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Crack location identification, as one key destination of structural health monitoring, is still a challenge for operating rotor sys-
tems. The operating deflection shape (ODS), which represents a visual description of the structural vibration patterns under
operating conditions, has been gaining importance for structure damage detection in recent years. The ODS carries damage in-
formation of a structure, however, it is also difficult to detect weak cracks of rotor directly. The approximate waveform capac-
ity dimension (AWCD) method was successfully applied to damage detection of plates and beam-like structures. In this paper,
a strategic approach that combines ODS and weighted AWCD is proposed for crack location identification of the rotating rotor.
To eliminate the false peaks of AWCD and obtain desirable results, a weight factor and ODS curvature data are introduced to
the expression of the weighted AWCD. The effectiveness of the proposed method is validated by numerical simulation and
experimental investigation in a cracked rotor system. The results indicate that the proposed approach not only provides good
identifying performance for incipient rotor cracks, but also effectively eliminates the fault peaks introduced by the inflexion
locations of ODSs. Moreover, the proposed approach proves promising in detecting crack locations of rotating rotor systems.

cracked rotor, crack location identification, operating deflection shape (ODS), weighted approximate waveform capac-
ity dimension (weighted AWCD)
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1 Introduction signal processing techniques [12, 13] have been found for
crack detection of the rotor. Though most studies concen-
trate on qualitatively detecting the crack, it is still a chal-
lenge to predict the crack location.

The model-based crack detection methods have drawn
special attention for detecting crack locations [14]. Modal
curvatures including the natural frequencies are highly sen-
sitive to damage [15-17]. Li et al. [18] adopted the wavelet
finite element method (WFEM) in the modal analysis to
detect crack location and size for stationary structures. For
an operating rotor system, the mode shapes cannot be easily
obtained in most practical conditions, and one promising
technique is the utility of the operating deflection shape
(ODS) which only depends on experimental data from
damaged structures [19]. ODSs are vibration response-

Fatigue cracks are a potential source of catastrophic failures
in rotor systems. Hence, the cracked rotor monitoring has
been the focus of interest of many studies in recent decades
[1-3]. Crack monitoring for an uninterrupted operating rotor
includes three stages: crack detection [4], location identifi-
cation [5] and quantifiable damage estimation. Many re-
searchers have studied the dynamics [6, 7] and fault diagno-
sis [8] of a cracked shaft. The work on the crack detection
has been mainly based on the vibration signature extraction.
Accordingly, important indicators [9-11] and reasonable
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based shapes which are similar to but different from the
mode shapes [20]. Sekhar and Babu et al. [21, 22] proposed
a generalized ODS as the deflection shape of a structure at
any operating speed or subjected to any excitation including
multiple loadings. The presence of a crack on the shaft
changes the local stiffness and yields a singular point of
vibration responses at the crack location along the shaft.
Changes in the ODS shape or curvature of the structure like
a rotor system will indicate the damage location.

Aiming at the problem that the singular location corre-
sponding to the crack in the ODS cannot be easily seen with
naked eyes, especially when a weak crack appears, some
signal processing techniques like fractal dimension (FD)
and complexity [23] work well in crack detection of rotating
rotor when combining with the ODS. FD is considered as a
relative measure of the number of basic building blocks that
form a pattern [24]. Hadjileontiadis and Douka et al. [25, 26]
used FD for damage detection of beams and plates. Fan and
Qiao [27] proposed a novel waveform fractal dimen-
sion-based damage identification algorithm termed ‘ap-
proximate waveform capacity dimension (AWCD)’.
Whereas considering the higher mode shapes, the false
peaks introduced by the inflexion locations may cover up
the peaks induced by damage. To overcome this shortcom-
ing, Qiao and Cao [28] verified a specific bijective linear
mapping to the original signal before AWCD. These meth-
ods have been validated by simulation and experiments for
crack identification of beam-like structures [29]. For the
rotating rotor system, a strategic approach that combines the
ODS and a weighted AWCD was proposed for crack identi-
fication in this paper. With a weighting factor and ODS
curvature data introduced to the expression of the weighted
AWCD, this approach performs well in rotor cracks identi-
fication as well as in fault peaks elimination corresponding
to the inflexion locations.

