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A new analytical method for springback of small curvature plane bending is addressed with unloading rule of classical elas-
tic-plastic theory and principle of strain superposition. We start from strain analysis of plane bending which has initial curva-
ture, and the theoretic derivation is on the widely applicable basic hypotheses. The results are unified to geometry constraint 
equations and springback equation of plane bending, which can be evolved to straight beam plane bending and pure bending. 
The expanding and setting round process is one of the situations of plane bending, which is a bend-stretching process of plane 
curved beam. In the present study, springback equation of plane bending is used to analyze the expanding and setting round 
process, and the results agree with the experimental data. With a reasonable prediction accuracy, this new analytical method 
for springback of plane bending can meet the needs of applications in engineering. 
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1  Introduction 

Plane bending is defined in ref. [1] as “when all the external 
forces act on the beam in the vertical symmetry plane, the 
beam axis after deformation will be located in the symmet-
rical plane.” Actually, a non-symmetric beam, being im-
posed appropriate constraints, can also bend at the centroid 
plane, which is known as plane bending. Plane bending is 
one of the most fundamental and common bending prob-
lems. Many bending problems in engineering fall into the 
category of plane bending, including not only the straight 
beam and symmetry cross-section plane bending but also 
curved beam and non-symmetry cross-section plane bend- 
ing According to the level of forcing bearing, plane bending 
can be categorized into pure bending, stretch-bending and 
compress-bending. Actually, pure bending is very rare in 

applications, but the latter two cases are common. For ex- 
ample, aluminum profiles stretch-bending process, large 
pipes JCOE/UOE forming process, large pipes expanding/ 
compression and setting round processes, all fall into the 
categories of stretch-bending or compress-bending. 

With the rapid development of science and technology 
and increasingly fierce competition in product manufactur-
ing, the accurate prediction and precise control of bending 
springback has become the key issues to be solved. For the 
past several decades, a lot of research has been done about 
plane bending springback, particularly stretch-bending of 
aluminum profiles [2–4]. El-Megharbel et al. [5] estimated 
the springback after stretch-bending and residual stress 
within the section of 7075 aluminum plate. El-Domiaty et al. 
[6, 7] analyzed stretch-bending of U cross-section beam to 
study the influences of material properties and cross-section 
geometry on forming load and bending springback. El-
sharkawy et al. [8] established the mathematical model of T 
cross-section profile. Zhang [9] studied the bending defor-
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mation under transverse compression and longitudinal 
stretch of plane frame profile by grid test. Guan [10, 11] 
analyzed the stress state of stretch-bending and proposed an 
energy method to calculate springback angle. The stress 
distributions of wide and narrow plates in stretch-bending 
were developed in refs. [12, 13] by Du et al. who analyzed 
the impact law of loading history with constant volume 
conditions by plastic deformation, incremental theory and 
differential equations. Qian et al. [14] studied the spring-
back calculation formulas of rail profile, and during the 
process the springback angle after unloading was divided 
into two parts: the springback by bending moment unload-
ing and the springback by tension unloading. With the rapid 
development of finite element analysis software, numerical 
simulation methods are widely used in profile stretch- 
bending and its springback law study. Jin and Zhou et al. 
[15, 16] used Pamstamp2000 to simulate the stretch-bend- 
ing process with hollow rectangular aluminum profile and 
compared it with the experiment. Xie et al. [17] studied two 
different cross-section aluminum profiles at six different 
stretch-bending processes by Marc finite element software 
to explore the influences of forming process, bending radius 
and the cross-section geometry of profile on stretch-bending 
springback. The works above showed that to date there has 
not been an integrated theoretical system for analyzing the 
plane bending springback problems. Neither have the uni-
fied and well-recognized results been achieved.  

Small curvature plane bending refers to the fact that the 
ratio of curvature radius to blank thickness is greater than 
10. In this case, the strain generated by loading moment can 
be approximated as a linear distribution [18]. From the 
analysis of curved beam’s small curvature deformation 
characteristics, the geometric constraint equations and the 
springback equation in different loading and deforming 
situations are derived, respectively in this study according 
to the classical elastic-plastic theory and principle of strain 
superposition. Furthermore, the unified expressions of the 
geometric constraint equations and the springback equation 
of plane bending are developed under the pre-defined sym-
bol system. It is both theoretically and practically signifi-
cant to express the complex geometric relationships before 
and after springback of straight beam and curved beam un-
der different plane bending situations in a unified way. The 
results of using the springback equation of plane bending to 
analyze the expanding and setting round process are in good 
agreement with the theoretical results. Hence, it lays a 
theoretical foundation for engineering applications. 

