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Based on constructal theory, the constructs of the leaf-like fins are optimized by taking minimum entransy dissipation rate (for 
the fixed total thermal current, i.e., the equivalent thermal resistance) as optimization objective. The optimal constructs of the 
leaf-like fins with minimum dimensionless equivalent thermal resistance are obtained. The results show that there exists an op-
timal elemental leaf-like fin number, which leads to an optimal global heat conduction performance of the first order leaf-like 
fin. The Biot number has little effects on the optimal elemental fin number, optimal ratios of length and width of the elemental 
and first order leaf-like fins; with the increase of the thermal conductivity ratio of the vein and blade, the optimal elemental fin 
number and optimal ratio of the length and width of the elemental leaf-like fin increase, and the optimal shape of the first order 
leaf-like fin becomes tubbier. The optimal construct based on entransy dissipation rate minimization is obviously different 
from that based on maximum temperature difference minimization. The dimensionless equivalent thermal resistance based on 
entransy dissipation rate minimization is reduced by 11.54% compared to that based on maximum temperature difference 
minimization, and the global heat conduction performance of the leaf-like fin is effectively improved. For the same volumes of 
the elemental and first order leaf-like fins, the minimum dimensionless equivalent thermal resistance of the first order of the 
leaf-like fin is reduced by 30.10% compared to that of the elemental leaf-like fin, and the global heat conduction performance 
of the first order leaf-like fin is obviously better than that of the elemental leaf-like fin. Essentially, this is because the tem-
perature gradient field of the first order leaf-like fin based on entransy dissipation rate minimization is more homogenous than 
that of the elemental leaf-like fin. The dimensionless equivalent thermal resistance defined based on entransy dissipation rate 
reflects the average heat transfer performance of the leaf-like fin, and can provide some guidelines for the thermal design of the 
fins from the viewpoint of heat transfer optimization.  
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1  Introduction 

With the development of the micro-electronic technology, 
the miniaturization and high integration of the electronic 
devices are strong trends, and thermal current densities of 

the electronic devices become higher and higher. Therefore, 
how to dissipate the heats from the interior of the electronic 
devices quickly and efficiently is a key question that needs 
to be solved in the development way of the super mi-
cro-electronic devices. Fins, as a common technology of 
enhancement heat transfer, are widely applied in the field of 
cooling electronic devices.   

Bejan firstly applied the constructal theory [1–7] in the 
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“volume-point” heat conduction problem of cooling elec-
tronic devices [8]. Henceforth, many scholars had done 
plenty of researches on the fin heat transfer problems [9–27] 
based on constructal theory. Bejan and Dan [10] used the 
analytical method and finite element method to carry out 
constructal optimization of a tree-shaped fin, and the results 
showed that the results obtained based on these two meth-
ods agreed with each other. Almogbel and Bejan [11] car-
ried out constructal optimizations of the cylindrical tree- 
shaped assemblies composed of pin fin and taper fin ele-
ments, respectively, and the result showed that the more 
efficient construct of the tree-shaped assemblies looked 
more natural. Bejan and Almogbel [12] carried out the con-
structal optimizations of T-, - and umbrella-shaped fins by 
taking maximum heat transfer rate as optimization objective. 
Moreover, some scholars further optimized the single- and 
multi-stage T-, Y-, T-Y- and two-stage Y-shaped fins 
[13–19] by using analytical and numerical methods, respec-
tively. Combelles [20] optimized a single leaf-like fin by 
taking maximum heat transfer rate as optimization objective 
and using analytical and numerical methods, respectively, 
and obtained the optimal construct of the leaf-like fin. The 
effects of the Biot number and thermal conductivity ratio of 
the vein and blade on the optimal construct of the leaf-like 
fin were analyzed. Khaled [21] studied the heat transfer 
performances of five kinds of fins with different heat con-
vection coefficients and free stream temperatures at their 
upper and lower surfaces, and derived the analytical solu-
tions of the heat transfer rates of four kinds of fins. The re-
sults showed that the heat transfer performances of the fins 
could be improved when the effective thermal conductivity, 
cross-sectional area and some other parameters of the fins 
increased. Khaled [22] further studied the heat transfer per-
formance of a permeable plate fin, and the result showed 
that the permeable fin had a better heat transfer performance 
than the conventional fins. Ref. [23] studied the heat trans-
fer performance of a plate fin for the fixed volume of the fin, 
and derived the maximum heat transfer rate performance of 
the plate fin with nature and forced convection boundaries 
by optimizing a single variable. Zhang and Liu [24] opti-
mized the vertical rectangular fin arrays by taking maxi-
mum heat transfer rate as optimization objective and using 
analytical and finite volume methods, respectively, obtained 
the optimal spacing of the rectangular fin arrays, and found 
that the optimization results obtained by these two methods 
were consistent. Bello-Ochende et al. [25] carried out the 
constructal optimization of the pin fin arrays with two col-
umns, the optimal geometries obtained were the multi-scale 
pin-fin arrays with different diameters and heights, and the 
result obtained by magnitude analysis agreed with that ob-
tained by the numerical calculation. Kundu and Bhanja [26] 
investigated the heat transfer enhancement problem of po-
rous fins by using analytical method, and compared the heat 
transfer performances of the porous fins with simple, ap-
proximate and exact models by using analytical and nu-

