
SCIENCE CHINA 
Technological Sciences 

© Science China Press and Springer-Verlag Berlin Heidelberg 2011  tech.scichina.com  www.springerlink.com 

                           
*Corresponding author (email: xiands@dlut.edu.cn) 

• RESEARCH  PAPER • December 2011  Vol.54  No.12: 3180–3190 

 doi: 10.1007/s11431-011-4606-7  

Analytical modeling of geometric errors induced by cutter runout 
and tool path optimization for five-axis flank machining 

GUO Qiang, SUN YuWen* & GUO DongMing 

Key Laboratory for Precision and Non-Traditional Machining Technology of the Ministry of Education, Dalian University of Technology,  
Dalian 116024, China 

Received August 24, 2011; accepted September 7, 2011; published online November 5, 2011 

 

The cutter runout effect has significant influence on the shape of cutter swept surface and the machining surface quality. Hence, 
it is necessary to integrate the cutter runout effect in cutter swept surface modeling, geometric error prediction and tool path 
optimization for five-axis flank machining. In this paper, an envelope surface model considering cutter runout effect is first es-
tablished, and geometric errors induced by runout effect are derived based on the relative motion analysis between the cutter 
and part in machining. In the model, the cutter runout is defined by four parameters, including inclination angle, location angle, 
offset value and the length of cutter axis. Then the runout parameters are integrated into the rotation surface of each cutting 
edge that is used to form the final cutter envelope surface for the five-axis machining process. Thus, the final resulting geomet-
ric errors of the machined surface induced by cutter runout can be obtained through computing the deviations from the nominal 
cutter swept surface. To reduce these errors, an iterative least square method is used to optimize the tool paths for five-axis 
flank machining. Finally, a validation example is given for a specific ruled surface. Results show the effectiveness and feasi-
bility of the analytical model of geometric errors induced by cutter runout, and also show that the geometric errors can be re-
duced significantly using the proposed tool path planning method. 
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1  Introduction 

Five-axis flank machining process is broadly used in manu-
facture industries such as automotive, aeronautic and aero-
space field. With the two degrees of additional freedom of 
rotation, it has the ability to expand the process ranges and 
improve the machining quality and efficiency. Currently, 
some works have been focused on the five-axis flank ma-
chining process including tool path optimization [1–7], cut-
ting forces prediction or detection [8–10], cutting process 
simulation [11–13] and machining chatter [14, 15].  

In five-axis flank machining, modeling the cutter enve-
lope surface is an important aspect since it can be used to 
predict geometric error and optimize tool paths. Among 
many methods of modeling envelope surface, Wang et  
al. [16] proved that the velocity of a point on the envelope 
surface must be perpendicular to the normal of the surface 
on this point. This is the key to obtain the envelope surface 
of cutter. Sheltami et al. [17] used the generating curve to 
model the sweep surface of cutter in five-axis milling proc-
ess. They proposed that the swept surface is the trace of the 
generating curves. In the model they assumed that the mo-
tion of cutter between two successive cutter positions is 
linear, meanwhile the cutter axis always lies in one plane. 
Blackmore et al. [18] obtained the swept surface of a cutter 
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in five-axis milling by numerically solving the sweep-  
envelope surface differential equation. Aras [19] presented 
an approach to determine the shape of envelope surface 
utilizing the families of spheres with two parameters. Gen-
erally, cutter swept surface modeling has been researched 
from different aspects in the existing literature. The enve-
lope surface can be generated with a high accuracy. How-
ever, the cutter runout effect has never been considered in 
the existing envelope surface models. Actually, to some 
extent the cutter runout effect is very common and inevita-
ble in five-axis milling process. The reason of this is that 
there have the misalignments, the manufacturing or wear 
error of cutter and so on. For the cutter runout has signifi-
cant influence on the machining quality and process geome-
try parameters, both the shape and position of envelope sur-
face have had changes compared with the ideal cutter swept 
surface without cutter runout. It is necessary to integrate the 
cutter runout effect into the cutter swept model.  