The practicability of applying ODS and the weighted
AWCD method to identify cracks of rotor system is vali-
dated via numerical simulation and experiments in this pa-
per. The rest of the paper is organized as follows. In Section
2, the ODS and the finite element modeling of rotor system
with breathing transverse crack on the shaft are presented.
Section 3 gives a specific description of the weighted
AWCD. At last, the simulation and experimental results are
shown in Sections 4 and 5, respectively.

2 A brief review of cracked rotor modeling and
operating deflection shape (ODS)

2.1 Finite element modeling of cracked rotor

Much literature has been published concerning the model-
ing and the breathing mechanism of the cracked rotor
[30-32]. Here a brief depiction about the finite element
modeling of cracked rotor adopted in this paper is de-
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scribed.

As shown in Figure 1, the rotor shaft is divided into a
number of Bernoulli-Euler beam finite elements having four
degrees of freedom at each node (shown in Figure 2), where
¢ and k represent the damp and stiffness of the supporting
bearings, respectively.

The dynamics equation of the rotor system with a trans-
verse breathing crack, in the inertial coordinate system, can
be defined as [10]

M i+(C+aG)i+(K—f (1)K, )x=Q+W, (1

where M, C, G, adn K mean the mass, damping, gyroscopic
and stiffness matrices, ¥, X, and x are the acceleration,

velocity, and displacement vectors of the cracked rotor sys-
tem, respectively. @ is the rotating speed of the rotor. The
excitation force matrixes @ and W define the vectors of
gravity force and unbalance force due to the disc supported
on the shaft having mass m and eccentricity e.

In the dynamics equation, the transverse breathing crack

effect has been considered in item f(¢)K_. K, is the ad-
ditional stiffness matrix due to the transverse crack and the
function f (t) describes the alternating opening and clos-

ing process of the breathing crack. Among various crack
modeling functions [33, 34], the cosine function modeling is
simple and widely used in crack modeling. According to ref.

[10], the cosine function modeling f (t) can be defined as

f(1) :%(1—cos(a)t)>. )
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Figure 2 Degrees of freedom of rotor element.
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2.2 Operating deflection shape (ODS)

An ODS is defined as the actual displacement or velocity
patterns of a structure vibrating at a specific frequency or
speed [35, 36]. Then it is further to be depicted more gener-
ally as the deflection shape of a structure at any operating
speed or subjected to any excitation including multiple
loadings [21]. A typical ODS for Jeffcott rotor is shown in
Figure 3. The ODS provides a visual description of the vi-
bration patterns of the structure under the operating condi-
tions and anomalies can be detected in terms of geometric
features of the structure [37].

ODSs and mode shapes are quite different from one an-
other in a number of ways [38]. The ODS depends on the
amplitude and location of loading acting on the structure,
while the external excitations do not affect the mode shapes.
Yet, ODSs and mode shapes are related to one another. One
major connection dwells in that the ODS is the actual struc-
tural response from all mode shapes combined and damping
included. When the structure is excited at a resonance fre-
quency and the damping is small, the ODS will be similar to
the mode shape corresponding to the resonance frequency.

When a structure suffers a crack, the singularity will be
introduced in the stiffness and mode shapes of the structure
at the location of the crack [39]. The ODS shares the prop-
erties of the material, structural and fixing style, and the
operating conditions, so changes in ODS shape or curvature
of the structure like a rotor system will locate the damage
[40]. Simultaneously, the ODS is generally a linear combi-
nation of mode shapes, which makes it a more sensitive and
feasible approach than mode shape based methods in dam-
age detection [41]. In practice, the ODS is also facile to be
observed via experiments.

