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This study presented a hybrid model method based on proper orthogonal decomposition (POD) for flow field reconstructions and
aerodynamic design optimization. The POD basis modes have better description performance in a system space compared to
the widely used semi-empirical basis functions because they are obtained through singular value decomposition of the system.
Instead of the widely used linear regression, nonlinear regression methods are used in the function response of the coefficients
of POD basis modes. Moreover, an adaptive Latin hypercube design method with improved space filling and correlation based
on a multi-objective optimization approach was employed to supply the necessary samples. Prior to design optimization, the
response performance of POD-based hybrid models was first investigated and validated through flow reconstructions of both
single- and multiple blade rows. Then, an inverse design was performed to approach a given spanwise flow turning distribution
at the outlet of a turbine blade by changing the spanwise stagger angle, based on the hybrid model method. Finally, the spanwise
blade sweep of a transonic compressor rotor and the spanwise stagger angle of the stator blade of a single low-speed compressor
stage were modified to reduce the flow losses with the constraints of mass flow rate, total pressure ratio, and outlet flow turning.
The results are presented in detail, demonstrating the good response performance of POD-based hybrid models on missing data
reconstructions and the effectiveness of POD-based hybrid model method in aerodynamic design optimization.

flow reconstruction, aerodynamic design optimization, proper orthogonal decomposition, turbomachinery, hybrid model,
computational fluid dynamics, transonic

Citation: Luo J Q, Zhu Y L, Tang X, et al. Flow reconstructions and aerodynamic shape optimization of turbomachinery blades by POD-based hybrid models.
Sci China Tech Sci, 2017, 60: 1658–1673, doi: 10.1007/s11431-016-9093-y

1 Introduction

With the increased power of computational speed, numeri-
cal simulation based on high-performance computers has be-
come a useful tool in engineering. Usually, the mathematical
model in a given discipline is first discretized to a system of
algebraic equations with large dimensions. For example, to
obtain the aerodynamic performance of airplanes and turbo-
machines, high resolution meshes with millions of grid points
are necessary. The nonlinear partial differentiation governing
flow equations are discretized and iteratively solved on each
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grid point until the computation converges. For aerospace ap-
plications involving tens of hundreds of flow computations,
the computational time is unacceptable. Fortunately, model
methods can be used to obtain approximate solutions with re-
spect to the given inputs in a system space with much lower
computational cost. For example, reduced-order models have
been successfully applied in the disciplines of turbulence flow
[1, 2] and aerodynamics [3–6].

At present, proper orthogonal decomposition (POD) has
been successfully used to develop reduced-order models. The
basis modes are the kernels of POD, which can be usually de-
termined by singular value decomposition (SVD) of the sys-
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tem ensemble. In such situations, the POD basis modes are
self-adjustable for different system spaces. Compared to the
widely used semi-empirical basis functions, such as polyno-
mials and radial basis functions, POD basis modes are sug-
gested to have a better response performance. It is known that
usually only a series of primary basis modes cover a dom-
inant part of the entire energy of a system, implying that a
high-dimension problem in a system space can be described
by a group of low-dimension models. In principle, any arbi-
trary vector in a system space can be described as a weighted
summation form of primary basis modes. In the early ap-
plications, the determination of basis modes through SVD
lacked sufficient accuracy and stability because of the large
dimensions. To overcome these drawbacks, Sirovich [7] in-
troduced the snapshot POD method, details of which have
been introduced by the present authors [8]. Because of its
high dimension reduction and robustness, snapshot POD is
now widely used.

One important POD application is missing data recon-
struction. On obtaining the basis modes of a system space,
the missing data in incomplete vectors can be reconstructed
by Gappy POD, which has been successfully applied in
human-face characterization [9] and flow field reconstruc-
tion [10]. In the aerodynamics discipline, supposing a system
space consisting of a number of different aerodynamic shapes
is determined, the most intensive flow characteristics can be
identified by the POD basis modes favoring the design and
optimization to improve the aerodynamic performance. On
the other hand, by regarding either the aerodynamic shape or
the performance as the missing data of an incomplete vector,
an inverse design or an optimization design can be accom-
plished by Gappy POD. Le Gresley and Alonso [11] intro-
duced POD-based reduced-order models in their design op-
timization of airfoils. Bui-Thanh et al. [10] presented flow
reconstructions by Gappy POD and achieved an inverse de-
sign of airfoils. Duan et al. [12] introduced a two-step design
optimization based on Gappy POD and performed design op-
timization of airfoils. The applications of Gappy POD in tur-
bomachinery were not studied until recent years [13–15].

In the missing data reconstruction based on Gappy POD,
two crucial issues need to be taken into account, the num-
ber of primary basis modes and the sampling method. The
number of basis modes used to describe a system space can
significantly influence the description accuracy and the com-
putational cost of missing data reconstruction. In early ap-
plications, Gappy POD with linear regression, such as the
least-squares method, was widely used to obtain the coeffi-
cients of POD basis modes [10–12]. Unfortunately, the con-
vergence history of description accuracy versus the number
of basis modes performed zigzags, resulting in the difficulty

on selecting the primary basis modes to describe a system
space. In recent years, nonlinear regression, instead of linear
regression methods, has been studied to improve not only the
convergence performance but also the response accuracy of
the coefficients of POD basis modes [14–16]. In the present
study, two different nonlinear regression methods are intro-
duced to construct the POD-based hybrid models.

Generally, one strives to obtain as few a number of snap-
shots as possible without deterioration in description accu-
racy by an appropriate sampling method. In recent years,
rather than uniform sampling methods, some adaptive sam-
pling methods were introduced in an attempt to reduce the
sample number [14–19]. By these methods, the target sub-
space with the lowest description accuracy was determined
first and then a number of additional uniform samples were
added. In such situations, numerous samples were still re-
quired for a large number of inputs, which in reality exists
in any adaptive experimental design based on uniform sam-
pling. Due to its maximum space filling, the random sam-
pling method Latin hypercube design (LHD) [20] has been
widely used. At present, much work has been done to im-
prove the LHD by taking into account space filling and corre-
lation [21–25]. In the present study, an improved LHD based
on multi-objective optimization was introduced to generate
samples with maximin Euclidean distance and minimum cor-
relation. Meanwhile, the adaptive sampling method based on
the LHD was employed to reduce the total sample number.
The performance of the improved LHD was illustrated and
validated.

