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In present paper, the mathematic background of intrusive polynomial chaos (IPC) method and coupling process with one di-
mension Euler equation were introduced. The IPC method was implemented for the 2D compressible stochastic Navier-Stokes
equations to simulate the non-deterministic behavior of a lid driven cavity flow under the influence of uncertainties. The driven
velocity and fluid viscosity were supposed respectively to be the uncertain variable which has Gaussian probability distribution.
Based on the validation with benchmark results, discussions were mainly focused on the statistic properties of velocity distri-
bution. The results indicated the effect of IPC method on the simulation of propagation of uncertainty in the flow field. For the
simulated results of 2D cavity flow, influence of the driven velocity uncertainty is larger than that of viscosity.
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1 Introduction

In past decades, the industrial application of computational
fluid dynamics (CFD) had a great development [1]. The
quality and credibility of industrial applications of CFD is
one of the most attractive researching topics which have
been developed rapidly in recent years. In 1998, AIAA pro-
posed the guide for verification and validation of CFD simu-
lation [2], in which two components are suggested: Firstly,
the numerical error should be analyzed, called verification,
to ensure the accuracy of numerical methodology; secondly,
the simulation results should be compared with experiment
data, called validation, to assess approximation of the nu-
merical model used in CFD simulation to the real physical
model. The sources of numerical error, such as grid density,
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computational domain scale, which exist mostly in CFD
simulation, were listed in refs. [3, 4]. These error sources
are the primary analytic objectives of the verification. For
validation, the current view and procedure implemented by
most researchers are the comparison between the simulated
results and experimental results. Actually, it is far from sat-
isfaction. For real physical problems, there are lots of non-
determinis- tic factors which may have great influences on
the performance, such as uncertain variation of geometry
and working parameters, and uncertainty of boundary con-
dition, working parameters and flow property, caused by
manufacture process and working conditions. It should be
noted that these factors mentioned above are different from
the numerical error listed in refs. [3, 4]. However, investiga-
tion on the effects of all these factors has not been included
in the current framework of CFD credibility research. The
mathematic model and numerical methodology used widely
are still deterministic, including deterministic flow parame-
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ters, geometrical models and boundary conditions, with the
aim of searching for the deterministic solution. Obviously,
there will be great potential risks if only using such method
in industrial design. If the performance of a design objective,
such as turbine, compressor, aircraft, etc., is sensitive to
some uncertain variable, even the minimal variation of the
random variable could lead to catastrophic disaster. There-
fore, in recent years, NASA and European Union launched
a series of research projects [5, 6] for non-deterministic
analysis methodology, firstly in aerospace research, to ad-
vance the robustness of design and analysis of complex
system. Due to the high nonlinear property of control equa-
tion of fluid dynamics, complicated transition and turbu-
lence models, it is more difficult to implement the
non-deterministic method into fluid dynamics than solid
mechanics. Thus, investigation on the non-deterministic
methodology for CFD has been the main focus and diffi-
culty in these research projects.

Non-deterministic analysis for CFD normally consists of
two intimately components. The first one is involved in re-
trieving parametric uncertain property of random variable
itself from the reliable data. Second one pertains to the in-
fluence of uncertain model input or model parameter on
output parameters, namely propagation of uncertainty in
flow field. Although, as can be concluded from experience
of plenty of industry applications that the uncertain input or
model parameters usually are stochastic variables with some
certain probability distributions, it still needs a long term to
accumulate a plenty of specific experiments and statistic
processing to verify the distribution functions. Thus, it is far
beyond the scope of present numerical analysis which
mainly focuses on the second component. In other words,
the non-deterministic physical problem can be treated as a
stochastic process, and the distribution function of random
variable is supposed to be known.

