l0 < l to ensure the safety of the
isolator. Figure 5(a) and (b) is the acceleration peak surface
and the relative displacement peak surface, respectively, over
the range obtained by eq. (32). It is found from the figures

that the optimized damping is ζ ≈ 0.39, at which both the
acceleration and the relative displacement peak reaches the
minimum value, respectively. In the same way, the stiffness
can also be optimized at k = 3000 N/m by considering the
monotone increasing of the acceleration and the decreasing
of the relative displacement with respect to stiffness k to get
the minimum acceleration, that is, the maximum relative dis-
placement which is taken as l0 = 0.15 m less than l = 0.2 m.

Figure 6(a) and (b) shows the time domain and the fre-
quency domain spectrum of the acceleration response, re-
spectively, with the optimized parameters C = 302.093 Ns/m
and k = 3000 N/m, the seismic spectrum marked black, the
response spectrum of linear system marked green, and the
response spectrum of SQZS system marked red. It can be
seen that the linear system has certain vibration attenuation
ability, but there is still a phenomenon of vibration amplifi-
cation, such as 3.32 to 5.95 s, 19.31 to 21.37 s, and 29.71
to 45 s, from Figure 6(a). Correspondingly, this kind of
system has the initial vibration isolation frequency at f ∗l ≈
1.221 Hz. It can be seen that from Figure 6(a) the acceler-
ation of nonlinear system has been attenuated by 47.775%
with the maximum value at 0.209 g. It can also be found
that from Figure 6(b) the initial vibration isolation frequency
f ∗n ≈ 0.525 Hz. The results present here show the good aseis-
mic performance than the traditional linear vibration isolation
system for low frequency band.

5 Experimental analysis

The CAD model of the proposed vibration isolator presented
in Sect. 2 is established to help design of the isolator, which
consists of two vibration isolation units, Y direction (unit Y)
and X direction (unit X), as shown in Figure 7. Figure 7(a)
presents the structural of unit X, the blue indicates the guid-
ing (X direction) slide-rails fixed on the base, the red is the
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Figure 7 The CAD model of vibration isolator.

slider along the slide-rails, and a pair of springs (shown in
black structure) and dampers (shown in yellow structure) are
arranged along the directions perpendicular and parallel to
the slide-rails connecting the base and the slider, respectively.

The Figure 7(b) and (c) shows the details of the unit Y which
has the same internal structure with unit X, and the base of
the unit Y is fixed on the slider of unit X to ensure the two
slide-rails of unit X and unit Y are orthogonal to each other.
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The platform and the loading (shown as the block in Fig-
ure 7(e) and (f) to substitute the protected power equipment)
is connected with the slider of the unit Y , as shown in Fig-
ure 7(d). The Figure 7(e) and (f) provides the panorama and
the scenography of the CAD model, separately.

The experimental rig is set up for the CAD model based
upon the optimal parameters provided in Sect. 4. The exper-
imental prototype and the sensor layout scheme is shown in
Figure 8: the static basement and the loading is connected by
the displacement-sensor 1 and 2 to measure the absolute dis-
placement of the loading in Y and X directions, respectively,
the vibration platform and the static basement is connected
by the displacement-sensor 3 and 4 to measure the displace-
ment of the platform in Y and X directions, respectively, and
the acceleration-sensor 1 and 2 are mounted on the loading
and the vibration platform, respectively, to measure the ac-
celeration in two directions.

Figure 9 shows the results obtained from the sweep exper-
iment over the frequency band between 0.5 and 10 Hz with a
constant acceleration amplitude equals to 0.12g with the input
signal marked black and the response marked red and green
for the forward and backward frequency sweeping from and
to 0.5 Hz to and from 10 Hz, respectively. Figure 9(a) and
(d), 9(b) and (e), and 9(c) and (f) exhibit the displacement
signal, the acceleration signal, and the PSD of the accelera-
tion signal in X (Figure 9(a), (b), and (c)) and Y (Figure 9(d),
(e), and (f)) directions, respectively.