2  Definitions and basic hypotheses 

The main research in this study includes plane bending 
springback of beam-plate, pipe, bar and various cross- sec-
tion profiles. The corresponding definitions of these terms 
are given as follows.  

1) Beam: in the bending plane, the length of the part is 
much larger than the height of the cross-section, for exam-
ple, metal strip, tube, profile, and so on. 

2) Micro-beam section: a section of infinitesimal length 
intercepted along the centroid line of the beam cross-section, 
as shown in Figure 1. 

3) Plane-curved beam: The centroid line of the beam is in 
one space plane. This study focuses on the small curvature 
plane-curved beams [19], where the ratio of initial bend 
radius to blank thickness is greater than 5. 

4) Curved beam plane bending: The combined effect of 
all external loads imposed on a plane-curved beam only 
causes the beam to deform in the space plane where the 
initial section centroid curve occurs. 

5) Straight beam plane bending: The combined effect of 
all external loads causes the straight beam’s section centroid 
curve to be in one space plane. 

6) Straight beam plane bending and curved beam plane 
bending are referred to as plane bending. 

7) Bending plane: The space plane where the section 
centroid curve goes. 

Symmetrical cross-section beam is used as an example of 
equation derivation for the sake of clarity and convenience. 
As is shown in Figure 1, the centroid of micro-beam’s 
cross-section o is the coordinate origin, and we use cross- 
section of micro-beam and bending plane as coordinate 
planes to establish oxyz Cartesian coordinate system. The 
intersection points of inner and outer layers with z axis are 
points A and B. The height of cross-section is t. The dis-
tance of point A to y axis is e. B(z) is the width of 
cross-section which is a function of z. x axis coincides with 
the section centroid curve; 0 is the curvature radius of the 
cross-section geometric center layer. 

The basic hypotheses of this study are formulated as fol-
lows. 

1) Plane section hypothesis: Any plane section remains 
plane after deforming and no aberrance occurs. That is, 
when plane bending takes place, the movements of strain 
neutral layer are caused by axial force and the cross-section 
geometric center layer does not move. 

2) Uniaxial state of stress hypothesis: Any point on the 
beam is uniaxial stretched or compressed when deforming 
occurs regardless of the effect of uniaxial force on the sec-
tion size. 

3) Conventional elastic-plastic material model hypothesis:  

 

 

Figure 1  The initial micro-beam of plane curved beam. 
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The beam is homogeneous, linear-elastic material and con-
sistent with Hooke’s law and classical elastic-plastic 
unloading law. 

Since the research object is the small curvature plane- 
curved beam, the initial curvature of micro-beam 1/0 can 
be expressed in terms of initial equivalent strain 0, which 
satisfies the following relations: 

 0
0

,   .z
e t z e


     (1) 

Then the concept of micro-beam equivalent strain eq is 
introduced, that is, the relative length change of micro-beam 
considering the initial beam deflection is taken to be 
equivalent strain eq, whose value is the algebra sum of true 
strain tr and initial equivalent strain 0 as follows: 

 eq tr 0 .     (2) 

The classification of plane bending is shown in Figure 2. 
Straight beam is a special case of curved beams, while 
stretch-bending and compress-bending are completely simi-
lar, so a detailed analysis of curved beam plane bending will 
be shown as an example to derive the geometric constraint 
equations and the springback equation of plane bending. 

3  Springback analysis of curved beam stretch- 
bending 

3.1  Springback analysis of equidirectional stretch- 
bending 

3.1.1  The loading strain 

Under the axial stretch force T and the bending moment M 
equidirectional with the initial curvature, the micro-curved- 
beam undergoes an elastic-plastic bending strain , whose 
equivalent strain distribution is shown in Figure 3, where 
the curvature radius of cross-section’s center layer is  
when loading, and the curvature radius of equivalent strain 
neutral layer is s when loading. 