The traditional methods used to stochastic analysis can
be divided into two types. One is statistic methods, such as
Monte Carlo (MC) method, sampling method, etc.; the other
is non-statistic methods, such as perturbation method,
Neumann series expansion method, sensitive analysis, etc.
The former is simple and can be easily used for many fields.
But, usually, they are only used as the last resort since they
are inefficient and normally need lots of samples which
consume great computational resources. Perturbation and
Neumann series expansion methods are limited to small
perturbations and some simple cases. In recent years, some
analysis methods based on spectral expansion were devel-
oped. Polynomial Chaos (PC) method is one of them. The
basic theory of this method was proposed by Wiener [7],
where it is called homogenous chaos. The pioneering de-
velopment work of this method was done by Ghanem and
Spanos in solid mechanics field [8]. In recent years, the ap-
plications of this method in fluid mechanics are expanded.
Maitre simulated the 2D incompressible channel flow and
convection flow in a cavity with uniform distributed viscos-
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ity coefficient [9]. Xiu and Karniadakis proposed the gener-
alized polynomial chaos (GPC) method for different kinds
of probability distribution functions. They found that there
is an optimal polynomial corresponding to the specific
probability distribution function, which ensures the expo-
nential convergence [10]. Then, GPC was used in the
simulation on stochastic incompressible channel flow and
flow around cylinder [11]. Lacor et al. investigated the
influence of stochastic boundary on 1D supersonic nozzle
flow and the influence of stochastic viscosity coefficient on
2D cavity flow through coupling PC method with
compressible Navier-Stokes equation [12]. Wu also simu-
lated the cavity flow and back facing step flow with
stochastic velocity boundary, but the application was
limited to Stokes equation [13]. Wang and Kang solved the
stochastic Burgers equation using PC method [14], and
validated the results with analytical solution and results of
Monte Carlo simulation. The comparison results showed the
efficiency of the PC method is much higher than that of the
MC method at the same accuracy level.

All the investigations mentioned above focused on the
improvement and validity of PC method itself. However,
the nature of physical problem simulated still remains un-
clear. The present work introduces the mathematic back-
ground of the PC method and the coupling process with
control equation of fluid dynamic. The 2D lid driven cavity
flows with stochastic driven velocity and viscosity are
simulated and the discussions are focused on the variation
of flow structure.

2 Mathematic models

According to the way of coupling with a CFD solver, the
polynomial chaos method can be divided into non-intrusive
and intrusive methods. In the non-intrusive polynomial
chaos method (NIPC), the existing deterministic solver can
be used as an encapsulated module without any changes. By
implementing deterministic numerical simulation on some
certain samples in stochastic space, then the statistic proper-
ties can be retrieved through statistic post processing on the
results of deterministic simulation. Therefore, NIPC method
requires no modifications to the verified CFD code, which
prevents potential risks of introducing new error sources.
The computational cost of NIPC depends on the number of
samples. Although NIPC has the advantage of being several
orders of magnitude cheaper than Monte Carlo method, it is
still time consuming if the number of random variables is
large. Moreover, the results obtained by this method are not
unique, depending on the sampling method and distribution
of samples. On the contrary, for the intrusive polynomial
chaos (IPC) method, the control equations of fluid dynamic
must be changed and lots of modifications must be imple-
mented to the existing solver. However, the statistic proper-
ties of flow field can be built during the computational
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process in one run. Therefore, it is much cheaper than NIPC,
which is interesting from a practical point of view for CFD
application. Hence, only IPC is introduced in the present
paper. For minimizing the complicated mathematic formula,
only one dimension Euler equation is used to demonstrate
the procedure of building stochastic control equation of
fluid dynamic. It is easy to extend it to the three-dimen-
sional Navier-Stokes equations.

2.1 Polynomial expansion of stochastic variables

For a conventional deterministic problem, the flow parame-
ters are real-valued functions of time ¢ and space x. The
support domain of these functions is denoted by D. If the
flow problem has a stochastic process with some parameters
being random variables, then the flow parameters will be
functions of stochastic variables. Then these flow parame-
ters are also stochastic variables. To avoid confusion, the
variables introducing uncertainty into the flow fields are
named random variables, which are usually regarded as
input parameters of the stochastic flow model. Other flow
parameters, regarded as output variables of the flow model,
are named response variables.