On obtaining the POD-based hybrid models with nonlinear
regressions and improved LHD, flow reconstructions based
on Gappy POD of three different turbomachinery blades, a
supersonic steam turbine blade, a transonic compressor ro-
tor, and a single low-speed compressor stage, were stud-
ied; and the performance of the POD-based hybrid models
were compared to determine the appropriate hybrid model
for design optimization. First, an inverse design approach-
ing a given spanwise flow turning distribution by changing
the spanwise stagger angle was performed to demonstrate the
effectiveness of the POD-based hybrid model in design opti-
mization. Then, the transonic compressor rotor blade, NASA
Rotor 37, was redesigned through blade sweeping to improve
the aerodynamic performance of shock loss, flow separation,
and shock/tip-leakage interaction. Finally, the last stage of
a 4.5-stage compressor was redesigned through stagger an-
gle change along the span of the stator blade to reduce the
flow separation zones around the suction surface and end-
walls. The results are presented in detail and the influence of
blade redesign on performance improvements are illustrated
and discussed.
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2 Proper orthogonal decomposition

2.1 Fundamentals

The principle and implementation of snapshot POD have al-
ready been introduced in ref. [8]. The crucial issues of
snapshot POD are the determinations of eigenvalues and the
corresponding eigenvectors of the autocorrelation matrix R
through SVD.

R =
1
n

(U, U) = Q
(

1
n
ΣΣT

)
QT, (1)

where U is the snapshot ensemble, which can be described in
a decomposition form:

U = QΣVT, (2)

where Q and V are the left and right orthogonal eigenmatri-
ces, respectively, and Σ is a diagonal matrix containing all the
eigenvalues. The eigenvectors, namely the basis modes of the
snapshot ensemble U, are

Φ = {ψ1, ψ2, · · · , ψn} = ΣVT = QTU. (3)

By snapshot POD, the autocorrelation matrix R, rather than
the snapshot ensemble U, is decomposed. In the aerodynam-
ics discipline, the dimension of U is inconceivable because
of the high-resolution mesh. However, the dimension of R
equals the number of snapshots, favoring the performance
improvements of SVD. Once the basis modes are obtained,
any arbitrary vector in a system space can be described in a
weighted summation form as follows:

u =
N∑

i=1

λiψi + ε, (4)

where N is the number of primary basis modes and N 6 n,
λi are the corresponding coefficients, and ε denotes the re-
construction error, which can be determined by the deviation
between the reconstructed and the exact solutions. Gener-
ally, in a given system space, the first several basis modes
contain most of the intensive characteristics, favoring the de-
scription of the system space with sufficient accuracy by a
reduced number of POD basis modes.

Gappy POD, an extension of snapshot POD, has been suc-
cessfully used for the reconstructions of incomplete vectors
[10–12, 15]. First, the complete and missing components in
an incomplete vector are identified and placed into two sub-
vectors distinguished by the subscripts “comp” and “miss”,
respectively. Correspondingly, all the basis modes can be de-
composed by two series of submodes. According to eq. (4),
the subvector ucomp can be described by

ucomp =

N∑
i=1

λiψi,comp + ε. (5)

Since ucomp and ψi,comp are known, the coefficient λi can be
determined by the simple least-squares method. Then, the
missing components can be filled up by

umiss =

N∑
i=1

λiψi,miss. (6)

The important capability of Gappy POD on missing data
reconstruction contributes to POD applications in aerody-
namic design optimization. Regarding the aerodynamic pa-
rameters as the “comp” subvector, an inverse design can be
achieved by filling up the “miss” subvector (the aerodynamic
shape). Similarly, optimization design can be achieved by
regarding the aerodynamic shape as the “comp” subvector.

2.2 POD with nonlinear regression

Although by the least-squares method, the coefficients of
POD basis modes can be successfully obtained in earlier re-
search [10–12], however, there is still the potential to improve
the description performance of Gappy POD on missing data
reconstructions.

Since the least-squares regression belongs to one of the
linear response methods, the present Gappy POD lacks suf-
ficient description accuracy on missing data reconstructions
in the intensive and discontinuous flow fields, such as the ro-
tor tip-leakage flow and shock wave. It is imperative to im-
prove the response accuracy of the coefficients of POD basis
modes. In recent years, to supply the coefficients of POD ba-
sis modes, nonlinear regression instead of the least-squares
method has been studied [14–16]. One simple but robust
technique is surrogate model response.

It is well known from eq. (2) that the snapshot ensemble
can be exactly described by the basis modes.

U = QΦ. (7)

Eq. (7) implies that by regarding each snapshot as a model
input, one column of the coefficient matrix Q can be spec-
ified as the corresponding function. In such cases, with n
given snapshots, N different surrogate models with respect to
the N primary basis modes can be constructed in the general
formula

qi =

p∑
k=1

βikf k(x) + εm, i = 1, · · · ,N, (8)

where qi denotes the i-th column, f k is the k-th basis function
of the surrogate model, x is the input vector, and βik are the
model variables required to be determined.

In a previous study [15], the radial basis function (RBF)
[26] response method was used to determine the coefficients



Luo J Q, et al. Sci China Tech Sci November (2017) Vol. 60 No. 11 1661

of POD basis modes. By the nonlinear regression method, the
convergence of response deviation versus the number of ba-
sis modes performed much better than the linear-regression-
based Gappy POD. Meanwhile, the description accuracy of
the POD-RBF hybrid model was significantly improved, even
for transonic flow reconstructions. It is widely recognized
that the function response by the RBF model performs much
better for strong nonlinear problems, whereas its superiority
is not so distinct in the weak nonlinear and linear problems.
In the present study, flow reconstructions by Gappy POD
were performed for a supersonic turbine stator, a transonic
compressor rotor, and a low-speed compressor stage involv-
ing complex and typical flows. In such cases, the quadratic
polynomials and RBF were employed to construct the re-
sponse surfaces, the performances of which are compared in
the following sections. The quadratic polynomial response
surface (QPRS) and Gauss’s radial basis function are given
by eqs. (9) and (10), respectively.

y = ξ0 +

n∑
i=1

ξiixixi +

n−1∑
i=1

n∑
j=i+1

ξi jxix j, (9)

ϕ(r) = e−cr2
, ri j = ||xi − x j||2, (10)

where c is the model parameter, and ri j is the Euclidean dis-
tance between the i-th and j-th snapshots. Using the QPRS
method, the model variables can be obtained by the least-
squares method. Nevertheless, by using the RBF, the exact
solutions of the model variables can be determined by solv-
ing a system of linear equations.

