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Two methods for initialization of ensemble forecasts are compared, namely, singular vector (SV) and 
conditional nonlinear optimal perturbation (CNOP). The comparison is done for forecast lengths of up 
to 10 days with a three-level quasi-geostrophic (QG) atmospheric model in a perfect model scenario. 
Ten cases are randomly selected from 1982/1983 winter to 1993/1994 winter (from December to the 
following February). Anomaly correlation coefficient (ACC) is adopted as a tool to measure the quality 
of the predicted ensembles on the Northern Hemisphere 500 hPa geopotential height. The results show 
that the forecast quality of ensemble samples in which the first SV is replaced by CNOP is higher than 
that of samples composed of only SVs in the medium range, based on the occurrence of weather re-
gime transitions in Northern Hemisphere after about four days. Besides, the reliability of ensemble 
forecasts is evaluated by the Rank Histograms. The above conclusions confirm and extend those 
reached earlier by the authors, which stated that the introduction of CNOP improves the forecast skill 
under the condition that the analysis error belongs to a kind of fast-growing error by using a barotropic 
QG model. 

ensemble prediction, medium range, singular vector, conditional nonlinear optimal perturbation 

The atmosphere is a complicated nonlinear system, and 
even an infinitesimally small perturbation introduced 
into the state of the atmosphere at a given time will re-
sult in an increasingly great change in the evolution of 
the atmosphere with time, so that after about two or 
three weeks the trajectories of the perturbed and the 
original atmosphere would be completely different. This 
is the atmospheric chaotic nature[1]. For very short range, 
the forecast can be considered deterministic, but as 
forecast time advances, one cannot ignore the reality of 
a range of plausible outcomes. Then, weather prediction 
becomes a kind of probability estimate of the future 
weather conditions. 

A computationally tractable method to approximate 
the evolution of the probability density function is 
through ensemble forecasting. Epstein[2] and Leith[3] 
opened the door for ensemble prediction. In adopting the 
ensemble approach, one explicitly recognizes that fore- 

casts, especially for the medium range (and beyond), 
should be considered stochastic, not deterministic, in 
nature. There is no single valid solution but rather a 
range of possible solutions[4]. One of the key problems 
in ensemble prediction is the generation of initial en-
semble perturbations, namely, how to generate the initial 
perturbations that can reflect the real initial uncertainty. 

Monte Carlo method was first applied to ensemble 
prediction by Leith[3], which is based on their interpreta-
tion as a random sample of a probability distribution. In 
recent year, it has become apparent that this method is 
not the best way of making ensemble forecasts. This is 
because random errors in the analysis field belong to  
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slow-growing or non-growing type of errors. However, 
the growing type of errors in the analysis field, such as 
baroclinic instability[5], is much more important than the 
non-growing errors in determining the skill of any spe-
cific forecast. The difference between the analysis at a 
given initial time and a very-short-range forecast veri-
fying at the same time can therefore be considered as a 
growing perturbation consistent with the uncertainty in 
the initial conditions. This idea is exploited in the lagged 
average forecasting (LAF) method proposed by Hoff-
man and Kalnay[6]. There are different confidences in the 
ensemble members, which makes the ensemble size lim-
ited. So, Ebisuzaki and Kalnay[7] proposed a scaled LAF 
method in which perturbations are considered equally 
likely. Gong et al.[8] proposed a new method of four di-
mensional variation to form a set of perturbations in line 
with the dynamical model, which has the advantages of 
both statistical significance of Monte Carlo and different 
initial values information of LAF.  

After about twenty years, ensemble prediction went 
into operational implementation in the early 1990s. Na-
tional Centers for Environmental Prediction (NCEP), 
European Centre for Medium-Range Weather Forecasts 
(ECMWF), and Meteorological Service of Canada 
(MSC) all developed their own ensemble prediction 
systems. Toth and Kalnay[9]extended Lyapunov expo-
nents into the nonlinear domain to propose a new 
method called breeding of the growing vectors of the 
atmosphere, which is a kind of self-sustainable fast- 
growing perturbations. Assuming errors in the initial 
conditions are dominated by those instabilities of the 
flow that developed over a series of previous assimila-
tion cycles, which is the basis of ensemble perturbations 
in NCEP[5]. A combination of total energy-based singu-
lar vectors (SVs) has been used to sample analysis un-
certainty for initial ensemble perturbations at 
ECMWF[10]. The successful application of this method is 
based on the fact that SVs maximize growth over a finite 
time interval and are consequently expected to dominate 
forecast errors at the end of that interval and possibly 
beyond[11]. In recent years, the diabatic process is intro-
duced to the tangent linear and adjoint models. Forecasts 
based on initial conditions perturbed by moist SVs show 
that the ensemble forecast skill on the path and intensity 
of extratropic cyclones have been improved[12]. At MSC 
a ‘perturbed-observation’ statistical interpolation is 
used[13]. These three methods have been compared in a 
series of papers[14―16], and certainly, each has its own  