The equivalent strain neutral layer when loading is pos-
sibly outside the cross-section. Along the equivalent strain 
neutral layer when loading, in the x1o1z1 coordinate system  

set up based on hypotheses (1), the equivalent strain when 
loading is given by 

 1
0 ,

z



 


   

where             

1 ,z z      

so    

 
0

1 1 ,   .z e t z e

 

 


  
  

      
 

 (3) 

3.1.2  The residual strain after unloading springback 

After unloading springback the residual strain is p. The 
equivalent residual strain distribution is still linear as shown 
in Figure 4, where the curvature radius of cross-section’s 
center layer after unloading is p, the curvature radius of 
equivalent strain neutral layer after unloading is ap.  

Along the equivalent strain neutral layer after unloading, 
in the x2o2z2 coordinate system set up based on basic hy-
potheses (1), the equivalent strain after unloading is given 
by 

2
0 ,p

p

z



 


 
 

where             

2 ,p pz z      

so      

 
0

1 1 ,   .p p
p

p p

z e t z e

 

 


  

  
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 
 (4) 

3.1.3  The elastic strain under reverse load 

If the micro-beam shown in Figure 1 is considered to be a 
pure elastic body, the springback strain e produced by force 
Te and moment Me, which are equal, opposite, and at the 
same action points of force T and moment M, is the pure 
elastic strain. The equivalent springback strain is shown in 
Figure 5, where the curvature radius of cross-section’s center  

 

 

Figure 2  The classification of plane bending. 
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Figure 3  Equivalent strain when loading. 

 

Figure 4  Equivalent strain after unloading. 

layer is e, and the curvature radius of equivalent strain neu-
tral layer is e. One case is that the micro-beam’s deflection 
direction and the initial deflection are in the same direction 
when loaded by Te and Me, as shown in Figure 5(a). Along 
the equivalent strain neutral layer, we set the x3o3z3 coordi-
nate system based on basic hypotheses (1), then the equiva-
lent strain is given by 

3
0 ,e

e

z



 


 
 

where           

3 ,e ez z      

so    

 
0

1 1 ,   .e e
e

e e

z e t z e

 

 


  
  

      
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 (5) 

Another case is that the micro-beam’s deflection direc-
tion is with the initial deflection in the opposite direction 
when loaded by Te and Me, as shown in Figure 5(b). Along 
the equivalent strain neutral layer, the 3 3 3x o z    coordinate 

system is set up based on basic hypotheses (1), and then the 
equivalent strain is given by 

3
0 ,e

e

z



 



  
 

where 

 

Figure 5  Elastic equivalent strains under reverse load: (a) Elastic 
equivalent strain under reverse load: bending direction unchanged; (b) 
Elastic equivalent strain under reverse load: bending direction reversed. 

3 ,e ez z       

so 
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e

e e
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 
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 (6) 

3.1.4  The geometric constraint equations and the spring-
back equation 

According to basic hypotheses 3, the elastic strain when 
micro-beam unload is equivalent to the pure elastic strain 
when the micro-beam as a pure elastic body is loaded by 
force and moment of equal, opposite and at the same action 
points. Based on small deformation theory, the strain can be 
superimposed. The residual strain after unloading spring-
back is equivalent to the superposition of the loading strain 
and the springback strain. 

For the case of Figure 5(a), the relationship of , p and e 
is given by 

 ,p e     (7) 

where , p and e have been given by eqs. (3)–(5). So,  
eq. (7) can be expressed by 

 
0

1 1 1 1 1.pe

p e e p

z
     


      

 
        

 
 (8) 

The necessary and sufficient conditions of eq. (8) per-
manently valid within the definition region are 
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Based on basic hypotheses (2) and (3), when springback 
the equivalent stress e is given by 
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 (10) 

where E is the Young’s modulus of micro-beam. 
Force Te and moment Me can be calculated by e as fol-

lows: 
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where the area of micro-beam cross-section is A, and the 
moment of inertia is Iy. 