The stochastic property of random variables and re-
sponse variables can be represented by introducing an extra
probability dimension into the flow model. Consider a
probability space denoted by (£2, F, P), where (2 denotes
the sample space composed of basic outcomes, called the
sample space. F is the o-algebra of (2, and P is the prob-
ability measure defined on the measurable space (2, F).
The basic event in £2is denoted by € which doesn’t depend
on the specific physical property. The random variables
and response variables are the events in (2 which are the
sets of basic events.

The function space mapping (2 onto R is denoted by 6,
each mapping (2 —R is a random variable. A stochastic
flow process is a square-integrable function defined on the
product space Dx.(2 since any random physical problem
should be the process with finite-energy. Then, @ is a Hil-
bert space with respect to L* norm. Let & ={&(8), &(6),

-, £,(0)} be a set of orthogonal and uncorrelated ran-

dom variables in @, and @) be a polynomial in @. H »
denotes the linear space composed of all polynomials ¢(&)

with order less than p. Let Ep denote the closure of H »
in @, and ¥, be the set of all polynomials in ﬁp and be

orthogonal to EH. Then, the space spanned by ¥#,, writ-
ten in H,, is named homogenous chaos of order p, which is
a completed subspace of @. ¥, is a orthogonal basis of H,,
called polynomial chaos of order p. Then, any random
variable ¢ (@) in ® can be approximated with the following
representation:
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The coefficient ¢ is deterministic. Npc is the total number
of polynomials in the expansions, which can be calculated
by the following formula:
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where p is the order of polynomial chaos, and n is the num-
ber of random variables. The cumulative distribution func-
tion or probability density function of random variable is
settled by the physical problem, and therefore, the coeffi-
cients of polynomials are known. For response variables,
the coefficients are unknown and to be solved. The or-
thogonal property of polynomial in eq. (2) is defined by
inner product with respect to a weighting function @ (&,
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Selection of the type of polynomials in eq. (2) depends on
the probability density function of random variable. Ac-
cording to the Askey principle, an optimal polynomial
chaos exists which is corresponding to the distribution func-
tion of random variable. The optimal means that the poly-
nomial chaos will keep the exponential convergence rate if
the weighting function is same as the probability density
function [10]. For random variable in Gaussian, the prob-
ability density function is given by

i(&)=me @

Thus, the optimal polynomial is Hermite polynomials with
weighting function:

2 2
| Erea
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The one dimension Hermite polynomials are given as
follows, which is used in the present paper:

=1
Y =3, 5)
¥, =25%,(5)-2p¥,, ().  p=12.
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2.2 Coupling process with Euler equation where
One dimension unsteady Euler equations can be written as <5”,5”15”k>
follows: M, :—<:[/2> )
k
op Opu (18)
op ot _y, ©) (rw e )
ot Ox Ly ==—F v
: ()
Opu Opu”  Op
ot + ax  ox Q) The inner product and triple inner product can be re-
placed by compact formats, i.e.,
OpE N OpuE _ _ Opu ) Npc Npc
or | ox | ox (pu), = 2. 2 My pit;,
i=0 j=0
2
p pu Npc Npc
E=——+"—, 9 -
? y=1 2 ® (pu), = y Z(;Mijkpv”w
i=0 j=
where u, p, p and E denote the velocity, density, static ) Np¢ Npe Npg
pressure and total energy, respectively. Expanding all these (pu )k TL L ijik Pt U »
physical quantities using eq. (2), one has 00k
Npc Npc¢
Npe (puE) = M., (pE),u
p(t’x’gl’...,éfn):Zpkka’ (10) k pur et ij J
=0 Then, the stochastic Euler equations can be rewritten as
Npe follows.
u(t,x,&,.&)=> u W, (11 5
k=0 /s +—(pu)k =0 (19)
. ot Ox ’
p(Lx.85 8, )= pis (12) o( pu
(x4 ) ; e olpu), (), :—aﬂ, (20)
ot ox ox
Ny
E(t,x,&,.&)= > (PE),¥,. (13) 0(pE),  O(puk), _ _o(pu), 21
k=0 ot Ox ox

