
•Article• . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . October 2018 Vol.61 No.10: 1528–1536
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .https://doi.org/10.1007/s11431-017-9280-1

Distributed disturbance-observer-based vibration control for
a flexible-link manipulator with output constraints

YANG HongJun1,2, LIU JinKun2* & HE Wei3

1 State Key Laboratory of Management and Control for Complex System, Institute of Automation, Chinese Academy of Sciences,
Beijing 100190, China;

2 School of Automation Science and Electrical Engineering, Beihang University, Beijing 100191, China;
3 School of Automation and Electrical Engineering, University of Science and Technology Beijing, Beijing 100083, China

Received November 7, 2017; accepted May 14, 2018; published online September 7, 2018

The issue of output constraints is studied for a flexible-link manipulator in the presence of unknown spatially distributed
disturbances. The manipulator can be taken as an Euler-Bernoulli beam and its dynamic is expressed by partial differential
equations. On account of the uncertainty of disturbances, we present a disturbance observer to estimate infinite dimensional
disturbances on the beam. The observer is proven exponentially stable. Considering the problem of output constraints in the
practical engineering, we propose a novel distributed vibration controller based on the disturbance observer to fulfill the position
regulation of the joint angle and suppress elastic deflections on the flexible link, while confining the regulating errors of output in
a suitable scope that we can assign. The closed-loop system is demonstrated exponentially stable based on an integral-barrier
Lyapunov function. Simulations validate the effectiveness of the design scheme.
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1 Introduction

Flexible-link manipulators have been widely applied in re-
cent years, because of their favorable properties [1] such as
lower energy consumption, faster operational speed and
lighter weight. However, the flexible characteristics also
make the dynamic model of flexible manipulators be dis-
tributed and take on the form of partial differential equations
(PDEs), generating more difficulties for vibration control
design. In order to suppress the vibration of flexible systems,
researchers have proposed many approaches [2–17]. In
general case, researchers did not consider the problems of
distributed disturbances and output constraints simulta-

neously, while these problems usually happen in the actual
engineering.
First, we consider developing a disturbance observer that

acts as a compensator in the control scheme to resist the
adverse impact caused by exogenous disturbances in prac-
tical engineering. Many methods [18–20] for overcoming
disturbances have been used in manipulators. Concerning the
observer design, a Luenberger-like observer has been de-
signed for a general class of linear singular time-delay sys-
tems in ref. [21]. In ref. [22], the authors developed a
disturbance observer to estimate the unknown compounded
disturbance for a class of uncertain nonaffine nonlinear
systems. In ref. [23], a general systematic approach is pro-
posed to solve the disturbance observer design problem for
robotic manipulators. However, the observers used in the
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foregoing studies are finite dimensional observers expressed
by ordinary differential equations (ODEs), they are not sui-
table for the system in our study. Since the flexible link is a
distributed parameter system (DPS), the dynamic model is
described by PDEs and the distributed disturbances are in-
finite dimensional. Consequently, it is required to design a
distributed infinite dimensional disturbance observer.
Then, the issue of output constraint that usually appeared

in practical engineering is concerned. To avoid the instability
or even the damage of flexible-link manipulators caused by
excessive vibrations, we consider a control scheme that can
limit the regulating errors of output (joint angular position,
vibratory deflection on the beam) in a suitable range that we
can determine. Previous researchers [24,25] have proposed
many methods to solve the problem of output constraints.
For distributed parameter systems whose dynamic described
by PDEs, a boundary control with the boundary output
constraint [25] has been proposed so that the vibration of
cantilever beam can be suppressed. However, the authors
only discussed boundary disturbance of a cantilever beam,
and the closed-loop system is only uniform ultimate bounded
(UUB). By contrast, we consider the distributed disturbance
along the rotatable link, and the controller could validate
overall exponential stability of the system. Many works have
been done for designing distributed controllers [26–28], but
they neglect the output constraints in the actual engineering.
We have recently proposed a state observer [29] and a

