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According to previous studies, stiffened shells with convex hyperbolic generatrix shape are less sensitive to imperfections. In
this study, the effects of generatrix shape on the performances of elastic and plastic buckling in stiffened shells are investigated.
Then, a more general description of generatrix shape is proposed, which can simply be expressed as a convex B-spline curve
(controlled by four key points). An optimization framework of stiffened shells with a convex B-spline generatrix is established,
with optimization objective being measured in terms of nominal collapse load, which can be expressed as a weighted sum of
geometrically imperfect shells. The effectiveness of the proposed framework is demonstrated by a detailed comparison of the
optimum designs for the B-spline and hyperbolic generatrix shapes. The decrease of imperfection sensitivity allows for a sig-

nificant weight saving, which is particularly important in the development of future heavy-lift launch vehicles.
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1 Introduction

Axially compressed thin-walled cylinders are very sensitive
to various forms of imperfections. The extent of imperfec-
tion sensitivity is strongly related to R/t (ratio of shell radius
to equivalent wall thickness), stiffened patterns, stacking
sequence, etc. Based on a large collection of experimental
data, knockdown factors (KDFs) of thin-walled cylinders
with varying R/t were proposed in the most famous design
guideline NASA SP-8007 [1]. However, these recommend-
ed values of KDF were proven to be overly conservative in
recent studies [2—4], which may result in a weight redun-
dancy for structural designs. Alternatively, more detailed
modeling of structures and nonlinear analysis have been
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implemented in numerical methods, which are exactly suit-
able for predicting the knockdown effect on load-carrying
capacity, since the load redistribution owing to the pre-
buckling bending caused by imperfections can be simulated
accurately [5].

According to the Chinese National Medium- and Long-
term Science Development Plans, the construction of space
stations will be completed by about 2020, and several deep-
space probes will be performed as the exploration of the
moon proceeds. For this reason, the advance research of
heavy-lift launch vehicles has been under way. As a major
component of heavy-lift launch vehicles, fuel tanks are usu-
ally composed of stiffened shells, bulkheads and Y-rings, as
shown in Figure 1. With the advent of heavy-lift launch
vehicles, the value of R/t increases significantly compared
with that known for current launch vehicles. This leads to
extremely high imperfection sensitivity.
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Figure 1 Schematic and photograph of the fuel tank in a typical launch
vehicle.

Clearly, finding a robust design to resist and tolerate
various forms of imperfections is of great significance for
realistic stiffened shells, which is reflected in two aspects.
One is increasing the load-carrying capacity of geometri-
cally perfect stiffened shells, and the other is decreasing the
imperfection sensitivity of these structures. Substantial
studies have focused on the performance improvement or
weight reduction of geometrically perfect stiffened shells [6
—10]. Specifically, Leriche and Haftka [6] demonstrated the
efficiency of the genetic algorithm in dealing with global
optimization and discrete design variables for composite
stiffened panels. An adaptive surroagate-based optimization
procedure was proposed for the optimum design of stiffened
shells subject to post-buckling by Wu et al. [9]. Furthermore,
Hao et al. [11] developed a bi-step surrogate-based optimiza-
tion framework with adaptive sampling for non-uniform stiff-
ened shells. However, it should be emphasized that a re-
markable increase in load-carrying capacity may be accom-
panied by a significant increase in imperfection sensitivity
[12]. Yet as far as we are aware, there are only limited
works on the subject of the reduction of imperfection sensi-
tivity. An optimization procedure for thin-walled structures
was formulated by Reitinger and Ramm [13], which in-
cluded buckling behavior and imperfection sensitivity. Mo-
tivated by research in the field of biology [14], Wang et al.
[15] proposed a concept of hierarchical stiffened shells to
restrict the developments of out-of-plane deformations
caused by imperfections. Hrinda [16] found that a cylindri-
cal shell with a concave hyperbolic imperfection has a larg-
er buckling load than that for the perfect cylinder, and stiff-
ened shells with a convex hyperbolic generatrix shape were
proven to be less sensitive to eigenmode-shape imperfec-
tions by Hao et al. [17]. Moreover, the load-carrying capac-
ities and imperfection sensitivities of cylindrical shells with
different geometries were compared in detail by Tomds and
Tovar [18].

