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Periodic and chaotic dynamics of composite laminated  
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internal resonance 
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The bifurcations and chaotic dynamics of a simply supported symmetric cross-ply composite lami-
nated piezoelectric rectangular plate are studied for the first time, which are simultaneously forced by 
the transverse, in-plane excitations and the excitation loaded by piezoelectric layers. Based on the 
Reddy’s third-order shear deformation plate theory, the nonlinear governing equations of motion for the 
composite laminated piezoelectric rectangular plate are derived by using the Hamilton’s principle. The 
Galerkin’s approach is used to discretize partial differential governing equations to a two-degree- 

of-freedom nonlinear system under combined the parametric and external excitations. The method of 
multiple scales is employed to obtain the four-dimensional averaged equation. Numerical method is 
utilized to find the periodic and chaotic responses of the composite laminated piezoelectric rectangular 
plate. The numerical results indicate the existence of the periodic and chaotic responses in the aver-
aged equation. The influence of the transverse, in-plane and piezoelectric excitations on the bifurca-
tions and chaotic behaviors of the composite laminated piezoelectric rectangular plate is investigated 
numerically. 

composite laminated piezoelectric rectangular plate, third-order shear deformation, parametric excitation, bifurcation, chaos 

1  Introduction 

Nowadays piezoelectric materials, which include piezo-
electric lead-zirconate-titanate (PZT) and piezoelectric 
polyvinylidene fluoride (PVDF), are new type functional 
materials in engineering fields. Piezoelectric materials 
can be used as the actuators and sensors in engineering 
structures. Therefore, composite laminated piezoelectric 
plates have been widely applied to aircraft, large space 
station and shuttle in the two past decades[1,2]. With the 
increased applications of composite laminated piezo-
electric plates in engineering fields, for example morph-
ing structures or morphing wings, composite laminated 
plates with piezoelectric materials can undergo large 
oscillating deformation, which leads to nonlinear oscil-
lations of plates. Research on the nonlinear dynamics, 
bifurcations, and chaos of composite laminated piezo-
electric plate will play a significant role in engineering 

applications. However, up to now, only a few studies on 
the bifurcations and chaotic dynamics of composite 
laminated piezoelectric plate have been conducted. 

Several researchers have focused their attention on 
investigating the nonlinear dynamic responses of com-
posite laminated plates. Srinivasamurthy and Chia[3] 
presented a nonlinear shear-deformable theory for dy-
namic behaviors of generally laminated circular plates 
with movable and immovable in-plane boundary condi-
tions. Boginich[4] analytically studied the nonlinear os-
cillations of nonconservative elastic laminated systems 
by applying the asymptotic method. Demchouk[5] con-
structed a quasi-three-dimensional theory to investigate  
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dynamic thermoelastic problem of laminated composite 
plates. Chueshov and Lasiecka[6] studied the inertial 
manifold for the von Karman plate equations and dis-
cussed three different dissipative mechanisms including 
the viscous, structural and thermal damping. Courilleau 
and Mossino[7] studied the limit characteristics of 
nonlinear monotone equations in laminated plates. Ye et 
al.[8] dealt with the nonlinear dynamic behaviors of a 
parametrically excited, simply supported, symmetric 
cross-ply laminated rectangular thin plate. The geomet-
ric nonlinearity and nonlinear damping were included in 
the governing equations of motion. Ye et al.[9] investi-
gated nonlinear oscillations and chaotic dynamics of a 
simply supported antisymmetric cross-ply composite 
laminated rectangular thin plate under parametric excita-
tion. Lee and Reddy[10] studied the nonlinear responses 
of laminated composite plates under thermomechanical 
loading using the third-order shear deformation plate 
theory. Zhang et al.[11] investigated the nonlinear oscilla-
tions and chaotic dynamics of a parametrically excited 
simply supported symmetric cross-ply laminated com-
posite rectangular thin plate with the geometric nonlin-
earity and nonlinear damping. Varelis and Saravanos[12] 
presented a coupled theoretical and computational 
framework for analyzing the small amplitude-free vibra-
tion of composite laminated plates with piezoelectric 
actuators and sensors. Hao et al.[13] investigated the 
nonlinear oscillations, bifurcations and chaos of a func-
tionally graded materials (FGM) plate and found that the 
periodic, quasi-periodic and chaotic motions exist for 
the FGM rectangular plate under certain conditions. 

