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In this paper, the geometric properties of a pair of line contact surfaces are investigated. Then, based on the observation that 
the cutter envelope surface contacts with the cutter surface and design surface along the characteristic curve and cutter contact 
(CC) path, respectively, a mathematical model describing the third-order approximation of the cutter envelope surface accord-
ing to just one given cutter location (CL) is developed. It is shown that at the CC point both the normal curvature of the normal 
section of the cutter envelope surface and its derivative with respect to the arc length of the normal section can be determined 
by those of the cutter surface and design surface. This model characterizes the intrinsic relationship among the cutter surface, 
cutter envelope surface and design surface in the neighborhood of the CC point, and yields the mathematical foundation for 
optimally approximating the cutter envelope surface to the design surface by adjusting the cutter location. 

five-axis NC machining, rotary cutter, cutter envelope surface, normal curvature, third-order point contact 

 

Citation:  Zhu L M, Ding H, Xiong Y L. Third-order point contact approach for five-axis sculptured surface machining using non-ball-end tools (I): 
Third-order approximation of tool envelope surface. Sci China Tech Sci, 2010, 53: 1904 1912, doi: 10.1007/s11431-010-3185-3 

 

 

 
1  Introduction 

Sculptured or free-form surfaces are widely used in manu-
facturing industries. Automation of the manufacturing pro-
cess from the nominal part geometry on a CAD system to 
the final machined part offers the opportunity for huge gains 
in productivity and cost savings. By promoting CNC ma-
chine tools from three-axis to five-axis, a significant im-
provement in efficiency and accuracy has been achieved for 
free-form surface machining. However, it is more difficult 
to position the cutter due to the two additional degrees of 
freedom. Nowadays, ball-end cutters are widely employed 
for five-axis NC machining. The major advantages of ball- 

end milling are that it applies to almost any surface and it is 
relatively easy to generate the tool path. Form the manufac-
turer’s point of view, however, the main disadvantage of 
ball-end milling is that it is very time consuming. It may 
require more finish passes and each pass removes only a 
small amount of material. Compared with ball-end cutter, 
non-ball-end cutter possesses more complex geometry, and 
exhibits different “effective cutting profiles” at different 
locations. Thus, it is possible to position the cutter so that its 
“effective cutting profile” well matches the design surface, 
which results in a great improvement of the machining strip 
width. Hence, increasing attention has been drawn onto the 
problem of tool path optimization for milling complex sur-
faces with non-ball-end cutters.  

In five-axis machining, the machined surface is formed 
by the swept envelope of the cutter surface. The true ma-
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chining errors are the deviations between the design surface 
and cutter envelope surface. It is impossible to determine 
the complete shape of the cutter envelope surface unless all 
the cutter positions are given [1, 2]. Therefore, how to 
evaluate the deviations between the cutter envelope surface 
and design surface when given only one cutter position is of 
great importance for individual cutter location planning. It 
determines the geometric accuracy of the finally machined 
surface. Due to the difficulty and complexity in modeling 
locally the cutter envelope surface, most works adopted the 
approximate or simplified models, which formulate the 
problem of optimal cutter positioning as that of approxi-
mating the cutter surface to the design surface in the neigh-
borhood of the designated CC point [3–10]. However, these 
optimization models do not characterize the real machining 
process. Also, they only apply to certain surfaces or cutters. 

So far, only a few works have addressed the cutter posi-
tioning problem from the perspective of local approxima-
tion of cutter envelope surface to design surface. Wang et al. 
[11] presented a curvature catering method for machining 
sculptured surfaces using disc cutters with concave ends. 
The cutter is positioned so that its envelope surface and the 
design surface have the same derivatives up to third order 
along the direction orthogonal to the cutting direction. Rao 
et al. [12] derived the expression of the curvature of the 
envelope surface of a flat-end cutter for local gouging de-
tection and cutter orientation optimization. In these two 
works, the third- and second- order approximate models of 
the cutter envelope surface were developed, respectively. 
However, for a flat-end or disc cutter, its envelope surface is 
swept by the tool nose, which is a circle, not a rotary surface. 
Therefore, the two methods can not be extended to other 
types of rotary cutters, such as fillet-end cutter, cylindrical 
cutter, conical cutter, etc. Yoon et al. [13] introduced the 
Dupin indicatrix to characterize the envelope surface of a 
fillet-end cutter around the CC point. They pointed out that 
the Dupin indicatrix of the cutter envelope surface was tan-
gent to those of the design surface and cutter surface. How-
ever, they did not discuss how to calculate this Dupin indic-
atrix. Recently, Gong et al. [14] developed a mathematical 
model that describes the second-order approximation of the 
envelope surface of a general rotary cutter in the neighbor-
hood of the CC point, and then proposed a cutter position-
ing strategy that makes the cutter envelope surface have a 
contact of second-order with the design surface at the CC 
point. However, theoretically speaking, third-order contact 
between the cutter envelope surface and design surface 
could be achieved by adjusting the cutter orientation. This 
means that cutter location planning based on the second- 
order model does not take full advantage of the efficiency 
and power that five-axis machining offers.  