In this study, the effects of generatrix shape on the per-
formances of elastic and plastic buckling stiffened shells are
investigated. Then, a more general description of the gener-
atrix shape is proposed, which can simply be expressed as a
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convex B-spline curve (controlled by four key points). From
the viewpoint of manufacturing, the B-spline generatrix
shape can be generated by current plastic processing tech-
nologies [19,20], which are tending to play an increasingly
important role in the development of advanced manufactur-
ing technologies. Later in this paper, an optimization
framework of stiffened shells with a convex B-spline gener-
atrix is established, with optimization objective being de-
fined in terms of nominal collapse load, which can be ex-
pressed as a weighted sum of geometrically imperfect shells.
From the viewpoint of reliability, the effectiveness of the
proposed framework is demonstrated by the detailed com-
parison of the B-spline shape with hyperbolic generatrix
shape optimum designs. Finally, the combination of internal
pressure and axial compression is also considered for the
purpose of verification.

2 Methodology

2.1 Linear buckling analysis

Various model details can be taken into account in a finite
element analysis (FEA), such as cutouts, local enhance-
ments, rounding chamfers, weld lines, etc.

A linear buckling problem can be stated as:

(K,+PG)p, =0, j=1,2,.n, M

where K, and G are the stiffness and stress stiffness

matrices, respectively. ¢, is the jth eigenvector, P’ is

the jth eigenvalue, and the lowest eigenvalue is the critical
buckling load.

But, since displacements at the critical buckling configu-
ration are assumed to be small in linear buckling analysis,
such analysis turns out to be inaccurate for the structures
under consideration, because those structures show signifi-
cantly nonlinear pre-buckling behavior.

2.2 Explicit dynamic analysis

Nonlinear explicit dynamic analysis allows investigation of
the evolution of the deformed shape of stiffened panels,
from pre-buckling to post-buckling [21,22].

For an explicit dynamic analysis, the equation of motion
can be expressed as

Mat — Eext _Eim _Cl/t _KUt, (2)

where M is the mass matrix, C is the damping matrix, K is
the stiffness matrix, a is the vector of nodal acceleration,
V is the vector of nodal velocity, U is the vector of nodal

displacement, ¢ is the time, F™ is the vector of applied

external force, and F,im is the vector of internal force.

It is possible to use explicit time integration with the



2014 Wang B, et al.
central difference method to approximate velocity and ac-
celeration, as follow:

a,=(U_, -2U0,+U,_, ) /AL, 3)

t

V,=(U_,-U,_,)/2At, 4)

t

where At is the time increment. Substituting eqs. (3) and
(4) into eq. (2), the equation of motion is transformed into

M . 2M
_2+£ Ut+At:erX[_Frlm+ _2_K Ut
At~ 2At At

M C
_(F_EJUFAV (5)

Referring to eq. (5), it can be seen that U
U, and U

no convergence checks are required since the equations are
uncoupled.

In general, it has been recognized that initial geometrical
imperfections are a major contributor to the discrepancy
between the predicted collapse loads and experimentally
measured loads. In practice, imperfections of various forms
are unavoidable for realistic structures, and imperfection
sensitivities are highly related to R/t, stiffened pattern, and
even stacking sequence, as well as other factors. Thus, the
knockdown effects caused by imperfections should be con-
sidered in the design process. The geometry of an imperfect
structure can be obtained by modifying the nodal coordi-
nates according to the imperfection vector, which can be
formulated as the deviations from the perfect geometry [23].

.., depends on

+a - The equations can be solved directly, and

2.3 Surrogate-based optimization technology

The surrogate model is a mathematical model that approxi-
mates the multivariate input/output behavior of complex
systems, built via the design of experiment and approxima-
tion method.