It is remarkable to find that from the figures, Figure 9(a),
(b), (d) and (e), both the displacement and the acceleration re-
sponses have been attenuated greatly, the maximum accelera-

tion response is attenuated about 68.0232% and 68.9621% in
X and Y direction, respectively, and the initial vibration isola-
tion frequency is about 0.66 and 0.68 Hz in X and Y direction,
respectively, the details seen in Figure 9(c) and (f).

The seismic experiment have been finished by input the
time domain spectrum of a real earthquake ground motion
record plotted in Figure 4 as the control signal to the vibra-
tion platform. The vibration directions are along the X and
Y axis, respectively, because that the vibration isolation per-
formance of the system in X and Y directions is decoupled,
and it is easy to prove that vibration in any direction in the
horizontal plane will not destroy the isolator more than that
along these two directions.

The responses measured from the experiment under the
seismic excitation have been plotted in Figure 10 with the
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Figure 8 The experimental prototype and the sensor layout scheme.
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Figure 9 The result of the sweep frequency experiment. (a)–(c) The absolute displacement signal in time domain, the acceleration signal in time domain, and
the PSD of the acceleration signal in X direction, respectively; (d)–(f) the absolute displacement signal in time domain, the acceleration signal in time domain,
and the PSD of the acceleration signal in Y direction, respectively.
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Figure 10 The result of the seismic wave excitation experiment. (a), (b) The acceleration signal along X direction in time and frequency domain, respectively;
(c), (d) the acceleration signal along Y direction in time and frequency domain, respectively.

seismic wave acceleration spectrum represented black used in
the Sect. 3, and the responses of the loading mass marked red.
It is also observed that from Figure 10(a) and (c) the response
peak has been attenuated about 41.6783% and 42.516% in X
and Y directions, respectively, and the average response has
been reduced about 45.3714% and 47.3362% in X and Y di-
rections, respectively. It is also found from Figure 10(b) and
(d) that the response in X and Y directions will be attenu-
ated when the frequency is higher than f ∗x ≈ 0.6653 Hz and
f ∗y ≈ 0.6592 Hz, respectively.

The results presented here show the significant agreement
between the experimental investigations and the theoretical
analysis, even there exists acceptable errors about 5% and
0.1 Hz for the vibration attenuation ability and the initial vi-
bration isolation frequency, respectively, which might be re-
sulted from the friction between the contact parts of the pro-
totype.

6 Conclusion

In this paper, an archetypal vibration isolator with SQZS in
multiple directions based on the SD oscillator has been pro-
posed to protect the structure failure from complex seismic
waves horizontally. The SQZS condition has been obtained
and the stability has been confirmed by the analysis of the
equivalent stiffness characteristics. The analytical transmis-
sibility relationship and the sensitivity of the acceleration and

the absolute displacement has been achieved by employing
the averaging technique. The results showed that the vibra-
tion isolation performance can be effectively improved by
the proper choosing of damping ratio. The parameters have
also been optimized by the ergodic calculations for both stiff-
ness and damping under the excitation of seismic accelera-
tion record, based upon which the analysis has shown that the
resonance of the system can be effectively suppressed about
47.775% and the initial isolation frequency can be decreased
to about 0.525 Hz. The 2-DOF experimental rig has been
set up and the experimental investigations have been carried
out to investigate the aseismic performance of the proposed
model by frequency sweeping and seismic wave excitation.
The experimental results demonstrated the vibration isolation
performance having a good agreement with the theoretical
analysis, the maximum error within 5% and 0.1 Hz for the
vibration attenuation capacity and the initial vibration isola-
tion frequency, respectively. The results presented herein this
paper would lay a foundation for the aseismic engineering to
protect the failure of electric power system under the complex
excitation of seismic waves.
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