merical methods, respectively. Sharqawy and Zubair [27] 
studied the circle fin with simultaneous heat and mass 
transfer, and obtained the analytical solution of fin tem-
perature distribution under fully wet condition, which in-
cluded the special solution for a dry-fin case. 

The researches of the pin heat transfer performances 
above are all based on the optimization objectives of heat 
transfer rate and efficiency, and cannot reflect the global 
heat transfer performances of the fins. To illustrate the es-
sential characteristics of heat transfer processes, Guo et al. 
[28, 29] put forward a new physical quantity, “entransy” 
(ever interpreted as heat transfer potential capacity in ref. 
[30]) and the extremum principle of entransy dissipation (a 
new theoretical guideline and criteria for heat transfer op-
timizations), and defined an equivalent thermal resistance 
for multidimensional heat conduction problems based on 
the entransy dissipation rate. The physical meaning of en-
transy was further expounded from the angles of heat con-
duction physical mechanism and electrothermal simulation 
experiment, etc. [31–33]. Henceforth, many scholars carried 
out a series of deep researches on the heat transfer optimi-
zation based on minimum entransy dissipation rate [34–67], 
and their work further illustrated that the optimization ob-
jective of the entransy dissipation rate had great advantages 
in fields of heat transfer optimizations. Specially, the re-
search work in refs. [55–67] was the major research pro-
gress by the combination of the extremum principle of en-
transy dissipation and constructal theory, and refs. [58, 61] 
were the representational work of the heat transfer optimi-
zation of fins based on the extremum principle of entransy 
dissipation and constructal theory.  

Based on ref. [20], the constructs of the leaf-like fins will 
be optimized by taking minimum entransy dissipation rate 
as optimization objective and using analytical method. The 
elemental leaf-like fin was studied in ref. [20], and the 
model of a first order leaf-like fin will be established by 
assembling many elemental leaf-like fins. The global heat 
transfer performance comparisons of the elemental leaf-like 
fin based on the minimizations of entransy dissipation rate 
and maximum temperature difference, as well as elemental 
and first order leaf-like fins based on the minimization of 
entransy dissipation rate will be carried out. 

2  Definition of entransy dissipation rate [28] 

Entransy, which is a new physical quantity reflecting heat 
transfer ability of an object, was defined in ref. [28] as 

 
1 1

,
2 2

 vh vh h vhE Q U Q T  (1) 

where Qvh=McvT is thermal capacity of an object with con-
stant volume, Uh or T represents the thermal potential. The 
entransy dissipation function, which represents the 
entransy dissipation per unit time and per unit volume, is 
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deduced as [28] 

 2( ) ,      hE q T k T  (2) 

where q  is thermal current density vector, and T  is the 

temperature gradient. In steady-state heat conduction, hE 
  

can be calculated as the difference between the entransy 
input and the entransy output of the object, i.e. 

 ,in ,out .  
h h hE E E  (3) 

The entransy dissipation rate of the whole volume in the 
“volume-to-point” conduction is  

 2d ( ) d .     
vh h

v v

E E v k T v  (4) 

where v is the control volume.  
The equivalent thermal resistance for multidimensional 

heat conduction problems with specified heat flux boundary 
condition is given as follows [28]: 

 2 ,h vh hR E Q   (5) 

where hQ  is the thermal current. From eq. (5), for the 

fixed hQ , the entransy dissipation rate vhE 
  is propor-

tional to the equivalent thermal resistance Rh, the heat 
transfer optimization based on the minimization of en-
transy dissipation rate is equal to that based on the mini-
mization of equivalent thermal resistance. Therefore, for 
the fixed total thermal current of the leaf-like fin, the 
constructal optimization of the leaf-like fin can be carried 
out by taking the minimization of equivalent thermal 
resistance as optimization objective.  