The radial basis function (RBF) model uses a linear
combination of several basis functions expressed in terms of
the Euclidean distance between sample data points [24].
The RBF model can be expressed as

R(x) =Zaj¢(r), ©)

r:"x—xj

) @)

where ¢ 1is the basis function, /lj is the weight coeffi-

cient evaluated by fitting the model to the training data, x

is the vector of design variables, X, is the vector of design

variables at the jth sampling point, r is the Euclidean dis-
tance between two sample data points, and n is the number
of sampling points.
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The RBF model was proven to be the most dependable
method in most situations for global optimization in terms
of accuracy and robustness, compared with the kriging and
polynomial regression models [25].

To release the computational burden caused by the large
number of iterations, surrogate models have been success-
fully utilized in the optimization of stiffened panels
[26-28].

3 Effects of generatrix shape on the perfor-
mance of elastic and plastic buckling in stiffened
shells

3.1 Load-carrying capacity of perfect geometry

Two orthogrid stiffened shells (named S1 and S2) were es-
tablished in this study, whose dimensions were identical to
those in Hao et al. [17], and which are shown in Table 1 and
Figure 2. Typical material elastic properties applied for the
aluminum alloy being used in the model are: Young’s mod-
ulus E=70 GPa, Poisson’s ratio »=0.33, and density
p=2.7x10"° kg/mm’. Only the plastic properties of the two
shells were different: For S1 and S2, respectively, yield
stress 0,=410 and 300 MPa, ultimate stress 0,=480 and 400
MPa, and elongation y=0.07 and 0.05. The finite element
models of stiffened shells were established in ABAQUS
software, as shown in Figure 2.

The boundary and load conditions were also the same as

Table 1 Values of the geometrical parameters for stiffened shells S1 and
S2.

Item Value
Diameter D (mm) 3000.0
Length L (mm) 2000.0
Skin thickness #, (mm) 4.0
Stiffener thickness ¢, (mm) 9.0
Stiffener height 4 (mm) 15.0
Number of circumferential stiffeners N. 26
Number of axial stiffeners N, 90
ts
D T
1 \ t
L
I
\ i
A\

X
\__/ 4t

Figure 2 Schematic of each orthogrid stiffened shells S1 and S2.
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those in Hao et al. [17]. Since the structural parameters and
material elastic properties of S1 and S2 were identical, the
linear buckling loads of the two shells were equal. However,
owing to the influence of yield in the process of
post-buckling analysis, the discrepancy of collapse patterns
of the two shells is remarkable, as shown in Figure 3.

The effects of generatrix shapes on the load-carrying ca-
pacities of the two shells were then investigated. A hyper-
bolic generatrix shape was used first, as its description is
concise. The range of the amplitude w/R (w being the am-
plitude of the hyperbolic vertex) was specified as [-0.05,
0.05], which was considered to be sufficiently small com-
pared with the diameter. The collapse loads of the two
shells with varying amplitudes of hyperbolic generatrix
shape are shown in Figure 4. As can be seen, the trend of
the curve for S1 is different from that of S2. With the in-
crease of w/R, the collapse load of S1 increases at first and
then decreases slightly. This effect may be because of the
difference between the collapse deformation shapes of the
two shells, as is evident in Figure 3. In the case of elastic
buckling, the collapse mainly occurs at the mid-bay of the
shell and is referred to as the “diamond shaped” mode.
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Figure 3 Load versus end-shortening curves of S1 and S2, together with
the deformed shapes at collapse loads.
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Figure 4 Effects of hyperbolic generatrix shapes on the load-carrying
capacities of S1 and S2 models.
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Conversely, in plastic buckling, the collapse usually evolves
from both ends of the shell, referred to as the “elephant
foot” mode [29]. The variation of generatrix shape results in
a stiffness redistribution along the shell length, and the dif-
ference in collapse deformation shapes between the elastic
and plastic buckling of the shells leads to the discrepancy in
the two curves shown in Figure 4.