merits. 
Singular Vectors are the fastest growing perturbations 

in the early forecast, which determine the unstable di-
rections in the linear range. However, Gilmour and 
Smith[17] presented that there are limits of linearity as-
sumptions in the construction of ensemble perturbation. 
Given that the singular vectors cannot capture the 
nonlinear characteristics, a new concept of conditional 
nonlinear optimal perturbation was proposed[18], which 
is a natural extension of SV into the nonlinear regime. In 
our earlier studies, by using a barotropic QG model, it 
was shown that when the analysis error is a kind of 
fast-growing error, the forecast skill of ensemble sam-
ples in which the first SV is replaced by CNOP is com-
paratively higher than that of samples composed of only 
SVs in the medium range. More experiments further 
illustrate that the new method has made higher reliabil-
ity than SV method by the analysis of spread-skill rela-
tions and Talagrand diagrams. Considering that the 
barotropic model used above cannot simulate the real 
large-scale circulation, then in this paper, we use the 
T21L3 QG model to further explore the application of 
CNOP to ensemble prediction, emphasizing what kind 
of initial errors CNOPs can represent well in the atmos-
phere so that the forecast skill of some specific weather 
events can be improved. A ‘perfect model’ scenario is 
used so that all predictions errors are due to the uncer-
tainty in the initial conditions. 

1  The model, methods and experimental 
setup 

1.1  Model 

The nonlinear model used in this study is the quasi- 
geostrophic global spectral model of Marshall and Mol-
teni[19], with triangular truncation T21. It includes oro-
graphy, and is driven by empirical forcing functions. The 
integrated variables are potential vorticity at 200, 500, 
and 800 hPa. The global model has been tuned to de-
scribe a perpetual winter situation in the Northern 
Hemisphere. Thanks to its ease of use, transparent cod-
ing, and realism, the model has been used in the fields of 
predictability and ensemble prediction[14,20―23]. 

1.2  SVs and CNOPs 

For fixed T > 0 and initial potential vorticity Q|t=0 = Q0, 
the propagator M is well-defined; Q(T)=MT(Q0) is the 
solution of the nonlinear model at time T. The tangent 
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linear propagator M and the corresponding adjoint ver-
sion M * are available. 

Two kinds of norms are adopted in this study. The 
streamfunction squared norm is 

2 1 1 1 1
SS

1[ , ] , ( )( )d ,Vq q q q q q q V
V

− − − −= = Ε Ε = Ε Ε∫  

(1) 
and total energy norm is 
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(2) 
which are all integrated over the whole atmosphere V, 
where q is the potential vorticity perturbation. Defining 
q=Eϕ with the streamfunction perturbation ϕ, where E is 
the linear operator that transforms streamfunction into 
potential vorticity, and E−1 is the inverse operator, which 
transforms potential vorticity into streamfunction. 

Conditional nonlinear optimal perturbation (CNOP) is 
defined as such a kind of initial perturbation *

0 ,q σ  
which makes the objective function J(q0) acquire the 
maximum under the initial constraint condition ||q0||S≤
σ, 
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where 

0 0 0 0( ) ( ) ( ) .T T TEJ q M Q q M Q= + −        (4) 

Q0  and q0 represent initial basic state and perturbation 
respectively, and σ is a presumed positive constant rep-
resenting the magnitude of the initial uncertainty.  

To capture the maximum of J(q0) with the constraint 
||q0||S≤σ, we calculate the minimum of another new 
objective function J1(q0) with ||q0||S≤σ. The new objec-
tive function is defined as 
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1 0 0 0 0 0( ) [ ( )] ( ) ( ) .

TE
T TJ q J q M Q q M Q= − = − + −  

     (5) 
The first variation of J1(q0) is 

TE*
1 0 0 0 0 0

0 0 TE

( ) (2 ( )[ ( )
                ( )], ) .