Once the surrogate models are obtained, the coefficients
corresponding to an arbitrary vector regarded as the model
input can be quickly responded. Consequently, the missing
data reconstruction can be accomplished following eq. (6).

3 Descriptions of design optimization

3.1 Cost function

In the present study, an inverse design is firstly studied based
on Gappy POD to validate the effectiveness and accuracy of
the POD-based hybrid models. A supersonic steam turbine
stator blade is redesigned by changing the spanwise stagger
angle to approach a given spanwise distribution of outlet flow
turning. The cost function is given as

I =
1
2

∫
r

[
β(r) − β0(r)

]2 dr, (11)

where β(r) denotes the circumferentially mass-averaged flow
turning along span, the subscript 0 represents the target. The
flow turning is defined as the arc tangent of the ratio of cir-
cumferential velocity to the axial velocity.

In turbomachinery studies, flow loss is a parameter that can
be measured by either entropy production at the outlet [27] or
by adiabatic efficiency. The present design optimizations of
a transonic compressor rotor and a single compressor stage
were investigated to improve the adiabatic efficiency given
as

I = η =
π(γ−1)/γ − 1
θ − 1

, (12)

where η denotes the adiabatic efficiency, π and θ denote the
ratios of total pressure and total temperature at the outlet to
those at the inlet, respectively, and γ is the specific heat ratio.

Generally, the operation condition of compressor rotors
can be described by parameters including rotation speed, to-
tal pressure ratio, and mass flow rate. In the optimization, the
operation condition is not allowed to be changed. In other
words, optimization is performed with a fixed rotation speed,
while the total pressure ratio and mass flow rate are required
to be maintained. For the last stage of the multi-stage com-
pressor, to adjust to the inlet flow of the downstream experi-
ment section, the outlet flow is not allowed to deviate signifi-
cantly from the designed flow. In such cases, the optimization
constraints are given as

∆ṁ = 1 − ṁ
ṁ0
6 ϵ1, ∆π = 1 − π

π0
6 ϵ2, (13)

for the optimization of the transonic rotor blade, and

∆β = 1 − β

β0
6 ϵ3, (14)

for the optimization of the single stage. ṁ0, π0, β0 are the ref-
erences, and ϵ1, ϵ2, ϵ3 are the change tolerances of mass flow
rate, total pressure ratio, and flow turning, respectively.

3.2 Parametrization

NASA Rotor 37, designed and experimentally investigated
by the NASA Lewis Research Center in the 1970s [28], is
a single rotor blade row. The flow through transonic com-
pressor rotors exhibit many intensive flow features, includ-
ing the shock perpendicular to the casing, tip-leakage flow,
and shock-leakage interaction. In previous work [29], it was
found that by modifying the aerodynamic shape of transonic
rotors, the shock loss and the detrimental effects of shock-
leakage interaction can be reduced. However, since the shock
cannot be moved on the compressor casing, the improve-
ments on shock-leakage interaction were quite limited. The
design of blade sweep and lean has been proved to be use-
ful to move the relative position of the shock. Not only the
flow loss but also the flow diffusion in the tip gap induced by
the shock-leakage interaction can be reduced [30, 31]. Fig-
ure 1 illustrates the upward sweeping of Rotor 37, where ∆x
denotes the axial displacement of the leading edge. It should
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∆x Reference

Forward swept

Forward 

swept

(a) (b)

Figure 1 Sketch of sweeping. (a) Top view; (b) side view.

be noted that, by the present sweep technology, the blade is
moved along the actual chord direction to avoid the effects of
blade sweeping on the structure performance [30].

Figure 2 presents the 4.5-stage low-speed research com-
pressor designed for a wind tunnel [32]. For the linear stator
blade, flow separation zones in the corners of the suction side
and the endwalls exist, resulting in most of the flow losses.
In the optimization, the stagger angle of only the stator blade
of the last stage was redesigned, while the rotor blade was
unchanged to maintain the structure performance.

The stagger angle change was achieved by a parameteri-
zation method presented in previous work [29], by which the
redesigned blade due to spanwise stagger change was con-
figurated first by projecting a two-dimensional blade profile
onto an auxiliary plane to maintain the rigid rotation, then
the updated blade profile was recovered from the correspond-
ing rotated profile on the auxiliary plane. Considering the
ease of manufacturing the spanwise stagger angle and blade
sweep, the multiphase quadratic polynomial parameterization
method as shown by eq. (15) was employed.

αr = αi−1 +
(r − ri−1)2

(ri − ri−1)2 (αi − αi−1), ri−1 < r 6 ri, (15)

where ri are the selected spans from hub to the casing and r0

corresponds to the hub, αr denotes the spanwise distribution
of either the stagger angle change or the sweep, and αi are the
corresponding design parameters. By this parameterization
method, the spanwise stagger angle change and blade sweep
can be determined, and then the perturbed aerodynamic shape
can be configurated.

3.3 Flow solver

An in-house program entitled Turbo90 [33, 34] was used to
obtain the flow solutions in our study. A one-equation turbu-
lence model [35] was employed to resolve the eddy viscosity.
At present, the program has already successfully predicted
the aerodynamic performance of both turbine and compres-
sor blades [29, 36–38].

To achieve the flow computations of multiple blade rows
with reduced computational efforts, mixing-plane methods
[39–41] are usually used to make the unsteady flow com-
putations to quasi-steady ones. The mixed-out method [41]
was employed in this study because of its strong conservation
of convective fluxes. The implementation of the mixed-out
method is briefly introduced in the following.

First, the integrals of convective fluxes had to be obtained
on both the upstream and downstream sides of the interface.

