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In order to improve airfoil performance under different flight conditions and to make the performance insensitive to off-design
condition at the same time, a multi-objective optimization approach considering robust design has been developed and applied
to airfoil design. Non-uniform rational B-spline (NURBS) representation is adopted in airfoil design process, control points
and related weights around airfoil are used as design variables. Two airfoil representation cases show that the NURBS method
can get airfoil geometry with max geometry error less than 0.0019. By using six-sigma robust approach in multi-objective air-
foil design, each sub-objective function of the problem has robustness property. By adopting multi-objective genetic algorithm
that is based on non-dominated sorting, a set of non-dominated airfoil solutions with robustness can be obtained in the design.
The optimum robust airfoil can be traded off and selected in these non-dominated solutions by design tendency. By using the
above methods, a multi-objective robust optimization was conducted for NASA SCO0712 airfoil. After performing robust airfoil
optimization, the mean value of drag coefficient at Ma0.7-0.8 and the mean value of lift coefficient at post stall regime (Ma0.3)
have been improved by 12.2% and 25.4%. By comparing the aerodynamic force coefficients of optimization result, it shows
that: different from single robust airfoil design which just improves the property of drag divergence at Ma0.7-0.8,
multi-objective robust design can improve both the drag divergence property at Ma0.7— 0.8 and stall property at low speed.
The design cases show that the multi-objective robust design method makes the airfoil performance robust under different

off-design conditions.
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1 Introduction

In traditional airfoil design optimization, designers usually
concentrate on aerodynamic performance at certain design
point (or called flight condition). The limitation of this tra-
ditional method is that, when the flight condition departs
from design point, aerodynamic performance may be dete-
riorated significantly. For example, with the increase of
Mach number in transonic region, airfoil drag coefficient
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increases dramatically. By using multi-point optimization
method, better performance at a given set of design points
can be achieved, however, unsatisfactory performance
losses over the entire range of flight conditions still exist [1].
Therefore, a method which can develop aerodynamic per-
formance at main design points and avoid sudden deprava-
tion in off-design conditions should be developed. To make
optimum result insensitive to the off-design flight condi-
tions, various robust design methods have been adopted
[2-6] in airfoil design. Because of the complication of
multi-objective design problem, only a few researches have
been performed on robust airfoil design considering multi-
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ple flight conditions.

In this paper, six-sigma robust approach was expanded to
multi-objective design problem by combining a genetic al-
gorithm based on non-dominated sorting. The multi-objec-
tive robust airfoil design approach was proposed and ap-
plied to airfoil design. Six-sigma approach [4] expresses
robust design problem the same as optimization process. It
was used to describe sub-objective function in multi-objec-
tive optimization design problem. A multi-objective genetic
algorithm was used to obtain a set of optimum airfoils
called “non-dominated front”. The optimum airfoil consid-
ering robustness can be selected from this non-dominated
front. To reduce computation cost, Kriging approximation
model was used to replace CFD analysis during optimiza-
tion process.

In order to describe airfoil geometry by design variables,
airfoil parameterization must be involved in optimization. It
needs a representation method to satisfy the accuracy re-
quirement with a few design variables. Non-uniform ra-
tional B-spline (NURBS) parameterization method uses
control points as design variables [7]. Applying NURBS
representation to airfoil robust design will also be discussed
here.

2 Derivation of multi-objective robust airfoil
optimization problem

2.1 Six-sigma robust design

Robust design is defined as the design, which is insensitive
to external noises or tolerances [2]. It can be classified into
Taguchi method, robust optimization and robust design with
the axiomatic approach. The robust design formulation is
written as follows:

find: xeR", (D

minimize: F(x,p,z), (2)

subject to: G, (x,p.2)<0, j=1--r, 3)
X, SxX< X,

where x is the design variable vector and p is the design
parameter vector which is usually regarded as constant dur-
ing design process. A noise factor z is an additional term in
the robust design functions, which is different from normal
optimization problem.

In eq. (2), objective function F can also be expressed as
f(x+z", p+z¥), and noise factor z is divided to z* (the

noise vector of x)and z? (the noise vector of p) respectively.
In eq. (3) G is the constraint of robust design, like objective
function, it can be rewritten as g ; (x+z%, p+7¥).