3  Constructal optimization of the elemental 
leaf-like fin 

An elemental leaf-like fin with a blade ( 0 0 02 , kH L t  ) 

and a vein (A0×L0, kp) attached to the symmetry axis of the 
blade is shown in Figure 1 [20]. The heat current (q0) flows 
along the vein from the root (x=0) to the top (x=L0) of the 
vein, and then flows into the blade (H0×t×x) located on the 
both sides of the vein along the direction perpendicular to 
the vein. Finally, the heat is dispersed from the surface of 
the blade by heat convection. The materials of leaf-like fin 
are isotropic, and their thermal conductivities k0 and kp are 
constants (kp>k0). The heat transfer coefficient h of the 
blade is of homogenization over all the external surfaces, 
and the top of the vein and the perimeter of the blade are 
considered to be adiabatic. It is assumed that the thermal 
conductivity of the vein (kp) is much higher than that of the 
blade (k0), the cross-sectional area of the vein (A0) is small, 
both the vein and the blade are slender enough (H0 � L0).  

 

Figure 1  Elemental leaf-like fin [20]. 

With these assumptions, the flows in the vein and blade are 
considered to be one-dimensional, i.e. the heat transfer di-
rection is approximately parallel to x-direction in the vein, 
and is parallel to y-direction in the blade. Heat exchanging 
does not exist in the adjacent blades, which will be verified 
later in this section. For the fixed heat transfer rate of the 
elemental leaf-like fin q0, ambient temperature T∞ and total 
volume of the elemental leaf-like fin V0=(A0+2H0t)L0, the 
elemental vein cross-sectional area A0, the width H0, length 
L0 as well as thickness t of the elemental leaf-like fin are 
free to vary.  

The temperature distribution of the blade H0×t×x (y >0) 
in the elemental leaf-like fin is [68] 
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where 1/ 2
0 0(2 / )a h k t . For the case y<0, the temperature 

distribution can be obtained by replacing H0 by H0 in  
eq. (6).  

The temperature distribution along x axis of the vein and 
the heat current entering the root of the vein are, respec-
tively, given by [20]  
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From eqs. (4) and (6)–(8), the entransy dissipation rate of 
the k0 blade is 
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From eqs. (4), (7) and (8), the entransy dissipation rate of 
the kp vein is 
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According to eqs. (9) and (10), the entransy dissipation 
rate of the whole elemental leaf-like fin is  

 0 01 02 .vh vh vhE E E       (11) 

From eqs. (5) and (11), the dimensionless equivalent 
thermal resistance of the whole elemental leaf-like fin be-
comes  
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where 2 / 3
0 0 0/ ,A A V  1/ 3

0 0 0 0 0( , , ) ( , , ) / ,  H L t H L t V  k  

0/ .pk k  The dimensionless equivalent thermal resistance of 

the elemental leaf-like fin 0hR  is the function of 0A , 0H , 

0L  and t .  

According to refs. [20, 68], for the fixed heat current en-
tered from the root of the blade H0×t×x, the optimal con-
struct of the blade H0×t×x based on minimum maximum 
temperature difference is  

 1/ 2 1/2
0 ,t Bi H   (13) 

where the Biot number is 2 1/3
0 0=0.996 /Bi hV k  [20]. To 

compare the result obtained in this paper with that obtained 
in ref. [20] conveniently, the ratio parameter r  is set as  

 
1/2

0
1/ 2

.
Bi H

r
t





 (14) 

When r =1, eq. (14) is simplified into eq. (13). The total 
volume constraints of the elemental leaf-like fin can be 
nondimensionalized as  

 0 0 0( 2 ) 1.A H t L     (15) 

Substituting eq. (12) into eqs. (14) and (15) to eliminate 

0H  and 0L , the function 0hR  in eq. (12) is relative to Bi , 

k , 0A , t  and r. For the fixed Bi  in eq. (14) and k  in 

eq. (12), the function 0hR  in eq. (12) after eliminating 0H  

and 0L  has three degrees of freedom 0A , t  and r, and 

one can use 0A , t  and r as optimization variables to carry 

out constructal optimization for the elemental leaf-like fin.  
Figure 2 shows the dimensionless equivalent thermal re-

sistance 0hR  versus 0A  characteristic with Bi=0.01, k  

100, r =2 and different t . From Figure 2, for the fixed ,t  

there exists an optimal 0A  0,opt( )A  which leads to mini-

mum 0hR  ( 0,mhR ); with the increase in t , 0,mhR  de-

creases first, and then increases.  