F1 =
∫

A ρU · dA = ρ̄Ū,

F2 =
∫

A(ρuU + pn) · dA = ρ̄ūŪ + p̄S̄ x,

F3 =
∫

A(ρvU + pn) · dA = ρ̄v̄Ū + p̄S̄ y,

F4 =
∫

A(ρwU + pn) · dA = ρ̄w̄Ū + p̄S̄ z,

F5 =
∫

A ρHU · dA = ρ̄H̄Ū,

(16)

where {ρ, u, v,w, p} are the primitive variables, U and dA are
the vectors of velocity and area, respectively, and n is the unit
normal vector, and

Ū = ūS̄ x + v̄S̄ y + w̄S̄ z.

The variables with the top symbol bar are the averages. How-
ever, S̄ is the area summation of all the circumferential cells
on each span. Additionally, the total enthalpy is involved to
close the system of equations.

H =
γ

γ − 1
p
ρ
+

1
2

U2.

Finally, the average pressure can be determined as

p̄ =
1

γ + 1

[
a
b
±

√
(a/b)2 + (γ2 − 1)(c − 2F1F5)/b

]
, (17)

Figure 2 Sketch of the multi-stage compressor.
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where

a = F2S̄ x+F3S̄ y+F4S̄ z, b = S̄ 2
x+S̄ 2

y+S̄ 2
z , c = F2

2+F2
3+F2

4 .

As mentioned in eq. (17), the positive sign before the square
root corresponds to subsonic flow, while the negative sign
corresponds to supersonic flow.

Once the average pressure is obtained, the averages of
other flow variables can be determined. Then, the exchange
of flow variables between the adjacent blade rows, i.e., be-
tween the upstream and downstream sides of the interface,
must be performed. Non-reflective boundary conditions
based on one-dimensional characteristic equations were im-
plemented.

Before performing POD-based design optimization, the in-
house program was employed to obtain the grid-independent
solutions for NASA Rotor 37 and the last stage of the 4.5-
stage compressor. For each validation case, three meshes
with different resolutions were tested. The grid number in the
streamwise direction was maintained and those in the circum-
ferential and spanwise directions were doubled. At the opera-
tion condition near peak efficiency of Rotor 37, the computed
mass flow rate, total pressure ratio and adiabatic efficiency of
Grid 1 and Grid 2 were significantly different, whereas the so-
lutions of Grid 2 and Grid 3 were similar (Table 1). Hereby,
Grid 2 was employed in the following design optimization
study.

Figure 3 presents comparisons between the experimental
and CFD flow solutions along the span. Generally, the to-
tal pressure ratio of CFD matched well with the experimen-
tal results, while the deviation of total temperature ratio on

the spans from 50% to 80% blade height was evident, result-
ing in a drop of CFD-based adiabatic efficiency on the cor-
responding spans. The aerodynamic performance of the en-
tire operation range is compared to the experimental results
in Figure 15. In the CFD operation range, the characteris-
tics of total pressure ratio were close to experimental values.
However, as shown in Figure 3, the CFD-based adiabatic effi-
ciency was dramatically low, as a result of the over-prediction
of total temperature ratio.

The 4.5-stage compressor designed by the present group
for research [32] had no experimental results for CFD val-
idation. However, by using the in-house program, grid-
independent solutions were obtained, as shown in Table 2.
The flow solutions of the grids with the “suffix stator” are
those for the last stage, rather than those of the single stator.
Similar to Table 1, the results in Table 2 demonstrate excel-
lent grid convergence. Grid 2 was employed in the following
design optimization study.

4 Design of experiments

4.1 Adaptive LHD by optimization

Uniform sampling methods are used in many model studies
[10–12, 31]; however, the main drawback is that the num-
ber of necessary samples exponentially increases with an in-
crease in input numbers. LHD, by the random sampling tech-
nique, has been widely used because of its full-space filling
with fewer samples. In the past two decades, much work on
LHD computer experiments has been reported [21–25]. Ye

(a) (b) (c)

rrr

θ ηπ

Figure 3 Comparisons of spanwise flow distributions of Rotor 37. (a) Total pressure ratio; (b) total temperature ratio; (c) adiabatic efficiency.

Table 1 Grid-independent flow solutions of Rotor 37

Grid Resolution ṁ π η

Grid 1 121 × 25 × 33 0.9915 2.0842 0.8753

Grid 2 121 × 49 × 65 0.9935 2.0828 0.8728

Grid 3 121 × 97 × 129 0.9941 2.0822 0.8719
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Table 2 Grid-independent flow solutions of the last stage

Grid Resolution ṁ π η

Grid 1 rotor 105 × 25 × 25 0.9112 1.0657 0.9620

Grid 2 rotor 105 × 49 × 49 0.9090 1.0638 0.9589

Grid 3 rotor 105 × 97 × 97 0.9085 1.0631 0.9577

Grid 1 stator 113 × 25 × 33 0.9105 1.0634 0.9141

Grid 2 stator 113 × 49 × 65 0.9089 1.0616 0.9120

Grid 3 stator 113 × 97 × 129 0.9085 1.0611 0.9113

[22] proposed an orthogonal LHD (OLHD), by which the cor-
relation of an arbitrary sample pair was exactly zero, whereas
the sample number was strictly dependent on the number of
inputs. To relieve the undesirable dependence, Joseph and
Hung [25] employed a multi-objective optimization approach
to pick up LHD samples from a design space.

Although the aforementioned LHD methods can supply
improved samples, they are essentially one kind of static
sampling method, where the function response is not taken
into account in the model construction. Following the adap-
tive sampling method introduced in previous work [15], in
the present study, an adaptive LHD method based on multi-
objective optimization was implemented as follows.

Step 1: Obtain LHD training samples and test samples,
then construct the POD hybrid model based on the training
samples.

Step 2: Obtain the function response and the correspond-
ing response deviation of each test sample.

Step 3: Quit the procedure if the averaged deviation falls
below the tolerance, or else specify the target subspace and
go to Step 4.

Step 4: Add a number of additional LHD samples into the
target subspace to update the hybrid model, go to Step 2.

After obtaining the LHD samples of Step 1 and Step 4,
the multi-objective optimization with the correlation and Eu-
clidean distance selected as the objectives is performed.