T

T

J q Q q M Q q
M Q q

δ
δ

= − Μ + +

−
  

(6)
 

According to Buizza et al.[24], the adjoint operator MTE* 
with respect to the above total energy norm can be de-
duced from M*. Here, MTE*=EM *E−1. Then, 
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1 0( , ) .TEJ qδ= ∇                    (7) 
Optimization algorithm of spectral projected gradient 

2 (SPG2) Method[25] is employed in this research, which 
calculates the least value of a function of several vari-
ables subject to box and ball constraints. To use the 
SPG2 method, subroutines which evaluate the objective 
function and its gradient need to be supplied by the user. 
The above deduction has provided these conditions. 
According to the definition of CNOP, CNOP is the 
global maximum of the cost function. However, there 
exists the possibility that the cost function attains its 
local maximum in a small neighborhood of a point in the 
phase space. Such an initial perturbation is called local 
CNOP. Singular vectors are computed by an iterative 
power method. The total energy norm is also chosen in 
this process. The detailed procedure can be found in 
Farrell and Moore[26]. 

1.3  Experimental setup 

This study is carried out under a perfect model scenario. 
First, the nonlinear model is used to produce a reference 
atmospheric state starting from specified ECMWF op-
erational analysis streamfunction data, which are ran-
domly selected from 1982/1983 winter to 1993/1994 
winter (from December to the following February). This 
state is regarded as a ‘true’ state with which all predic-
tions will be compared. The state of control forecast is 
then produced with the same model starting from the 
initial control run state, whose generation will be de-
scribed in section 3.1. Both SVs and CNOPs are calcu-
lated by using the state of control forecast as basic state 
with optimization time of two days. SVs are scaled to 
have the same initial constraint condition with CNOP, 
whose amplitude is within the initial control run error. 
Then, the directions of the initial ensemble perturbations 
are constructed as a simple random linear combination 
of the above two kinds of initial perturbations,  

j ij i
i

pert vα=∑ / ,ij
i
α∑            (8) 

where αij are independent variables of the Gaussian dis-
tribution N(0,1); i=1, 2, 3; j=1, 2, 3. v1 represents the 
first SV or CNOP. v2 represents the second SV. v3 repre-
sents the third SV. Such perturbations pertj, together 
with their opposites −pertj, are added to the initial con-
trol state to generate the perturbed initial fields. One 
ensemble sample is composed of perturbed forecasts and 
one control forecast. Thus, seven ensemble members are 
generated. If the first SV represents v1, ensemble sample 
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is denoted as S1. If the global CNOP represents v1, en-
semble sample is denoted as S2. For S3, local CNOP 
represents v1. The forecast length is up to 10 days. 

2  Numerical results 

2.1  Generation of initial control state 

We performed a three-dimensional variation data as-
similation to generate the initial control state. First, at 
each grid point, observation is generated by adding a 
random error with normal distributions N(0, R) to the 
true value. The observation covariance matrix R, taken 
from Houtekamer and Mitchell[21], includes correlation 
among the three model levels, but no horizontal correla-
tion. The background field is acquired through integrat-
ing the nonlinear model from ECMWF operational 
analysis streamfunction data ahead 12 hours of the true 
initial state. Then we define the following objective 
function 

0

*
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ψ ψ=              (9) 
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where T represents the matrix transpose, B−1 and R−1 
represent the inverse of the covariance matrix of the 
background error and observational error respectively,  
which are both assumed diagonal. obs

0ψ  represents the 

observation field at T0, and 0
bψ  background field at T0. 

*
0ψ  is the optimal initial field at which the objective  

function attains the minimum, and is adopted as the ini-
tial control state.  

2.2  Forecast experiments 

In the following, we present a series of experiments, 
each of which corresponds to a different truth run. The 
evaluation is made on the Northern Hemisphere 500 hPa 
geopotential height. Anomaly correlation coefficient 
(ACC) is adopted as a tool to measure the quality of the 
predicted ensembles. The climatological state is ob-
tained through 20 years (corresponding to 1800 days) 
integrations from ECMWF operational analysis of 00 
UTC 1 December 1983. Table 1 concludes 10 cases in-
cluding the beginning time, the root mean squared errors 
on the Northern Hemisphere 500 hPa geopotential 

height, the days for ACC≥0.6 for control run and other 
ensemble forecasts, and whether S2/S3 improves the 
forecast skill compared with S1 or not. For each case, 
the evolutions of ACC of ensemble S1, S2 and S3 are 
calculated respectively. Little difference is found in the 
early days among them, so we only pay attention to the 
magnitude of ACC after three days. If after 3 days the 
ACC value of S2/S3 is larger than that of S1 all along, 
we define that S2/S3 improves the forecast skill. 
Whereas, we define S2/S3 does not improve the forecast 
skill. ‘√’represents S2/S3 improves the forecast skill on 
the whole; ‘×’on the contrary. Especially, for case 2, 
S2/S3 improves the forecast skill only in the later part of 
the forecast. While for case 3, S2/S3 improves the fore-
cast skill only in the earlier part of the forecast. 

