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Three-dimensional laminar fluid flow and heat transfer in a micro heat sink with cavities and internal ribs are investigated us-
ing numerical methods. Moreover, according to the second law of thermodynamics, the model of entropy generation is also 
established for variable cross section of the microchannel. The simulation encompasses Reynolds number of 198–600, relative 
cavity height e1/Dh values of 0–0.65, relative rib height e2/Dh range of 0–0.2167. The results show that the effect of relative rib 
height on entropy generation is significant, while the relative cavity height has little effect on it. The combined effect of cavi-
ties and ribs in the microchannel has better performance of heat transfer than the smooth microchannel under similar condi-
tions. Extensive simulations are conducted to collect data on the characteristics of heat transfer and fluid flow in a micro heat 
sink with cavities and internal ribs. Using these data, correlations for Nusselt number and friction factor in terms of Reynolds 
number and the geometry of cavity and rib have been developed. 
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1  Introduction 

With the development of the science and technology, the 
electronic device designs chase for the performance of the 
lower power consumption, higher stability and reliability, as 
well as higher integration and super-miniaturization. How-
ever, the cooling of the device has also become a major 
challenge [1]. The micro heat sink was first presented by 
Tuckerman in 1981 [2], and it can remove heat efficiently 
because of the high surface to volume ratio, and the cooling 
effect is obvious. It has been widely used in the areas of 
electronic chip cooling, aerospace, bio-engineering, material 
science, and high-temperature superconductors and so on. 
According to the need for additional input power, it can be 

divided into active method and passive method to enhance 
heat transfer in the microchannel. However, the passive 
method has been given more attention by many authors be-
cause it can enhance heat transfer only by changing the 
shape of channel, adding ribs and placing turbulator inside 
channel, etc. [3–5]. 

Many studies have focused on the relationship between 
thermal resistance and pressure drop in the past decades. 
Bejan first presented the optimization of heat sink using 
entropy generation minimization. The method was based on 
the second law of thermodynamics, which was accepted by 
more and more authors [6]. Haddad et al. [7] numerically 
investigated steady laminar forced convection fluid flow 
through the parallel plates microchannel. They analyzed the 
effect of Kn number, Re number and Pr number on heat 
transfer and entropy generation. Ko [8] numerically ana-
lyzed laminar forced convective flow and entropy genera-
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tion in a 180° curved rectangular duct with longitudinal ribs. 
The results showed that the existence of rib can reduce the 
entropy generation from heat transfer irreversibility since 
the secondary vortices are augmented by the rib and tem-
perature gradient is smoother, so the heat transfer perfor-
mance is enhanced. Xia et al. [9] investigated the fluid flow 
through the microchannel with periodically changeable 
cross sections using CFD. Moreover, they analyzed the in-
fluence of structural parameters on depth. The results re-
vealed that heat transfer enhancement can be attributed to 
the flow disturbance near wall, adverse pressure gradient in 
the reentrant cavities, the jet and throttling effects. Wang et 
al. [10] investigated the effect of Nu number, f number, heat 
enhancement factor  and augmentation entropy generation 
number Ns,a on the heat transfer and entropy generation. The 
results indicated that the internal longitudinal fins enhanced 
the secondary flows and increased the temperature gradient 
near the wall, which in turn increased the heat transfer. 
Eiamsa-ard et al. [11] experimentally examined the effect of 
the rib-grooved channel on turbulently forced convection 
heat transfer. They presented three types of rib-groove ar-
rangements: rectangular rib-triangular groove, triangular 
rib-rectangular groove, triangular rib-triangular groove. The 
results showed that heat transfer performance of the com-
bined microchannel was better than that of the smooth 
channel and the effect of different pitch ratio on flow and 
heat transfer was also studied. Hans et al. [12] experimen-
tally studied the characteristics of flow and heat transfer on 
the absorber plate with multiple V-type roughness. They 
examined the effect of Reynolds number, relative roughness 
height, relative roughness pitch and relative roughness 
width and angle of attack on heat transfer. Then the correla-
tions of Nusslet number and friction factor were developed 
by using experimental data. Generally speaking, the rib- 
groove in the microchannel can be seen as turbulator, which 
can disturb the viscous sub-layer and reduce the thickness 
of boundary layer [13]. 

Based on the above analysis, the main purpose of this 
paper is to numerically investigate the combined effect of 
reentrant cavity and rib on fluid flow and heat transfer in the 
microchannel. Based on the second law of thermodynamics, 
the model of entropy generation is established and the effect 
of Reynolds number, relative reentrant cavity height and 
relative rib height on flow is also analyzed. Then, the corre-
lations of Nu number and f number are presented according 
to the numerical data. 