Figure 3 shows 0,mhR  and 0,optA  versus t  character-

istics with Bi=0.01, 100k   and r =2. The subscripts “m” 

and “mm” denote 0hR  minimized once and twice, respec-

tively, and “oo” denotes the corresponding twice optimiza-

tion. From Figure 3, 0,optA  increases first and then de-

creases with the increase in t ; there exist the optimal t  

opt( 0.0119)t  and twice optimal 
0A  

0,oo( 0.0522)A  

which lead to double minimum 0hR  0,mm( 2.2082)
hR .  

 

 

Figure 2  Effect t  on the characteristic of 0hR  versus 0A . 

 

Figure 3  0,mhR  and 0,opt
A  versus t  characteristics. 
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Figure 4 shows 
0,mm ,

hR  
0,ooA  and optt  versus r charac-

teristics with Bi =0.01 and 100k . From Figure 4, the 
twice optimal elemental vein cross-sectional area in the 
elemental leaf-like fin and optimal thickness of the blade 

decrease with the increase in r; 0,mm


hR  decreases with the 

decrease in r, and there does not exist an optimal r (ropt) 

which leads to minimum 0,mmhR . Actually, the elemental 

vein cross-sectional area and the thickness of the blade are 
small, therefore, it is impossible to get an infinitesimal r 

which leads to minimum 0,mmhR .  

Figure 5 shows the effect of the Biot number Bi on the 
optimal construct of the elemental leaf-like fin with 

100k   and r =1. From Figure 5, when 100k  ( 1 �k ), 
with the increase of Bi , the length and width of the ele-
mental leaf-like fin decrease, and the vein cross-sectional 
area and the thickness of the blade increase, however, the 
ratio of the length and width as well as the cross-sectional 
area ratio of the vein and blade of the elemental leaf-like fin 
almost keep constant. The optimal shape of the blade keeps 
slender, and the cross-sectional area of the vein is equal to 
that of the blade. When 1,�Bi  the heat transfer thermal 
resistance of the blade surface is much larger than the heat 
conductance thermal resistance, the shape of the blade 
keeps slender, and the assumption that the heat conduction 
in the blade is one-dimensional is valid. With the increase in 
Bi, the heat convection at the surface of the elemental 
leaf-like fin becomes stronger, the minimum dimensionless 

equivalent thermal resistance 0,mmhR  decreases, and the 

global heat conduction performance of the elemental leaf- 
like fin improves.  

Figure 6 shows the effect of the thermal conductivity ratio 

of the vein and blade k  on the optimal construct of the ele-
mental leaf-like fin with Bi =0.01 and r =1. From Figure 6, 

with the increase of k , the width, thickness and vein cross- 
 

 

Figure 4  0,mmhR , 0,ooA  and optt  versus r characteristics. 

 
Figure 5  Effect of Bi on the optimal construct of the elemental leaf-like 
fin. 

 

Figure 6  Effect of k on the optimal construct of the elemental leaf-like fin. 

sectional area of the elemental leaf-like fin decrease, the 
length and ratio of length and width increase, and the global 
heat conduction performance of the elemental leaf-like fin 
improves. From the change law of the geometrical parame-
ter of the elemental leaf-like fin, the cross-sectional area 
ratio of the vein and blade of the elemental leaf-like fin al-
most remains 1, and to be pointed out that, the physical 
mechanisms herein need to be further investigated. When 

1k , the shape of the blade is no longer slender, and the 
vein cross-sectional area for longitudinal conduction is lar-
ger than the blade cross section for transversal conduction 

( 0 0 opt( / (2 )) 1A L t    ). In this case, the heat exchange be-

tween the adjacent blades (H0×t×x) can be ignored, and the 
assumption that the heat conduction in the blade (H0×t×x) 
is one-dimensional remains valid.  

To compare the optimal constructs of the elemental 
leaf-like fin based on the minimizations of entransy dissipa-
tion rate and maximum temperature difference, the ratio of 

the length and thickness of the blade 1/ 2
0 / H t  is the same 

as that in ref. [20], i.e., r =1. Table 1 and Figure 7 show the  
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Table 1  Optimal constructs of the elemental leaf-like fin based on the minimizations of entransy dissipation rate and maximum temperature difference 

Optimization objective 0,opt
A  optt  

0,optH  0,optL  0tR  0hR  

Entransy dissipation rate  
minimization 

0.0633 0.0216 1.4697 7.8870 3.8180 1.5381 

Maximum temperature  
difference minimizationa) 

0.0407 0.0161 1.2689 12.2613 3.4753 1.7387 

a) This row is the result of ref. [20].  