The responses of composite laminated piezoelectric 
plates were also considered by investigators in the two 
past decades. Ye and Tzou[14] studied the responses and 
distributed control of a laminated piezoelectric semicir-
cular shell in the changing temperature environment. 
Krommer and Irschik[15] analyzed flexural vibrations of 
composite piezoelectric plates in which piezoelectric 
layers are used to generate distributed actuation or per-
form distributed sensing of strains in plates. They dem-
onstrated that coupling among the mechanical, electrical 
and thermal fields can be taken into account by means of 
effective stiffness parameters and an effective thermal 
loading. Correia et al.[16] developed a semi-analytical 
axisymmetric shell finite element model with embedded 
or surface bonded piezoelectric actuators or sensors to 
study active damping vibration control of structures. 
Donadon et al.[17] investigated the effect of the in-plane 

piezoelectric induced stresses on the natural frequencies 
of composite plates, which are square and clamped 
along two opposing edges and free along the other two . 
Lim and Lau[18] investigated the electro-mechanical be-
haviors of a thick, laminated actuator with piezoelectric 
and isotropic lamina under externally applied electric 
loading using a new two-dimensional computational 
model. Karnaukhov and Tkachenko[19] investigated the 
active damping of nonstationary vibrations of a hinged 
rectangular plate with distributed piezoelectric actuators 
using the dynamic-programming method. 

In this paper, we study the bifurcations and chaotic  
dynamics of a four-edged simply supported composite  
laminated piezoelectric rectangular plate subject to the  
transverse, in-plane and piezoelectric excitations.  
Based on the von Karman-type equations and the  
Reddy’s third-order shear deformation plate theory, the  
Hamilton’s principle is employed to obtain the govern- 
ing equations of motion for the composite laminated  
piezoelectric rectangular plate. Because only transverse  
nonlinear oscillations of the composite laminated  
piezoelectric rectangular plate are considered, the gov-
erning equations of motion can be reduced to a two-  
degree-freedom nonlinear system under combined  
parametric and external excitations by using the 
Galerkin’s method. The case of 1:2 internal resonance 
and primary parametric resonance is considered. The 
method of multiple scales is used to obtain the averaged 
equation of the original non-autonomous system. Nu-
merical method is utilized to investigate the bifurcations, 
periodic and chaotic motions of the composite lami-
nated piezoelectric rectangular plate. The bifurcation 
diagrams are also obtained by using numerical simula-
tion. It is found from the numerical results that there 
exist the periodic and chaotic motions of the composite 
laminated piezoelectric rectangular plate under certain 
conditions. It is also observed that the chaotic responses 
are especially sensitive to the forcing and the parametric 
excitations. 

2  Formulation 

Consider a composite laminated piezoelectric rectangu-
lar plate simply supported at four-edge, where the edge 
lengths are a and b, respectively and thickness is h. The 
composite laminated piezoelectric rectangular plate is 
considered as regular symmetric cross-ply laminates 
with n layers. Some of these layers are made of the 
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PVDF piezoelectric materials as actuators, while others 
are made of fiber-reinforced composite materials. It is 
assumed that different layers of the symmetric cross-ply 
composite laminated piezoelectric rectangular plate are 
perfectly bonded to each other and with piezoelectric 
actuator layers embedded in the plate. A Cartesian coor-
dinate system Oxyz is located in the middle surface of the 
composite laminated piezoelectric rectangular plate. As-
sume that ),,( wvu  and (u0, v0, w0) represent the dis-
placements of an arbitrary point and a point in the middle 
surface of the composite laminated piezoelectric rectan-
gular plate in the x, y and z directions, respectively. It is 
also assumed that the in-plane excitations of the compos-
ite laminated piezoelectric rectangular plate are loaded 
along the y direction at x =0 and the x direction at y=0 
with the form of 0 1cosxq q tΩ+  and 1q + 2cos ,yq tΩ  

respectively. The transverse excitation, which loads to the 
composite laminated piezoelectric rectangular plate, is 
represented by 3 3cosq q tΩ= . The dynamic electrical 

loading is expressed as zE = 4cos( )zE tΩ .  
According to the Reddy’s third-order shear deforma-

tion theory (TSDT), the displacement field of the com-
posite laminated piezoelectric rectangular plate is as-
sumed to be the following form: 
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 0( , , , ) ( , , ),w x y z t w x y t=  (1c) 
where ( , , )u v w  are the displacement components 

along the ( , ,x y z ) directions, ( 0 0 0, ,u v w ) is the deflec-

tion of a point on the middle plane ( 0=z ), xφ  and yφ  

respectively represent the rotations of transverse normal 
of the mid-plane about the x and y axes. 