In order to consider the performance development as
well as the insensitivity to the noise in eq. (2), mean value
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My and variance cri are proposed. The formulation can be

expressed as follows [2]:

= E[f(x)]
:J‘J‘-~~J‘f(x+z",p+z”)u1 (zl")un (z:)
XV, (z]”)'--vm(zg)dz]"u-dz:dzl”mdzlﬁ, )

o} =E[f(0)-u, ]

:ff...f{f(x+zx,p+z")—,u‘,-}2 u, (2 ), (2)

xv, (20 )+ v, (20 ) dzy" - dzydzy --def, Q)

where u,(z") and v/(z”) are the probability density
functions.

Six-sigma method expresses robust problem as the com-
bination of mean value and standard deviation; it belongs to
robust optimization. Compared with other robust design
approaches, six-sigma approach is relatively easy to apply

in optimization problem. In six-sigma approach, g and Gi

are formulated as a single objective function [4], which is

shown as
C 2

minimize: Wl +W, 05, (6)

where w, and w, are weight factors. The values of these

factors are specified by the user.
Eq. (6) needs to satisfy a quality constraint:

Uy —no, > LSL,

7
Uy +no, < USL, 7

where USL and LSL are upper and lower bounds of ac-
ceptable solution. n is user defined sigma level which refers
to robustness quality. For larger value of n, the robustness
quality is better. The default value of sigma lever n is 6.

2.2 Description of robust airfoil design based on six-
sigma approach

The disturbance of flight condition may unpredictably dete-
riorate the performance of airfoil [7, 8]. Therefore, it is nec-
essary to make the airfoil insensitive to the disturbance. In
order to describe typical multi-objective robust airfoil de-
sign problem, two flight conditions are considered in this
paper. One is cruise condition in transonic regime and the
other is take-off/climbing condition at low speed. Both of
them are the important flight segments of transport jet. Cor-
responding to these conditions, two parameters are consid-
ered as uncertain variables: Mach number Ma and angle of
attack a.

Assuming Ma and « follow certain distribution in the
range [Mamin, May.] and [ i, Gnax]- The probability den-
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sity function are defined as v[Ma] and v[a]. Two aerody-
namic parameters are treated as objective performance: the
drag coefficient under a given cruise lift coefficient and lift
coefficient near stall regime at low speed. The mean and
variance of two aerodynamic characteristics can be ex-
pressed as follows: for low speed flight condition, max lift
coefficient Cy,x is considered, then,
" C (D, a)v(a)da,

- ®
o =[" D@ - vana

Clma

Hep =

1

xxxxx

for transonic flight condition, drag coefficient Cy is consid-
ered, then,

Mamax
pe, = fM " C,(D, Ma,a)v(Ma)iMa,

Vo ) ©)
o = f (Co(D,Ma,e) - p, ) v(Ma)dMa

G
amin

Based on six-sigma approach in ref. [5], the airfoil robust
design problem can be developed and be formulated as for
low speed flight condition
minimize: —w, le, +W,0° (10)
subject to: He, —no’ > LSL.;

for transonic flight condition

minimize: Wl +W,00, (a1
subject to: He, + noﬁ| <USL,,

C (x,Ma,a)>C, (for Ma,, <Ma<Ma,,),

where C, is given lift coefficient in transonic regime.

2.3 Derivation of multi-objective robust airfoil design
problem

Usually airplane has different mission segments such as
take-off, climb and cruise, etc. In order to satisfy the practi-
cal requirement in robust airfoil design, it is necessary to
consider different flight conditions. An efficient multi- ob-
jective optimization approach containing robust objective
functions is required. The multi-objective optimization
problem can be written as follows:

minimize: o(x) =[4,(x),8,(x),-,8,(x)], (12)
subject to:
xeR" ={x|gj(x)<0,j :1,23"'917}5

where @ (x) is the vector of multi-objective functions and
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gi(x) is the constraint.