distributed controller [30], but the problems on distributed
disturbances and output constraints did not considered. In
this paper, we study a flexible-link manipulator with un-
known infinite dimensional distributed disturbances and
concern output constraints of system simultaneously. The
flexible link can be taken as an Euler-Bernoulli beam and its
dynamics takes on the form of PDEs. Considering the un-
known disturbances caused by noisy environments in the
practical engineering, we introduce an infinite dimensional
distributed disturbance observer that can estimate distributed
disturbances on the flexible link and is validated ex-
ponentially stable. Then, we propose a novel distributed
controller based on the disturbance observer to fulfill the
position regulation of the joint angle and suppress elastic
deflections on the flexible link. In addition, the controller
could restrict the regulating errors of output in a prescribed
scope to keep the system secure, based on an integral-barrier
Lyapunov function. The closed-loop system is validated
exponentially stable and the effectiveness of the proposed
scheme is demonstrated by numerical simulations. The de-
tailed contributions are summarized as follows:
(1) The unknown exogenous distributed disturbances on

flexible manipulators can be estimated by our infinite di-
mensional disturbance observer, which is the precondition
for developing the distributed controller. Furthermore, the
adverse influences of boundary disturbance and distributed

disturbance on the beam are all resolved.
(2) The issue of output constraints is addressed with the

disturbance-observer-based controller. The distributed con-
troller could restrict vibrations of the manipulator in a range
that we could assign, increasing security in the practical
engineering.
(3) On the basis of solving the problems on distributed

disturbances and output constraints, the controller can
achieve the position regulation of joint angle and suppress
vibrations on the flexible link with exponential rate, instead
of UUB.

2 System description

In this paper, a flexible-link manipulator in the presence of
unknown spatially distributed disturbances is studied. We
discuss a kind of flexible-link manipulator whose surfaces
are bonded with two piezoelectric plates [26]. Note that the
piezoelectric materials, acting as the distributed actuators
and sensors, are distributed along the flexible link. Without
loss of generality, we simplify the system into a typical
Euler-Bernoulli beam, whose schematic is shown in Figure
1. The distributed force generated by piezoelectric material is
directly expressed by u(x, t) for simplification of analysis.
Frame X0O0Y0 is the fixed global inertial coordinate and
frame XOY is the local coordinate. The joint motor is rigidly
clamping the hub of the beam and a tip mass is attached to its
free end. In Figure 1, EI, ρ, and L represent the bending
stiffness, mass per unit length and length of the beam; Let θ
(t) represent the joint angular position, Ih the inertia of the
hub, m the mass of the payload, w(x, t), d(x, t) and r(x, t) the
vibratory deflection, distributed varying disturbance and
position of point P in Frame X0O0Y0, respectively; u0(t), uL(t),
d0(t), dL(t) are the torque input generated by joint motor,
force input generated by the actuator at the end, boundary
disturbance acting on the motor, and boundary disturbance
acting on the payload, respectively.
Assumption 1. The flexible beam only moves in the

horizontal plane and the effect of gravity is not taken into
consideration [8].
Assumption 2. The manipulator is flexible transverse to its

length in the plane of motion and rigid in other directions.
The link elongations are small enough to be neglected [8].
Remark 1. For simplicity and clarity, we use derivative

notations as follows: t= ( ) ,
t¨ = ( )2

2 , x( ) = ( )
x ,

x( ) = ( )
xx

2

2 ,
x( ) = ( )

xxx

3

3 , and
x( ) = ( )

xxxx

4

4 , where

x L[0, ] and t [0, ) respectively denote the position
variable and time variable.
As the spillover effect occurred in the controller obtained

by using lumped parameter modeling method, we apply
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distributed parameter modeling method whose advantage is
that it does not ignore high frequency dynamics. Thus, the
dynamic model will take on the form of PDEs. We first
define the position of point P in the inertial coordinate as r(x,
t)=xθ(t)+w(x,t). Then we consider the kinetic energy Ek, the
potential energy EP, and the non-conservative work Wnc of
the system, and employ Hamilton’s approach to get the
distributed parameter model of the flexible-link manipulator.
The readers who are interest in the details could refer to ref.
[29]. Combined the characteristics of piezoelectric materials
with the beam, we give the simplified dynamic model of the
system as the following equations:

I t EIw t u t d t¨( ) (0, ) = ( ) + ( ), (1)h xx 0 0

r x t EIw x t u x t d x t¨( , ) + ( , ) = ( , ) + ( , ), (2)xxxx

mr L t EIw L t u t d t¨( , ) ( , ) = ( ) + ( ), (3)xxx L L

w t w t w L t(0, ) = 0,  (0, ) = 0,  ( , ) = 0, (4)x xx

where eq. (2) is the governing equation and eqs. (3) and (4)
represent boundary conditions. Noting that the boundary
disturbances d0(t), dL(t), and distributed infinite dimensional
disturbance d(x,t), x L(0, ) are unknown and time-varying,
we could develop a disturbance observer to estimate them.
Therefore, before we develop the control law, an effective
disturbance observer should be first studied.

3 Design of infinite dimensional disturbance
observer

In this section, an infinite dimensional disturbance observer
is studied to estimate the boundary disturbances d0(t) and
dL(t), and the distributed infinite dimensional disturbance d
(x,t) on the manipulator. Since we next design a controller
based on the observer, the estimate errors should be rapidly
regulated to zero. For simplicity and clarity in the following
study, the time symbol t is omitted. For example, the dis-
tributed infinite dimensional disturbance d(x,t) is rewritten as

d(x).We define variables d 0, dL, and d x( ) as estimations of d0,
dL, and d(x), respectively, and introduce auxiliary variables
φ0, φL, and φ(x) for the observer development. First, we de-
sign

( )d k d d= , (5)0 1 0 0

( )d k d d= , (6)L L L2

d x k d x d x( ) = [ ( ) ( )]. (7)3

Then, we give

d k I= , (8)h0 0 1

d k mr L= ( ), (9)L L 2

x d x k r x( ) = ( ) ( ). (10)3

Taking the time derivative of eqs. (8)–(10), and substitut-
ing eqs. (1)–(3) and (5)–(7), we obtain

( )

[ ]

k d d k I

k I EIw u d k I

k EIw u k d

= ¨

= ¨ (0) ¨

= (0) + , (11)

h

h xx h

xx

0 1 0 0 1

1 0 0 1

1 0 1 0

( )

[ ]

k d d k mr L

k mr L EIw L u d k mr L

k EIw L u k d

= ¨( )

= ¨( ) ( ) ¨( )

= ( ) + , (12)

L L L

xxx L L

xxx L L

2 2

2 2

2 2

[ ]

x k d x d x k r x

k r x EIw x u x d x k r x

k EIw x u x k d x

( ) = [ ( ) ( )] ¨( )

= ¨( ) + ( ) ( ) ( ) ¨( )

= ( ) + ( ) ( ). (13)
xxxx

xxxx

3 3

3 3

3 3

Based on eqs. (8)–(13), we propose the infinite dimen-
sional disturbance observer as follows:

[ ]

[ ]

[ ]

k EIw u k d

d k I
k EIw L u k d

d k mr L
x k EIw x u x k d x

d x x k r x

= (0) + ,

= + ,
= ( ) + ,

= + ( ),
( ) = ( ) + ( ) ( ),

( ) = ( ) + ( ).

(14)

xx

h

L xxx L L

L L

xxxx

0 1 0 1 0

0 0 1

2 2

2

3 3

3

where k1, k2, and k3 are the design positive constants. The true
values θ, w(x), and wxxx(x) could be directly measured by
rotary encoders and piezoelectric sensors, which have been
explained in ref. [26]. The first time derivative and first
spatial derivative of them can be calculated by a backwards
difference algorithm [25].
Assumption 3. The change rate of the disturbances can be

assumed negligible in comparison with the disturbance es-
timation error dynamics i.e., d d d x= = ( ) 0L0 . There are

positive constantsD 0,DL,andD such that d D0 0, d DL L,

Figure 1 Schematic of the flexible-link manipulator with unknown dis-
turbances.
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and d x D( ) , x L[0, ]. This is a reasonable assumption in
most of practical engineering.
Theorem 1. All the signals of the infinite dimensional

disturbance observer in eq. (14) are bounded and the dis-
turbance observer is exponentially stable.
Proof. First, we define the estimate errors as d d d=0 0 0,

d d d=L L L, and d x d x d x( ) = ( ) ( ). Then, a Lyapunov
function candidate is developed as follows:

V d d d x x= 1
2 +1

2 +1
2 ( )d . (15)ob L

L
0

2 2
0

2

Differentiating eq. (15) with respect to time, substituting
eq. (14), we obtain

[ ]
[ ]

[

V d d d d d x d x x

d d d d d d

d x d x d x x

d k I d k mr L

d x x k r x x

d k EIw u k d k I

d k EIw L u k d k mr L

d x k EIw x u x

k d x k r x x

d k d k d d k d k d

d x k d x k d x x

k d k d k d x x

V

= + + ( ) ( )d

= ( ) + ( )

+ ( ) ( ) ( ) d

= ( + ¨) + ¨( )

( ) ( ) + ¨( ) d

= ( (0) + ) + ¨

 ( ( ) + ) + ¨( )

( ) ( ( ) + ( ))

( ) + ¨( ) d

= ( ) ( )

( )( ( ) ( ))d

= ( )d

, (16)

ob L L
L

L L L
L

h L L
L

xx h

L xxx L L

L
xxxx

L L L
L

L
L

ob ob

0 0 0

0 0 0

0

0 0 1 2

0 3

0 1 0 1 0 1

2 2 2

0 3

3 3

0 1 0 1 0 2 2

0 3 3

1 0
2

2
2

3 0

2

where { }k k k0 < min , ,ob 1 2 3 . Then, the above inequality
gives

V t e V( ) (0). (17)ob ob
ob

From eq. (17), we conclude that the proposed infinite di-
mensional disturbance observer is bounded and the estimate
errors d 0, dL, and d x( ) exponentially tend to zero, illustrating
that the disturbance observer is exponentially stable such that
d d0 0, d dL L, and d x d x( ) ( ) for x L[0, ], t .

4 Design of distributed disturbance-observer
-based controller with output constraints

Considering output constraints in the practical engineering,
we discuss a distributed vibration controller which could
make the output errors be limited in a prescribed range. The
output errors are defined as follows:

e = , (18)d1

e w L= ( ), (19)2

e x w x x L( ) = ( ),  (0, ), (20)3

where the desired joint angular position θd is a constant. The
corresponding prescribed upper limits are B1, B2, and B3(x),
x L(0, ). Thus, the control scheme should be developed to
meet the conditions e B<1 1, e B<2 2, and e x B x( ) < ( )3 3 ,
x L(0, ). Note that the initial values of output error must
also satisfy e B(0) <1 1, e B(0) <2 2, and e x B x( , 0) < ( )3 3 ,
x L(0, ). Since we should also concern the unknown dis-
turbances, we will develop a novel disturbance-observer-
based controller with output constraints for the infinite di-
mensional distributed parameter system. Moreover, The
controller should make the joint angular position θ regulates
to the desired position θd, while regulating displacement w(x)
and its speed w x( ) to zero.
With these objects, we first introduce the following aux-

iliary error functions:

S e e= + , (21)1 1 1

S e e= + , (22)2 2 2

S x e x e x x L( ) = ( ) + ( ),  (0, ), (23)3 3 3

and subsequently design the distributed disturbance-ob-
server-based vibration controller as follows:

u EIw d I e e µ S µ S B
B e

e S e
B e I S e e

B e
B

B e

= (0) ln 2

+ 2 + / ln 2 , (24)

xx h

h

0 0 1 1 1 1 2 1
1
2

1
2

1
2

1
1 1

2

1
2

1
2 1

1 1

1
2

1
2

1
2

1
2

1
2

u mL EIw L d me e µ S

µ S B
B e e S e

B e mS e e
B e

B
B e

= ¨ ( )

ln 2 + 2 +

/ln 2 , (25)

L xxx L 2 2 3 2

4 2
2
2

2
2

2
2 2

2 2
2

2
2

2
2 2

2 2

2
2

2
2

2
2

2
2

2
2

u x x EIw x d x e x e x

µ S x µ S x B x
B x e x

e x S x e x
B x e x

S x e x e x
B x e x

B x
B x e x

( ) = ¨ + ( ) ( ) ( ) ( )

( ) ( )ln 2 ( )
( ) ( )

( ) + ( )
2

( )
( ) ( )

+ ( ) ( ) ( )
( ) ( )