The coefficients on the right sides of the expansions
listed above are deterministic. The stochastic property of
physical parameters is transferred to the polynomial of ran-
dom variable, and the stochastic information is propagated
by self-organization of chaos. Replacing the physical pa-
rameters in Euler equations (eqs. (6)—(9)) with the expan-
sions (eqgs. (10)—(13)) and applying Galerkin projection to
each of the equation, one has the coupled Euler equations:

apk Npc Npc apiuj
P M, =0, k=0,,N,,., 14
ot +,-ZO: ,Z:(; " ox ke (14)
Npc Npc dpu. Vg Nec Nrc 8p.u.uk op
M. 'y __'#:__l,
=0 j=0 "ot ; =0 AZ:(:) b Ox
[=0,-,Np, (15)
a(pE) NI’C NI'L a( ) N[C N[ ap u
S M —— =) )M,
ot =0 j=0 i=0 j=0 ox
k=0,-.N,, (16)
Npc Npc Npc piu
p= 0| (o), -5 5 500, 2 o, )
i=0 j=0 k=0

2
p, :(y—l){(pE)k - (pz )i } k=0, N,.. (22)

Solving eqs. (19)—(22) with the finite volume method or
other numerical method obtains the deterministic coeffi-
cients of egs. (10)—(13).

Using the same processing approach, stochastic Na-
vier-Stokes equations can be built easily, which will not be
presented here. However, it should be noted that the com-
putational cost for solving eqs. (19)—(22) increases greatly
compared to that for solving deterministic equations due to
the increase of number of equations. For instance, when
using the second-order polynomial chaos method for sto-
chastic problem with one uncertain variable, Npc will be 2,
which means the number of equations will be double; while
for the problems with 2 and 3 uncertain variables, the num-
bers of equations will increased by 5 and 9 times, respec-
tively, which are still affordable for the current computa-
tional resources. However, according the comparison in ref.
[14], the computational cost of polynomial chaos method is
lower by approximately one order than that of Monte Carlo
method when the dimension of the uncertainty is not very
high.
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2.3 Post processing of statistic properties

The coefficients of polynomial chaos expansion of response
variables have been settled as shown above, and then they
can be used to represent the statistic property of response
variables.

2.3.1 Cumulative distribution function of response vari-
ables

Since £ and @ are random variables, and £ is the function of
0, the relationship between &and & can be written as

f:(&)dé = f,(0)de6, (23)

where f: and fy denote the probability density functions of &
and 6.

Since the response variable ¢ is the function of &and O1is
distributed uniformly in [0, 1] [8], then,

£,(9) = £-(&)AE = £,(0)d0 = do. (24)
After integration,
F(p(0) = F.(5(0)) =0, (25)

where F¢ and F: are the cumulative distribution function of
@ and & Since & is supposed to be in Gaussian distribution
in this paper, eq. (25) can be rewritten by

9:F§(§)_J_f e Fare {1+erf[j§ﬂ. (26)

Egs. (25) and (26) build the relationship between & and

F,. Since the relationship between ¢ and £ is built by eq. (2),

F, can be easily obtained from eqs. (2) and (26) since ¢ has
been settled.

2.3.2 Mean value and standard deviation of response
variables

According to the definition of the mean value
p=Elp)=[ of,(pag. @7)
@

where D, is the support domain of ¢. From egs. (2), (5) and
(24), due to the orthogonal property of Hermite polynomial,
the integration can be addressed by

p=[ of(one

- [Z %Y’k(i)Jfg(é)dé
D

k=0

Npc
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where D; is the support domain of & It is found that the
mean value of response variables is the zero order item of
polynomial chaos. The standard deviation of the response
variable can be addressed easily by

i=0

Npc Npc Npc
LZ co,-V’,-J(Z coj'z”,-j—wo > 0, +¢§}f§(§)d§
£ P

Npc Npc
DN ARG

The high order statistic moments of response variables
can be obtained using a similar processing.

3 Numerical method

3.1 Mesh and boundary condition

The computation domain is a square cavity, 0<x, y<l. A
structured mesh consisted of uniform 33x33 grid points is
employed. All the walls (x=0, 1; y=0, 1) are no-sliding. The
Reynolds number is set to 100 so that the flow can be con-
sidered as laminar. The dimensionless viscosity coefficient
yis 0.01. The velocity components in x and y directions are
denoted by u and v, respectively. The upper wall is moving
with a dimensionless velocity u=1.