The ODS defined above describes the actual response of
a structure at a particular time, so it is a function of time ¢
and the ODS observed at different times may be variational
[42]. Practically, this definition also requires a very strict
simultaneity of the observation at all the measuring points.
In this paper, a generalized definition of the ODS is adopted
as the mean envelop amplitude of the responses at each
measuring node along the rotating shaft. The mean envelop
amplitude is defined as the mean value of a set of amplitude
samples on the envelop curve of the vibration response at
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Figure 3 A typical ODS of Jeffcott rotor.
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each node. With this definition, the ODS not only reserves
the singularity introduced by the crack but also eliminates
the requirement of the simultaneity in the measuring pro-
gress. In addition, through the mean operator in calculating
the ODS value, the noise and measuring error could be well
inhibited.

3 Damage identification algorithm

3.1 Introduction of fractal dimension (FD) method

The crack located on a structure, which reduces the local
stiffness, is a factor that shifts the vibration signal towards a
more complex behavior. The FD is deemed as a measure of
the signal complexity in the vibration domain, providing a
valuable computational tool to track the existence of a crack
[43, 44].

To overcome the probable misleading caused by the FD
method when computing a higher mode shape, a novel
waveform fractal dimension method, called the approximate
waveform capacity dimension (AWCD), was proposed by
Qiao and Cao [28] for damage identification. In ref. [28],
they derived the formulation of AWCD as

AWCD = lim log(L/1) ~ log(L)+log(N -1)
log(N -1)

1-0 10g(1/l)
o toe(f) 3)
log(N -1)

where N presents the number of steps in the curve; [ is the
basic mesh of L. L denotes the total length of the curve, ex-
pressed as

N-1
L= dist(P.P.,). @)

By using a sliding window across the operating deflec-
tion shape and estimating the AWCD at each position for
the regional operating deflection shape inside the window,
the peaks on the AWCD indicate the local irregularity of the
curve. Unfortunately, these peaks may be introduced not
only by the damage on the structure but also by the inflex-
ions of the operating deflection shape, leading to confusion
for the damage detection.

Here we illustrate the behaviors of the above methods.
Consider the following simulated case

B sin(21tx)+x2, xXe [O,l)U(l,Z],
(x)_{sirl(27tx)+x2 -0.01, x=1. )

Figure 4(a) shows the original signal and the zoom figure.
In this case, function f(x) has one singular location x =1

and four inflexions. Our interest is to identify the singular
location that is similar to the crack damage in the structure.



1726 Zhang CL,etal.  Sci China Tech Sci  July (2013) Vol.56 No.7
3.0
(a) (b)
4 1 * Singular point
. Inflexi i
3 0.8 2.5 o Inflexion point
3 0.998 1 1.002
=1
g5 ~ 020
o
[u]
=
1 15
0 I
. . . 1.0 .
0 0.5 1.0 1.5 2.0 0 0.5 1.0 1.5 20
Time (s) X
5
: . © (d
ot * Singular point ]
o Inflexion point ar
=)
] S
[a) % 3
o
% S 2
(1]
=
1t
1 0 I
0 0.5 1.0 1.5 2.0 0 05 1.0 1.5 2.0

X

Figure 4 Simulated signal and its transforms. (a) The original signal; (b) the FD values; (c) the AWCD values; (d) the weighted AWCD values.

The signal was processed via FD and AWCD methods, and
the results were shown in Figures 4(b) and (c), respectively.
Figure 4 shows that FD and AWCD methods are all very
sensitive to the singular points and inflexion points due to
these two kinds of points share the similarity of increasing
the local irregularity of the curve. However, the aliasing of
the inflexion locations could not be eliminated for these two
methods.

3.2 Damage detection using the weighted approximate
waveform capacity dimension (weighted AWCD)

In order to eliminate the false peaks introduced by the in-
flexion locations which may cover up the peaks induced by
damage, Qiao and Cao used a specific bijective linear map-
ping to the original signal before AWCD. In this article, a
weighted AWCD method based on the AWCD approach
was developed for the crack location detection.

The weighted AWCD is defined as

N-1

o) (&)

AWCD=1+ =1+ , (6)
log(N—l) log(N—l)

where N is the number of segments on the curvature shape;

L denotes the curvature distance of the curve; and the
segmental distance L, is defined as

I:i :\/<5’i+1 _5}1' )2 +C()~Ci+l _;Ci)z

@)

where C is a weighting factor. The weighted AWCD could
separate the singular points from the inflexion points in a
curve.