2  Model of entropy generation 

2.1  Description of model 

The geometry of the microchannel heat sink with reentrant 
cavities and internal ribs is shown in Figure 1(a). The mi-
crochannel is composed of fan-shpaed reentrant cavity and 

rib in the sidewall, which contains 10 parallel silicon-based 
microchannels. The length L, width W, and height of bottom 
h and channel H are 10, 3, 0, 15 and 0.2 mm, respectively. 
A constant heat flux is applied at the bottom wall (qw=106 

W m2), while other walls are adiabatic. The cross section of 
single channel is shown in Figure 1(b), and water is used as 
working fluid. The width of single chanel Wch, wall channel 
pitch Wb and hydraulic diameter Dh are 0.1, 0.2 and 0.133 
mm, respectively. The curvatures of circular arc, θ1 and θ2, 
are varied from 50° to 180° and 40° to 110°, respectively. 
The length of L1, L2 and L3 are 0.1732, 0.1 and 0.4 mm, re-
spectively. Therefore, the relative reentrant cavity height 
e1/Dh and relative rib height e2/Dh are varied from 0 to 0.65 
and 0 to 0.2167, respectively.  

2.2  Establishing the model of entropy generation 

The cross section of the microchannel is continuously 
changed along the longitudinal direction in the microchan-
nel. Considering an arbitrary control volume in the micro-
channel, the model of entropy generation rate is established 
based on the second law of thermodynamics, as shown in 
Figure 2. 

Considering an arbitrary control volume (CV) in the mi-
crochannel, the entropy generation rate caused by heating 
bottom can be divided into two processes: 1) entropy gener-
ation rate caused by the heat exchange between fluid and 
the bottom of heat sink; 2) entropy generation rate due to 
friction loss when fluid flows through adiabatic duct. Ac-
cording to the law of second thermodynamics, the entropy 
generation rate of process 1) due to the heat transfer be-
tween cool and hot walls can be calculated by the following 
equations [14]: 
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where Tb, Tf are the average temperature of the bottom of 

the heat sink and fluid, respectively, K; Q  is the total heat 

transfer of the bottom of heat sink, W; Afilm is the heating 
area of heat sink, m2. 

The entropy generation rate of process 2) caused by adi-
abatic flow can be divided into: (a) entropy generation rate 
caused by the irreversibility; (b) entropy generation rate 
caused by mass flow through control volume. Therefore, 
according to the first and second laws of thermodynamics, 
the entropy generation rate due to fluid flow through adia-
batic duct can be expressed as follows: 
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Figure 1  Three-dimensional single microchannel (a) and cross section 
(b). (unit: mm) 

 

Figure 2  Model of entropy generation of the microchanel with variable 
cross section. 

where QCV is the energy of system, kJ; s and h are the spe-
cific enthalpy and specific entropy, respectively, kJ (kg K)1, 
kJ kg1; m  is the mass flow, kg s1; since the flow is 
steady and incompressible, the change of kinetic and poten-

tial energies is negligible, i.e., CVd
0

d

Q

t
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Hence, eqs. (3) and (4) can be reduced to  
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In addition,  
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By combining eqs. (5)–(7), the entropy generation rate 
caused by flow can be expressed with the following formu-
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Further, by combining eqs. (1)–(8), the total entropy 
generation rate due to the fluid flow through heating bottom 
of heat sink can be arranged to give 
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where p,  and V are the pressure drop between inlet and 
outlet, density and volume, Pa, kg m3, m3, respectively. 

To quantize the entropy generation rate, we define the 
augmentation entropy generation number, 

 s,a gen gen,0/ ,N S S    (10) 

where gen,0S  is the total entropy generation rate of the ref-

erence microchannel. Here, the smooth rectangular micro-
channel with the same dimension is considered as reference 
microchannel. Augmentation techniques yielding values of 
Ns,a less than unity are thermodynamically advantageous 
since in addition to enhancing heat transfer they reduce the 
irreversibility of the microchannel. 

3  Simulation approach 

3.1  Mathematical model and method 

The temperature and pressure drop contained in eq. (9) can 
be solved by the continuity, momentum and energy equa-
tions. Three-dimensional conjugate heat transfer between 
silicon-based channel wall and liquid is computed over the 
entire microchannel. Following are some of the assumptions 
made in the simulation: 1) negligible axial heat conduction 
and natural convection; 2) constant solid and fluid proper-
ties except the water viscosity. 