In the aspect of tool path planning for five-axis flank 
machining, most of existing works focused on reducing 
geometric errors aroused from the approximation of non- 
developable ruled surface. For example, Liu [20] presented 
a method which is able to compute cutter location fast. In 
this method, they took two points on a rule with parameter 
values of 0.25 and 0.75, then offset these two points along 
the normal vector of the surface with a distance of the cutter 
radius, the cutter axis was finally determined. Bedi et al. [21] 
noted the case where only two curves on the machined sur-
face are known and the shape of the surface is to be deter-
mined by a tool sliding along the generating rails. After 
giving a detailed mathematical understanding of flank mill-
ing with flat end cutters, a method was proposed by sliding 
the cutter along two rails and keeping the cutter tangent to 
both curves at every parameter value. For small tool steps 
the machined surface may be an acceptable approximation 
to a ruled surface. In addition, Senatore et al. [22] optimized 
the tool path through positioning the tool axis using enve-
lope surface. When necessary, Lartigue et al. [5] utilized the 
strategy of tool path deformation to make the envelope sur-
face fit the ideal surface as much as possible. Further, Gong 
[23] first optimized tool paths by a envelope surface ap-
proximation using global optimization and the results in-
spired researchers to plan tool paths from local view to 
global view. Zhu and Ding et al. [3, 4] first used the 
third-order point contact principle to optimize the tool path 
surface and improved the approximation accuracy signifi-
cantly. Also, a global optimization method following the 
minimum zone criterion is presented [1, 24]. From these we 
can see that great efforts have been done on tool path plan-
ning for flank machining. On the other hand, the cutter 
runout can cause the fluctuation of magnitudes of cutting 
forces [9, 25], and such fluctuations as well as geometric 
errors induced by cutter runout can be reduced significantly 
if the cutter runout is compensated in tool path planning. 
However, it is still not concerned in the existing literature.  

In this paper, the analytic model of geometric errors in-
duced by cutter runout effect is researched, and subse-
quently a tool path planning method is proposed to reduce 
the geometric errors and cutting force fluctuations aroused 
by cutter runout. To systematically investigate the influ-
ences of cutter runout in theory, the cutter runout defined in 
the paper not only contains parallel axis error which is often 
considered in engineering and existing literature, but also 
contains inclination angle errors of the cutter axis relative to 
the nominal cutter axis. 

2  Relative motion analysis of cutter-part con-
sidering cutter runout effect 

For a tapered-helical-ball-end mill as shown in Figure 1, the 
equation of the kth cutting edge can be expressed using the 
following equation 

If z>0 
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Figure 1  The tapered-helical-ball-end mill. 
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where the radius of the cone roof is R0,  is the whole coni-
cal angle of the cone roof, N is the number of the cutting 
edges and  is the helix angle of the cutter. 

In five-axis flank machining, the cutting edges rotate 
about the spindle axis not the cutter axis. When cutter ru-
nout effect does not exist under ideal machining status, the 
axis of cutter is coincident with the spindle axis. However, 
when the cutter runout effect in milling process appears, the 
axis of the rotation surface of cutting edge should turn from 
the cutter axis to the spindle axis. To investigate the influ-
ence of cutter runout, the cutter runout parameters should be 
first defined. As the most complicated situations, the devia-
tions of rotation and transformation of the cutter axis 
relative to the machining spindle axis are both considered as 
shown in Figure 2. This means the defined cutter runout 
errors are a combination of parallel axis error and 
inclination angle error.  

For the cutter runout with most complex status, four pa-
rameters can be used to define runout errors, namely offset 
, inclination angle , the length of cutter axis lc, and the 
location angle . Details about the definitions of these pa-
rameters are as follows: 

·offset : the common normal length between the cutter 
axis and spindle axis. 

·inclination angle : the included angle between the 
cutter axis and spindle axis. 

·the length of cutter axis lc: the length between the bot-
tom of cutter axis (z=0) and the intersection point of the 
common normal line and cutter axis. 

·location angle : the intersection angle between the 
vector of OcOi and the first cutting edge direction vector 
passing through the first cutting edge point and point Oc as 
illustrated in Figure 3. 

In five-axis milling process with cutter runout effect, the 
cutting edge is rotating about spindle axis not the cutter axis. 
As seen in Figure 3 two coordinate systems are introduced, 
the first one is the cutter coordinates system {Oc, Xc, Yc, Zc}, 
and the second one is the rotation coordinate system {Or, Xr, 
Yr, Zr}. Thus, eqs. (1) and (2) are first established in the 
cutter coordinate system, then the cutting edge equation 
should be turned into the coordinate system of rotation. 