Table 1 shows that in some cases the introduction of 
CNOP can improve the forecast skill, whereas, in other 
cases, it may make the forecasts bad. In conclusion, for 
the cases in which the introduction of CNOP makes the 
forecasts bad, the days for ACC≥0.6 for control run are 
longer. In other words, the control run can provide a 
good forecast, and the atmospheric predictability is 
comparatively high. However, if the atmospheric pre-
dictability is comparatively low, the introduction of 
CNOP can improve the forecast skill. Certainly, there is 
great difficulty to make the days for ACC≥0.6 of S2/S3 
longer than those of S1 at least one day, even though the 
new ensemble perturbation method can improve the 
forecast skill. Furthermore, it is found that the forecast 
skill is not entirely dependent on the magnitude of initial 
errors. Hence, we raise the question: what determines 
the atmospheric predictability besides the magnitude of 
the initial errors? In the following, we analyze the evo-
lution of the general circulations to obtain some infor-
mation. 

2.3  General circulation analysis 

For the above 10 control runs, the days for ACC≥0.6 
are all over 5 days, so we focus on the evolution of the 
general circulation at 500 hPa after 4 days. In conclusion, 
it is found that except cases 6, 9, 10, the introduction of 
CNOP improves the forecast skill on the whole. More-
over, in the residual cases, except case 2, there appear 
weather regime transitions. There are blockings appear-
ing over European area for cases 1, 3, 7; and there are 
blockings appearing over East Pacific-North American 
area for cases 4, 5, 8. 
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As an example of case 8, Figure 1 presents the evolu-
tion of the true streamfunction field on Northern Hemi-
sphere 500 hPa. It is shown that for the true state, there 

persists a zonal flow on the Northern Hemisphere 500 
hPa before day 6. Afterwards, a blocking occurs over 
north Pacific area, which persists until day 10. For the  

 
Table 1  Results for 10 experiments 

Case Beginning time Magnitude of analy-
sis error (gpm) Control (day) S1 

(day) 
S2 

(day) 
S3 

(day) 
S2/S3 improve fore-

cast skill or not 
1 1986-01-20 7.1 5 5 6 6 √ 
2 1987-01-18 40.6 5 6 6 6 ×√ 
3 1989-02-02 29.1 6 8 8 8 √× 
4 1990-01-28 35.0 6 7 7 8 √ 
5 1991-01-12 32.6 6 8 8 \ √ 
6 1992-02-08 10.5 9 9 9 9 × 
7 1992-12-02 20.1 6 8 8 8 √ 
8 1992-12-07 24.0 6 8 8 8 √ 
9 1993-01-05 3.8 10 10 10 10 × 

10 1993-01-20 36.7 10 10 10 10 × 

 

 
Figure 1  Evolution of the true streamfunction field on Northern Hemisphere 500 hPa, as an example of case 8 (107 m2·s−1). 
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control run, there is a zonal flow before day 6. The value 
of ACC for the first 6 days is not less than 0.6, and then 
the forecast before day 6 can be considered valid. 
Though a blocking occurred over north Pacific area at 
day 6, it is very weak and at day 10 it disappeared (not 
shown). In other words, for this case the control run 
cannot capture such a weather regime transition so that 
the control forecast skill is lower in the later forecast 
range. However, the introduction of CNOP makes en-
semble perturbations capture the fast-growing analysis 
error and then improves the forecast quality.  

Similarly, we analyzed cases 6, 9 and 10 in which the 
introduction of CNOP makes the forecasts bad. It is 
found that for all three cases, there persist zonal flows 

on Northern Hemisphere 500 hPa in the medium range. 
As an example of case 10, Figure 2 shows the time evo-
lution of the true streamfunction field on Northern 
Hemisphere 500 hPa. It is seen that there is a weak 
blocking over East Asia-north west Pacific area before 
day 4. Though there appears weather regime transition 
from blocking to zonal flow, it happens in the earlier part 
of the forecast when the control run can provide a better 
forecast skill. Afterward, there persists zonal flow on 
Northern Hemisphere for the true state. Moreover, for the 
control run, in the whole forecast period the control run 
has provided a very good forecast. In other words, the 
atmospheric predictability is comparatively high if there 
is no weather regime transition in the medium range.