In multi-objective robust airfoil design process, @(x)
represents the sub-object of robust airfoil. Therefore, the
robust objective function in each flight condition (egs. (10)
and (11)) can be treated as sub-objective function: ¢@(x) in
eq. (12). The multi-objective robust airfoil design problem
can be expressed as

minimize: P(x) =[¢(x),4,(x)],
where ¢ (x)=-w, 1. + waaé ,

$(x)=w, 1. + wgaéd
subject to:

) x, <x<xy,
2)for ¢(x): u, —no’ >LSL.,
3)for ¢,(x): g, +60¢, <USL.,

C/(x,Ma,a)>C;.

Multi-objective optimization methods are adopted to
solve this problem. The methods can be classified into two
types: weighted sum method and non-dominated optimiza-
tion method. Weighted sum method combines the multi-
objective functions into a linear aggregating function. It
changes multi-objective problem into a single-object opti-
mization process. The disadvantage of this traditional
method is that, if the design tendency is changed, the opti-
mum result needs to be recalculated. In contrast to weighted
sum method, non-dominated optimization method can give
a set of non-dominated solutions [9]. The non-dominated
solutions represent the multi-objective optimum results with
different design tendencies. Therefore, the optimum solu-
tion can be selected by tradeoff on these non-dominated
solutions. Non-dominated solutions can be defined as: if
and only if there is no solution U, the solutions satisfy the
following equation:

vi, $U)<4(V) (13)

3, 4W)<V), i=1,2-n,

where U,VER". The vector V is called non-dominated so-
lution or Pareto solution.

By using non-dominated algorithm, the process of multi-
objective robust airfoil design is defined as finding optimum
airfoil geometries to obtain all non-dominated solutions
(Pareto front). In order to meet the requirement of
multi-objective airfoil design and consider robust problem
in each design object, a non-dominated multi-objective ge-
netic algorithm—NSGAII [10] is adopted. In NSGAII, fit-
ness is calculated by non-dominated sorting and crowding
distance sorting. There are two advantages of NSGAII: the
fast non-dominated sorting method can reduce the computa-
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tion complexity to O(MN?); diversity preservation is ob-
tained by introducing crowd comparison operator, it avoids
defining sharing function. As compared to other methods,
NSGALII is able to obtain better spread of solutions and has
better convergence near the true Pareto-optimal front. The
detailed optimization process using NSGAII will be dis-
cussed in Section 4.

3 NURSBS airfoil representation

In order to describe airfoil geometry by design variables, a
representation method is required. Different types of repre-
sentation methods are available such as PARSEC method,
Hicks-Henne method and NURBS method [11, 12]. Differ-
ent from the two former methods, NURBS method can ex-
press complex and the detailed shape of geometry by using
control points and related weights as design variables.
NURBS representation has natural smoothness [13], it can
avoid suffering noise and “bump”. A pth-degree NURBS
curve is defined as [14]

Cw)=) R WP, a<u<b;
i=0

Nl.,p(u)w,.

Z Nj,p (w)w,
j=0

R, ,(u)= , a<u<b, (14)

where {P;} are the control points with coordinates (x;, y;).
{w;} is the weight of control point. u is relative position of
the curve, and it usually has the value between [0, 1].
{N;,(u)} is the pth-degree B-spline basis functions.

Ni,(u)y is founded by knot  vector U=
(u’”pﬂ’”"”m-ﬂ—l’uj, and can be calculated by
p+l p+l

the following equations:

1 if u,<u<u,,
0  otherwise,

N ()= {

u—u; Up —U
Ni,p(u):—lNi,p—l(u)—FLNHl,pfl(u)‘ 15)

i+p i i+p+l “Hin

Instead of parameterization of the airfoil into single
curve, more accurate airfoil geometry can be achieved by
separating the airfoil into upper and lower NURBS curves
[15, 16]. The representation is shown in Figure 1. The first
and ending control points are fixed in the leading and tailing
edges of airfoil. Seven control points are distributed along
each curve. In ref. [16], only the coordinates of control
point are considered as design variables, the error of repre-
sentation may become relatively large because the weight of
control point is not changed. Therefore, the weight parame-
ter w; is also introduced as design variable in this paper.
Then the design variables of parameterization include the
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Figure 1 Representation and design variables of NURBS.

coordinates (x;, ¥;) and the weight w; of control points.