The details of rotation coordinate system are given as 
follows. The Zr-axis of rotation coordinate system is the 
axis of machine spindle. When the Zr-axis of coordinate 
system {Or, Xr, Yr, Zr} is parallel to the corresponding axis 
of the workpiece coordinate system, the Xr-axis of coordi-
nate system {Or, Xr, Yr, Zr} is also parallel to the corre-
sponding axis of the workpiece coordinate system. The ori-
gin of coordinate system {Or, Xr, Yr, Zr} is chosen based on 
the following rules. At the bottom of cutter axis (z=0), a 
plane perpendicular to the cutter axis can be constructed as 
seen in Figure 2. Passing through the intersection point of 
the spindle axis and the common normal line between the 
cutter axis and spindle axis, a line parallel to the cutter axis  

 

Figure 2  Runout definition. 

 

Figure 3  Coordinate systems of the cutter and the rotation. 

is constructed. Then another straight line perpendicular to 
the auxiliary line as well as intersecting with the spindle 
axis is built. Thus, the intersecting point is just the origin of 
coordinate system {Or, Xr, Yr, Zr}.  

The cutter coordinate system is defined with the follow-
ing details. The Zc-axis of cutter coordinate system is the 
axis of cutter. The Yc-axis of coordinate system {Oc, Xc, Yc, 
Zc} is parallel to the vector product between spindle axis 
(Zr-axis of the {Or, Xr, Yr, Zr}) and cutter axis (Zc-axis of 
{Oc, Xc, Yc, Zc}). And Xc-axis of coordinate system {Oc, Xc, 
Yc, Zc} is parallel to the vector product between Yc-axis and 
Zc-axis  axes of {Oc, Xc, Yc, Zc}. The origin of {Oc, Xc, Yc, 
Zc} is chosen at the bottom of cutter axis (z=0) as shown in 
Figure 3.  

An arbitrarily given point Pr on the cutting edge in coor-
dinate system {Oc, Xc, Yc, Zc} can be expressed in {Or, Xr, Yr, 
Zr} using the following equation: 

 T( ) [ ] ,   r r p c rx ry rzP L E P L l l l  (3) 

where  
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From eqs. (3) and (4), we can see that when the inclina-
tion angle is zero, the cutter runout error is turned into the 
parallel axis error. When the offset parameter is zero, the 
runout error is completely aroused by the inclination angle 
error. The parameter 0 is defined as the initial angle. The 
initial angle is the included angle between Xc-axis of {Oc, Xc, 
Yc, Zc} and Xr-axis of {Or, Xr, Yr, Zr}. In Figure 3, the initial 
angle is zero. In five-axis flank milling process, a different 
machine type has a different kinematic pattern. Usually, 
five-axis machine tools have three types: 5-axis with dual 
rotary head machine, 5-axis with dual rotary table machine 
and 5-axis with rotary head and table machine. Here takes 
the second type to analyze the relative motion relationships 
between the cutter and part. The configuration of this type 
of five-axis machine is shown in Figure 4. 

 

 
Figure 4  Dual rotary table machine coordinate systems. 

In Figure 4, three coordinate systems are illustrated. The 
relative motion of the cutter and part can be described using 
the translation motion of rotation coordinate system in the 
pivot coordinate system and the rotation motion of the pivot 
coordinate system in the workpiece coordinate system. Here, 
the pivot coordinate system is defined as {Oj, Xj, Yj, Zj} and 
the workpiece coordinate system is defined as {Ow, Xw, Yw, 
Zw}. Then the point on the cutting edge in eq. (3) can be 
expressed in {Ow, Xw, Yw, Zw} using the following equa-
tions: 

      ,w m s m r    P r T T r r P  (5) 

where ,m j w r O O  T() and T() are counterclockwise 
unit rotation matrixes about Zj-axis and Xj-axis respectively. 
 and  are tilt angles about Xj-axis and Zj-axis axes respec-
tively and can be calculated utilizing the cutter axis vector 
at time t. rs is the vector between the current position and 
the initial position of the origin of cutter coordinate system. 
The rotation surface for the kth cutting edge can be ex-
pressed using the following equation: 
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where B() is counterclockwise unit rotation matrix about 
x-axis 