The balance equation of plane bending is given by 

 
0,
0.

e

e
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M M
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 (12) 

By eqs. (9), (11) and (12), p is given by 

 .
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In the case of Figure 5(b), the relationship of , p and e 
is given by 

 ,p e      (14) 

where , p and e are given by eqs. (3), (4) and (6). So eq. 
(14) can be expressed by 

 
0

1 1 1 1 1.pe

p e e p

z
     


      

 
        

 
 (15) 

The necessary and sufficient conditions of eq. (15) per-
manently valid within the definition are 
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Similarly, we can obtain 
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By eqs. (16) and (17), p is given by 
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Eqs. (9) and (16) can be unified to 
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Eq. (19) is called the geometric constraint equations of 
equidirectional stretch-bending. Eqs. (13) and (18) are iden-
tical, so they are called the springback equation of equidi-
rectional stretch-bending. 

3.2  The geometric constraint equations and the spring-
back equation of redirectional stretch-bending 

Similar to the analysis of equidirectional stretch-bending, 
redirectional stretch-bending is the micro-beam bended under 
the axial stretch force T and with initial curvature opposite 
direction moment M. Effected by the initial curvature, redi-
rectional stretch-bending can be divided into three cases. The 
first case is the deflection after loading and the initial deflec-
tion occurs in the same direction. The second case is the de-
flection after unloading and the initial deflection occur in the 
opposite directions. The third case is the deflection after 
loading and the initial deflection occur in the opposite direc-
tions, but the deflection after unloading and the initial deflec-
tion occur in the same direction. The analysis details are 
similar to equidirectional stretch-bending, so here we only 
give the derivation of the results of the above three cases. 

The geometric constraint equations and the springback 
equation of redirectional stretch-bending can be unified as 
follows. The symbols of the three cases are shown in Table 1. 
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Table 1  The symbols in the geometric constraint equations and the 
springback equation 

The three cases  
of redivectional  
stretch-bending 

1


 

1

e
 

0

1


 p  M 

The first case   + +  

The second case  + - + + 

The third case +  +  + 

4  The unified presentation of the geometric 
constraint equations and the springback equa-
tion of plane bending and its corollary 

4.1  Symbol system 

The previous derivation is based on the strain and geometry 
relations of micro-beam bended before and after springback, 
so the geometric constraint equations and the springback 
equation are expressions of curvature radius. If a symbol 
system is defined, the geometric constraint equations and 
the springback equation can be uniformly expressed in cur-
vature expressions. In this way, the expressions are further 
harmonized and simplified to reflect the physical meanings 
more conveniently and more clearly. 

The positive direction of z axis is upward vertical, other-
wise negative. 

The moment when loading is expressed by M. Moment M 
is an algebraic number, whose value is calculated by integral 
of stress pointing on the cross-section’s center layer. When M 
makes the straight beam protrude to the positive directive of z 
axis, M is defined as positive, otherwise negative. 

The axial force when loading is expressed by T. Axial 
force T is an algebraic number, whose value is calculated by 
integral of stress in the area of cross-section. 

Curvature is normally expressed by K, and the absolute 
value of K is equal to the reciprocal of the curvature radius. 
When K and M are in the same direction, K is defined as 
positive, otherwise negative. 

4.2  The unified presentation 

Based on the above symbols definition, the geometric con-
straint equations and the springback equation of different 
bend cases can be expressed as two unified formulas, 
namely 
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
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The second equation in eq. (22) shows the proportional 
relationship between the equivalent strain neutral layer and 
the geometric center layer. It speaks volumes for that the 
strain neutral layer does not coincide with the geometric 
center layer when axial force effects in plane bending. 

Based on the above symbols definition, the strain after 
loading  can be expressed as 
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 

0

0

1 ,  equidirection bending,

1 ,  redirection bending.

K
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K

K
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 (24) 

Let stress  be a function of strain , that is, 

  ( ) , .f f K z    (25) 

According to the balance condition of section load, axial 
force T and moment M are given by 

 d ,
A

T A   (26) 

 d .
A

M z A   (27) 

Usually, T or  can be solved according to the deforma-
tion of the geometric center layer, so Ks can be obtained 
through eq. (26) or (24). T and M are functions of Ks, so the 
curvature of geometric center layer after unloading can be 
derived from the equations above. In the solution process, 
eq. (25) relates to the loading history, and therefore the so-
lution of Kp reflects the impact of loading history of bending 
springback. Eq. (23) is a general solution to plane bending 
springback problems. 