The nonlinear strain-displacement relations are given 
as follows:  
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Substituting eq. (1) into eq. (2) yields the strains 
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It is known that the constitutive relations are of the 
form 

 s
ij ijkl kl ijk ke Eσ σ ε= − , (i, j, k, l = x, y, z ),  (5) 

where Ek is the electric field, and eij is the piezoelectric 
moduli.  
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The stress-strain relationship s
ijklσ  without piezo-

electric effect is represented as follows: 
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According to the Hamilton's principle, the nonlinear 
governing equations of motion for the composite lami-
nated piezoelectric rectangular plate are given as fol-
lows: 
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where the dot represents the partial differentiation with 
respect to time t, the comma denotes the partial differen-
tiation with respect to a specified coordinate, γ is the 
damping coefficient, and all kinds of inertias in eq. (8) 
are calculated by 
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where 4cos( )P P
i iN N tΩ=  ( yxi ,= ) represent the pie-

zoelectric stress resultants, and Aij, Bij, ijD , Eij, Fij, and 

Hij respectively are the stiffness elements of the com-
posite laminated piezoelectric rectangular plate, which 
are denoted as 
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Substituting eq. (10) into eq. (8), we obtain the gov-
erning equations of motion in terms of generalized dis-
placements 0 0 0( , , , , )x yu v w φ φ  as 
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w
c H H H

y x

φ∂
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∂ ∂

∂
− + +

∂ ∂

 

2
2 0

44 4 44 2 44 2 2

2
0 0 0

21 66 12

( cos( ) 2 )

( 4 )

P
y

w
A N t F c D c

y

w w w
A A A

x y y x

Ω
∂

+ − + −
∂

∂ ∂ ∂
+ + +

∂ ∂ ∂ ∂
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2 2
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21 662 2
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A A
x yy x

φ∂ ∂ ∂
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∂ ∂ ∂∂

∂ ∂ ∂ ∂
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∂ ∂∂ ∂
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∂ ∂ ∂ ∂ ∂ ∂
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2
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22
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2
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y
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A
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u
xy

w
A

∂

∂
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⎝

⎛
∂
∂

+
∂
∂

∂∂
∂

+  

55 1 4
2

2 0
55 2 55 2 2

( cos( ) cos( )

2 )

P
x xA q t N t

w
F c D c

x

Ω Ω+ + −

∂
+ −

∂

 2 0
55 2 55 2 55 3( 2 ) cos( )x w

F c D c A q t
x t
φ

Ω μ
∂ ∂

+ − + − +
∂ ∂

 

 

2 2
20 0 0

0 1 62 2 2

0 0
1 3 1 4 ,yx

w w w
I c I

t x y

u v
c I c J

x y x y
φφ

⎛ ⎞∂ ∂ ∂
= − +⎜ ⎟⎜ ⎟∂ ∂ ∂⎝ ⎠

⎛ ⎞∂⎛ ∂ ∂ ⎞ ∂
+ + + +⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠

 

(12c)

 

2 2
2 2

11 11 1 11 1 66 66 1 66 12 2

3
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( 2 ) ( 2 )

( ) ( 2 )

x xD F c H c D F c H c
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∂ ∂

∂ ∂
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3
0

1 66 12 66 1 12 1 2

2 0
55 2 55 55 2 1 0 2 1 4

(2 2 )

(2 ) ,x x

w
c F F H c H c

y x
w

D c A F c J u K c J
x

φ φ

∂
− + − −

∂ ∂
∂

+ − − = + −
∂

 (12d)
 