When the cutter runout effect exists, all cutting edges 
will not rotate about the cutter axis but the spindle axis. In 
this case, the rotation surface of each cutting edge is differ-
ent from others. This means, the number of rotation surfaces 
formed by cutting edges is no longer one and equal to the 
number of cutting edges. Meanwhile, even in the case 
where the runout error is only parallel axis error, the rota-
tion surfaces formed by different generating lines are also 
different. As shown in Figure 5, when the generating line is 
selected a straight line parallel to the cutter axis, the rotation 
surface is still cylindrical surface under existing parallel 
axis error, while it is a complex surface when a cutting edge 
is used as the generating line. This is the reason why the  

 

 

Figure 5  Rotation surface formed by different generating lines. (a) 
Straight line; (b) cutting edge. 
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cutting edges are selected as generating lines of rotation 
surface to derive the resulting envelope surface. 

3  Envelope surface generation 

In five-axis milling process, the tool path in the APT file is 
given by a series of cutter position points and corresponding 
cutter-axis vectors {Qi ai}. Figure 6 shows a part of an APT 
file derived from UG5.0 software. From Figure 6, the data 
in green frame are the cutter position point and the data in 
red frame are the corresponding cutter-axis vectors. And 
both frames contain three volume data standing for cutter 
position points’ components and cutter axis vectors’ com-
ponents along the three-axis directions of the workpiece 
coordinate system. For ith row, the cutter position point and 
the corresponding cutter axis vector can be formed as the 
following expressions: 

    , , , , , , ,i i x y zx y z a a aQ a  (7) 

where Qi is the ith cutter position point and ai is the corre-
sponding cutter axis vector. x, y and z are the components of 
cutter position point along x, y and z axes in workpiece co-
ordinate system. ax, ay and az are the corresponding compo-
nents of the cutter axis vector. Actually, the tool path sur-
face is a ruled surface. To accurately express the tool path 
surface, this ruled surface can be modeled using B-spline 
surface. If the tool path is constructed by a series of points 
illustrated in Figure 5, two B-spline curves can also be con-
structed by interpolating or approximating the given data 
points. Without losing generality, the tool path surface can 
be expressed as 
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where bBoti is the ith control point of the curve on the tool 
path surface at the bottom of cutter. bTopi is the ith control 
point of the curve on the tool path surface at the top of cut-
ter as shown in Figure 7.  

For the cutter envelope surface, if a point is on the enve-
lope surface, it is also on the rotation surface about the 
spindle axis of the cutting edge. And when a point on the 
rotation surface of the cutting edge is also on the envelope 
surface, a condition should be met that the relative velocity 
vector of the point must be perpendicular to the normal 
vector of the rotation surface of the cutting edge at the posi-
tion of the point. Theoretically, the conjugation condition of 
two surfaces can be expressed as 

    , , , 0,k z v  p pn V  (9) 

where · stands for the scalar product between two vectors. 
( , , )k zpn  is the normal vector at point p (kth cutting edge,  

 
Figure 6  The tool path in APT file. 

 
Figure 7  Tool path surface and corresponding control points. 

at angle of  and at the height of z ). Vp(, v) is the velocity 
at the point p. The relationship between z and v can be ex-
pressed as 

 Topi Boti .v z b b  (10) 

As illustrated in Figure 1, when z<0, the parameter v in 
eq. (10) is less than zero. This will lead to conflict with v in 
eq. (8) in which v belongs to [0, 1]. A method is given to 
avoid this confliction. That is to move cutter position points 
from tool center points to tool tip points. Then the bBoti can 
be derived though interpolating tool tip points. Eq. (10) is 
turned into 

  0 Topi Boti .v z R  b b  (11) 

The normal vector at point p can be constructed as 
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where × stands for vector product between two vectors. 
Using eq. (6), the partial derivatives with respect to  and z 
can be expressed using 
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Then the cutter axis vector at the u position of tool path 
can be constructed according to the curve sfw(u,1) and 
sfw(u,0). That is 

           ,1 ,0 ,1 ,0w w w wu u u u u  a sf sf sf sf ， (14) 

where a(u) is the cutter axis vector at position u. Using this 
vector, the tilt angles about x and z axes can be calculated. 
The translational and rotational velocities at position u as well 
as the velocity at the point (k, , z) can be computed using 
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After substituting eqs. (15) and (13) into eq. (9), the pa-
rameter  at the height of z for kth cutting edge can be com-
puted. Then substituting (k, , z) into eq. (6), can lead to the 
point on the envelope surface. Using this method an enve-
lope surface point is given in {Ow, Xw, Yw, Zw}. Here another 
method is proposed, that is to compute the point in {Or, Xr, 
Yr, Zr} and then transform the point from {Or, Xr, Yr, Zr} to 
{Ow, Xw, Yw, Zw}. The advantage of the method is that the 
expression of  is simplified.  