In order to obtain the appropriate weight and distribution
of control points, an optimization for representation prob-
lem needs to be conducted. The representation error be-
tween original airfoil and representation geometry can be
expressed by mean value &, and max value &, [7]:

k d/'
ZE’ (16)

=1

gmca -

x| =

d,
£ =max| — |, 1< j <k,
C

where d; is the distance between target curves and their pro-
jections in original airfoil, C is the chord length of airfoil, &
is the number of the points which are used to calculate &y,
and &, on the airfoil. In this research, 100 points distrib-
uted uniformly along airfoil are selected and the value of k&
is set to be 100. The representation optimization problem
then can be written as follows:

minimize:

F(xaf) = 2gmea + 81 (17)

where x, is the coordinate vectors of control points, and
X =X, VWX, Y, W, )

Two different types of airfoil: NASA SC(2)-0712 and
NACA 64(1)-212 were introduced to validate NURBS rep-
resentation method. Gradient based optimization was
adopted to solve the distribution problem. The representa-
tion results and weight values are shown in Figure 2. By
using NURBS method, the geometries after representation
match well with original airfoils. The max error &, is less
than 0.0019 and mean error &y, is less than 0.0007.

4  Flow solution and optimization process

4.1 Flow solution

In airfoil design, an appropriate method is required to solve
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Figure 2 Comparison of NURBS geometry and original airfoil.

the complex flow problems. These problems include shock
effect in transonic regime, flow separation at high angle of
attack, etc. Linear aerodynamic estimation methods (such as
panel method) can give accurate result only in certain flight
conditions, such as cruise condition at low speed. By inte-
grating limited volume in entire flow space, Navier-Stokes
solver of CFD can describe the complex flow and get accu-
rate aerodynamic forces. For this reason, Navier-Stokes
solver was used to make airfoil optimization results reliable.
Fluent Inc commercial software was used in the CFD com-
putation. During the solution process, a compressible solver
with second order upwind scheme was adopted, S-A
one-equation turbulence model was involved to account for
the viscous effect. C-H structural grid was adopted to re-
duce the computation cost. The grid distribution is 360
(flow direction) x70 (normal direction). Figure 3 shows the
comparison between the CFD and experiment result of RAE
2822 [17] airfoil at Ma0.75. It shows that the CFD result
matches well with the experiment result.

4.2 Approximation model and optimization process

In robust optimization, aerodynamic forces should be

151

-1.0

-0.5F

Experiment
—— CFD (NS)

1.0 i}; o

0.0 0.2 0.4 0.6 0.8 1.0
XIC (%)

Figure 3 CFD validation of RAE 2822.

computed in the flight conditions which depart from design
points. It needs more computation cost than normal optimi-
zation problem. For this reason, using NS solver directly in
optimization becomes unacceptable, especially in multi-
objective robust design problem. In order to reduce the
computation cost as well as keep fidelity of optimization
result, approximation model was adopted. In contrast to
other approximation methods, Kriging model has local ap-
proximation property and can achieve better results in
nonlinear problems [18]. The relationship between response
and variable of Kriging model can be defined as

y(x) = f(x)+Z(x), (18)

where y(x) is unknown function, f{x) is known function. Z(x)
is the realization of a stochastic process and needs to satisfy
the following relationship of statistics:

the mean value needs to satisfy:

E[Z(x)] =0, 19)
the variance value needs to satisfy:
Var[Z(x)]=o”, (20)
the covariance matrix needs to satisfy:
Cov[Z(x'),Z(x))] = o’ R[R(x',x7)]. (21)

In eq. (21), R is correlation matrix, and R(x', x') is the
correlation function between two of the sampled data points
x' and x’. More detailed expression of functions and the pre-
dicted estimates can be found in ref. [18].