In this paper, based on the observation that the cutter en-
velope surface contacts with the cutter surface and design 
surface along the characteristic curve and CC path respec-
tively, an approach for third-order reconstruction of the cut-

ter envelope surface using the normal curvatures and geo-
desic torsions of the cutter and design surfaces at the CC 
point is proposed. The remainder of this paper is organized 
as follows. In Section 2, the geometric properties of a pair 
of line contact surfaces are explored. In Section 3, the 
mathematical model describing the third-order approxima-
tion of the cutter envelope surface according to just one 
given CL is developed. In Section 4, the special case that 
the cutter surface degenerates into a circle is discussed. Sec-
tion 5 concludes the paper. 

2  Geometric foundation 

2.1  Surface curve 

As shown in Figure 1, the cutter surface keeps single point 
contact with the design surface during five-axis machining. 
The cutter surface, cutter envelope surface and design sur-
face share the common CC point with the same tangent 
plane. A local coordinate frame O-xyz is set up at the cur-
rent CC point r0. Its x- and y-axes lie on the common tan-
gent plane, and its z-axis is along the common normal. 

In the local coordinate frame, the cutter surface, cutter 
envelope surface and design surface can be described by 
height functions z(i)(x, y), i=0, 1, 2, respectively, or repre-
sented in the following parametric forms, 

 ( )

( )

( , )

( , )

i

i

x

x y y

z x y

r   (i=0, 1, 2).  (1) 

Since the z-axis of the frame coincides with the common 
surface normal, it is easily verified that 

 ( ) ( )(0,0) (0,0) 0i i
x yz z  (i=0, 1, 2).  (2) 

Denote by r(i)(s) the curve on surface r(i) that passes through 
point r0, where parameter s stands for the arc length of the 
curve measured from point r0, then we have 
 
 
 

 

Figure 1  Point contact among the cutter surface, cutter envelope surface 
and design surface. 
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where n(i) denotes the unit normal vector of surface r(i). If 
r(i)(s) represents a normal section of surface r(i) at point r0, 
we have 

 
2 ( ) ( )

02

d d
0,

dd

i i

sss

r n
    (5) 

 
2 ( ) 3 ( )

( ) ( ) ( )
0 0 02 3

d d d
,

d d d

i i
i i i

n s s ss s s

r rn n  (6) 

 

1
2 ( ) 2 ( ) 3 ( )2

( ) ( )
0 0 02 2 3

d d d d
,

d d d d

i i i
i i

s s ss s s s

r r r N  (7) 

where N(i) denotes the principal unit normal vector of the 
normal section r(i)(s) at point r0. It is obvious that n(i)=±N(i), 
which results in 

( ) ( )
0 0

i i
n s s and 

( )
0

i
n s

( )
0 .i

s  

The choice of plus or minus sign depends on the direction 
of n(i), pointing to or away from the center of curvature of 

r(i)(s). If ( )i
n  and ( )i

n  are evaluated at point r0, after al-

gebraic simplification we get 
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where  is the angle between the tangent of r(i)(s) at r0 and 

the x-axis of the local frame, ( )i
n is the normal curvature 

of the normal section determined by angel at point r0, and 
( )i
n is its derivative with respect to the arc length of the 

normal section. Easily, we find that ( )
0, 0

i
xxx x yz  and 

( )
0, 0

i
yyy x yz  are the derivatives of the normal curvatures of 

the two normal sections determined by x-z and y-z planes, 
respectively. 