 

Figure 7  Optimal constructs of the elemental leaf-like fin based on the 
minimizations of entransy dissipation rate and maximum temperature dif-
ference. 

optimal constructs of the elemental leaf-like fin based on 
the minimizations of these two objectives with Bi =0.01, 
k =100 and r =1. The small squares and column bars are the 

cross-sectional areas of the vein and blade viewed from the 
side of the elemental leaf-like fin. From Table 1 and Figure 7, 
the optimal constructs of the elemental leaf-like fin based 
on the minimizations of entransy dissipation rate and 
maximum temperature difference are obviously different. 
Comparing the optimal construct of the elemental leaf-like 
fin based on the minimization of entransy dissipation rate 
with that based on the minimization of maximum tempera-
ture difference, the vein cross-sectional area is bigger, the 
blade is thicker and the shape of the leaf-like fin is tubbier 
based on the minimization of entransy dissipation rate. The 
dimensionless equivalent thermal resistance based on the 
minimization of entransy dissipation rate is reduced by 
11.54% compared with that based on maximum temperature 
difference, and the dimensionless maximum thermal resis-

tance 1 1/ 3
0 0,m 0 0 1( /( ))  

tR T q k V  based on the minimization 

of entransy dissipation rate is increased by 8.97% compared 
with that based on maximum temperature difference. The 
equivalent thermal resistance of the leaf-like fin based on 
the minimization of entransy dissipation rate presents the 
local entransy dissipation, but the maximum thermal resis-
tance of the leaf-like fin based on the minimization of 
maximum temperature difference only considers the mini-
mization of maximum temperature difference of the leaf- 
like fin. The minimization of maximum temperature differ-
ence can reduce the entransy dissipation where the tem-
perature difference is small; however, the heat transfer rate  

of the leaf-like fin is reduced simultaneously, i.e., the bal-
ance between the entransy dissipation and heat transfer rate 
at different positions and temperature differences in the 
leaf-like fin is not considered. Therefore, there exists certain 
limitation in the optimal construct of the leaf-like fin based 
on the minimization of maximum temperature difference, 
and the optimal construct of the leaf-like fin based on the 
minimization of entransy dissipation rate is more scientific. 
On the premise that the temperature of the leaf-like fin is 
lower than the limiting temperature, the temperature gradi-
ent field of the elemental leaf-like fin based on entransy 
dissipation rate minimization is more homogenous than that 
based on maximum temperature difference minimization 
essentially. Therefore, the optimal construct of the leaf-like 
fin based on entransy dissipation rate minimization can ef-
fectively reduce the average heat transfer performance of 
the whole leaf-like fin, and its global heat transfer perform-
ance improves simultaneously.  

4  Constructal optimization of the first order leaf- 
like fin 

One way to assemble a number of n1 of the elemental 
leaf-like fins to form the first order leaf-like fin, which is 
composed of the first order blade (2H1×L1×t, k0) and the 
first order vein (A1×L1, kp) attached to the symmetry axis 
of the blade, is shown in Figure 8. The dashed lines in 
Figure 8 represent the assembling boundaries of the ele-
mental leaf-like fins. The heat current q1 flows along the 
first order vein from its root to the top, and part of it q0i 
(i=1, 2,  , n1/2, n1 is even) enters the root of the elemen-
tal vein perpendicular to the first order vein. The heat cur-
rent q0i flows along the elemental vein, and, the heat is 
finally dispersed from the surface of the elemental blade 
by heat convection. The top of the first order leaf-like fin 
is considered to be adiabatic, and the adjacent elemental 
leaf-like fins (the dashed lines in Figure 8) are also adia-
batic. For simplification, it is assumed that the first order 
vein only exchanges heat with the elemental leaf-like fins 
at the boot of the elemental vein, and the cross-sectional 
area of the first order vein is larger than that of the ele-
mental vein (A1>A0). For the fixed total volume of the first 
order leaf-like fin 1 1 0 0 0 1 0 1( 2 ) ( 1),   V n A H t L A H n  n1, 

A0, A1, H0, L0 and t of the first order leaf-like fin are free 
to vary.  
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Figure 8  First order leaf-like fin. 