In robust design process, Kriging model is used to ap-
proximate the relationship between aerodynamic forces
(solved by CFD) and design variables. By replacing CFD
analyses in the optimization process, Kriging model can
reduce computation cost and keep the reliability of aerody-
namic forces. The flow chart of multi-objective robust air-
foil optimization is shown in Figure 4. First, the airfoil is
parameterized into design variables by NURBS representa-
tion. Then Latin-Hypercubes design of experiment (DOE) is
used to select the most important parameters and these
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Flight Airfoil parameterization
conditions based on NURBS
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design of experiment
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Solve aerodynamic forces
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Yes
Select optimum airfoil from
non-dominated solutions

Figure 4 Flow chart of airfoil robust optimization.

parameters are treated as design variables, the details of the
selection method can be found in ref. [19]. From the design
space founded by design variables, a set of sample airfoils is
selected by the DOE method. Based on the CFD results of
the sample airfoils, Kriging model is formulated. From the
Kriging model, the aerodynamic forces of feasible solutions
are obtained and used to calculate each robust objective
function. Multi-objective genetic algorithm NSGAII com-
putes non-dominated solutions and generates next genera-
tion until the ending rule is satisfied. Finally, according to
the design tendency, the optimum airfoil can be selected
from the non-dominated solutions.

5 Examples of robust airfoil design

In aircraft design, cruise drag during transonic cruise as well
as max lift during takeoff/climbing influences the perform-
ance of transport jet significantly [20]. In this paper, robust
airfoil design considers these two aerodynamic forces. A
super critical airfoil, NASA SC(2)-0712 [21], is selected as
the original airfoil. By Latin-Hypercubes DOE, 13 parame-
ters were selected as design variables, which are shown in
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Figure 5. Also by using DOE, 169 (13%) airfoil geometries
were selected as design samples. These samples were used
to formulate approximation model. According to the prop-
erty of NASA SC(2)-0712, the range of cruise Ma is usually
between 0.7 and 0.8 , and « near/post stall regime is be-
tween 12° and 16° at Ma0.3. The random variable Ma and «
are assumed to be distributed in the regime uniformly.
Therefore, [Ma=0.7, 0.72, 0.74, 0.76, 0.78, 0.8] in transonic
regime and [a=12°, 13°, 14°, 15°, 16°] at Ma0.3 were
treated as the samples of Ma and o. The mean and variance
values of aerodynamic performance in egs. (8) and (9) can
be simplified to statistics formulation:

a) For low speed flight condition, eq. (8) can be simpli-
fied to

te,  ~— ) C(D.a,),
(22)

1 ~ 2

2

o ~ C(D,a,)— R

G 1 ;( (Do) = g, )

where C(D,e,) is the lift coefficient of a samples, and

Niow 18 the number of o samples.
b) For transonic flight condition, eq. (9) can be simplified

to
] M,
pe, =— ) C,(D,May,ax),
ntran k=1 (23)
) 1 Man 2
o= (Cd(D,Ma,a)—,qu) ,
‘ ntra.n _1 k=1

where C‘d (D,Ma, ) is the drag coefficient of Ma samples

and Ay, is the number of Ma samples.

Two robust optimization cases are discussed here. These
cases correspond to single-object and multi-objective ro-
bust optimization respectively. The precision of Kriging
model calculated at multi-objective optimum point is
shown in Table 1. The absolute value of force coefficient
error is less than 7% and the absolute value of objective
function error is less than 5%; the precision of Kriging
model can meet the requirement of robust airfoil design.

5.1 Case 1: Robust airfoil optimization with single ob-
ject

NASA SC(2)-0712 has lower drag coefficient than lots of
other airfoils when Mach number is below 0.75. When the

Xua

Yor Xuzs Yo Yo

. Xuzs Yur

® Yie Xi7, Wi7
X2 Xis

Xi3

Figure 5 Design variables of NASA SC(2)-0712.