Min. λρ̄c + (1 − λ)D̄, (18)

where λ denotes the weight (λ=0.5), ρ̄c and D̄ are the av-
erage correlation coefficient and average maximin Euclidean
distance, respectively, the definitions of which are given as

ρ̄c =
2

n(n − 1)

n−1∑
i=1

n∑
j=i+1

(ui − ūi)(u j − ū j)
||ui − ūi||||u j − ū j||

, (19)

D̄ =
2

n(n − 1)

n−1∑
i=1

n∑
j=i+1

1
||ui − u j||2

. (20)

Starting from a sequential permutation {1, · · · , n − 1, n}T, a
computer-aided random sampling procedure was employed

to achieve data exchange for each element of the permuta-
tion. After a complete exchange process, a perturbed permu-
tation was obtained. Ultimately, among a group of permu-
tations, the multi-objective optimization was achieved by a
simple searching method.

Finally, with the aforementioned techniques, the process
of the POD-based hybrid model construction is illustrated in
Figure 4, where Module I supplies the test samples used for
the response validation of the POD-based hybrid models. The
uniform sampling method was employed to evenly cut the
full system space into a series of subspaces, each of which
is responded by the POD-based models. Module II strives
to generate the additional LHD samples added into the target
subspace.

4.2 Illustrations and validations

To evaluate the effectiveness of the adaptive LHD (ALHD)
developed in the present study, the function response of aero-
dynamic parameters by the POD-based hybrid models was
investigated. Shape snapshots were obtained by perturbing
the blade sweep of NASA Rotor 37. For the ease of illustra-
tion, only two control points at the middle span and blade tip
were selected. A number of 52 uniform samples regarded as

Initialization:

(1) parameter method and sampling space

(2) initial LHD samples by multi-objective optimization 

Accurate 

enough?

No

Yes

CFD computations

SVD and POD-based

surrogate model

Response and 

error analysis

POD-based model 

for applications

Uniform 
sampling

CFD 
computations

Test samples

Target sub-

regions

New LHD 

samples

Module I Module II

Figure 4 (Color online) Process map of POD-based surrogate model con-
struction by LHD.
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test samples were generated in the design space, cutting the
entire design space into 25 even subspaces. An initial LHD
with 21 samples was obtained by multi-objective optimiza-
tion. Through a model response of each test sample, the av-
erage response deviation was calculated by

ε̄ =

√√
1
m

m∑
i=1

(
fi,POD − fi,CFD

fi,CFD

)2

, (21)

where f denotes the aerodynamic parameter of interest, m is
the number of test samples, and the subscripts “POD” and
“CFD” represent the model responded and computed solu-
tions, respectively. The adiabatic efficiency at the outlet of
Rotor 37 was responded and the deviation tolerance was 0.01.

Once the target subspace was specified in each ALHD cy-
cle, four additional samples were added. The updated ALHD
sample ensemble including all the additional and initial sam-
ples should be the optimal of the multi-objective optimiza-
tion in the current ALHD cycle. Furthermore, all the sam-
ples determined in the current ALHD cycle were fixed in the
following ALHD cycles. In such cases, only four additional
flow computations were necessary in each ALHD cycle. Fig-
ure 5 illustrates the ALHD samples in the design space. After
only two ALHD cycles, the average response deviation of the
POD-RBF model fell below tolerance. Ultimately, the sam-
ple number for the POD-RBF model was 29, while it was 33
for the POD-QPRS model.

To demonstrate the improvements of ALHD on model con-
struction efficiency, another LHD method referred to as static
LHD method (SLHD) was also studied. The samples of the
SLHD method were determined by only the initial multi-
objective optimization. Figure 6 presents the convergence
history of the average response deviation versus the sam-
ple number. It is well known that the numbers of neces-
sary samples based on ALHD for constructing POD-based
hybrid models are significantly reduced compared with those
of SLHD because the sensitive subspaces can be specified by
ALHD, where the additional samples are added favoring the
improvements of overall response accuracy. Nevertheless,
the sensitive subspaces are not taken into account by SLHD,
resulting in a waste of samples in the non-sensitive subspaces;
this is proved by Figure 5. There are more ALHD samples in
the subspaces of a large blade sweep at both middle span and
blade tip. Generally, compared with the POD-QPRS model,
the response performance of the POD-RBF model was better
for this test case.

5 Design optimization

Three different optimization cases were investigated, an
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Figure 5 (Color online) ALHD samples in the design space. (a) POD-
QPRS; (b) POD-RBF.
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Figure 6 (Color online) Histograms of convergence history of the average
deviation versus the sample number.

inverse design to approach a given flow turning distribution,
and redesigns of a transonic compressor rotor blade and a
single compressor stage to improve adiabatic efficiency. The
response performance of the POD-QPRS and POD-RBF hy-
brid models were validated first, followed by the optimization
studies. A genetic algorithm (GA) was employed to deter-
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mine the optimal starting from 50 individuals. The aerody-
namic parameters of each individual were obtained by model
response.

5.1 Flow turning inverse design

5.1.1 Model validation

In the inverse design through stagger angle change along the
span, five control points were uniformly distributed on 0%,
25%, 50%, 75%, and 100% spans of a supersonic turbine
blade, the geometric model of which is illustrated in Figure 7.
With a given input of stagger angle change on the five control
spans, the spanwise stagger angle change was determined by
using the polynomial parametrization method, as shown in
eq. (15). The sample turbine blade was then configurated by
the introduced parametrization method [29]. Once the flow
solutions were obtained, the spanwise distributions of stag-
ger angle change and the outlet flow turning were regarded
as one POD snapshot. Once the ensemble was obtained, the
POD basis modes were determined by SVD and ultimately
used for the reconstructions of the spanwise flow.

The difference between the designed and target spanwise
flow turning distributions as shown in eq. (11) is responded.
The allowance of maximum average deviation as shown in
eq. (21) was 0.1. Thirty-two uniform samples were gener-
ated in the design space to be used as test samples. By using
the proposed ALHD, starting from 49 initial LHD samples,
two groups of training samples were ultimately obtained for
constructing the POD-QPRS and POD-RBF hybrid models.
Table 3 presents the sample numbers and the average devia-
tions between the CFD and the responded flow turning distri-
butions. It can be seen from Table 3 that by using the RBF
model to respond the coefficients of the POD basis modes,
fewer samples were necessary to obtain the equivalent re-
sponse accuracy. For the inverse design, the POD-RBF model
and the corresponding group of training samples were used.