2.2  Contact order between two surfaces 

In differential geometry, contact order is introduced to 

evaluate the approximation of two point contact surfaces 
around the contact point. Two curves r(i)(s) and r(

 
j)(s) pos-

sess contact of order k at a common point r0=r(i)(s0)=r(
 
j)(s0) 

if they are regular at r0 and agree there in all derivatives up 
to the kth order. Accordingly, if two surfaces r(i) and r(

 
j) 

share a common point r0 with the same tangent plane, a 
contact order can be calculated for each pair of normal sec-
tions obtained by intersecting the two surfaces with a plane 
containing the common surface normal at r0, as shown in 
Figure 2. The contact order between two surfaces is then 
defined as the minimal contact order between all pairs of 
normal sections. 

According to the Taylor expansion of planar curves and 
the relationships that ( ) ( )i i

n  and ( ) ( )i i
n  at the 

point of interest, we get the following proposition. 
Proposition 1.  Assume that two surfaces r(i) and r(

 

j) 
share a common point r0 with the same tangent plane. If 

( ) ( )i j
n n  holds along any tangent direction at point r0, 

then the two surfaces have at least the second-order contact. 

If ( ) ( )i j
n n  and ( ) ( )i j

n n  simultaneously hold along 

any tangent direction at point r0, then the two surfaces have 
at least the third-order contact. 

2.3  Properties of a pair of line contact surfaces 

Denote by r(1)(s)= r(i)(s), i=0 or 2 the contact line between 
the cutter envelope surface and the cutter or design surface. 
The tangent vectors of the two surfaces at point r(1)(s)=r(i)(s) 
have respectively the forms, 

 (1)

(1) (1)

1 0

d 0 d 1 d ,

( ) ( )x y

x y

z s z s

r   (10) 

 

Figure 2  The pair of normal sections along the tangent direction deter-
mined by angel 
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and 
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Since the two surfaces contact at point r(1)(s)= r(i)(s), they 
share there the common tangent plane. As a result, we get 
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Substituting eq. (12) into the identity 
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Let s=0. It follows from eq. (8) that 
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where  denotes the angle between the tangent of the con-
tact line at r0 and the x-axis of the local frame. 

Differentiating both sides of eq. (12) with respect to arc 
length s, we obtain 
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Letting s=0, we have 

(1) (1) ( ) ( )

0, 0 0, 0

(1) (1) ( ) ( )

0, 0 0, 0

cos sin cos sin ,

cos sin cos sin .

i i
xx xy xx xyx y x y

i i
yx yy yx yyx y x y

z z z z

z z z z
(16) 

From eq. (15), we get 
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Substituting eqs. (12) and (17) into the identity 
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Letting s=0, we have from eq. (9) that 
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Considering eqs. (14) and (19), we get the following 
proposition. 

Proposition 2.  Given a pair of line contact surfaces, at 
any point on the contact line a pair of normal sections can 
be determined according to the tangent direction of the con-
tact line. The two normal sections have the same normal 
curvature and normal curvature derivative (with respect to 
the arc length) at that point. 

2.4  Properties of a pair of second-order line contact 
surfaces 

If the cutter envelope surface and design surface have the 
second order contact at any point on the CC path r(1)(s)= 
r(2)(s), then we have 
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According to eqs. (12) and (20), we have 
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Taking the derivatives of both sides of eq. (21) with re-
spect to arc length s, we obtain 
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Letting s=0, we get 
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3  Local reconstruction of the cutter envelope 
surface 

3.1  Second-order reconstruction 

As shown in Figure 3, the cutter envelope surface contacts 
with the design surface along the CC path. From eq. (16), 
we have 

(1) (1) (2) (2)

0, 0 0, 0

(1) (1) (2) (2)

0, 0 0, 0

cos sin cos sin ,

cos sin cos sin ,
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z z z z

z z z z
(24) 

where  is the angle between the tangent of the CC path at 
r0 and the x-axis of the local frame. As shown in Figure 4, 
the cutter envelope surface and the cutter surface at the cur-
rent location are tangent along the characteristic curve. 
From Proposition 2 and eq. (14), we have 

(0) (1) 2 (1) (1) 2

0, 0
cos 2 cos sin sin ,n xx xy yy x y

z z z (25) 

where  denotes the angle between the tangent of the char-
acteristic curve at r0 and the x-axis of the local frame. Com-
bining eqs. (24) and (25), we obtain 
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The tangent direction of the CC path is also referred to  
as the cutting direction. If it is along the x -axis, i.e.  = 0, 
eq. (26) becomes 
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Figure 3  Line contact between the cutter envelope surface and design 
surface (along the CC path). 