The fundament of the weighted AWCD could be qualita-
tively explained as follows. As illustrated in Figure 5, when
the weighting factor C equals O, the curvature distance at

the singular location is I , while the curvature distances

sin ?

at other locations form an assemble & <l~,mr) . There is usual-

ly a far distance AL between L, and 8<L~,mf) due to the

sin

essential property that the curvature of an almost smooth
curve varies much more sharply at the singular location than
at other points including the inflexion location. With the
nonlinear logarithm mapping, the global maximum on the
weighted AWCD indicates the singular location. The as-

semble with diameter & (i,mf) induces the oscillation on the
weighted AWCD, in which the local extreme points indicate

the inflexion locations and make the singular point detection

confused, especially when there are two or more singular
points. With an appreciate weighting factorC >0, L, and
S(I:m[) are all translated along the axis 7, leading to a
very small variation range on the weighted AWCD of

10g<6 (iinf» and an outstanding log(isin). Additionally,
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Figure 5 The schematic fundament of weighted AWCD.

formula I:, in eq. (7) contains the second-order difference
term of the original curve, which actually expands the dis-
tance between L and 8(l~,mf) and is favorable for sepa-
rating the singular point from inflexion locations.

In order to detect damage successfully, the weighting

factor C has to be chosen carefully. In this article, a strategy
for the choice of C is shown as

E

MN

N ¢ @)

where N is the number of segments on the curvature shape
and M is the number of segments in the sliding window.

The weighted AWCD of the simulated case in eq. (5)
was shown in Figure 4(d), where the singular location was
clearly detected. In practical crack identification, mul-
ti-cracks detection and noise immunity are vital properties.
To illustrate how to locate two singular locations using
weighted AWCD, let’s consider the following simulated
case [5].

f(x)
sin (5.015mx) +sin (7mx) +sin (167x)0 < x < 10,
=<sin (5.0077tx)+ sin(77tx)+ sin(l67tx)10 <x<20,
sin(4.998ﬂ:x)+sin(7ﬂ:x)+sin(167cx)20 < x<30.

&)

<
<

Figure 6(a) shows the original signal and zoom figures.
The simulated function f(x) has two singular locations,

that is, x=10 and x =20, while the small changes cannot
be clearly seen in the original signal. To simulate
noise-contaminated signals, the white Gaussian noise was
introduced and the signal-to-noise ratio (SNR) was 40 dB.
To set up an overall assessment on the noise immunity,
the Monte Carlo simulation was conducted on 50 pseudo
experimental cases. In each simulation case, the polluted
signal was analyzed using the weighted AWCD method.
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Figure 6 The simulated signal and its weighted AWCD. (a) The original
signal and its close-up view; (b) the weighted AWCD curve of the pure
signal; (c) the mean weighted AWCD curve of the polluted signal in the
Monte Carlo simulations (SNR=40 dB).

Figure 6(b) shows the result of the pure signal, and Fig-
ure 6(c) is the average result of the 50 sets of pseudo ex-
periments in the Monte Carlo simulation. Two peaks could
be clearly observed on the weighted AWCD curve for both
the pure signal and polluted signal and the peaks indicated
the singular locations accurately. This simple simulation
showed that the weighted AWCD method could detect sin-
gular locations reasonably well even when the signal was
subjected to certain level of noise.

4 Numerical simulations

Based on the cracked rotor modeling presented in Section 2,
the rotor shaft illustrated in Figure 1, having a rigid disc at
the center and crack near to it, was divided into 20 elements.
The main physical parameters of the rotor system in the
numerical simulation were considered as following: shaft
length 80 mm, diameter 10 mm, disc mass 4.5 kg, unbal-
ance eccentricity 0.01 mm, initial unbalance phase 0°, bear-
ing supporting stiffness 10’ N/m, Young modulus 2.1x10"
N/m? , and the density 7850 kg/m’. The nature frequency of
the rotor systems is 26.12 Hz. The location and depth of the
transverse crack were considered in the contrastive simula-
tion experiments.