3.2 Load-carrying capacity of imperfect geometry

In this subsection, imperfection sensitivity is taken into ac-
count. According to previous studies, eigenmode-shape im-
perfection is commonly adopted at the preliminary design
stage of thin-walled structures [30]. The European standard
for steel shell structures [31] recommends that the imper-
fection should be specified in the form of eigenmode shape,
with its amplitude linked to fabrication quality, unless a
different unfavourable pattern is justified. For this reason,
eigenmode-shape imperfections were utilized in the assess-
ment of load-carrying capacities in this study. Two typical
amplitudes & were selected to represent the small-and
large-amplitude imperfections, with &=1.9 mm (@=0.1) and
6=19.0 mm (e=1.0) corresponding to a one-tenth and unity,
respectively, sum of skin thickness and stiffener height,
where « is the non-dimensional imperfection amplitude,

definedby a=5/(h+1)).

The collapse loads of the two shells S1 and S2 with var-
ying amplitudes of hyperbolic generatrix shape are shown in
Figure 5, where P, ; stands for the collapse load of stiffened
shells with small-amplitude imperfections, and P;, is the
collapse load of stiffened shells with large-amplitude im-
perfections. Unlike the load-carrying capacity of perfect
geometry, it can be found that the collapse loads of the two
shells with imperfections demonstrate monotonically in-
creasing trends with an increase of w/R, either for P, or for
Py ,. This may be attributed to the reason that, once the im-
perfection is introduced into the perfect model, the collapse

14000 UM, T itud T T T T T T T T
e Tario - -4+ -S1 model-Py
13000 1 Eg 33393 + -0 -S1 model-P, , ]
B3I <8
12000 - éggg%g —o—82 model-P, .epe _
+1.579x10 .
+17184x10 —D—S82 model-P. .
11000 [ & e é///o ]

Collapse load (kN)

T T T T
-0.05 -0.03

-0.01 0.01 0.03 0.05
wiR

Figure 5 Effects of hyperbolic generatrix shapes on the load-carrying
capacities of S1 and S2 models with small- and large-amplitude eigen-
mode-shape imperfections.
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of the model would occur before material yielding is
reached, and so the effect of generatrix shape on the col-
lapse load, in this case, is typically similar to the one for the
elastic buckling model, i.e. the S1 model without imperfec-
tions. Consequently, detailed study of elastic buckling in a
shell is more meaningful, as imperfections are unavoidable
in practice. The convex generatrix shape is a good choice to
resist imperfections; however, the exact shape parameters
need to be investigated in detail.

4 Generatrix optimization framework for low
imperfection sensitivity

4.1 Formulation of generatrix shape

In this study, a more general description of generatrix shape
has been developed, which can be controlled by four key
points according to the symmetry with respect to the middle
length section, as shown in Figure 6. Specifically, four con-
trol points are distributed uniformly along the shell length,
and the B-spline passes through these four points. The
B-spline can maintain the smoothness of the shell surface
and thus reduce the risk of fuel leak. Also, as a result of its
simplicity and flexibility, the B-spline shape has been ap-
plied to the design of curvilinear stiffeners [32].

Because it has been demonstrated that a convex genera-
trix shape can reduce imperfection sensitivity for stiffened
shells, the radial deviations of the control points from the
cylindrical shell, ry, r, and r;, are imposed to be positive,
and the range of r/R is [0.0, 0.05]. Owing to the require-
ments of assembly at both ends of the shell, the control
point Py is assumed to be fixed.

4.2 Generatrix shape optimization for low imperfec-
tion sensitivity

According to Reitinger and Ramm [13], the conventional
optimum design is usually accompanied by a large degree
of imperfection sensitivity, as optimizations often result in
economic, lightweight and thin-walled structures. From a
comparison of Figures 4 and 5, it is also evident that the
optimum values of w/R are different for perfect and imper-
fect geometries. This enhances the significance of taking the

Axial
Compression
y
P
F,
P

Figure 6 Schematic of the generatrix shape controlled by the B-spline.
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influence of imperfections and the resulting decrease of the
load-carrying capacity into the design criteria.