From eqs. (8) and (11), the inward heat current q0,i and 
the entransy dissipation rate 0,vh iE 

  of each elemental leaf- 

like fin (i) are, respectively, given by 
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The heat currents between the adjacent nodes (M1,i, M1,i+1) 
of the first order vein are 

 1, 0, 1, 12 ,i i iq q q    ( 11 / 2 1i n   ), (18) 
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where q1,1=q1, T1,i is the temperature of the first order vein 
at node M1,i. According to eq. (2), the entransy dissipation 
rate between the adjacent node along the first order vein is 
the product of heat current and temperature difference  
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where 
1,, jh ME 

 ( 12 / 2i n  ) represents the entransy at 

point M1,j. According to eqs. (22) and (23), the entransy 
dissipation rate along the first order vein is  

 
1

1

1 1, / 2 1 11 1, 1 1,

1

/ 2

, , ,
2

/ 2
2
1, 1

2

20
1

1

2 ., 2  

n i i

n

h M M h M M h M M

ip

i

n

i

E E E

q n
H

q
k A

   




 
 

 

 

 





  

 

(24)

 

According to eqs. (17) and (24), the entransy dissipation 
rate of the first order leaf-like fin can be derived 
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From eqs. (5) and (25), the dimensionless equivalent 
thermal resistance of the whole first order leaf-like fin be-
comes  
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where  
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For the fixed inward heat current of the first order leaf-like 
fin q1, eqs. (16) and (18)–(21) include 13 ( / 2)n  unknown 

variables (q0,i 11, 2, 2)( , /ni   , q1,i 

1( 2, , / 2)i n  , T1,i (i=1, 

12, , / 2 n ) and T1,m) and 13 ( / 2)n  equations, and these 

13 ( / 2)n  unknown variables can be solved successfully. 

Substituting q0,i 1( 1, 2, , / 2)i n   and q1,i 1( 2, , / 2)i n   

into eq. (26), the dimensionless equivalent thermal resis-

tance of the first order leaf-like fin 
1hR  is only the function 

of 0A , 1A , 0H , 0L  and .t  

The total volume constraint of the first order leaf-like fin 
and the relationship of the length and thickness of the ele-
mental blade can be nondimensionalized as follows:  

 1 0 0 0 1 0 1( 2 ) ( 1) 1,n A H t L A H n        (27) 
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where Biot number is 2 1/3
1 0=0.996 /Bi hV k , and r  is the 

ratio parameter. Substituting eqs. (27) and (28) into eq. (26) 

to eliminate 0H  and 0L , the function 1hR  in eq. (26) is 

relative to Bi, k , 0A , t , r , n1 and 1A . For the fixed Bi  

in eq. (28) and k  in eq. (26), the function 1hR  in eq. (26) 

after eliminating 0H  and 0L  is only the function of five 

independent variables 0A , t , r, n1 and 1A , and one can 
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use 0A , t , r, n1 and 1 0/A A   as optimization variables to 

carry out constructal optimization for the first order leaf-like 
fin.  

Figure 9 shows the dimensionless equivalent thermal re-

sistance 
1hR  versus 

0A  characteristic with Bi=0.01, k =    

100, r =2, n1
 =8, 1 0/ 2A A    and different .t  From Figure 9, 

for the fixed t , there exists an optimal 0A  0,opt( )A  which 

leads to minimum 1hR  1,m( )
hR ; with the increase in t , 

1,mhR  decreases first, and then increases.  

Figure 10 shows 1,mhR  and 0,optA  versus t  charac-

teristics with Bi=0.01, 100k  , r =2, n1
 =8 and 1 0/ 2A A   . 

From Figure 10, 0,optA  increases first and then decreases 

slowly with the increase in t ; there exist the optimal t  

( opt= 0.0012t ) and twice optimal 
0A  ( 0,oo 0.0141A  ) which 

lead to double minimum 1hR  ( 1,mm 1.7198hR  ).  

Figure 11 shows 
1,mm ,

hR  
0,ooA  and 

optt  versus r charac- 

 

 

Figure 9  Effect t  on the characteristic of 1hR  versus 0A . 

 

Figure 11  1,mm ,hR  0,ooA  and optt  versus r characteristics. 

teristics with Bi=0.01, k =100, n1=8 and 1 0/ 2A A   . From 

Figure 11, the twice optimal elemental vein cross- sectional 
area and optimal thickness of the first order leaf-like fin 

decrease with the increase in r ; 1,mmhR  decreases with the 

increase in r, but r cannot tend to be infinitesimal, and this 
is because there does not exist an optimal r (ropt) which 

leads to minimum 1,mmhR . Compared with Figure 4, for the 

identical r, the twice optimal elemental vein cross-sectional 
area and optimal thickness of the first order leaf-like fin are 
smaller than those of the elemental leaf-like fin.  