In fact, for a non-symmetric beam, when appropriate 
constraints are imposed on the beam to make it bended at 
the centroid plane, the analysis process and results are still 
applicable. Therefore, the springback equation of plane 
bending is the same for all the plane bending situations and 
objects that satisfy the basic hypotheses. 

4.3  The deduction about curvature variations of equiv-
alent strain neutral layers 

The first formula of geometric constraint equations can be 
transformed into 

 0 0 0 ,p eK K K K K K        (28) 

 .p eK K K        (29) 

Eq. (28) can be expressed as eq. (29), which is called 
curvature variations equation of equivalent strain neutral 
layers. It can be explained like this: the curvature increment 
of equivalent residual strain neutral layer is equal to the sum 
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of the curvature increment of equivalent strain neutral layer 
when loading and the curvature increment of equivalent 
strain neutral layer when springback. Eq. (29) means that 
when axial force acts on plane bending process, there is not 
superposition between curvatures of geometry center layers, 
but there is superposition between curvature increments of 
equivalent strain neutral layers. 

4.4  The conversion to straight beam plane bending 

When 
0

0 0lim 1/ 0K





  , the situation is straight beam 

plane bending, and eq. (22) can be conversed to eq. (30), 
which is called geometric constraint equations of straight 
beam plane bending. Eq. (23) does not contain K0, so it does 
not change. That means eq. (23) contains the situation of 
straight beam plane bending. We can get the same results of 
eqs. (30) and (23) by directly deriving straight micro-beam 
section. Therefore, the conversion to straight beam plane 
bending further corroborates the results derived in this pa-
per. 

 

,

1.

p e

pe

e p

K K K
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K K K

  

 

 



  


 (30) 

4.5  The conversion to pure bending 

For pure bending, the strain neutral layer coincides with the 
geometric center layer. In this situation, the second formula 
of eq. (22) comes into existence permanently. It means in 
pure bending, only the first equation of eq. (22) can fully 
express the geometric relationship before and after spring-
back. That is, 

 0 .p eK K K K    (31) 

In case of pure bending, eq. (13) can be expressed as 
follows: 

 .p
y

M
K K

EI
   (32) 

It is the same as the pure bending results of classical 
elastic-plastic theory, as shown in ref. [20]. 

5  Expanding and setting round of line pipe 

5.1  Analysis of expanding and setting round process 

Expanding and setting round process is one of the important 
processes in the large-diameter longitudinal submerged-arc 
welded (LSAW) pipe molding process. With wide applica-
tion of the large pipes in modern industry, to accurately 
predict and control the process parameters has drawn great 
attention in this field [21–22]. In this section, springback 

equation of plane bending is used to analyze the expanding 
and setting round process. The results will show the rela-
tionship of geometric parameters of pipe before and after 
springback and the main process parameters. Three experi-
ments on the expanding and setting round process with dif-
ferent initial ellipticities are carried out to verify the theo-
retical analysis. 

According to the temporal sequence, the expanding and 
setting round process can be divided into three phases, as 
shown in Figure 6. The first phase is the setting round phase. 
The centerline of pipe’s cross-section is approximately an 
ellipse, with long half-axis a0 and minor half-axis b0, the 
curvature radius of any point at cross-section’s centerline is 
0 as shown in detail in Figure 6(a). 

The expanding mold consists of a number of petal molds. 
At the beginning, these petal molds form a full circle. When 
expanding, the force transmission system makes the petal 
molds move simultaneously at the same speed in its normal 
direction. Initially, the contact of mold contacts the pipe 
wall in a linear manner. With the continuous movement of 
the petal molds, the external surfaces of each petal mold 
join gradually the pipe’s internal wall. Due to the stiffness 
of the pipe section after the mold join the pipe internal wall, 
the pipe’s cross-section forms the shape of a circumcircle of 
the expanding mold. Hence, the curvature radius of cross- 
section’s centerline is R1. The circumferential force is small 
in this phase; the main deformation is the elastic bend de-
formation; the centerline of cross-section L1 is approxi- ma-
tely unchanged; so this phase can be viewed as an elastic 
pure bending process as shown in details in Figure 6(b). 