Figure 8 compares the spanwise flow turning distributions
obtained from the CFD and the POD-RBF model for the ref-
erence blade and the test samples with a uniform negative and
positive stagger angle change of one degree. With given span-
wise stagger angle changes, the POD-RBF hybrid model suc-
cessfully reconstructed the corresponding flow turning distri-
butions along the span with excellent accuracy.

5.1.2 Inverse design

The inverse design was performed based on the POD-RBF
hybrid model. By using GA, each individual contained the
stagger angle change at five control spans. Once the spanwise
stagger angle change of each individual was obtained by us-
ing the polynomial parametrization method, the correspond-

Hub

Shroud

Blade

Intle

Outlet

Figure 7 Geometric sketch of steam turbine blade.

Table 3 Sample numbers and average deviations of flow turning

Model n ϵ̄

POD-QPRS 113 8.58 ×10−2

POD-RBF 89 9.17 ×10−2
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Figure 8 CFD and POD solutions of spanwise flow turning.

ing flow turning distribution regarded as the missing subvec-
tor was reconstructed by the POD-RBF model; then the cost
function as shown in eq. (11) was calculated.

Figure 9 presents the optimal spanwise distribution of stag-
ger angle change. Figure 10 compares the spanwise flow
turning distributions of the target and those of the reference
and optimized blades, where the suffix “CFD” indicates the
flow turning obtained from CFD. From these pictures, it can
be seen that the stagger angle performed negative changes
when the target flow turning was larger than the reference and
vice versa. Both the model-responded and CFD-based span-
wise flow turning distributions of the optimized blade were
very close to the target. Furthermore, the model-responded
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Figure 9 Spanwise distribution of stagger angle change.

Figure 10 Spanwise distributions of flow turning.

flow turning distribution was almost a duplicate of the CFD
one, further demonstrating the sufficient response accuracy of
the POD-RBF hybrid model.

The results of the flow turning inverse design demonstrated
that the POD-based hybrid model not only accurately re-
constructed the missing flow field as a reduced-order model,
but also accomplished the design optimization as a surrogate
model coupled with an optimization method.

5.2 Blade sweeping of compressor rotor

5.2.1 Model validation

In the present study, four control points located on 33.3%,
66.7%, 90%, and 100% spans were perturbed in the actual

chord direction of NASA Rotor 37. With a given input of
blade sweep on the four spans, the spanwise blade sweep can
be determined by eq. (15). However, the blade sweep was
determined by the axial displacement as shown by Figure 1.
Once the flow solutions were computed, the spanwise distri-
butions of blade sweep and outlet flow were regarded as one
POD snapshot.

A group of 34=81 samples was placed in the design space
as test samples. A second group of 31 multi-objective opti-
mized samples was selected and used as initial LHD samples.
Adiabatic efficiency, mass flow rate, and total pressure ratio
at the operation condition near peak efficiency of Rotor 37
needed to be responded. The tolerance of the maximum aver-
age deviation among the three aerodynamic parameters was
0.01. By using the introduced ALHD method, the maximum
average deviation of the POD-RBF model with 67 samples
was below the tolerance. Table 4 presents the sample num-
bers for reconstructing the POD-QPRS and POD-RBF hybrid
models and the corresponding average deviations. It can be
seen that among the three aerodynamic parameters, the func-
tion response of adiabatic efficiency demonstrated the slow-
est convergence. The average deviation of the mass flow rate
of POD-RBF model was a little higher than that of the POD-
QPRS model. In the following design optimization, the POD-
RBF model and the corresponding group of ALHD samples
were used.

Figure 11 presents the pressure contours of the reference
Rotor 37 on the blade-to-blade streamsurface at the blade tip
with two different back pressures, p1 and p2. In fact, p1 and
p2 correspond to the operation conditions of Rotor 37 near
the peak efficiency and near stall, respectively, which are il-
lustrated in Figure 15. As pointed out in previous work [15],
besides the suction flow, more intensive flow characteristics
exist in the tip gap of transonic compressor rotors, resulting
in more samples and lower description accuracy on the flow
reconstructions based on the POD-RBF hybrid model. In the
present study, by using the ALHD method, only 67 samples
were necessary and the reconstructed flow fields in the tip gap
were almost duplicates of those obtained from CFD, demon-
strating the convincing response performance of the current
POD-RBF model.

5.2.2 Optimization design

With respect to each GA individual, once the corresponding

Table 4 Sample numbers and average deviations

Model n ϵ̄η ϵ̄π ϵ̄ṁ

POD-QPRS 75 9.79 ×10−3 4.27 ×10−3 3.24 ×10−4

POD-RBF 67 8.73 ×10−3 3.29 ×10−3 3.46 ×10−4
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Figure 11 Pressure contours on the blade-to-blade streamsurface at the
blade tip. (a) p2; (b) p1.

spanwise distribution of blade sweep was obtained by eq.
(15), the mass flow rate, circumferentially mass-averaged to-
tal pressure ratio, and adiabatic efficiency along the span re-
garded as the missing subvectors were obtained by the POD-
RBF model, based on which the overall performance param-
eters can be determined. Then, the cost function given by eq.
(12) was calculated. To maintain the operation condition of
NASA Rotor 37, the mass flow rate and total pressure ratio
were regarded as constrains in the design optimization with
change tolerances ϵ1 = ϵ2 = 0.5%.

An optimal swept blade was ultimately determined with a
gain of 0.73% for adiabatic efficiency, while the deviations
of mass flow rate and total pressure ratio were 0.12% and
0.46%, respectively, demonstrating the enforced optimization
constrains. Figure 12 presents the relative displacement of
the blade in the axial chord direction, where ch denotes the
axial chord on the hub. The spanwise distribution of total
pressure ratio and adiabatic efficiency at the outlet of both
reference and optimized blades are also given. From the hub
to the 70% span, the blade is back swept, while it is forward
swept from the 70% span to the blade tip. The change of the
spanwise sweep resulted in a redistribution of loading along
the spanwise direction: the loading on the tip region was re-
duced, and that in the mid-span region increased, thus leading
to an efficiency gain near the tip while an efficiency drop near
the mid-span, as shown in Figure 12. The total pressure ratio
increased from about 40% to 80% spans and decreased on the
others, resulting in a maintained optimization constraint.