2
2

66 66 1 66 1 2

3
0

1 21 66 21 1 66 1 2

( 2 )
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yD F c H c
x

w
c F F H c H c

y x

φ∂
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∂
∂

− + − −
∂ ∂

2
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21 1 66 21 21 1 66 1 66 1( 2 2 ) xH c D D F c H c F c
y x
φ∂
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∂ ∂

 

2 3
2 0

22 1 22 22 1 1 22 22 12 3( 2 ) ( )y w
H c D F c c F H c

y y

φ∂ ∂
+ + − − −

∂ ∂
 

2 20
44 2 44 2 44 44 2 44 2 44( 2 ) (2 ) y

w
F c D c A D c F c A

y
φ

∂
− − + + − −

∂

0
1 0 2 1 4 .y

w
J v K c J

y
φ

∂
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∂
 (12e) 

The simply supported boundary conditions can be 
represented as 

 
0 : 0;

: 0,
y xy xx

y xy xx

x v w N M

x a u v w N M

φ

φ

= = = = = =

= = = = = = =
 (13a) 

 
0 :  0;

:  0,
x xy yy

x xy yy

y u w N M

y b u v w N M

φ

φ

= = = = = =

= = = = = = =
 (13b) 

 
( )

( )
0 0 10 0

0 1 20 0

d cos d ,

d cos d .

h h
xx x x

h h
yy y y

N z q q t z

N z q q t z

Ω

Ω

=

=

= − +

= − +

∫ ∫

∫ ∫
 (13c) 

The boundary condition eq. (13c) also includes the 
influence of the in-plane load. We consider nonlinear 
dynamics of the composite laminated piezoelectric 
rectangular plate in the first two modes of u0, v0, w0, φx 
and φy. It is our desire to choose a suitable mode func-
tion to satisfy the boundary condition of the composite 
laminated piezoelectric rectangular plate. Thus, we write 
u0, v0, w0, φx and φy in the following forms: 

 0 1 2
3( )cos cos ( )cos cos ,

2 2 2 2
x y x yu u t u t
a b a b

π π π π
= +  (14a) 

 0 1 2
3( )cos cos ( )cos cos ,

2 2 2 2
y x y xv v t v t
b a b a

π π π π
= +  (14b) 

 0 1 2
3( )sin sin ( )sin sin ,x y x yw w t w t

a b a b
π π π π

= +  (14c) 

 1 2
3( )cos sin ( )cos sin ,x

x y x yt t
a b a b

φ φ φπ π π π
= +  (14d) 

 3 4
3( )cos sin ( )cos sin .y

y x y xt t
b a b a

φ φ φπ π π π
= +  (14e) 

By means of the Galerkin method, substituting eq. (14) 
into eq. (12), integrating and neglecting all inertia terms 
in eqs. (12a), (12b), (12d) and (12e), we obtain the 
expressions of u1, u2, v1, v2, 1φ , 2φ , 3φ  and 4φ  via 
w1 and w2 as follows:  

2 2
1 1 1 2 2 3 1 2 4 ,u k w k w k w w k= + + +  

2 2
2 5 1 6 2 7 1 2 8 ,u k w k w k w w k= + + +  

 2 2
1 9 1 10 2 11 1 2 12 ,v k w k w k w w k= + + +  (15) 

2 2
2 13 1 14 2 15 1 2 16 ,v k w k w k w w k= + + +  

 1 15 1k wφ = , 2 16 2k wφ = , 3 17 1k wφ = , 4 18 2k wφ = .  

In order to obtain the dimensionless governing equa-
tions of motion, we introduce the transformations of the 
variables and parameters: 

0u
u

a
= , 0v

v
b

= , 0w
w

h
= , x xφ φ= , y yφ φ= ,  

xx
a

= , yy
b

= , 
2

3
bq q

Eh
= , 

2

3 ,x x
bq q

Eh
=   

2

3 ,y y
bq q

Eh
=  

1 2
2 ,Et t

abρ
⎛ ⎞

= π ⎜ ⎟
⎝ ⎠

 

 
1 2

2
1

i i
ab

E
ρΩ Ω⎛ ⎞= ⎜ ⎟π ⎝ ⎠

( )1, 2i = , 
( )1 2

2 ,ij ij
ab

A A
Eh

=  (16) 