/ln 2 ( )
( ) ( ) , (26)

xxxx 3 3

5 3 6 3
3
2

3
2

3
2

3
3 3

2

3
2

3
2

3
3 3

3
2

3
2

3
2

3
2

3
2

where μi, i=1,2,...,6 are design positive constants. All the true
values in the controller can be obtained either by measure-
ment using rotary encoders and piezoelectric sensors, or by
first time or spatial derivative calculation using a backwards
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difference algorithm [26]. Then we give the stability analysis
of the distributed controller.
Theorem 2. For the system described by eqs. (1)–(4), on

condition that the initial states of the system are bounded and
satisfying e B(0) <1 1, e B(0) <2 2, e x B x( , 0) < ( )3 3 ,
x L(0, ), with the disturbance observer in eq. (14) and the
distributed vibration controller in eqs. (24)–(26), the fol-
lowing properties hold:
(1) The proposed disturbance observer in eq. (14) is ex-

ponentially stable in the following sense: d d0 0, d dL L,
and d x d x( ) ( ) for x L(0, ), t .
(2) The output errors e1, e2, and e3(x) will be limited in the

prescribed range e B<1 1, e B<2 2, and e x B x( ) < ( )3 3 , for
x L(0, ), t (0, ).
(3) The closed-loop system is bounded and the system

errors are exponentially convergent, i.e., d , d ,
w x( ) 0, and w x( ) 0 as t , x L[0, ].
Proof. First, a Lyapunov function candidate is designed as

follows.

V V V V V= + + + , (27)ob1 2 3

where

V I S B
B e e B

B e e= 1
2 ln 2 + 1

2 ln 2 + 1
2 , (28)1 h 1

2 1
2

1
2

1
2 1

2 1
2

1
2

1
2 1

2

V mS B
B e e B

B e e= 1
2 ln 2 + 1

2 ln 2 + 1
2 , (29)2 2

2 2
2

2
2

2
2 2

2 2
2

2
2

2
2 2

2

V S x
B x

B x e x
x

e x
B x

B x e x
x e x x

= 1
2 ( )ln

2 ( )
( ) ( )

d

+1
2 ( )ln

2 ( )
( ) ( )

d + 1
2 ( )d , (30)

L

L L

3 0 3
2 3

2

3
2

3
2

0 3
2 3

2

3
2

3
2 0 3

2

and integral-barrier Lyapunov terms are B
B eln 2 1

2

1
2

1
2,

B
B eln 2 2

2

2
2

2
2, and

B x
B x e x

xln
2 ( )
( ) ( )

d
L

0

3
2

3
2

3
2

. Differentiating eq. (27)

along the closed-loop system with respect to time, and sub-
stituting eqs. (1)–(3), we obtain

V V V V V= + + + , (31)ob1 2 3

where

{ }[ ]

V I S e S I B
B e I S e e

B e

e e B
B e e e e

B e e e

I S e S u d EIw B
B e

I S e e
B e e e B

B e e e e
B e e e

= ( + ¨)ln 2 +

+ ln 2 + +

= + + + (0) ln 2

+ + ln 2  + + , (32)

xx

1 h 1 1 1 h
1
2

1
2

1
2 h 1

2 1 1

1
2

1
2

1 1
1
2

1
2

1
2 1

2 1 1

1
2

1
2 1 1

h 1 1 1 0 0
1
2

1
2

1
2

h 1
2 1 1

1
2

1
2 1 1

1
2

1
2

1
2 1

2 1 1

1
2

1
2 1 1

{ }

V mS e S mw L B
B e mS e e

B e

e e B
B e e e e

B e e e

mS e S u d EIw L mL

B
B e mS e e

B e e e B
B e

e e e
B e e e

= ( + ¨( ))ln 2 +

+ ln 2 + +

= + + + ( ) ¨

×ln 2 + + ln 2

+ + , (33)