The vibration response at each node along the shaft was
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computed for the rotating speed of 1200 r/min. The ODS
was then calculated using the mean envelop amplitude of
the response at each node. Hence, the weighted AWCD
curve was calculated to detect the location of the transverse
crack on the shaft. Combining these terms, a flowchart for
crack location identification was shown in Figure 7.

The dependence of the weighted AWCD measure on
crack depth for a given crack location was investigated
firstly. Here, the normalized location /(I =d/L) was consid-
ered as a constant for the analysis, whered is the distance
between the crack and the first node at the shaft; Lis the
length of the shaft. The crack location was considered as /=
0.2 (in the 4th element) and the relative crack deptha (ra-
tio of the crack depth and the shaft diameter) varied from
0.1 to 0.4. The vibration of these weighted AWCD values
for the different crack depths including the uncracked case
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were shown in Figure 8.

For the case of uncracked rotor, only the operating fre-
quency (1X ) existed in the frequency response cascade.
Because the inflexion location of the ODS could be esti-
mated via the weighted AWCD method, the peak of the
weighted AWCD curve indicated the location of the rigid
disc due to the residual unbalance. The disc was introduced
as a lumped mass and the unbalanced mass would induce
new singular boundary at the location of the rigid disc. For-
tunately, compared with Figures 8(II)-(V), the weighted
AWCD peak at the disc location could be clearly observed
only for the rotor without crack or with weak crack. When
the relative crack depth reached or forereached 0.2, the
weighted AWCD peak at the disc position became unobvi-
ous in the weighted AWCD curve.

It can be observed from Figure 8 that the peak values of

Vibration response Calculate the Calculate the
at each node envelop amplitude Calculate the ODS weighted AWCD
2 -
Nodei =~ A 1.0 o Crack
0.5 » > » O /
-0.5 05§
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20 & 05 1.0
Time ¢ Q 0 o3, 10 o pl2, 10 Position
Figure 7 The flowchart for crack location identification using weighted AWCD.
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Figure 8 Frequency responses and weighted AWCD curves of cracked rotors with different crack depths. (a) Frequency response cascade; (b) ODS curve;

(c) weighted AWCD curve.

the weighted AWCD curve for the cracked shaft appeared at
the crack locations. Even for the rotor with weak crack
(a=0.1), the peak value at the crack location could be
clearly observed and its amplitude seemed larger than that
at the disc location. With the prior known disc location in
experimental application, the weak crack location could be
clearly identified. With the increase of the crack depth,
more harmonic components (2X,3X,4X---) occurred and
their magnitudes became higher. Accordingly, it can be ob-

served from Figure 8 that the peak values of weighted
AWCD increased with the increasing crack depth. Thus, the
peak value of weighted AWCD along the shaft could iden-
tify the crack location, and the increase in its value with
time would indicate the crack growth.

In order to show the capability of weighted AWCD to
identify different locations of same-depth cracks, for a con-
stant relative crack depth o= 0.3, a group of crack cases
were constructed according to the crack locations varying
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from 0.1 to 0.9 at a spacing of 0.1, excluding the crack case
of [=0.5 corresponding to the crack located at the disc posi-
tion. Figure 9 shows a parallel presentation of the weighted
AWCDs associated with these crack cases.

From Figure 9, it can be noted that the crack was identi-
fied clearly at the location of the crack with a distinguisha-
ble peak value of weighted AWCD at that location. Addi-
tionally, the weighted AWCD held an almost steady distin-
guishable peak along the shaft and the maximum difference
of these peaks was less than 0.02. This property allowed
weighted AWCD free from the influence caused by damage
location.

To show the influence of rotating speed on identification
property of weighted AWCD, three cases with the same
damage condition (a=0.3, [=0.2) were conducted at dif-
ferent speeds, namely 600, 1800 and 2800 r/min, respec-
tively. It could be observed from Figure 10 that the superior
peaks locate the crack position accurately with the speed
increase. The results show that the weighted AWCD was
not appreciably affected from the speed and enjoyed firm
and accurate detection results at different speeds.