( )1 2

3ij ij
ab

B B
Eh

= , 
( )1 2

4ij ij
ab

D D
Eh

= , 
( )1 2

5 ,ij ij
ab

E E
Eh

=   

( )1 2

6 ,ij ij
ab

F F
Eh

=  
( )1 2

8 ,ij ij
ab

H H
Eh

=  

 
( )( 1) 2

1 .i iiI I
ab ρ+=   

For simplicity, we drop the overbar in the following 
analysis. Substituting eqs. (13)―(16) into eq. (12c) and 
applying the Galerkin procedure, we obtain the govern-
ing equations of motion of the composite laminated 
piezoelectric rectangular plate for the dimensionless as 
follows: 

2
1 1 1 1 1 2 1 3 2 4 4 1( cos cos cos )w w w a t a t a t wμ ω Ω Ω Ω+ + + + +  

 2 2 3 3
5 1 2 6 2 1 7 1 8 2 1 3cos ,a w w a w w a w a w f tΩ+ + + + =  (17a) 



 

 ZHANG Wei et al. Sci China Ser E-Tech Sci | Mar. 2009 | vol. 52 | no. 3 | 731-742 737 

2
2 2 2 2 2 2 1 3 2 4 4 2( cos cos cos )w w w b t b t b t wμ ω Ω Ω Ω+ + + + +  

 2 2 3 3
5 2 1 6 1 2 7 2 8 1 2 3cos ,b w w b w w b w b w f tΩ+ + + + =  (17b) 

The aforementioned governing equation, which in-
cludes the cubic terms, parametric and transverse excita-
tions, describes the nonlinear transverse oscillations of 
the composite laminated piezoelectric rectangular plate 
subject to the in-plane and transverse excitations and 
with the PVDF piezoelectric materials in the first two 
modes. In the following analysis, we will employ the 
method of multiple scales to look for the approximate 
solution of eq. (17).  

3  Perturbation analysis 

We utilize the method of multiple scales[20] to find the 
uniform solutions of eq. (17) in the following form: 
 1 0 0 1 1 0 1( , ) ( , ) ( , ) ,w t x T T x T Tε ε= + +  (18) 

 2 0 0 1 1 0 1( , ) ( , ) ( , ) ,w t y T T y T Tε ε= + +  (19) 

where 0T t=  and 1 .T tε=  
Then, we have the differential operators 

 
0 1

0 1
0 1

d ,
d

T T
D D

t T t T t
ε

∂ ∂∂ ∂
= + + ⋅ ⋅ ⋅ = + +
∂ ∂ ∂ ∂  

(20) 

 

2
2 2

0 1 0 0 12
d ( ) 2 ,
d

D D D D D
t

ε ε= + + ⋅ ⋅ ⋅ = + +
 

(21) 

where 0 0/D T= ∂ ∂  and 1 1/D T= ∂ ∂ . 
We study the case of primary parametric resonance 

and 1:2 internal resonance. In this resonant case, there 
are the following resonant relations: 

 

2
2 2 2

1 1 2 12 1

2 3 4 2 1

,  ,  ,
4

,   2 .

ωω ε σ ω ω ε σ Ω ω

Ω Ω Ω ω ω ω

= + = + =

= = = ≈
 (22) 

Substituting eqs. (18)―(22) into eq. (17) and balanc-
ing the coefficients of corresponding powers of ε on the 
left-hand and right-hand sides of equations, the differen-
tial equations are obtained as follows: 

Order ε0: 

 2 2
0 0 0

1 0,
4

D x xω+ =  (23a) 

 2 2
0 0 0 0.D y yω+ =  (23b) 

Order ε1: 
2 2
0 1 1

2
1 0 0 2 3 4 0 1 0 5 0 0

1   
4

( )cos( )

D x x

D x a a a t x x a x y

ω

μ ω σ

+

= + + + − +
 

 2 3 3
6 0 0 7 0 8 0 1 0 1 0cos( ) 2 ,a x y a x a y f t D D xω+ + + + +  (24a) 

2 2
0 1 1 2 0 0

2
2 3 4 0 1 0 5 0 0( )cos( )

D y y D y

b b b t y y b y x

ω μ

ω σ

+ =

+ + + − +
 

 2 3 3
6 0 0 7 0 8 0 2 0 1 0cos( ) 2 .b y x b y b x f t D D yω+ + + + +  (24b) 

The solution of eq. (23) in the complex form can be 
written as 

 0 0
1 1
2 2

0 1 1( )e ( )e ,
T T

x A T A T
ω ω−

= +  (25a) 

 0 0
0 1 1( )e ( )e ,T Ty B T B Tω ω−= +  (25b) 

where A  and B  are the complex conjugates of A and 
B, respectively.  