 
Figure 4  Line contact between the cutter envelope surface and cutter 
surface (along the characteristic curve). 

Solving eq. (27) and considering eq. (14), we get 

 

(1) (2)

(1) (2)

(1) (2) (0) (2) 2

0,

0,

( ) / sin .

xx xx

xy xy

yy yy n n

z z

z z

z z

  (28) 

Then, it follows from eq. (8) that 
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where  denotes the angle between a specified surface tan-
gent at point r0 and the x-axis of the local frame, which is 
along the cutting direction. In differential geometry, the 

quantity (1) (2)
n n  is termed the relative normal curvature. 

Eq. (29) suggests the following proposition. 
Proposition 3.  The relative normal curvature between 

the cutter envelope surface and design surface at the CC 
point has the maximum value along the tangent direction 
perpendicular to the cutting direction. The cutter envelope 
surface and design surfaces have a second-order contact at 
the CC point if and only if they have the same normal cur-
vature along the tangent direction of the characteristic curve 
of the cutter envelope surface.  

3.2  Third-order reconstruction 

If the cutter envelope surface and design surface have the 
second order contact at any point on the CC path, from eq. 
(23) we have 
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Following Proposition 2 and eq. (19), we have 
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Combining eqs. (30) and (31), we obtain 
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Again, if the x-axis of the local frame is along the cutting 
direction, eq. (32) becomes 
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Solving eq. (33) and considering eq. (19), we get 
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Then, it follows from eq. (8) that 
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( ) sin
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sin
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It suggests the following proposition. 
Proposition 4.  The derivative of the relative normal 

curvature between the cutter envelope surface and design 
surface at the CC point has the maximum value along the 
tangent direction perpendicular to the cutting direction. The 
cutter envelope surface and design surfaces have a third- 
order contact at the CC point if and only if they have the 
same normal curvature and normal curvature derivative 
along the tangent direction of the characteristic curve of the 
cutter envelope surface. 

Eqs. (29) and (35) characterize the relationship among 

the cutter surface, cutter envelope surface and design sur-
face in the neighborhood of the CC point. Although the cut-
ter envelope surface can not be completely constructed giv-
en only one CL, its third-order approximation can be ob-
tained. It is shown that at the CC point both the normal cur-
vature of the normal section of the cutter envelope surface 
and its derivative with respect to the arc length of the nor-
mal section can be determined by those of the cutter surface 
and design surface. NC machining is a process that subtracts 
the swept volume generated by the cutter moving along the 
programmed tool paths from the current raw stock. Since 
the swept volume is enclosed by the swept envelope, which 
represents the set of points on the moving cutter that also lie 
on the machined surface, from the viewpoint of geometric 
simulation, the envelope surface of the cutter can be treated 
as the machined surface. Obviously, the machined surface is 
required to approximate to the design surface as much as 
possible. So, in cutter position optimization, it is desired to 
adjust the cutter location to minimize the objective function 

(0) (2) 3| ( ) | / sin |n n  under the constraint 
(0) (2)| |n n  

that guarantees the second-order point contact between the 
cutter envelope surface and design surface. The detailed 
model and algorithm will be addressed in part II of the pa-
per. In ref. [15], a series of formulas were given to analyti-
cally calculate ( ) |i . Therefore, ( ) |i  can be easily ob-

tained according to the direction of the surface normal at the 
CC point. Now the remaining question is how to determine 
the tangent direction of the characteristic curve of the cutter 
envelope surface, which is required by eqs. (29) and (35). 