As explained in section 3.2, once the imperfection is
considered, the collapse of the model would occur before
material yielding is reached, which is referred to as elastic
buckling. Thus, only the S1 model needs to be discussed
below. Eigenmode shape is also selected as the illustrative
imperfection herein. Nominal collapse load is defined in
order to evaluate both the load-carrying capacity of a geo-
metrically perfect stiffened shell and its imperfection sensi-
tivity, which can be expressed as a weighted sum of col-
lapse loads of stiffened shells with small- and large-ampli-
tude imperfections. The relevant variables include ry, r, and
r3. The formulation of this optimization problem can be
stated as

Maximize:
Boom = BB+ By, ®)
subject to
Bi+p, =1 ©)
and
00<7/R<0.05, i=1, 2, 3, (10)

where £ and f, are the weighted coefficients of two col-
lapse loads, which are set as 0.5 for simplicity herein.

The CPU time of a post-buckling analysis of the illustra-
tive stiffened shell is about 1.8 h, using a PC with an Intel®
Core™ i5 CPU with 2.9 GHz and 4 GB of RAM. A surro-
gate model is employed in this study in order to release the
computational burden caused by the large number of itera-
tions during optimization. Typically, a surrogate-based op-
timization is composed of inner optimizations and outer
updates. Actually, the inner optimization is entirely based
on the surrogate model and thus needs negligible computa-
tional capacity. The optimization is considered to be con-
verged if the relative error between the results predicted by
the surrogate model and that obtained by a FEA is less than
0.1%; otherwise, the surrogate model is refitted by both
previous and new sampling data, and another inner optimi-
zation is carried out based on the newly built surrogate
model.

According to the proposed values of sample numbers
[25], a set of 125 sampling points is generated using the
optimal latin hypercube sampling (OLHS), and a RBF
model is then built based on the sampling data. To evaluate
the quality of this RBF model, another sample set composed
of 18 sampling points is generated by OLHS. Three metrics
[11] including, %RMSE, %AvgErr and %MaxErr, are

calculated by this sample set, which are 4.0%, 2.8% and
8.7% for Py 1, and 4.3%, 3.5% and 9.4% for P, indicating
an acceptable accuracy. Subsequently, a multi-island genet-
ic algorithm (MIGA) is adopted in the surrogate-based op-
timization to find the optimum design, which has been pop-
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ular in this field because of its intuitiveness, ease of imple-
mentation, and the ability to effectively solve highly non-
linear problems [33]. In MIGA, the population in one gen-
eration is divided into several islands, and the genetic oper-
ations are performed independently on each island. This
independence enables the calculation to avoid converging
local optimums [34].

For the purpose of concision, iterations based on the sur-
rogate model have been removed, and only the history of
outer updates has been preserved, as shown in Figure 7.
After the evolution of five outer updates, the optimum de-
sign is achieved with r/R=0.0071, r)y/R=0.0473 and
r3/R=0.0399, respectively. The critical buckling load of the
optimum design is 14679 kN, with the eigenmode shown in
Figure 8. The collapse load obtained by a nonlinear explicit
dynamic analysis is 15628 kN, and the predicted deformed
shape at the collapse load is shown in Figure 9.

4.3 Comparison of different designs

For the purpose of comparison, the performances of the
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9500 + e

Nominal collapse load (kN)

9000 e

8500 T T T T
0 1 2 3 4 5
Outer updates

Figure 7 History of the outer updates in the surrogate-based optimization.

Figure 9 Deformed shapes of the B-spline shape optimum design at the
collapse load.
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initial design and two optimum designs are listed in Table 2,
including the critical buckling loads of three perfect shells
as well as the collapse loads of three perfect and imperfect
shells. For the hyperbolic shape optimum design (w/R=0.05,
as is evident in Figure 5), the critical buckling load of the
perfect shell is improved in a large amplitude compared
with the initial design, while the increases of Py, and P,
are not so significant, and the collapse load of the perfect
shell is even decreased. The B-spline shape optimum design
gains a large increase in Py and thus P, compared with
the initial design and the hyperbolic shape optimum design,
representing a case of higher reliability.