Substituting eq. (25) into eq. (24) yields 

( )2 2
0 1 1 1 2 3 3 1

1 1 i
4 2

D x x A a a a A D Aω σ ω⎡+ = − + + + −⎢⎣
 

0
1i2 2

1 6 7
1 2 3 e cc ,
2

T
i A a ABB a A A NST

ω
μ ω ⎤+ + + + +⎥⎦

 (26a) 

2 2
0 1 1 2 1 2 62 i 2D y y B i D B B b AABω σ ω μ ω

⎛
+ = − − + +⎜

⎝
 

 0i2
2 7

1 3 e cc ,
2

Tf b B B NSTω⎞+ + + +⎟
⎠

 (26b) 

where cc represents the parts of the complex conjugates 
of the function on the right-hand side of eq. (26) and 
NST represents the terms that do not produce secular 
terms.  

Eliminating the secular terms from eq. (26) yields 

 
1 1 1 6 2

2
3 7 4

1 1 1i i i
2 2 4

1 3 1i i i ,
4 2 4

D A A A a ABB a A

a A a A A a A

μ σ= + − −

− − −
 

(27a)
 

 
1 2 2

2
7 2

1 1 1i i
2 4 2

3 1 i i .
4 8

D B B B AA B

b B B f

μ σ= + −

− −
 

(27b)
 

The functions A and B may be expressed in the Carte-
sian form 
 1 2iA x x= + , 3 4i .B x x= +  (28) 

Substituting eq. (28) into eq. (27), the averaged equa-
tions in the Cartesian form are obtained as follows: 

( )1 1 1 1 2 3 0 2
1 1 2
2 4

x x a a G xμ σ= − + + +

 ( ) ( )2 2 2 2
6 2 3 4 7 2 1 2

3 ,
2

a x x x a x x x+ + + +  (29a) 
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 ( )2 1 2 1 2 3 0 1
1 1 2
2 4

x x a a G xμ σ= + − − −   

 ( ) ( )2 2 2 2
6 1 3 4 7 1 1 2

3 ,
2

a x x x a x x x− + − +  (29b) 

 
( )

( )

2 2
3 2 3 2 4 6 4 1 2

2 2
7 4 3 4

1 1 1
2 4 2

3 ,
4

x x x b x x x

b x x x

μ σ= − + +

+ +
 

(29c)
 

 
( )

( )

2 2
4 2 4 2 3 2 7 3 3 4

2 2
6 3 1 2

1 1 1 3
2 4 8 4

1      .
2

x x x f b x x x

b x x x

μ σ= + − − +

− +
 
(29d)

 

4  Numerical simulation 

In the following research, the fourth-order Runge-Kutta 
algorithm is employed to numerically analyze the peri-
odic and chaotic responses of the simply supported 
symmetric cross-ply composite laminated piezoelectric 
rectangular plate subject to the electric and mechanical 
loads for the case of 1:2 internal resonance and primary 
parametric resonance. We choose the averaged eq. (29) 
for numerical simulation. We use the parametric excita-
tion a2, forcing excitation f2 and piezoelectric excitation 
G0 as the controlling parameters when the periodic and 
chaotic responses of the composite laminated piezoelec-
tric rectangular plate are investigated. Through analyz-
ing the bifurcation diagrams, the complicated nonlinear 
dynamics, including periodic and chaotic motions, may 
be observed globally from a range of parameter values. 
The two-dimensional phase portrait, waveform, three- 

dimensional phase portrait and Poincare map are de-
picted to illustrate the nonlinear dynamic behaviors of 
the composite laminated piezoelectric rectangular plate. 
It can be clearly found from the numerical results and 
the bifurcation diagrams that the periodic and chaotic  

motions occur in the composite laminated piezoelectric 
rectangular plate. 