Figure 12 shows the minimum dimensionless equivalent 

thermal resistance 1,mmhR  and the corresponding optimal 

construct ( 0,ooA  and optt ) versus the number of elemental 

leaf-like fins n1 characteristics with Bi=0.01, 100k  , r =1 

and 1 0/ 2A A   . The subscript “mmm” and “ooo” denote 

1hR  minimized triple and the corresponding triple optimi-

zation, respectively. From Figure 12, with the increase in n1, 

both 0,ooA  and optt  of the first order leaf-like fin decrease;  

 

 

Figure 10  1,mhR  and 
0,optA  versus t  characteristics. 

 

Figure 12  1,mmhR , 0,ooA  and 
optt  versus n1 characteristics. 
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1,mmhR  decreases first, and then increases. There exists an 

optimal n1 (n1,opt=6) which leads to triple minimum 1hR  

( 1,mmm


hR =1.0752).  

Figure 13 shows the triple minimum dimensionless 
equivalent thermal resistance of the first order leaf-like fin 

1,mmmhR  and the corresponding optimal construct ( 0,oooA , 

oot  and n1,opt) versus the vein cross-sectional area ratio of 

the first order and elemental leaf-like fins 1 0/A A   charac-

teristics with Bi=0.01, 100k   and r =1. From Figure 13, 

with the increase in 1 0/A A  , the triple optimal elemental 

vein cross-sectional area and the twice optimal thickness of 
the first order leaf-like fin decrease, and the optimal number 

of elemental leaf-like fins increases. When 1 0/ 1A A   , 

1,mmmhR  reaches its maximum; 1,mmmhR  decreases with the 

increase in 1 0/A A  , but the decrement is small, and there 

does not exist an optimal 1 0/A A   which leads to minimum 

1,mmmhR .  

Figure 14 shows the effect of the Biot number Bi on the 
optimal construct of the first order leaf-like fin with 

100k  , r =1 and 1 0/ 2A A   . From Figure 14, with the 

increase in Bi, the optimal elemental vein cross-sectional 

area 0,oooA  and the optimal thickness of the first order 

leaf-like fin oot  increase; the optimal number of elemental 

leaf-like fins n1,opt and the optimal ratios of the length and 
width of the elemental and first order leaf-like fins (L0/H0)opt 
and (L1/H1)opt almost keep constant. The triple minimum 
dimensionless equivalent thermal resistance of the first or-

der leaf-like fin 1,mmmhR  decreases with the increase in Bi, 

and the global heat conduction performance of the first or-
der leaf-like fin improves in this case.  

Figure 15 shows the effect of the thermal conductivity  
 

 

Figure 13  1,mmmhR , 0,oooA , oot  and n1,opt versus 1 0/A A   characteristics. 

 
Figure 14  Effect of Bi on the optimal construct of the first order leaf-like 
fin. 

 
Figure 15  Effect of k  on the optimal construct of the first order leaf- 
like fin. 

ratio of the vein and blade k  on the optimal construct of 

the first order leaf-like fin with Bi=0.01, r =1 and 
1 0/ A A =2. 

From Figure 15, with the increase in k , the optimal ratio of 
the length and width of the elemental leaf-like fin (L0/H0)opt 
and the optimal number of elemental leaf-like fins n1,opt in 
the first order leaf-like fin increase, and the optimal ele-

mental vein cross-sectional area 0,oooA , the optimal thick-

ness of the first order leaf-like fin oo
t , the optimal ratio of 

the length and width of the first order leaf-like fin (L1/H1)opt 
as well as minimum dimensionless equivalent thermal re-

sistance 1,mmmhR  decrease. Therefore, by increasing k , the 

global heat conduction performance of the first order 
leaf-like fin improves simultaneously.  

To compare the heat conduction performance of the ele-
mental and first order leaf-like fins, the comparison of the 
optimal constructs of the elemental and first order leaf-like 

fins with Bi=0.01, 100k  , r =1 and 1 0/ 2A A    is shown 

in Figure 16. The small squares and column bars are the  
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- 1,opt 6,n   

0 0 opt( / ) 5.3664, L H  0 0 opt( / ) 9.6495,L H    

0,oo 0.0633,A   0,ooo 0.0202,A   

opt 0.0216,t   
oo 0.0037,t   

0,mm 1.5381,hR   1,mmm 1.0752.hR   

Figure 16  Comparison of the optimal constructs of the elemental and 
first order leaf-like fins. 