Moreover, eigenmode-shape imperfection sensitivity
curves can be compared for the initial design and two opti-
mum designs, as shown in Figure 10. Initially, the collapse
load of the B-spline shape optimum design is lower than
that for the hyperbolic shape optimum design and the initial
design. For the sufficiently small-amplitude imperfections,
i.e. 0O<a<0.15, the B-spline shape optimum design has
higher load-carrying capacities than the initial design, but
lower capacities than the hyperbolic shape optimum design.
For for the medium- and large-amplitude imperfections, i.e.
0.15<a <1.0, a remarkable improvement of load-carrying
capacity is found for the B-spline shape optimum design,
compared with the other two designs. Generally, the imper-
fection sensitivity curve for each of the three designs can be
divided into two phases: One steep descent phase and one
relatively stable phase. The steep descent phase of the
B-spline shape optimum design is seen to be shorter than

Table 2 Comparison of the performances of different designs

Initial design ~ Hyperbolic shape B-spline shape

fem (S1 model) optimum design optimum design
P, (kN) 13610 17737 14679
P, (kN) 16792 16695 15628
Py (kN) 10106 12806 12121
Py (kKN) 8003 8578 10759
Prom (KN) 9055 10692 11440
18000 d T T T ¥ T T T ¥ T T T . T ¥ T » T 5 T * T *
1 - =P - Initial design (S1 model) ]
17000 - ’ . ;
1 —m— B-spline shape optimum design
16000 ] —e— Hyperbolic shape optimum design ]
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'§ 13000 - B
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a

Figure 10 Eigenmode-shape imperfection sensitivity curves for the ini-
tial design and two optimum designs.
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the other two designs. For both phases, the curve of the
B-spline shape optimum design is more stable and finally
converges to a higher value, which means that the variation
in imperfection amplitude has little influence on the per-
formance fluctuation of the design.

From a practical point of view, the convex generatrix
shape is universal for pressure vessels, which can be caused
by the internal pressure and relatively high stiffness at both
ends. For the purpose of verification, the combination of
internal pressure and axial compression is also considered
for two optimum designs. Specifically, the internal pressure
is 0.15 MPa, and the total loading time takes a value of 300
ms, which is composed of a pressure loading process and an
axial compression loading process. From 0 to 100 ms, there
is an increase in the internal pressure linearly from zero to
the maximum value 0.15 MPa; then from 100 to 300 ms,
keeping the internal pressure as a constant status, the axial
compression load increases proportionally from zero to the
maximum until collapse occurs. The corresponding load
versus end-shortening curves of two optimum designs with
a = 1.0 are shown in Figure 11. The collapse loads of the
B-spline shape optimum design and the hyperbolic shape
optimum design are 11308 and 9358 kN, respectively,
which are even higher than those for stiffened shells under
purely axial compression. Thus, it can be concluded that the
condition of purely axial compression gives a safe estima-
tion for practical designs of stiffened shells with various
generatrix shapes.

The stiffened shell of B-spline shape can be fabricated by
current plastic processing technologies, such as power spin-
ning forming, spin forging and tube spinning [35]. With the
rapid development of plastic processing technologies, the
high quality, high efficiency, low consumption, and good
flexibility of the manufacturing of stiffened shells with
B-spline generatrix shapes could finally be achieved. This
type of conceptual design is expected to be utilized in the
future heavy-lift launch vehicles.
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Figure 11 Load versus end-shortening curves for two optimum designs

under internal pressure and axial compression.
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5 Conclusions

In this paper, the effects of generatrix shape on the perfor-
mances of elastic and plastic buckling in stiffened shells
have been investigated. The generatrix shapes have been
found to exert different influences on the collapse loads of
the two types of perfect shells examined, while the collapse
loads of both types of shells with imperfections show mon-
otonically increasing trends with increasing amplitudes of
convex hyperbolic generatrix shape.

A more general description of generatrix shape has been
proposed, which can simply be expressed as a convex
B-spline curve (controlled by four key points). An optimi-
zation framework of stiffened shells with a convex B-spline
generatrix has been established, with optimization objective
being defined in terms of nominal collapse load, which can
be expressed as a weighted sum of geometrically imperfect
shells. The effectiveness of the proposed framework has
been demonstrated by a detailed comparison of the B-spline
shape and hyperbolic generatrix shape optimum designs.

The decrease of imperfection sensitivity allows for a sig-
nificant weight saving, which is particularly important in
the development of future heavy-lift launch vehicles.
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