L L xxx

2 2 2 2
2
2

2
2

2
2 2

2 2 2

2
2

2
2

2 2
2
2

2
2

2
2 2

2 2 2

2
2

2
2 2 2

2 2 2

2
2

2
2

2
2 2

2 2 2

2
2

2
2 2 2

2
2

2
2

2
2

2
2 2 2

2
2

2
2 2 2

{

[ ]V S x e x S x w x
B x

B x e x
x

S x
e x e x

B x e x
x

e x e x
B x

B x e x
x

e x
e x e x

B x e x
x e x e x x

S x e x S x x EIw x

u x d x B x
B x e x x

S x
e x e x

B x e x
x

e x e x
B x

B x e x
x

e x
e x e x

B x e x
x

e x e x x

= ( ) ( ) + ( ) ¨ ( ) ln
2 ( )
( ) ( )

d

+ ( )
( ) ( )

( ) ( )
d

+ ( ) ( )ln
2 ( )
( ) ( )

d

+ ( )
( ) ( )

( ) ( )
d + ( ) ( )d

= ( ) ( ) + ( ) ¨ ( )

+ ( ) + ( )]}ln 2 ( )
( ) ( )d

+ ( )
( ) ( )

( ) ( )
d

+ ( ) ( )ln
2 ( )
( ) ( )

d

+ ( )
( ) ( )

( ) ( )
d

+ ( ) ( )d , (34)

L

L

L

L L

L
xxxx

L

L

L

L

3 0 3 3 3
3
2

3
2

3
2

0 3
2 3 3

3
2

3
2

0 3 3
3
2

3
2

3
2

0 3
2 3 3

3
2

3
2 0 3 3

0 3 3 3

3
2

3
2

3
2

0 3
2 3 3

3
2

3
2

0 3 3
3
2

3
2

3
2

0 3
2 3 3

3
2

3
2

0 3 3

V k d k d k d x x= ( )d . (35)ob L
L

1 0
2

2
2

3 0

2

Substituting the controller eqs. (24)–(26) into eqs. (32)–
(34), we arrive at (Supporting Information)

V µ S B
B e e B

B e e

µ S B
B e e B

B e e

µ S x
B x

B x e x
x

e x
B x

B x e x
x e x x

k d k d

k d x x

V

ln 2 ln 2

ln 2 ln 2

( )ln
2 ( )
( ) ( )

d

( )ln
2 ( )
( ) ( )

d ( )d

1 1

1 ( )d

, (36)

L

L L

L

L

1 1
2 1

2

1
2

1
2 1

2 1
2

1
2

1
2 1

2

3 2
2 2

2

2
2

2
2 2

2 2
2

2
2

2
2 2

2

5 0 3
2 3

2

3
2

3
2

0 3
2 3

2

3
2

3
2 0 3

2

1 1 0
2

2 2

2

3 3 0

2
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where

{ }k k k0 < min , , , (37)ob 1 2 3

{
}

µ
I

µ
m

µ k

k k

0 < min 2 , 2 , 2 , 2, 2 2 ,

           2 2 , 2 2 , (38)

h

1 3 5
1 1

2 2 3 3

k 1 > 0, (39)1 1

k 1 > 0, (40)2 2

k 1 > 0. (41)3 3

From eq. (36), it yields

V t V( ) e (0). (42)t

According to eq. (42), we conclude that the proposed
disturbance observer in eq. (14) and all the signals of the
closed-loop system are bounded, and the errors e1, e2, e x( )3 ,
d 0, dL, and d x( ), x L(0, ) exponentially tend to zero. Thus,
the proposed disturbance observer in eq. (14) is ex-
ponentially stable in the following sense: d d0 0, d dL L,
and d x d x( ) ( ) for x L(0, ), t , and the system errors
are exponentially convergent, i.e., d , d ,
w x( ) 0, w x( ) 0 as t , x L[0, ]. As V(t) is
bounded, the integral-barrier Lyapunov function terms

B
B eln 2 1

2

1
2

1
2,

B
B eln 2 2

2

2
2

2
2, and

B x
B x e x

xln
2 ( )
( ) ( )

d
L

0

3
2

3
2

3
2

are bounded

for t (0, ), then the regulating errors e1, e2, and e x( )3

will remain in the prescribed set e B<1 1, e B<2 2, and

e x B x( ) < ( )3 3 , for x L(0, ), t (0, ), which results in
Theorem 2 and achieves our control goal.