3.2 Computation method

The 2D stochastic Navier-Stokes equation can be built by
applying the same method presented in the last section to
the 2D Navier-Stokes equation. The cell-centered finite
volume method with second-order centered scheme is
adopted. The time marching is performed in a low storage
explicit four-stage Runge-Kutta scheme.

4 Simulated results and discussions

In a practical physical problem, there often exist several
uncertainties simultaneously. However, it is difficult to dis-
tinguish clearly the influence of a certain uncertainty on the
flow field if the coupled effects exist. Therefore, in the pre-
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sent paper, the flow field with only one uncertainty is con-
sidered.

Two simulations with different random variables were
computed under steady laminar flow condition.

Simulation 1. Set the lid driven velocity as a random
variable, to investigate the influence of uncertainty of
boundary conditions. The mean value of dimensionless lid
driven velocity is set to 1 with a standard deviation of 10%
of the mean value; the dimensionless viscosity coefficient y
=0.01.

Simulation 2. Set viscosity coefficient as the random
variable to investigate the influence of uncertainty of fluid’s
property. The lid driven velocity is constant, u =I; three
levels, 0.01, 0.05 and 0.1, are set to be the mean values of
viscosity coefficient, respectively with a standard deviation
of 10% of each of the mean value.

4.1 Results of simulation 1

Figure 1 depicts the streamline pattern of statistic mean
value of the flow field, in which the flow structure is quite
similar to the results of deterministic simulation. As can be
seen, three vortexes are formed in the flow field. The largest
one, called main vortex, is close to lid with vortex core lo-
cating at the upper right side of center of the cavity. The
other two corner vortexes, which are much smaller, locate at
the lower corners of two sides of the cavity. This pattern
shows the typical flow structure of lid driven cavity flow at
Re = 100. The discussion will not be focused on this flow
structure since it has been discussed extensively in refer-
ences, such as refs. [15, 16].

Figure 2 shows the distribution of mean values of veloc-
ity components, u and v, on the central line of the cavity
(y=0.5). For comparison, the deterministic benchmark value
of v from ref. [15] is also shown in this figure. There is no
doubt that an excellent agreement between the mean value
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Figure 1 The streamline pattern of mean values.
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and benchmark data is obtained. The probability density
function of Gaussian random variable is symmetric with
respect to mean value. Due to the influence of main vortex,
v fluctuates about the central line with two peaks at the two
sides of vortex core of the main vortex, whereas only one
perk exists for u. The standard deviation of velocity com-
ponent is used as error bar to demonstrate the uncertainty
range. From the range of error bar, it can also be seen that
the uncertainty will propagate from boundary to inside of
the cavity. However, the error bar is not uniformly distrib-
uted. The peak of error is at the place where the peak of
velocity component is located. The distributions of mean
values and standard deviations of # and v on vertical central
line (x=0.5) are shown in Figure 3. The positions of peaks
of mean values and standard deviations overlap again. The
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Figure 2 The distributions of mean values and standard deviations of
velocity components at y = 0.5.
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Figure 3 The distributions of mean values and standard deviations of
velocity components at y = 0.5.
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max error locates at the upper boundary, where the influ-
ence of uncertainty is the biggest. With increasing of the
distance to uncertain boundary, the standard deviation de-
creases firstly, and then reaches another peak at about
y=0.45.

The contours of standard deviations of velocity com-
ponents in flow field, # and v, are shown respectively in
Figures 4 and 5. The global max standard deviation of u is
0.1, locating at the upper boundary. Another peak with
value 0.027 locates below the vortex core of the main vor-
tex. The distribution of standard deviation of v is similar.
The global max value is 0.059 locating at the upper right
corner, which is about 34% smaller than that of u. From
Figures 2 to 5, the influence of uncertainty of velocity
propagates with obvious directivity in the flow field. The
convection effect of flow has the dominant contribution to
the propagation of uncertainty.

Figure 4 The contours of standard deviation of « (simulation 1).

delt v

Figure 5 The contours of standard deviation of v (simulation 1).