As previously mentioned, the sweep optimization of tran-
sonic rotor blades strive to move the relative position of shock
on the casing. Figure 13 presents the isentropic relative Mach
number distributions on 10%, 50% and 90% spans of the ref-
erence and optimized blades. On the 10% and 90% spans,
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Figure 12 Spanwise distributions. (a) Sweep; (b) total pressure ratio and
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Figure 13 (Color online) Isentropic relative Mach number on three differ-
ent spans.

the shock moved downward, contributing to adiabatic effi-
ciency improvements. However, the shock moved upward on
the 50% span and the adiabatic efficiency slightly decreased.

To illustrate the details of performance improvements, the
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contours of isentropic relative Mach number near the suction
side are presented in Figure 14. It is well known that for
high-compression-ratio transonic rotors, the interaction be-
tween shock waves and leakage flow near the blade tip is
regarded as one main stall [36]. Through sweep optimiza-
tion, the downward moving shock on the blade tip and the
resultant weakened shock/tip-leakage interaction favored im-
proving the stability of transonic compressor rotors [30, 31].
The operation characteristics of the reference and optimized
rotor blades are compared in Figure 15.

It can be seen from Figure 15 that in the entire operation
range, the improvement of adiabatic efficiency was signifi-
cant. Moreover, the rotor stalled at about 97.5% choke mass
flow rate compared to 93% in experiment [28]. Although
the stall point cannot be accurately resolved by steady CFD
codes, some simple but widely used means can be employed
to evaluate rotor stall. As pointed out in previous work [36],
the decrement ratio of mass flow rate against a fixed back
pressure increment and the flow diffusion in the tip gap in-
duced by shock/tip-leakage interaction can be used. In Fig-
ure 15, obviously, the stall mass flow rate was much lower
after sweep optimization, demonstrating the improved stall
margin. Figure 16 presents the contours of relative Mach
number on the blade-to-blade streamsurface at the blade tip.
The symbols “S.F.”, “L.V.”, and “S.S.” represent shock front,
leakage vortex, and suction shock, respectively. As the back
pressure increased, the suction shock moved upward. Af-
ter sweep optimization, the shock moved downward signifi-
cantly compared to the references; furthermore, the origins of
tip-leakage vortex moved slightly downward. All the afore-
mentioned improvements favor the reduction of shock/tip-
leakage interaction. Moreover, as shown in Figure 16, the re-
gions with low relative Mach number, namely intensive flow
diffusion, were significantly reduced, demonstrating the po-
tential of stall margin improvement.

5.3 Optimization of a single stage

5.3.1 Model validation

The redesign of the single compressor stage strives to reduce
the flow separation zones in the stator passage. The stagger
angle of the stator blade along the span was changed to adjust
to the incident flow. Four control points on 0%, 40%, 80%,
and 100% spans were perturbed. The perturbations at 40%
span and 80% span were identical to achieve a uniform stag-
ger angle change on these spans. In such situations, there are
essentially three control points. With a given input of stagger
angle change on the three spans, the determination of

Mach

1.58

1.54

1.50

1.46

1.42

1.38

1.34

1.30

1.26

1.22

1.18

1.14

1.10

1.06

1.02

0.98

0.94

0.90

0.86

0.82

0.78

0.74

0.70

(a) (b)

Figure 14 (Color online) Contours of isentropic relative Mach number near
the suction surface. (a) Reference blade; (b) optimized blade.
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spanwise distribution of stagger angle change and the config-
uration of the sample stator blade are similar to the inverse
design case of Section 5.1. Once the flow solutions were ob-
tained, the spanwise distributions of stagger angle change of
the last stator blade and the outlet flow were regarded as one
POD snapshot.

A group of 33=27 uniform samples were generated for
testing and another group of 21 initial LHD samples were
generated by the multi-objective optimization. The adiabatic
efficiency and mass-averaged flow turning of the stage at the
operation condition near stall were regarded as cost function
and optimization constraint, respectively. The average devi-
ation tolerance was 0.01. By the ALHD method, two groups
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of 65 and 89 samples were necessary to construct the POD-
QPRS and POD-RBF hybrid models, respectively, with sat-
isfied response accuracy. Table 5 lists the sample numbers
and average deviations. Similarly, the function response on
adiabatic efficiency converged slower than that of the flow
turning. As in the previous two optimization cases, the re-
sponse performance of the POD-RBF model was better than
that of the POD-QPRS model. In the flow reconstructions of
the low-speed subsonic compressor stage, the response per-
formance of the POD-QPRS model was better.

Figure 17 presents the pressure contours on the stage out-
let plane for two test samples with maximum and minimum
deviations, where the POD solutions were obtained from the
POD-QPRS model. It can be seen that for the test sample
with minimum deviation, the POD solution was almost a du-
plicate of the CFD solution, while there were visible differ-
ences between the POD and CFD solutions for the test sample
with maximum deviation. However, through mass-averaging
on the outlet plane, the POD-based and CFD-based flow so-
lutions were very similar.

For the low-speed single compressor stage, the POD-
QPRS model performed better than the POD-RBF model on
flow reconstructions, which was quite different from the pre-
vious two reconstruction studies. The most intensive flow
characteristic of this stage was the flow separation in the
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Figure 16 (Color online) Contours of relative Mach number on the blade-
to-blade streamsurface at the blade tip. (a) P1; (b) P2.

Table 5 Sample numbers and average deviations

Model n ϵ̄η ϵ̄β

POD-QPRS 65 9.07 ×10−3 3.81 ×10−3

POD-RBF 89 9.49 ×10−3 4.16 ×10−3

(a) (b)

Figure 17 CFD and POD pressure contours at the stage outlet. (a) Maxi-
mum deviation; (b) minimum deviation. Dash line–POD; solid line–CFD.

stator passage. However, it is well known that the flow sep-
aration can be reduced by decreasing the incidence angle. In
other words, the nonlinear dependence of flow separation on
stagger angle change is weak. Furthermore, because of the
effects of numerical dissipation, flow diffusion, and flow mix-
ing, the characteristic of flow separation cannot be so inten-
sive at the stage outlet. As shown in Figure 17, in blue the
outlet pressure contours for two different samples were very
close. As previously mentioned, the response performance of
the RBF model is excellent for strong nonlinear problems. In
this case, the weak nonlinear dependence of outlet flow on
stagger angle change is suggested to be the most important
reason for the better response performance of the POD-QPRS
model. The group of ALHD samples used for constructing
the POD-QPRS hybrid model were used in the following de-
sign optimization.