S Experimental validations

5.1 Experimental setup

To validate the practicability of the weighted AWCD
method to identify cracks of rotor systems, experiments
were conducted on the Bently rotor test system in which a
shaft was supported on bearing seats with a rigid disc
mounted on the shaft. The experimental setup was shown in
Figure 11. The geometry of the shaft was shown in Figure
12. The length of the shaft L; =420 mm, diameter D, =10
mm and natural frequency of the shaft was found experi-
mentally as fo=35.93 Hz. The rotating speed of the shaft
was 1500 r/min, namely 25 Hz.

The experiments were conducted using a cracked shaft
which was divided into 28 elements. The crack on the shaft
was generated by wire cutting with the width of less than
0.1 mm. The location and depth of the crack were e=145

-0.47 -
-0.48 -
[a)
S
=
-0.49 4
1.0
-0.50 0.5
10 5 50 Location
No. of cases

Figure 9 Weighted AWCD:s of different crack locations for cracked rotor
(a=0.3).
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Figure 10 Weighted AWCD of cracked rotor (@=0.3, [=0.2) at different
speeds. (a) w=600 r/min; (b) w= 1800 r/min; (c) w=2800 r/min.

Figure 11 Bently rotor test system.

mm (at the 10th node) and a=2 mm, respectively. There-
fore, the respective normalized crack location and depth
were [.=0.345 and a=0.2.

Figure 12 shows the schematic diagram of the experi-
mental setup. The location and diameter of the disc were L,
=315 mm and D, =60 mm. Therefore, the normalized loca-
tion of the disc center was /,=0.75. The eddy current sensor
fixed on the seat was adopted for the vibration measurement.
By moving the sensor seat along the shaft, the signals at
different locations on the shaft were acquired via the
SONY-EX which is a computer controlled data acquisition
system. In the experimental study, the sampling frequency f;
=3200 Hz and 12800 data points were collected.

5.2 Experimental results

The vibration responses of every node construct the ODS
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1, Motor; 2, coupling; 3, bearing support 1; 4, shaft: 5, crack; 6, eddy current sensor 1; 7, eddy current sensor 2: 8, disc; 9, bearing support 2.

Figure 12 Schematic diagram of the experimental setup.

curve of the cracked rotor. Figure 13 shows the vibration
responses at the 29th measuring node of the shaft in both
time and frequency domains. The ODS value was calculated
using the envelop amplitude of the responses which would
eliminate the effect of the measurement noise. Subsequently,
the other ODS values at other nodes were calculated with
the same procedure.

Figure 14 shows the ODS curve of the cracked rotor and
its weighted AWCD curve is shown in Figure 15. The hori-
zontal coordinate represented the normalized location /. The
peak point at [,=0.343 in the weighted AWCD curve well

matches the exact crack location of [,=0.345, and a lower
peak [,=0.73 represented the location of the disc. The dis-
crepance of [,and [, dwelled in the effect of geometric

thickness of the disc. Additionally, the peak at the crack
location was more shaper than that at the disc location,
which was similar to the simulation results.
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Figure 13 The vibration responses at the 29th node. (a) Vibration signal
in time domain; (b) frequency spectrum.
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Figure 14 ODS curve of the cracked rotor.
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Figure 15 The weighted AWCD curve of the cracked rotor.

6 Conclusion

In this paper, a strategic approach based on ODS measure-
ment data and weighted AWCD was proposed to detect
locations of cracks in rotating rotor systems. To address the
problem that the singular location corresponding to the
crack in the ODS cannot be easily observed with naked eyes,
especially when a weak crack appears, a post-processing
method named weighted AWCD was presented. The
weighted AWCD method could accurately identify the
crack locations. In addition, it also performed well in elimi-
nating the fault peaks corresponding to inflexion locations
caused by the higher mode shapes. The peaks on the
weighted AWCD curve accurately indicated the crack loca-
tions. Simulation studies and experiments were conducted
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to validate the performance of the proposed approach. The
results illustrated that the proposed approach is potentially a
good tool in detecting crack locations of rotating rotor sys-
tems.
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