Sci China Tech Sci

October (2010) Vol.53 No.10 2859

4.2 Results of simulation 2

In ref. [12], the stochastic flow with uncertain flow viscos-
ity was investigated and the standard deviation of velocity
was shown. In this section, the investigation will be ex-
panded with more details. The influences of uncertainty are
different with different mean values of viscosity. Figure 6
shows the comparison of standard deviation of u at y = 0.5
for three different mean values of viscosity coefficients
listed in simulation 2. As can be seen, in most range, the
standard deviation for ¥ = 0.01 is much larger than those of
other two. Furthermore, the standard deviation for y = 0.05
is the second largest. The comparison of standard deviations
of v at x = 0.5 is shown in Figure 7, which demonstrates the
consistent results with Figure 6. It is easy to put forward the
reason from the property of viscosity. With the increasing of
fluid viscosity, the viscous force between the fluid particles
increases. Then the capability of resistance of fluid in-
creases. And the viscous diffusion increases which trends to
make the flow field more uniform. Then, with the increasing

U277 Viscosity=0.01

0.010 -
Viscosity=0.05
I Viscosity=0.1
0.008 4 —_

0.006 -

delt u

0.004

0.002

Figure 6 Comparison of standard deviations of u with different viscosity
coefficients at y = 0.5.
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I T T T T T T T T T T
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Figure 7 Comparison of standard deviations of v with different viscosity
coefficients at x = 0.5.
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of viscosity, the capability of resisting influence of uncer-
tainty increases.

Figures 8 and 9 illustrate the contours of standard devia-
tions of velocity components with y=0.01. Comparing these
two figures with Figures 4 and 5, big differences can be
seen from the distribution of standard deviation. There are
three peaks of standard deviation which are distributed
along the diagonal of the cavity decreasingly. The global
max standard deviation is at the upper left corner with value
0.013. The standard deviation of v is less uniformly distrib-
uted with also three peaks. The global max value is 0.015,
which is about 13% lower than that of u, with position near
the right wall. Figure 10 shows the mean value of u at y =
0.5 with error bar. As can be seen from comparison with
Figure 2, the profile of mean value is the same. However,
the standard deviation in Figure 10 is much lower and with-
out peaks overlapping as shown in Figure 2.

0.015
© 1 0.014
0.013
0.011
0.010

0.008

I i S \:\"—\-\_ . .—'—"’-
0p| 0003 —

Figure 9 The contours of standard deviations of v (simulation 1).
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4.3 Comparison of simulations 1 and 2

The comparison between the influence of uncertain bound-
ary and uncertain flow property is presented below. The
relative amplitudes of variation are the same. Results in
simulation 2 with y= 0.01, which has the biggest influence,
is chosen. Figures 11 and 12 show the comparison of stan-
dard deviations of u at y = 0.5 and v at x = 0.5. As can be
seen, in most range, the standard deviation of velocity with
uncertain velocity boundary is much larger than that with
uncertain viscosity, suggesting that the uncertain boundary
has a larger influence. And the same conclusion as in the
last subsection can be concluded that the convection effect
has dominated contribution to the propagation of uncertain
in the field, whereas the viscosity force has resistance effect
on the propagation. Nevertheless, the coupled effect of un-
certainties for multi-uncertainties problem and the influence
of the grid independence should be investigated in a future
work.
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Figure 10 Distributions of mean values of velocity (simulation 2, at y
=0.5).
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Figure 11 Comparison of standard deviations of u with different random
variables at y = 0.5.
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Figure 12 Comparison of standard deviations of v with different random
variables at x = 0.5.

5 Conclusions

The polynomial chaos method was introduced into 2D
laminar Navier-Stokes equation to simulate the non-deter-
ministic behavior of lid driven cavity flow with influence of
uncertain variables. The simulation results showed the ef-
fect of this method. The viscosity of fluid has resistance
effect on propagation of uncertainty. The influence of ran-
dom variables on flow parameters decreases with increasing
of viscosity coefficient. For driven cavity flow, uncertain
driven velocity has bigger influence than uncertain viscosity
of fluid, even when Re number is very low.
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