5.3.2 Optimization design

The spanwise stagger angle change of each GA individual
was determined by eq. (15). The circumferentially mass-
averaged adiabatic efficiency and flow turning along the span
regarded as the missing subvectors was reconstructed by the
POD-QPRS model. The overall aerodynamic performance
was determined at the stage outlet. Then, the cost function
given by eq. (12) was calculated. The outlet flow turning
was regarded as the only constraint with the change tolerance
ϵ3 = 0.5%.

After optimization, a gain of 1.47% for adiabatic effi-
ciency was obtained. The deviation of flow turning was about
0.41%. The optimal stagger angle change along the span is
given in Figure 18. From the hub to about 40% span and from
80% span to the blade tip, the redesign performed a positive
stagger change, while it performed a negative change from
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40% to 80% span. The positive stagger angle change near
the endwalls effectively reduced the incidence angle of the
stator blade, favoring the suppression of flow separation with
increased flow turning. The negative stagger angle change on
the middle spans resulted in decreased flow turning.

Figure 19 presents the Mach number contours on the
blade-to-blade streamsurface at about 10% span. Figure 20
presents the streamlines and the Mach number contours near
the suction surface. The results demonstrate that the flow sep-
aration zones near the hub and casing of the optimized stator
were significantly reduced.

Figure 21 presents the spanwise distributions of aero-
dynamic parameters for the reference and optimized stator
blades, where ξ and ψ denote the flow loss and flow unifor-
mity, respectively, the definitions of which are

ξrθ =
(ps,rθ/pt2,rθ)(γ−1)/γ − (ps,rθ/pt1,rθ)(γ−1)/γ

1 − (p̄s,MS/p̄t1,MS)(γ−1)/γ , (22)
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Figure 18 Spanwise distribution of stagger angle change.
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Figure 19 (Color online) Mach number contours on the blade-to-blade
streamsurface at about 10% span. (a) Reference; (b) optimization.
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Figure 20 (Color online) Mach number contours near the suction surface.
(a) Reference; (b) optimization.

ψ =
1
2

∫
r

∫
θ

(qrθ − q̄r)2dθdr, (23)

where the subscripts “s”, “t1” and “t2” denote the static pres-
sure, the total pressure at inlet and outlet, respectively, “MS”
denotes the middle span at the inlet, q is the absolute velocity,
and q̄r denotes the circumferentially mass-averaged absolute
velocity at span r.

It can be seen from Figure 21 that the flow loss near the hub
decreased significantly after optimization, while the adiabatic
efficiency on the entire span increased. The improvements of
flow uniformity around the hub and casing are evident be-
cause of the reduced flow separation zones near the endwalls.
The flow turning increased on the spans where the stagger an-
gle performed positive changes, whereas it decreased on the
middle spans. In such situations, the flow turning constraint
was enforced.

The optimization was performed at the operation condi-
tion near stall of the 4.5-stage compressor. The performance
improvements of the last stage in the entire operation range
through the redesign of the stator blade are illustrated in Fig-
ure 22, where the total pressure ratio and adiabatic efficiency
of the rotor and the stage are given and compared. The total
pressure ratio of the stage increased slightly in a narrow op-
eration range, while that of the rotor was almost unchanged
because the aerodynamic shape of the rotor blade was main-
tained in the design optimization and therefore the operation
condition of the rotor could not be changed significantly. In
such cases, improvements on the adiabatic efficiency of the
rotor were also invisible. However, the adiabatic efficiency
of the stage increased in a wide operation range. At the oper-
ation conditions beyond 105% designed mass flow rate, the
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Figure 21 Spanwise distributions. (a) Adiabatic efficiency and flow loss; (b) flow turning and flow uniformity.
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Figure 22 Operation characteristics. (a) Total pressure ratio; (b) adiabatic efficiency.

improvements on adiabatic efficiency were also invisible be-
cause, as the back pressure decreased, the flow separation
zones in the stator passage decreased and even vanished with
a low back pressure. In such situations, the flow loss induced
by flow separation and improvements were consequently re-
duced.

6 Conclusions

This study presented a hybrid model method based on POD,
in particular, the constructions of POD-based hybrid models
by the means of nonlinear regressions to respond the coef-
ficients of POD basis modes and an ALHD method based
on a multi-objective optimization approach. Then, the hy-
brid models were used for flow reconstructions of a super-
sonic turbine blade, a transonic compressor rotor, and a single
compressor stage. The response performance of the models
was validated in each optimization case and then applied to
the blade redesign. The results of flow reconstructions and
the POD-based design optimization demonstrated that as fol-
lowed.

(1) By the multi-objective optimization approach, a group

of samples with the lowest average correlation and the max-
imin Euclidean distance can be picked up in the system space
starting from a sequential permutation. Compared to an
OLHD, although the average correlation cannot be exactly
zero, the sample number no longer depends on the input num-
ber.

(2) Using an ALHD, additional samples were added into
the target subspace where the response deviation was a max-
imum in the current LHD cycle. In such situations, the func-
tion response of each test sample was taken into account for
the model construction. The number of ALHD samples can
be significantly reduced compared with the static LHD.

(3) For different kinds of flow reconstructions, the func-
tion responses by the QPRS and RBF models performed dif-
ferently. For the linear or quasi-linear problems, the response
accuracy of the POD-QPRS model was better, whereas the
POD-RBF model performed better for strong nonlinear prob-
lems.

Through the inverse design of stagger angle change along
the span, the effectiveness of POD-based design optimization
was validated. By changing the spanwise sweep of a tran-
sonic rotor blade and the spanwise stagger angle of the sta-
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tor blade of a single compressor stage, the aerodynamic per-
formance was significantly improved, while the optimization
constraints of mass flow rate, total pressure ratio, and flow
turning were maintained. The results demonstrate that the
POD-based hybrid models are a powerful tool for not only
flow reconstructions with sufficient description accuracy but
also for aerodynamic design optimization in aerospace engi-
neering.
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