For parameter , the following steps are adopted to com-
pute parameter  at the height of z for kth cutting edge. 
Firstly, transform the velocity of eq. (15) in {Ow, Xw, Yw, Zw} 
to {Or, Xr, Yr, Zr} using the following equations:  
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Then eq. (9) is converted into the following equation: 
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There are two cases in solving eq. (17). 
Case I: if E  0  
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Then using eq. (6), the point on the envelope surface as 
well as on the rotation surface of the cutting edge can be 
computed. As aforementioned, the number of rotation sur-
faces of cutting edges is equal to the number of the cutting 
edges. At the height of z from the bottom of the cutter, if the 
radius of one of the rotation surfaces is the biggest, it is the 
truth that only this cutting edge, not others, contributes to 
the final machining accuracy at the current moment in mill-
ing. So when the cutter has more than one cutting edge, we 
should compute the rotation surface of each cutting edge. 
Then at the height of z from the bottom of the cutter, the 
envelope surface point on the cutting edge whose rotation 
radius is the maximum is chosen as the final envelope sur-
face of the cutter. 

4  Tool path optimization 

In five-axis flank milling ruled surface, the fluctuations of 
cutting forces aroused by cutter runout is unneglectable, and 
compensating runout error in tool path planning will be 
helpful to keep milling stability. Meanwhile, the geometric 
error resources in flank milling can be classified into two 
categories. One is induced by the cutter runout effect and 
the other is induced by factors such as approximation error 
of ruled surface. When the runout effect exists, the first er-
ror resource appears. When the machined surface is non- 
developable ruled surface, the second error resource appears. 
The total error can be expressed using the following equa-
tion: 

 non Runout ,     (20) 

where Runout is the error induced by cutter runout effect, and 
non is the error induced by other factors.  

The definition of the error  is illustrated in Figure 8. 
Point D stands for a point on the machined surface. Make a 
line that is perpendicular to the tool path surface. This line 
called as the perpendicular line nnormal intersects with the 
envelope surface without cutter runout effect (ideal enve-
lope surface) at point P, and intersects with the envelope 
surface with cutter runout effect at Point Q. Then two errors 
in eq. (20) can be defined as 
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Figure 8  Error definition and map point. 

The values of m and s have relationship with overcut and 
undercut. When the milling process is overcut, m and s are 
set to 1 and when the milling process is undercut, m and s 
can be set to 2.  

The perpendicular line nnormal is the normal vector at 
some point of the tool path surface. Then the definitions of 
the undercut and overcut of the Runout and non are given as 
follows. 
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Using this error definition, the tool path optimization can 
be conducted based on the basic idea of constructing a map 
point. As shown in Figure 8, Point I is the projected point of 
D on the tool path surface. Obviously, Point I is also the 
intersection point between nnormal vector direction and tool 
path surface. By moving I along nnormal vector direction with 
distance , the mapping point is got. Thus, every point on 
the milled surface has a mapping point. These mapping 
points form a mapping surface. The process of the tool path 
surface approaching the mapping surface is just the process 

of optimizing tool path. 
Then the most important step is to construct optimization 

model of tool path. First, with eq. (8) the initial tool path 
surface is sampled as a series of tool axes. The correspond-
ing mapping points of these tool axes can also be computed 
using the above theory. For point I on sample axis of the 
tool path surface, the position parameters (u, v) can be cal-
culated. Then the error at mapping points is transformed 
from eq. (20) to the following equation: 

      ,3 Boti ,3 Topi
0 0

1 .
 

    
n n
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Similarly, for all sample points on the initial tool path 
surface, their corresponding geometric errors can be ob-
tained. Then tool paths are optimized by minimizing the 
square sum of geometric errors with respect to bBoti and bTopi. 
Transforming eq. (22) to (23) and solving this equation us-
ing least squares criterion may yield the control points of 
improved tool path surface 
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By repeating the optimization process, the resulting er-
rors can be further reduced using the iterative least square 
method. 