cross-sectional areas of the vein and blade viewed from the 
side of the first order leaf-like fin. The optimal number of 
elemental leaf-like fins is n1,opt=6. For the same volumes of 
elemental and first order leaf-like fins, comparing the opti-
mal construct of the first order leaf-like fin with that of the 
elemental leaf-like fin, the optimal shape of the first order 
leaf-like body becomes much tubbier, the shape of each 
elemental leaf-like fin in the first order leaf-like fin be-
comes slenderer, the first order leaf-like fin becomes thinner, 
and the elemental vein cross-sectional area in the first order 
leaf-like thin becomes smaller. The dimensionless equiva-
lent thermal resistance of the first order leaf-like fin is re-
duced by 30.10%  compared with that of the elemental 
leaf-like fin. The equivalent thermal resistance of the first 
order leaf-like fin is greatly reduced based on the minimiza-
tion of entransy dissipation rate, this is  essentially because 
that the temperature gradient field of the first order leaf-like 
fin based on entransy dissipation rate minimization is more 
homogenous than that of the elemental leaf-like fin. Mean-
while, the global heat conduction performance of the first 
order leaf-like fin can be obviously improved.  

5  Conclusions 

For the fixed total volumes of the fins, the constructs of the 
elemental and first order leaf-like fins are optimized respec-
tively by taking minimum entransy dissipation rate (for the 
fixed total thermal current, i.e. the equivalent thermal resis-

tance) as optimization objective. The optimal constructs of 
the elemental and first order leaf-like fins with minimum 
dimensionless equivalent thermal resistance are obtained. 
The results show that there does not exist an optimal ratio of 
the length and thickness of the elemental blade ropt which 
makes the twice minimum dimensionless equivalent thermal 

resistance 1,mmhR  lead to its minimum, but there exists an 

optimal number of elemental leaf-like fins n1,opt which 

makes 1,mmhR  lead to its minimum. Meanwhile, there does 

not exist an optimal vein cross-sectional area ratio of the 

first order and elemental leaf-like fins 1 0 opt( / )A A   which 

makes the triple minimum dimensionless equivalent thermal 

resistance 1,mmmhR  lead to its minimum. With the increase 

in Bi, the optimal number of elemental leaf-like fins and the 
optimal ratios of the length and width of the elemental and 
first order leaf-like fins almost keep constant. With the in-

crease in k , the optimal number of elemental leaf-like fins 
and the optimal ratio of the length and width of the elemen-
tal leaf-like fin increase, and the optimal ratio of the length 
and width of the first order leaf-like fin decreases. Moreover, 

by increasing Bi and k , the global heat conduction per-
formance of the first order leaf-like fin improves. The opti-
mal construct based on entransy dissipation rate minimiza-
tion is obviously different from that based on maximum 

temperature difference minimization. When Bi=0.01, k = 
100 and r =1, the dimensionless equivalent thermal resis-
tance based on entransy dissipation rate minimization is 
reduced by 11.54% compared with that based on maximum 
temperature difference minimization. Therefore, the optimal 
construct of the leaf-like fin based on entransy dissipation 
rate minimization can effectively reduce the average tem-
perature difference of the leaf-like fin compared with that 
based on maximum temperature difference minimization, 
and its heat transfer performance improves simultaneously. 
For the same volumes of the elemental and first order leaf- 

like fins, when Bi=0.01, k =100, r =1 and 
1 0/ A A =2, com- 

paring the optimal construct of the first order leaf-like fin 
with that of the elemental leaf-like fin, the dimensionless 
equivalent thermal resistance of the first order of the 
leaf-like fin is reduced by 30.10% compared with that of the 
elemental leaf-like fin. Essentially, this is because the tem-
perature gradient field of the first order leaf-like fin based 
on entransy dissipation rate minimization is more homoge-
nous than that of the elemental leaf-like fin. It is shown that 
the global heat conduction performance of the first order 
leaf-like fin is obviously improved by using the constructal 
optimization method. The equivalent thermal resistance 
defined based on entransy dissipation rate minimization can 
reflect the global heat transfer performance of the system, 
i.e. the smaller the equivalent thermal resistance, the better 
the heat transfer performance, the lower the average tem-
perature difference as well as the higher heat transfer effi-
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ciency of the construct. Therefore, on the premise that the 
maximum temperature difference and other performance 
indicators are taken into account, the constructal design 
scheme with minimum equivalent thermal resistance should 
be adopted when making thermal design in engineering.  

Actually, the elemental vein is not always perpendicular 
to the first order vein, and there may exist multistage vein 
networks in the whole blade. Therefore, one can release the 
constraint that the elemental vein is perpendicular to the 
first order vein, and further investigate the constructal opti-
mization problem of the leaf-like fins with multistage vein 
networks. The assumption that the heat currents in the vein 
and blade of the leaf-like fins are one-dimensional is made 
in this paper, and therefore, one can build the two- and 
three-dimensional flow models in the leaf-like fins to fur-
ther carry out constructal optimizations of the leaf-like fins. 
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