3.3  Tangent direction of the characteristic curve 

Denote by ( )i
nx  and ( )i

gx  the normal curvature and geo-

desic torsion of surface r(i) at point r0 along the x-axis, and 
( )i
ny  the normal curvature along the y-axis. Following Eu-

ler’s and Bertrand’s formulas, we have 
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( ) ( )

cos sin sin 2 ,

sin 2 cos2 ,
2

i i i i
n nx ny gx

i i
ny nxi i

g gx

 (36) 

where  is the angle between a specified surface tangent and 

the x-axis, and ( )i
n  and ( )i

g  are the normal curvature and 

geodesic torsion along that tangent direction, respectively. 
Denote by  the angle between the tangent of the CC path 
and the x-axis, and  the angle between the tangent of the 
characteristic curve and the x-axis. The cutter envelope sur-
face contacts with the design surface and cutter surface 
along the CC path and characteristic curve, respectively. 
Hence, the cutter envelope surface and the design or cutter 
surface have the same normal curvature and geodesic tor-
sion at the CC point along the tangent direction of the CC 
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path or characteristic curve. Thus, we have 

 

(1) 2 (1) 2 (1)

(2) 2 (2) 2 (2)

(1) (1)
(1)

(2) (2)
(2)

cos sin sin 2

cos sin sin 2 ,

sin 2 cos2
2

sin 2 cos2 ,
2

nx ny gx

nx ny gx

ny nx
gx

ny nx
gx

 (37) 

 

(1) 2 (1) 2 (1)

(0) 2 (0) 2 (0)

(1) (1)
(1)

(0) (0)
(0)

cos sin sin 2

cos sin sin 2 ,

sin 2 cos2
2

sin 2 cos2 .
2

nx ny gx

nx ny gx

ny nx
gx

ny nx
gx

  (38) 

If the tangent direction of the CC path, or the cutting di-
rection, is along the x-axis, i.e. =0, eq. (37) becomes 

 
(1) (2)

(1) (2)

,

.

nx nx

gx gx

   (39) 

Substituting eq. (39) into eq. (38) results in 

 

(2) 2 (1) 2 (2)

(0) 2 (0) 2 (0)

(1) (2)
(2)

(0) (0)
(0)

cos sin sin 2

cos sin sin 2 ,

sin 2 cos2
2

sin 2 cos2 .
2

nx ny gx

nx ny gx

ny nx
gx

ny nx
gx

 (40) 

Let (20) (2) (0)
nx nx nx , 

(10) (1) (0)
ny ny ny  and 

(20) (2)
gx gx

(0),gx  

which are referred to as the relative normal curvatures along 
the x- and y-axes and the relative geodesic torsion along the 
x-axis. Then, eq. (40) becomes 

 

(20) 2 (10) 2 (20)

(10) (20)
(20)

cos sin sin 2 0,

sin 2 cos2 0.
2

nx ny gx

ny nx
gx

 (41) 

Solving eq. (41), we get 

 

(20)

(20)

(20) 2
(10)

(20)

tan ,

( )
.

ny

nx

gx

gx

nx

   (42) 

It follows from eqs. (36) and (39) that 

 (1) (2) (1) (2) 2( ) ( )sinn n ny ny . (43) 

Substituting the expression of (10)
ny  in eq. (42) into eq. 

(43) leads to 
(02) (02) (20) 2 (02)

(1) (2) 2 2
(02) (02)

( )
( ) sin sinnx ny gx

n n
nx nx

K
, (44) 

where (02) (02) (02) (20) 2( )nx ny gxK  is termed the relative 

Gauss curvature between two point contact surfaces [16]. 
According to the classification of the surface contact   
types [16], if K(02) = 0, at least one of the relative Gauss 
principal curvatures is zero. The two surfaces have a se-
cond-order contact if both of the relative Gauss principal 
curvatures are zero, and they are a pair of linear contact 
surfaces if only one of the relative Gauss principal curva-
tures is zero. Therefore, Proposition 3 can be equivalently 
expressed as follows. 

Proposition 5.  The cutter envelope surface and design 
surface have the second-order contact at the CC point if and 
only if the cutter surface and design surface are a pair of 
linear contact surfaces there. 

It is seen that the condition that the cutter envelope sur-
face has a second-order contact with the design surface is 
much weaker than the condition that the cutter surface has a 
second-order contact with the design surface. Although 
most of the results presented above have been reported in 
ref. [14], our derivations and descriptions are much simpler. 