5  Examples and discussion 

The analytic model of geometric errors induced by cutter 
runout effect and corresponding tool path optimization 
method are verified using C++ language. First, the plane 
milling simulations with and without cutter runout are given. 
The radius of the cutter is 6 mm. The cutter runout is 5 m, 
which is a parallel axis offset error. To compare clearly and 
conveniently, we assumed that the surface is milled by one 
cutting edge. Figure 9(a) shows the case where the plane is 
milled without cutter runout, and Figure 9(b) shows the case 
with cutter runout. It can be seen that the theoretical geome-
try error is zero if without cutter runout and there exists 
obvious theoretical geometry error if with runout. From the 
aspect of surface topography, no matter whether the cutter 
runout exists or not, both the two cases have milling micro-
textures. For the 5 m runout error, the resulting magnitude 
of geometric errors is about 9 m along the direction of 
work height. It shows that the theoretical geometry error 
induced by cutter runout should not be ignored. The fol-
lowing example is an envelope surface model and tool path 
planning for a curved surface milling with cutter runout. In 
order to have an analytic solution of envelope surface and 
facilitate error comparison, the tool path surface is first ex-
pressed as the following expressions without using a uni-
form B-spline surface. 
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Figure 9  Plane milling with and without cutter-runout.
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A flat end mill is chosen to simulate the milling process 
and validate the presented method. The cutter’s parameters 
are given as follows: The radius of cutter is 6 mm, helix 
angle is 45 degrees, and the number of cutting edges is four. 
The cutting edges’ equations are then transformed as 
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5.1  Geometric errors induced by cutter runout 

To investigate the influence of runout effect on the machin-
ing accuracy, the machined surface is given as developable 
ruled surface. That means the point on the machined surface 
is also on the ideal envelope surface of the cutter without 
cutter runout, and that the geometric error in milling is 
aroused from cutter runout effect only. Figure 10 shows the 
initial tool path surface and designed surface. In the valida-
tion test, if all parameters of cutter runout are set to zero, the 
envelope surface of cutter and the designed surface are the 
same. It proves that the method computing the envelope 
surface presented in this paper is valid. 

For classifying the effects of parallel axis error and in-
clination angle error on geometric errors in five-axis milling 
respectively, two validation tests were performed first. Fig-
ure 11 shows the geometric errors induced by parallel axis 
error. The offset value was set to 0.006 mm and the location 
angle was set to 15 degrees. From Figure 11 it can be seen 
that the maximum geometric error aroused by parallel axis 
error is about equal to the magnitude of offset value. At 

different positions along the cutter axis direction, the mag-
nitudes of the resulting geometric errors are also different. 
Also, along the workpiece direction, the shape of geometric 
error is almost no change. Figure 12 shows the geometric  

 

 

Figure 10  Initial tool path surface and designed surface. 

 

Figure 11  The errors induced by parallel axis error. 
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Figure 12  The errors induced by inclination angle error. 

errors induced by inclination angle error. The inclination 
angle error was set to 0.025 degree and the location angle 
was set to 30 degrees. From Figure 12 we can see that the 
geometric errors aroused by inclination angle error are dif-
ferent along the cutter axis direction and the magnitude of 
geometric error presents a declining trend with the increase 
of the height of cutter axis. Also we can see that the geo-
metric error induced by inclination angle is significant and 
the magnitude of geometric error is dependent on the length 
of cutter. Under the same inclination angle error, the longer 
the cutter length is, the larger the geometric error becomes. 

To systematically investigate the combined effect of the 
runout parameters on the geometric errors of the machined 
surface, the parallel axis error and inclination angle error 
were both considered in the third validation test as shown in 
Table 1. Figure 13 shows the geometric errors induced by 
the cutter runout. From this figure we can see that the errors 
induced by the cutter runout should not be ignored espe-
cially to ensure the inclination angle error is small enough. 
Another phenomenon in the figure is that the error surface 
has two peak lines. The reason of this is that the rotation 
surfaces of cutting edges are different form each other. At 
different heights along cutter axis, the envelope surface is 
constructed by the rotation surface of cutting edge whose 
rotation radius is the largest just like Figure 14. The number 
of peak lines is equal to the number of intersection lines of 
the outermost rotation surface of cutting edges. In Figure 14, 
the cutter has four edges, and the outermost surface of the 
rotation surface is composed of the 1st, 3rd and 4th cutting  

Table 1  Cutter runout parameters 

Item Value 

The offset  (mm) 0.005 

The inclination angle  (rad) 0.0024 

The length of the cutter axis lc (mm) 40 

The location angle  (rad) 0.0025 

 

Figure 13  Error values with cutter runout effect. 