For fluid zone, the vector forms of continuity equation, 
momentum equation and energy equation are written as 

 0, V  (11) 
 ( ) ( ),p     V V V  (12) 

 2
p f( ) .c T T   V  (13) 

For solid zone,  

 0, V  (14) 

 2 0,s T    (15) 

where , cp, f and s are the fluid of dynamic viscosity, 
specific heat, conductivity and the solid of conductivity, 
respectively, kg (m s)1, kJ (kg K)1, W (m K)1 and W (m  

K) 1. 
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A constant and uniform velocity and temperature (Tin= 
293 K) are applied at the inlet of microchannel. The veloci-
ty varies from 1 to 4 m s1 and the corresponding Reynolds 
number varies from 198 to 600. At the outlet, the static 
pressure is zero. The boundary conditions used are symmet-
ric at two side planes. Based on the above equations, the 
solution is regarded as convergent when [15] 

 1 1 6Max ( ) 10 ,i i i       (16) 

where  represents variable, namely u，v，w or T, and i is the 
iteration number. 

The equations mentioned above are all solved by a com-
mercial computational fluid dynamic software CFD (FLUE- 
NT.6.3.26). A preprocessor GAMBIT is used to generate 
the meshes for the solver. The governing equations are dis-
cretized by using the finite control volume. The SIMPLEC 
algorithm is utilized to deal with the coupling of pressure 
and velocity. 

3.2  Grid independence 

In order to ensure the accuracy of numerical results, a test of 
grid independence must be examined before numerical 
computation. The computational domain is resolved by the 
nonregular elements. The characteristics of three grids: 
338000, 625000 and 868000 cells, are used in the simula-
tions to investigate the grid convergence index. 

The axial velocity distribution in the centerline along the 
longitudinal direction and temperature distribution in the 
solid-liquid interface is shown in Figure 3. A maximum 
difference of less than 0.71% for axial velocity and 0.16% 
for temperature in the computed results between 625000 
cells and 868000 cells is observed. Hence, 625000 cells are 
selected to conduct the calculation.  

4  Results and discussion 

4.1  Validation of model 

In order to validate the numerical method, numerical simu- 

 
Figure 3  Validation of axial velocity distribution at centerline of micro-
channel and temperature distribution in the solid-fluid interface. 

lation is carried out to predict the results obtained by theo-
retical study of Shan et al. [16] with the smooth rectangular 
microchannel. The equation of friction factor f on laminar 
convective heat transfer is written as 

 
2
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The equations of friction factor obtained from pressure 
drop [17] and temperature difference between the inlet and 
outlet obtained from energy balance are expressed as 
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where c is the width to height ratio of the microchannel; um 
and cp are the average velocity and specific heat of fluid, 
respectively, m s1, J (kg K)1; A is the inlet cross section of 
the microchannel, m2. 

The comparison of friction factor and temperature dif-
ference between the smooth rectangular microchannel and 
the microchannel with fan-shaped reentrant cavities and 
internal ribs (e1/Dh=0.65 and e2/Dh=0.2167) is shown in 
Figure 4. It is observed that the average difference is ±5% 
for friction factor and ±2.5% for temperature difference 
between numerical results and theoretical results, respec-
tively. It can be seen that there is a very good agreement 
between present numerical model and theory. From the 
above validation test, we conclude that the present numeri-
cal code can correctly predict the basic characteristic of 
fluid flow through the microchannel with variable cross 
section. Figure 4 also shows that all the conditions are lam-
inar depending on its Reynolds number range. 

4.2  Analysis of entropy generation 

Figures 5 and 6 exemplify the effect of Reynolds number on 
augmentation entropy generation number Ns,a with different  

 

Figure 4  The validation of model. 
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Figure 5  Effect of the relative rib height on augmentation entropy gener-
ation number. 

 

Figure 6  Effect of relative cavity height on augmentation entropy gener-
ation. 

relative rib height and relative cavity height. It is clear that 
in comparison with the smooth rectangular microchannel, 
the microchannel with fan-shaped cavities and internal ribs 
can reduce entropy generation caused by flow. Although the 
pressure drop increases with the rise of Reynolds number 
for all the rib height, the effect of irreversibility caused by 
flow on total entropy generation is small due to the low ve-
locity and small cross section in the microchannel. Since the 
dead time of fluid is longer in the reentrant cavity and hot 
and cold fluids cannot be fully mixed, the rise of tempera-
ture under low Reynolds number is lower than that under 
high Reynolds number in the center of microchannel. 
Therefore, the entropy generation of low Reynolds number 
is higher than that of high Reynolds number. 

Moreover, from Figure 5 it is obvious that with increas-
ing the relative rib height, Ns,a first decreases dramatically 
when e2/Dh<0.09, then decreases slowly. A maximum value 
of Ns,a attains at Re>328, e2/Dh=0.1365, then Ns,a increases 
with the rise of the relative rib height. However, there is no 
minimum of entropy generation when Re<328. From Figure 

6, Ns,a has no change with the rise of e1/Dh, depending on its 
range of Reynolds number. This phenomenon can be ex-
plained as: the area of stagnation zone increases with the 
rise of relative reentrant cavity height, however, the fluid 
has always been in the state of stagnation within the reen-
trant cavity and the effect on temperature in the center mi-
crochannel is not obvious. 