Figure 1 illustrates the bifurcation diagram of the 
composite laminated piezoelectric rectangular plate 
when the forcing excitation f2 is located in the interval 
30―130. The parameters and the initial conditions are 
respectively chosen as 1 0.2μ = , 2 0.2μ = , 1 4.31σ = , 

2 1.23,σ = 2 27.59,a = 3 25,a = −  
0 25,G = −  

6 3.37,a =  

7 4.39,a =  6 13.68,b = −  7 11.16,b = 10 0.62,x =  x2 0= 

−0.82, x30= −1.59, and x40= −1.36. It is observed from 
Figure 2 that the external excitation f2 has significant 
effect on the nonlinear dynamic responses of the com-
posite laminated piezoelectric rectangular plate. In  
Figure 1, the longitudinal coordinate denotes the deflec-
tion of the plate, while the abscissa denotes the external 
excitation  f2. From Figure 1, it is seen that the motions 
of the composite laminated piezoelectric rectangular 
plate changes from chaotic motion to multiple periodic 
motion, and then from the multiple periodic motion to 
one periodic motion with the increase of the external 
excitation amplitude f2. 

In the following investigation, we may change the 
external excitation amplitude f2 to find the periodic and 
chaotic motions of the composite laminated piezoelec-
tric rectangular plate based on Figure 1. Figure 2 indi-
cates the existence of the chaotic motion for the com-
posite laminated piezoelectric rectangular plate when the 
forcing excitation f2 is 30.0. Here other parameters are 
the same as those in Figure 1. Figures 2(a) and (c) rep-
resent the phase portraits on the planes (x1, x2) and (x3, 
x4), respectively. Figures 2(b) and (d) give the wave-
forms on the planes ),( 1xt  and ),( 3xt , respectively. 
Figures 2(e) and (f) represent the Poincare map on the 
plane (x1, x2) and three-dimensional phase portrait in the 
space (x1, x2, x3), respectively. 

 
Figure 1  The bifurcation diagram for the transverse excitation f2. 
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Figure 2  The chaotic motion of the system exists when f2=30. 

 
Figure 3  The periodic motion of the system exists when f2=51.2. 

 
When the external excitation changes to f2=51.2, the 

periodic motion of the composite laminated piezoelec-
tric rectangular plates is observed, as shown in Figure 3.  

In Figure 4, we depict the bifurcation diagram for x2 
and x4 via the parametric excitation a2. In this case, the 
parameters and the initial conditions are respectively 
chosen as 1 0.2μ = , 2 0.2μ = , 1 4.31σ = , 2 1.23σ = , 

2 50f = , 253 −=a , 250 −=G , 37.36 =a , 39.47 =a , 

6 13.68,b = −  16.117 =b , 62.010 =x , 20 0.82,x = −  x30= 

−1.59, and x40= −1.36. Figure 4 illustrates the effect of 
the in-plane excitation on the nonlinear dynamic re-
sponses of the composite laminated piezoelectric rec-
tangular plate. The longitudinal coordinate denotes the 

deflection of the plate and the abscissa denotes the 
in-plane excitation. It can be seen from Figure 4 that the 
motions of the composite laminated piezoelectric rec-
tangular plate change from the one periodic motion to 
the chaotic motion, and then from the multiple periodic 
motion to the periodic motion with the increase of the 
in-plane excitation a2. 

Figure 5 illustrates the existence of the one periodic 
motion of the composite laminated piezoelectric rectan-
gular plate when the in-plane excitation is a2=0, where 
other parameters are the same as those in Figure 4. 
When the in-plane excitation changes to a2=9.0, the cha-
otic motion of the composite laminated piezoelectric 
rectangular plate occurs, as shown in Figure 6. 
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Figure 4  The bifurcation diagram for the parametric excitation a2. 

 
Figure 5  The periodic motion of the system exists when a2=0. 

 
Figure 6  The chaotic motion of the system exists when a2=9.0. 