 

Figure 14  Rotational surface of the cutter with four edges. 

edges’ rotation surfaces. It means that the 2nd cutting 
edge’s rotation surface made no contribution to the final 
resulting geometric errors of the machined surface and only 
the 1st, 3rd and 4th cutting edges played a part in this vali-
dation example due to the existence of the cutter runout 
effect. 

5.2  Tool path optimization 

For the third validation test, a tool path optimization was 
also conducted. According to the initial cutter location data, 
the tool path surface was further approximated by a 
B-spline surface as an initial cutter axis surface of the path 
optimization operation. The two curves of the B-spline 
ruled surface both had 19 control points. The geometric 
errors induced by cutter runout were first derived. Then 
using the optimization mode illustrated in eq. (23), the up-
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dated control points of cutter axis surface were derived. The 
same process was repeated several times until the magni-
tude of geometric errors was finally reduced to a desirable 
level or without an obvious reduction.  

Figure 15 shows the geometric error after optimizing 
the tool path surface. Compared with the largest error in 
Figure 13 it can be seen that the error is reduced signifi-
cantly with a largest error reduction from 0.11 mm to 0.025 
mm. The error magnitude is reduced by 77.3%. It proves 
that the method of optimizing tool path is effective to re-
duce the geometric error induced by cutter runout. After 
optimization, the number of peak lines in Figure 15 is equal 
to the number of that in Figure 13. However, the largest 
error without optimizing tool path lies at the bottom of cut-
ter as illustrated in Figure 13. After optimization, the posi-
tion of the largest error is at the middle part of cutter axis. 
Figure 16 shows a comparison of part of the tool paths be-
fore and after optimization. The right figure of Figure 16 is 
a partially enlarged view. From this figure, it can be seen 
that the cutter axis is adjusted after optimization with a 
largest magnitude of about 0.01 mm. It means that the geo-
metric errors can be obviously reduced with a small cutter 
axis adjustment. 

6  Conclusions 

The analytical model of geometric errors induced by cutter 
runout effect is established for the first time in this paper. 
Then an iterative least square model is constructed to opti-
mize the tool paths for reducing geometric errors. 

1) The complete cutter runout considering parallel axis 
deviation and inclination angle deviation is defined with 
four parameters. It is helpful to systematically investigate 
the influence of cutter runout on the geometric accuracy of 

the machined surface. 
2) Relative motion between the cutter and the part is 

analyzed with consideration of the cutter runout effect. For 
a tapered-helical-ball-end mill cutter, the established cutter 
envelope surface model has the ability to integrate with cut-
ter runout. Through the analytical model, we found that the 
geometric error induced by cutter runout is significant, and 
that not all cutting edges make contribution to the final 
geometric errors of the machined surface. The influence of 
the runout parameters on the shape and magnitude of geo-
metric errors in five-axis flank milling is also got.  

3) A model of optimizing tool path is established. Using 
the iterative least square strategy, the geometric error 
aroused by cutter runout can be reduced significantly. Also, 
compensating cutter runout in tool path is helpful for re-
ducing the fluctuations of cutting forces. 

4) Validation tests have proved that the proposed com-
puting mode of geometric errors and tool path optimization  

 

 

Figure 15  Error values after optimizing tool path. 

 

 

Figure 16  Cutter axis comparison before and after tool path optimization. 
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considering cutter runout effect is feasible and effective. 
Due to the complexity of the effect of cutter runout on 

milling process, it is only a preliminary study and some 
factors such as errors of cutting edge wear and the installa-
tion of inserted tooth cutter are not taken into account in the 
presented runout model. These need further investigations 
in the future. Meanwhile, the basic assumption of the pre-
sented envelope surface model is the same as the classical 
assumption, namely, the effect of cutter feed on the cutter 
rotation surface is overlooked. If cutter runout exists, it is 
recommended that a good combination of process parame-
ters such as radial depth of cut, feed per tooth and spindle 
speed should be given to gain a good surface quality and 
geometric accuracy. 
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