The second phase is the expanding phase. Under the effect 
of the mold, the pipe’s diameter is expanded so that the 
circumferential cross-section engenders plastic elongation. In 
this phase, the pipe wall endures greater circumferential pull, 
so stretch is the main deformation. When the mold reaches 
the preset displacement, the pipe’s cross-section is approxi- 
mately round and its curvature radius of cross-section’s cen- 
terline increases to R2, as shown in details in Figure 6(c). 

The third phase is springback. After keeping force, the 
petal molds move back and the pipe starts to be unloaded. 
After unloading, springback makes the curvature radius of 
any point at cross-section’s centerline become p. If the 
centerline of pipe’s cross-section is still considered as ellip-
tic after unloading, we define its long half-axis as a, and 
minor half-axis as b, as shown in Figure 6(d). 

Expanding and setting round for pipe is curved beam 
stretch-bending, which is one case of plane bending. Shown 
in Figure 6 is a Cartesian coordinate system uov established 
according to the center of the ellipse. It is easily known that 

segment BH  and segment DF  belong to the first case of 

equidirectional stretch-bending, and segment BD  and seg- 

ment FH  belong to the first case of redirectional stretch- 
bending. The cutoff point in both cases is point 0=R2. Ap- 
parently, the cutoff point has been moved in the expanding  
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Figure 6  The process of expanding and setting round. (a) Initial state; (b) setting round; (c) expanding; (d) springback.

and setting round process. From the second section of this 
paper, we can reveal that the two cases have the same  ex-
pression and the same springback equation; therefore we 
can discuss them together. To simplify the analysis process 
we assume that pipe’s cross-section is always on the u axis 

and the v axis is symmetry. We only consider the ABC  
segment of cross-section in the first quadrant as the object 
to be studied. 

The ratio of diameter and wall thickness of a large pipe is 
much larger than 10, thus the expanding and setting round 
for pipe can be seen as plane bending of small curvature 
rectangular cross-section beam. The following basic hy-
potheses are introduced when springback equation is used to 
analyze the expanding and setting round process. 

1) After springback arbitrary cross-section of the pipe 
remains in plane, no distortion occurs, and the change of 
pipe thickness is ignored. 

2) The centerline of initial pipe’s cross-section is an el-
lipse with long half-axis a0 and minor half-axis b0, and cur-
vature radius of any point at cross-section’s centerline is 0. 

3) The anisotropy is not considered. The Bauschinger ef-
fect is ignored, i.e., materials are consistent with the tension 
and compression. The laws of classical elastic-plastic theory 
of unloading are verified. Bilinear hardening material model 
is adopted, in which elastic modulus is E; plastic tangent  
modulus is D; intercept stress is 0; plastic strain at demar-
cation point is E. The material model can be expressed as 
follows: 

 
0

, ,
, .

E

E

E

D

  


   


   
 (33) 

4) During the forming process, the stress-strain state of 
any point on the pipe section is approximately uniaxial ten-
sion or compression. 

5) The deformation of the first phase for setting round is 
pure-elastic bending. 

6) The friction between pipe and mold is ignored. 
When = R2, the strain of cross-section centerline is 

given by 
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 
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so 

 1,R   (35) 

where  is the expanding rate. 
Set 1 to be the expanding rate cut-off point between 

pure-elastic deformation stage and elastic-plastic deforma-
tion stage, that is, when the expanding rate is less than 1, 
the pipe is in pure-elastic deformation stage; when the ex-
panding rate is greater than 1, the pipe starts to come into 
plastic deformation stage. Set 2 to be the expanding rate 
cut-off point between elastic-plastic deformation stage and 
pure-plastic deformation stage, that is, when the expanding 
rate is less than 2, the pipe is in elastic-plastic deformation 
stage; when the expanding rate is greater than 2, the pipe is 
in pure-plastic deformation stage. According to the earlier 
results and the description of expanding and setting round, 
1 and 2 are given by 

 1
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1 1 ,
2E
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 (37) 

When <1, after unloading the elastic recovery makes 
the cross-section back to the state before. The situation is 
well known, and not repeated here. 