4.3  Characteristic of flow and heat transfer 

Figures 7 and 8 illustrate the effect of the Reynolds number 
on Nu/Nu0 with different relative rib heights and relative 
reentrant cavity heights. Subscript 0 represents the smooth 
rectangular microchannel. The correlation of Nu number is 
defined as 

 ave
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where have is the average heat transfer coefficient, W (m2 

K)1; N is the number of the microchannel; Ach is the contact 
area between the single microchannel and fluid, Ach=(Wch+ 
2H)L, m2; ∆T is the average temperature difference between 
bottom wall and fluid, ∆T=Tb1/2(Tin+Tout). Tin and Tout are 
the temperature of inlet and outlet, respectively, K. 

Figure 7 shows the effect of relative rib height e2/Dh on 
Nu number when e1/Dh=0.375. It is obvious that all the val-
ues of Nu/Nu0 are more than unity, so the heat transfer of 
the microchannel with reentrant cavities and internal ribs 
has better performance than the smooth microchannel. This 
is due to the increase of the contact area of hot and cold 
fluid with the existence of reentrant cavity. When water 
enters the cavity, the velocity decreases and the full heat 
exchange appears between cold fluid and wall channel. It 
can weaken the heat transfer [18] when dead time is longer 
in the reentrant cavity and the temperature of cold fluid is  

 

Figure 7  Effect of the relative rib height on Nu number. 
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Figure 8  Effect of the relative cavity height on Nu number. 

gradually increased under lower Reynolds number. Howev-
er, adding ribs between the cavities can reduce cross section 
dramatically, which causes more energy to flow through the 
cavity under low Reynolds number. Moreover, the hydro-
dynamic and thermal layers are disturbed by the cavity and 
rib, so the heat transfer enhancement is more obvious. 

Figure 8 shows the effect of the relative cavity height 
e1/Dh on Nu when e2/Dh=0.1365. From Figure 7, all the 
values of Nu/Nu0 are more than unity. However, there is no 
change of Nu/Nu0 with the rise of Reynolds number and the 
relative cavity height. Therefore, the effect of reentrant cav-
ity on heat transfer is not obvious. 

Figure 9 shows the effect of the relative rib height on 
friction coefficient when e1/Dh=0.375. From Figures 9 and 
10 it is obvious that the effect of rib on friction coefficient is 
relatively obvious. The friction coefficient increases by 3.6 
times when the relative rib height is 2.9 times lager. How-
ever, the effect of the relative rib height on friction coeffi-
cient is not obvious. 

As discussed before, the effect of the relative rib height 
and relative cavity height on Nu number and f number is 
obvious. Based on the numerical results, the correlations of 
Nu number and f number are developed: 
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Figure 9  Effect of the relative rib height on f number. 

 

Figure 10  Effect of the relative cavity height on f number. 

As shown in Figure 9, the variation of friction coefficient 
is greater when e2/Dh>0.0848 than that when e2/Dh<0.0848, 
so the friction coefficient can be divided into two parts. A 
comparison between the Nu number and f number obtained 
from numerical results and those predicted by the correla-
tions have been shown in Figures 11 and 12, which shows 
that most of the predicted data points lie within ±10% devi-
ation lines of the numerical results. Therefore, the correla-
tions developed can predict the values of Nu number and 
friction factor with reasonable accuracy in the range of pa-
rameters investigated. 

5  Conclusions 

In this paper, according to the second law of thermodynam-
ics, the model of entropy generation rate of a microchannel 
with fan-shaped reentrant cavities and internal ribs is estab-
lished. Moreover, the effect of different structural parame-
ters on laminar flow and heat transfer is investigated using 
numerical simulation. Based on the results presented above,  
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Figure 11  Comparison of numerical and theoretical Nu numbers. 

 

Figure 12  Comparison of numerical and predicted values of friction 
factor. 

some essential conclusions are drawn below. 
1) The model of entropy generation rate in a microchan-

nel is established, and the effect of the relative rib height 
and relative cavity height on entropy generation is analyzed. 
The effect of relative rib height on entropy generation is 
more obvious than that of the relative cavity height depend-
ing on its range of Reynolds number. 

2) The combined effect of cavity and rib can enhance 
heat transfer in the microchannel with fan-shaped reentrant 
cavities and internal ribs. Hence, the cold and hot fluids can 
be fully mixed in the reentrant cavity and can take hot fluid 
quickly. Moreover, due to the periodical cavities and ribs, 
the hydrodynamic and thermal layers are disturbed and the 
flow develops continuously. 

3) The correlations of Nu number and f number in the 

microchannel with reentrant cavities and internal ribs are 
presented. These correlations have been found to predict the 
values with ±10% deviation. 
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