5 Simulations

In this section, MATLAB simulation is applied to demon-
strate the favorable performance of the design scheme. The
system parameters are selected as ρ=0.2 kg m−1, L=1 m, EI=
2 N m2, Ih=0.5 kg m

2, m=0.6 kg. The space step and time
step are given by Δx=0.1 m and Δt=1×10−4 s, respectively.
The initial joint angular position and desired position are
chosen as θ(0)=0.2 rad and θd=0.5 rad, respectively.
We select the disturbances as d0=dL=0.2+0.01sin(0.1πt)

+0.02sin(0.2πt), d(x)=0.02sin(0.5πxt), and set the initial va-
lues of observer as d d(0) = (0)L0 d x= ( , 0) = 0. The gains in
the observer are given by k1=k2=k3=15.
First, the simulations for illustrating the effectiveness of

disturbance observer are shown in Figures 2–5. In Figure 2,

Figure 2 (Color online) Estimation of disturbance. (a) Estimation of d0;
(b) estimation of dL.

Figure 3 Estimation error. (a) Estimation error of d0; (b) estimation error
of dL.

Figure 4 (Color online) Estimation of disturbance. (a) Disturbance d(x);
(b) estimation of d(x).
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the solid and dashed lines show the practical and estimated
values of disturbances d0 and dL, respectively. Figure 4 dis-
plays the practical and estimated value of d(x). In Figures 3
and 5, the errors between the corresponding true and esti-
mated values are described. Figures 2–5 demonstrate that the
disturbance observer could approach distributed dis-
turbances rapidly and accurately.
Then, we set the upper bounds of regulating errors as

B1=0.301, B2=0.02, and B x x( ) = 0.1[exp(0.2 ) 1]3 ,

x L(0, ), satisfying the initial conditions B e> (0) = 0.31 1 ,

B e> (0) = 02 2 , and B x e x( ) > ( , 0) = 03 3 . In order to satisfy
inequalities (29)-(32), µ 2 1, µ 4 2, and µ 6 3, we set
the control parameters as μ1=μ2=μ3=μ4=5, μ5=μ6=1.7, and
γi=1, i=1, 2, 3. The simulation results shown in Figures 6–9
illustrate the effectiveness of proposed control scheme.
Figure 6 shows that the control law can make the joint reg-
ulate to the desired joint angular position θd=0.5 rad and its
speed = 0d . In Figure 7 , vibrations w(x) and the speedw x( )
on the beam are effectively and fast suppressed. The control

inputs u 0 and uL are displayed in Figure 8, and distributed
control u(x) in Figure 9. In order to ensure if the regulating
errors of output are limited in the upper bounds, we plot the
differences between prescribed limits and regulating errors
in Figures 10 and 11. We can apparently conclude e B<1 1,

e B<2 2, e x B x( ) < ( )3 3 , for x L(0, ), t (0, ), which
demonstrate the regulating errors are successfully limited in

Figure 5 Estimation error of d(x).

Figure 6 (Color online) Angle and angular speed regulation. (a) Joint
angle regulation; (b) joint angular speed regulation.

Figure 7 (Color online) Suppression of Elastic deflection and its speed
on the whole beam. (a) Elastic deflection w(x, t); (b) elastic deflection
speed w x t( , ).

Figure 8 (Color online) Control input u0 and uL. (a) Control input u0; (b)
control input uL.
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our prescribed bounds.
From Figures 6–11, we arrive at the results that the dis-

tributed disturbance-observer-based controller can imple-
ment the position regulation of joint angle and suppress
elastic deflections on the link, and limit the regulating errors
in prescribed bounds.

6 Coclusion

In this paper, we develop a novel distributed disturbance-
observer-based vibration controller with output constraints
for a flexible-link manipulator with unknown spatially dis-
tributed disturbances. In the presence of distributed dis-
turbances on the beam and regulating error constrains of
output, the distributed controller can effectively regulate
angular position and suppress elastic vibration simulta-
neously, which achieves our control goal and implies the
practical significance in the engineering. However, this
control scheme cannot deal with the important issue of reg-
ulating speed error constraints of output. In the future work,
we could consider more advanced technology to cope with
this difficulty.

This work was supported by the National Natural Science Foundation of
China (Grant Nos. 61374048 & 61703402).
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