When 1<<2, the pipe comes into the elastic-plastic 
deformation stage. By using springback equation and basic 
hypotheses (2) of expanding and setting round, the curva-
ture radius p1 of equidirectional stretch-bending segment 
AB  after springback is given by 
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where 
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(40)

 

Similarly, the curvature radius p2
 of redirectional stretch- 

bending segment AB  after springback is given by 
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where 
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In this case 
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2, the pipe cross-sections are all in the plastic deformation 
stage. Similarly, the curvature radius p of any point in 
cross-section centerline after unloading can be expressed as 
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In this case 
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If the cross-section after springback is still considered as 
ellipstic, then the long half-axis a and minor half-axis b as 
well as ellipticity  can be calculated respectively by  

 23 ,pa pba     (45) 

 23 ,pa pbb     (46) 
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5.2  Experiment of expanding and setting round 

Based on the above theoretical results, three pipes of   
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different initial ellipticities were chosen to do expanding 
and setting round experiment. The pipes’ material is 20 steel, 
and its material properties are shown in Figure 7. It can be 
seen from the figure that when the strain is large, the power 
exponent hardening material model agrees well with the 
experimental data; when the strain is small, the bilinear 
hardening material model is in good agreement with the 
experimental data. Because the strain when expanding and 
setting round is not too large, usually about 0.01, to improve 
the accuracy of bilinear fit, we just took the strain less than 
0.05 to fit the experimental data. 

Table 2 shows the geometric parameters of initial pipes. 
Figure 8 shows the experimental results with different ex-
panding ratios. It is clear that the agreement between the 
results is very good. It means the theoretical analysis model 
has high precision to meet the forecast need for engineering 
applications. Analytical analysis and experimental results 
demonstrate the process principle of expanding and setting 
round, that is, when stretch-bending to every point in the 
cross-section is elongation strain, the springback is small 
and initial ellipticity does not have large effect on spring-
bake amount. That is why the same expanding ratio can be 
used to achieve =8150.20375 different initial ellipticity 
pipes’ expanding and setting round. 

6  Conclusions 

In summary, according to the basic hypotheses of small 
curvature plane bending, the geometric model and the  
 

 

Figure 7  Material properties of experimental pipes. 

Table 2  Geometric parameters of initial pipes 

Pipe No. R1 (mm) a0 (mm) b0 (mm) 0 (%) t (mm) 

1 47.49 47.95 47.03 1.94 2.98 

2 47.54 48.05 47.04 2.14 2.97 

3 47.50 48.16 46.85 2.77 2.99 

 

Figure 8  The law of effects of initial ellipticity and expanding ratio on 
ellipticity after springback. 

mechanical model of curved beam under stretch-bending 
and compress-bending situations are founded. In the analy-
sis process, the equivalent strain and equivalent strain neu-
tral layer are firstly proposed. Through unloading law and 
strain superposition, the geometric constrain equations as 
well as springback equation of plane bending are derived. 
The results enrich the content of the classical theory of elas- 
ticplastic bending and are successfully applied to the ex-
panding and setting round problem. Based on the above 
investigation, the following conclusions can be drawn: 

1) Geometric constraint equations of plane bending de-
scribe the relationship between geometric center layer and 
equivalent strain neutral layer. Hereinto, the first equation 
not only reflects the initial impact of curvature of plane 
bending, but also shows that the curvatures of geometric 
center layer do not have superposition relationship but cur-
vatures of equivalent strain neutral layer have when axial 
force effects plane bending. At the same time, the second 
equation reflects that curvature of strain neutral layer and 
curvature of geometric center layer have proportional rela-
tionship but they do not coincide with each other. 

2) Springback equation of plane bending is the expres-
sion of the curvature of geometric center layer after unload-
ing which correlates with the curvature of geometric center 
layer and the curvature of equivalent strain neutral layer 
after loading as well as material properties, axial force T , 
and moment M . The calculations of T  and M  are de-
termined by loading history and strain state, so springback 
equation is the general solution of all plane bending prob-
lems which meet the basic hypotheses. 
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3) Straight beam plane bending and pure bending are two 
special cases of plane bending. The successful conversion to 
straight beam plane bending and pure bending further 
proves the correctness of the springback equation. 