2714 LIANG Yu, et al.

Table 1 Validation of Kriging model (multi-objective optimum solution)

Sci China Tech Sci

October (2010) Vol.53 No.10

Performance (at 0212(’) (at aC:114°) (at ac_jl6°) #a + g,
Design object 1 (low speed regime) Kriging prediction 1.778 1.541 0.999 1.576
result from CFD 1.781 1.651 1.056 1.614
prediction error (%) -0.18 —6.66 -5.40 -2.34
performance (at Mgio.m) (at Mgio.74) (at Mgio.m) He, * 9,
Design object 2 Kriging prediction 0.0138 0.0154 0.0206 0.0195
(transonic regime) result from CFD 0.0141 0.0146 0.0213 0.0203
prediction error (%) -2.04 5.54 -3.29 -4.02
speed exceeds the critical Mach number, the drag caused by 0.055
shock wave increases significantly. It is expected to develop 0.050 o~ NASASCO712 P
an airfoil that has lower drag coefficient and is insensitive to 0.045 [ —°~ Single-objective robust optimum //
Mach number. In this robust design problem, Mach number 0.040 - F/
is treated as uncertain variable, and optimization problem is . 0035} /
described as ° ool
minimize: 4 + 0z, , 0.025 | P
: 2 0.020 o
subject to: . +60; <0.04, 0015 p—g—5—o- B
where the weights of mean and variance are set to be 1.0. 0010 . . . . .
In optimization process, the drag coefficient was calcu- 070 072 0.74 0.76 078  0.80

lated at the given lift coefficient C=0.7. Kriging models
were constructed corresponding to each case of [Ma=0.7,
0.72, 0.74, 0.76, 0.78, 0.8]. Multi-island genetic algorithm
was adopted to solve this single-object optimization prob-
lem. The population size is 100 (10 islands and 10 popula-
tion in each island) and the max number of generations is
40.

After optimization, the objective function has been im-
proved by 16.48%, the mean value of the result is 0.01908
and the variance value is 3.29x107°. Figure 6 shows the
transonic drag comparison between the optimum and origi-
nal airfoils (solved by CFD). The drag coefficient of opti-
mum airfoil is reduced significantly in the regime
Ma0.75-0.8. The drag plot in the entire range becomes
‘flat’, although the drag is a little larger than original air-
foil in the regime below Ma0.75. In other words, after ro-
bust optimization, the drag becomes insensitive to Mach
number. Figure 7 shows the geometries of optimum and
original airfoils. The upper surface of optimum airfoil be-
comes flat and the lower surface near tailing edge becomes
more concave. This geometry can delay the critical shock
wave and reduce its intensity, which is shown in Figure 8.

5.2 Case 2: Robust airfoil optimization with multi-
object

Besides the drag of transonic cruise condition, max lift co-
efficient of takeoff/climbing conditions is another important
aerodynamic performance. Large lift coefficient means
short takeoff distance and high climbing rate. According to
the viewpoint of control and stability, sudden drop of the lift

Ma

Figure 6 Drag coefficient comparison (CFD) between original and sin-
gle-objective robust airfoils in Ma0.7—- 0.8.

O N A O O O

------- NASA SC0712 \
—— Single-objective optimum o

Figure 7 Geometry of single-objective optimum robust airfoil.

coefficient in near/after stall regimes should be avoided.
Improving lift coefficient in a=12°-16° as well as reducing
the lift sensitivity to « formulates another robust design
object. Multi-objective robust design problems related to
takeoff/climbing and transonic cruise flight conditions are
conducted here. The design problem can be expressed as:

p(x) =[¢(x),4,(x)],

4 () =—p, +07,

minimize:
where

¢z (x) = He, + O-éd P
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Figure 8 The critical shock wave of original airfoil and single-objective optimum robust airfoil (CFD, pressure coefficient at Ma0.79).

objective functions subject to:
e, —60¢, > 0.8,
He, + 60'éd <0.04.

As the design process shown in Figure 4, NSGAII was
used to solve this multi-objective problem. The population
size is 100, and the number of generation is 60. Figure 9
shows the non-dominated result (Pareto front) obtained by
NSGAII. For multi-objective optimization, the optimum
solution is actually a tradeoff between multi-objectives in
Pareto front and optimum airfoil can be selected from this
Pareto front. In this case, the objective function of transonic
drag ¢ (x) is relatively more important than ¢(x), therefore,
the optimum solution which tends to transonic object ¢(x)
was selected as multi-objective robust airfoil.