4  Cutter envelope surface reconstruction for 
flat-ended or disc cutter 

When machining with flat-ended or disc cutters, the cutter 
surface degenerates into a circle, which is termed the cutting 
circle. The cutter envelope surface then degenerates into a 
pipe surface generated by the cutting circle undergoing a 
spatial motion. In this situation, eqs. (29) and (35) are inva-
lid. New formulas need to be developed. In what follows, 
for simplification of the derivation it is assumed that the 
tangent direction of the CC path at the designated CC point 
is along the x-axis of the local frame. 

4.1  Second-order reconstruction 

According to eq. (16), we have 

 
(1) (2)

(1) (2)

,

.

xx xx

xy xy

z z

z z
 (45) 

It follows from eq. (8) that 

(1) (2) 2

(1) (2) (1) (2) 2
2

( ) sin
( ) ( )sin

sin

n n

n n yy yyz z , (46)

where  is the angle between the tangent of the cutting cir-
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cle at the CC point and the x-axis of the local frame, as il-
lustrated in Figure 5. Denote by  the angle between the 
plane that the cutting circle lies on and the x-y plane. Ac-
cording to Meusnier theorem, we have 

 (1) sin
n R

,   (47)

where R stands for the radius of the cutting circle. Since 
(2)
n  can be accurately calculated, the relative normal 

curvature between the cutter envelope surface and design 
surface at the CC point along any tangent direction can be 
determined according to eq. (46). 

4.2  Third-order reconstruction 

According to eq. (23), we have 

 

(1) (2)

(1) (2)

(1) (2)

,

,

.

xxx xxx

xyx xyx

yyx yyx

z z

z z

z z

 (48) 

It follows from eq. (9) that  

(1) (2) 3

(1) (2) (1) (2) 3
3

( ) sin
( ) ( )sin

sin

n n

n n yyy yyyz z . (49)

Since (2)
n  can be accurately calculated, the remaining 

problem is to solve for (1)
n . The plane that the cutting 

circle lies on can be implicitly expressed as z = 
tan (ycos xsin ). A section curve is obtained by inter-
secting this plane with the cutter envelope surface. The de-
rivative of the curvature of this planar curve with respect to 
its arc length at the CC point has the expression 

 

 

Figure 5  Point contact between the base circle and design surface.  

(1) 3 (1) 2 (1) 2 (1) 3

(1) 2 (1) (1) 2 (1)

2

cos 3 cos sin 3 cos sin sin

sin

3( cos 2 cos sin sin ) cos
      ,

sin

xxx xxy xyy yyy
s

xx xy yy g

z z z z

z z z
 

where (1)
g  denotes the geodesic torsion of the cutter en-

velope surface along the tangent direction of the cutting 
circle at the CC point. It was proved in ref. [16] that the pair 
of second order line contact surfaces had the same principal 
directions and principal curvatures at any point on the con-

tact line. Therefore, we have (1) (2)
g g . Then, according 

to eqs. (8) and (9), eq. (50) can be re-formulated as 

 

(1) (1) (2)

2

(1) (2)

3 cos

sin sin

3 cos
   .

sin sin

n n g

s

n g

R

 

(51)

 

The intersection of the plane that the cutting circle lies on 
with the cutter envelope surface yields the cutting circle 
itself, which means that s=0. Therefore, we have 

 
(2)

(1) 3 cosg
n R

.  (52) 

Now, the derivative of the relative normal curvature be-
tween the cutter envelope surface and design surface at the 
CC point along any tangent direction can be determined 
according to eq. (49). 

5  Conclusions 

The geometric properties of a pair of line contact surfaces 
are investigated. Based on the observation that the cutter 
envelope surface contacts with the cutter surface and design 
surface along the characteristic curve and CC path, respec-
tively, a mathematical model describing the third-order ap-
proximation of the cutter envelope surface according to just 
one given CL is developed. It is shown that the cutter enve-
lope surface has a third-order contact with the design sur-
face at the CC point if and only if they have the same nor-
mal curvature and normal curvature derivative along the 
tangent direction of the characteristic curve of the cutter 
envelope surface. The model characterizes the intrinsic rela-
tionship among the cutter surface, cutter envelope surface 
and design surface in the neighborhood of the CC point, and 
yields the mathematical foundation for optimally approxi-
mating the cutter envelope surface to the design surface by 
adjusting the cutter location. It applies to general rotary 
cutters and complex surfaces. 

(50) 
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