4) The springback equation is successfully used to ana-
lyze pipe’s expanding and setting round process and excel-
lent agreement is found between the theoretical prediction 
of springback and experimental results. Experiment verifies 
the correctness of analytic method and the accuracy for en-
gineering application, while the principles of expanding and 
setting round process are also revealed. 

This work was supported by the National Natural Science Foundation of 
China (Grant No. 50805126) and the Natural Science Foundation of Hebei 
Province (Grant No. E2009000389). 

1 Bai X Z. Mechanics of Materials. Beijing: China Building Materials 
Industry Press, 2003 

2 Song L, Yang J, Huang T Z. Springback analysis of sheet metal 
bending and review of engineering control. Forging Stamping Tech-
nol, 1996, (1): 18–22 

3 Zhu D P, Sun K, Li D C, et al. The new researche progress of sheet 
metal stamping springback. J Plast Eng, 2000, 7(1): 11–17 

4 Gu R J, Yang H, Zhan M, et al. A review of the research on spring-
back in bending. Mech Sci Technol Aerosp Eng, 2005, 24(6): 653– 
658 

5 El-Megharbel A, El-Domiaty A A, Shaker M. Springback and re-
sidual stresses after stretch bending of workhardening sheet metal. 
J Mater Process Technol, 1990, 24(1): 191–200 

6 El-Domiaty A A, Shabara M A N, Al-Ansary M D. Determination of 
stretch-bendability of sheet-metals. Int J Mach Tools Manuf, 1996, 
36(5): 635–650 

7 El-Domiaty A A, Elsharkawy A A. Stretch-bending analysis of 

U-section beam. Int J Mach Tools Manuf, 1998, 38(1): 75–95 
8 Elsharkawy A A, El-Domiaty A A. Determination of stretch-bend- 

ability limits and springback for T-section beams. J Mater Process 
Technol, 2001, 110(3): 265–276 

9 Zhang B Z. Bending deformation under transverse compression and 
longitudinal stretch. Metal Forming Technol, 1993, 11(6): 276– 278, 
283 

10 Guan Y P. Calculation method of plastic bending springback. Die 
Mould Industry, 1999, (5): 11–13 

11 Guan Y P. Springback analysis of sheet metal bending under stretch. 
Die Mould Technol, 1999, (2): 64–68 

12 Du S, Anatoly C. Numerical calculation of stretch bending of narrow 
strip and analysis on springback. J Beijing Univ Aeronaut Astronaut, 
2004, 30(9): 863–867 

13 Du S. Numerical calculation and analysis on springback of sheet 
metal stretch bending. Forging Stamping Technol, 2004, (5): 19–22 

14 Qian Z P, Lv M. Calculation of springback on stretch bending metal 
sections of car’s middle sliding rail. Metal Forming Technol, 2001, 
19(3): 19–21 

15 Jin C H, Zhou X B, Diao K S, et al. Springback analysis for stretch 
bending of aluminum profile. Mater Sci Technol, 2004, 12(5): 
394–397 

16 Diao K S, Zhou X B, Li X X, et al. Stretch bending of aluminum ex-
trusion. J Beijing Univ Aeronaut Astronaut, 2005, 31(2): 134–137 

17 Xie L S, Hu H. Finite element analysis for stretch bending of extru-
sions. Aviation Precis Manuf Technol, 2004, 40(5): 34–36 

18 Li S B. Stamping Process Theory and New Technology. Beijing: 
Machinery Industry Press, 2002 

19 Ma S L, Fu R B. Mechanics of Materials, Volume 2. Beijing: Ma-
chinery Industry Press, 1996 

20 Xiao J R, Jiang K H. Stamping Technology. Beijing: Machinery In-
dustry Press, 2006 

21 Guo B F, Jin M, Li Q, et al. The method of prediction for the spring 
back of cylinders in mechanical expanding. J Plast Eng, 2006, 13(1): 
8–12 

22 Xiao S H, Zheng S X. Study on the mechanical expanding mecha-
nism of large diameter longitudinal welded steel pipe. China Metal 
Forming Equip Manuf Technol, 2004, (5): 81–84 

 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