 
At last, we give the bifurcation diagrams for x2 and x4 

via the piezoelectric excitation G0, as shown in Figure 7. 
In this situation, the parameters and the initial conditions 
are respectively chosen as μ1=0.2, μ2=0.2, σ1=4.31,  
σ2=1.23, f2=50, a2=−25, a3=−25, a6=3.37, a7=4.39, b6= 

−13.68, b7=11.16, x10=0.62, x20= −0.82, x30= −1.59, and 
x40= −1.36. Figure 7 demonstrates the influence of the 
piezoelectric excitation on the nonlinear dynamic re-
sponse of the composite laminated piezoelectric rectan-
gular plate. It is observed from Figure 7 that the motions  



 

 ZHANG Wei et al. Sci China Ser E-Tech Sci | Mar. 2009 | vol. 52 | no. 3 | 731-742 741 

 
Figure 7  The effect of the piezoelectric excitations G0. 

 
of the composite laminated piezoelectric rectangular 
plate change from the chaotic motion to the periodic 
motion, and then from the periodic motion to the chaotic 
motion with the increase of the piezoelectric excitation 
amplitude G0. 

When the piezoelectric excitation changes to G0=37.0, 
there exists the periodic motion of the composite lami-
nated piezoelectric rectangular plate, as shown in Figure 8.  

5  Conclusions 

We investigate the bifurcations and chaotic dynamics of 
a four-edge simply supported composite laminated pie-
zoelectric rectangular plate subject to the in-plane, 
transverse and piezoelectric excitations. Based on the 
von Karman type equations and the Reddy’s third-order 
shear deformation plate theory, the Hamilton’s principle 
is utilized to establish the governing equations of motion 
for the composite laminated piezoelectric rectangular 
plate. Because only transverse nonlinear oscillations of  

the composite laminated piezoelectric rectangular plate 
are considered, the governing equations of motion can 
be reduced to a two-degree-freedom nonlinear system 
under combined parametric and external excitations by 
using the Galerkin’s method. The case of 1:2 internal 
resonance and primary parametric resonance is consid-
ered. The method of multiple scales is used to obtain the 
averaged equation of the original non-autonomous sys-
tem. Numerical method is used to investigate the bifur-
cations, periodic and chaotic motions of the composite 
laminated piezoelectric rectangular plate. The bifurca-
tion diagrams are also obtained by using numerical 
simulation. It is found from the numerical results that 
there exist the periodic and chaotic motions of the com-
posite laminated piezoelectric rectangular plate under 
certain conditions. 

We obtain three type bifurcation diagrams of the 
composite laminated piezoelectric rectangular plate, in-
cluding the bifurcation diagrams for x2 and x4 via the  

 
Figure 8  The periodic motion of the system exists when G0=37.0. 
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forcing excitation f2, the bifurcation diagrams for x2 and 
x4 via the parametric excitation a2 and the bifurcation 
diagrams for x2 and x4 via the piezoelectric excitation G0, 
respectively. From Figure 1, it is found that the varying 
procedure for the motions of the composite laminated 
piezoelectric rectangular plate is as follows: the periodic 
motion → quasi-periodic motion → the multiple peri-
odic motion → the chaotic motion with the increase of 
the external excitation amplitude f2. Based on Figure 4, 
it is observed that the varying procedure for the motions 
of the composite laminated piezoelectric rectangular 
plate is as follows: the chaotic motion → the multi- pe-
riodic motion → the periodic motion with the increase 
of the in-plane excitation a2. It is also illustrated from 
Figure 7 that the varying procedure for the motions of 
the composite laminated piezoelectric rectangular plate 
is as follows: the multiple periodic motion → the chaotic 

motion → the periodic motion with the increase of the 
piezoelectric excitation amplitude G0.  

The influence of the piezoelectric excitation on the 
nonlinear oscillations, bifurcations and chaos of the 
composite laminated rectangular plates is considered in 
this paper. The piezoelectric excitation can be consid-
ered to be a controlling parameter, which may control 
the nonlinear dynamic responses of the composite lami-
nated piezoelectric rectangular plate. It is found that the 
forcing and the parametric excitations also have signifi-
cant influence on the nonlinear dynamic behaviors of the 
composite laminated piezoelectric rectangular plate. 
Therefore, we can control the nonlinear dynamic re-
sponses of the composite laminated piezoelectric rec-
tangular plate from the chaotic motion to the periodic 
motion by changing the piezoelectric, forcing and the 
parametric excitations, respectively. 
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