The performance comparisons are shown in Figures 10
and 11 (solved by CFD), where the single-objective opti-
mization result obtained from Case 1 is also included in
Figures 10 and 11, in order to compare the difference be-
tween single-objective and multi-objective optimization
results. In near/post stall regime, the lift coefficient of
multi-objective optimum has been improved significantly.
In comparison to the original airfoil whose lift drops sud-
denly after stall, the lift coefficient of multi-objective
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Figure 9 Pareto front and optimum selection in multi-objective robust
design.
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Figure 10 Lift coefficient comparison (CFD) in stall regime between
robust airfoil and original airfoil (Ma0.3).
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Figure 11 Drag coefficient comparison (CFD) between robust airfoil and
original airfoil in Ma0.7-Ma 0.8.

optimum airfoil can sustain high value from o=12° to o=
13.5° and drops smoothly after 13.5°. Similar to the result in
Case 1, in transonic regime, the drag coefficient of multi-
objective optimum has been reduced in the range of
Ma0.75-0.8, which makes the optimum airfoil more insen-
sitive to Mach number.

The optimum geometry of multi-objective robust design
is shown in Figure 12. Similar to single-object robust design
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result, the optimum of multi-objective design has flat upper
surface, and more concavity at tailing edge of lower surface;
the upper curve near leading edge of multi-objective airfoil
is smoother than that of single-object airfoil. This geometry
results in weaker shock wave and smaller separation regime,
which is shown in Figures 13-15.

In contrast to single-objective optimum, the drag coef-
ficient of the multi-objective optimum is a little higher
than that of the single-objective optimum. The reason can
be found from the difference of control points’ parameters
and geometries between two optimums, which is shown in
Figure 12. For multi-objective optimum airfoil, one of the
object functions is to develop the robustness of lift coeffi-
cient in near/after stall regime at low speed. So after opti-
mizing the controls points’ parameters, the curvature near
the leading edge of the upper surface becomes smoother
than that of the single-objective airfoil (Figure 12). This
smoother leading edge delays the separation at low speed,
which is shown in Figure 14. But for the drag coefficient at
Ma0.7-0.8, this smoother leading edge also causes the loss
of negative pressure coefficient near the leading edge of
upper surface, which is shown in Figure 15. This loss of
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Figure 12 Airfoil geometry and control points of multi-objective robust
design optimization.
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Figure 13 The critical shock wave of multi-objective optimum airfoil
(pressure coefficient at Ma0.79, CFD).
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Figure 14 Comparison of stall regime between original and optimum
airfoils (o =14°, Ma=0.3, Mach number distribution, CFD).
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pressure coefficient near leading edge makes the drag coef-
ficient a little higher than single-objective optimum. The
aerodynamic character of the design case reflects the
trade-off essence of multi-objective optimization.

6 Conclusion

Multi-objective robust design approach has been developed
and applied to airfoil design optimization. Two robust air-
foil design cases were studied and investigated. These cases
proved the effectiveness of the approach. The multi-objec-
tive robust airfoil design has the following characteristics:

(1) In multi-objective problem, six-sigma approach is
adopted in each objective function. The approach makes the
optimum solution have robustness property. Because
six-sigma approach expresses robust design problem as op-
timization process, it is convenient to be combined with
multi-objective optimization.

(2) By NURBS representation method, airfoil geometry
with &p,x less than 0.0019 can be obtained using small
number of design variables. It is important in airfoil opti-
mization.

(3) Non-dominated genetic algorithm can obtain non-
dominated front (Pareto front) of optimum solution. Robust
airfoil can be chosen by tradeoff between design objects on
non-dominated front.

(4) Kriging approximation model can reduce the compu-
tation cost incurred due to random variables. Optimization
results have shown the effectiveness of Kriging model.

By using multi-objective robust design approach, an op-
timum airfoil was successfully developed from original air-
foil NASA SCO0712. The improvement of aerodynamic per-
formance in low speed and transonic flight conditions can
be obtained. At the same time, six-sigma approach makes
the results more insensitive to undesired changes of flight
conditions.

In future work, the influence of weight factors’ value on
six-sigma approach will be investigated. Other flight condi-
tions should be considered in the robust airfoil design. In
addition, advanced applications such as multi-objective ro-
bust wing design are also expected.
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