 

 

Figure 2  Evolution of the true streamfunction field on Northern Hemisphere 500 hPa, as an example of case 10 (107 m2·s−1). 
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From the above analysis, we found that if a 
large-scale weather regime transition occurs in the real 
atmosphere in the medium range, it is difficult for a sin-
gle deterministic forecast to capture such a phenomenon, 
while the introduction of CNOP can improve the fore-
cast skill. Molteni and Palmer[20] pointed out that 
weather regime transition usually is related to fast- 
growing errors. Similarly, in the earlier work by Mu and 
Jiang[27], it is shown that under the condition that the 
analysis error is a kind of fast-growing error, the intro-
duction of CNOP can improve the forecast skill by using 
a barotropic QG model. This suggests that our conclu-
sion is consistent with their results[27]. 

3  Validation 

As a first measure of the forecast quality of the predicted 
ensemble, Figure 3 shows the time evolution of ACC of 
the ensemble mean for the cases in which the 
introduction of CNOP (partly) improves the forecast 
skill. It is seen that, from about day 4 to 8, the skill of 
the ensemble mean is clearly higher for the local CNOP, 
then the global CNOP, and finally the SV method. The 
days for ACC≥0.6 for ensemble prediction are at least 
one day longer than those for the control run. 

 
Figure 3  Evolution of ACC of the ensemble mean forecast as a function 
of lead time. 

 
Then, the Rank Histograms, also known as Talagrand 

diagrams, are adopted as a tool for evaluating the reli- 
ability of ensemble forecasts[28]. It must be statistically 
flat for a perfectly reliable prediction system. However, 
exact flatness cannot be expected because of the finite-
ness of the number M of realizations of the prediction 
process. The deviation from flatness of the histogram 
can be measured by 

21
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1

N

k
k

mS
m N

Δ
+

=

⎛ ⎞= −⎜ ⎟+⎝ ⎠
∑          (11) 

where Sk is the number of elements in the kth interval of 
the histogram. From a perfectly reliable system, Δ is on 
average equal to Δ0=N/(N+1). Following Candille and 
Talagrand[29], the ratio 

0

Δδ
Δ

=                  (12) 

as a measure of the effective flatness of the histogram. 
The smaller the score δ is, the more reliable the ensem-
ble forecast is. 

Figure 4 presents the temporal variation of the score δ 
of the rank histogram for the cases in which the 
introduction of CNOP improves the forecast skill. Both 
the SV and CNOP methods have large initial scores, 
which decrease significantly in the course of the forecast. 
The introduction of local CNOP clearly has the best 
performance in the medium range. And global CNOP 
has the best performance in the earlier part. The above 
numerical experiments indicate that the role of local 
CNOP in the construction of ensemble perturbations 
may not be omitted. 

 
Figure 4  Evolution of the normalized score δ of the rank histogram as a 
function of lead time. 

4  Conclusions and discussion 

In this paper, a T21L3 quasi-geostrophic model is used 
to perform the ensemble prediction experiments. All our 
tests are based on a perfect model scenario, so all pre-
diction errors are caused by those in the initial state. A 
systematic comparison has been performed of the SV 
and CNOP methods for initialization of ensemble pre-
diction. The general conclusion is that when there is 
blocking onset for Northern Hemisphere in the medium 



 

518 JIANG ZhiNa et al. Sci China Ser D-Earth Sci | Apr. 2009 | vol. 52 | no. 4 | 511-518 

range forecast, the introduction of CNOP, especially the 
local CNOP, provides a better performance for the fore-
cast quality, which is measured by Anomaly correlation 
coefficient. The Rank Histograms show that the role of 
local CNOP in the construction of ensemble perturba-
tions may not be neglected. The results confirm and ex-
tend those obtained by Mu and Jiang[27].  

Admittedly, our experiments are based on a perfect 
model scenario, whereas, the assumption is not a realis-
tic analog for actual numerical weather prediction, 
where model error may be significant or even dominant. 
Therefore, the application of CNOP to operational en-
semble prediction system still has a long way to go, 
which needs to be explored. Besides, our results show 
that if there is a weather regime transition, the introduc-
tion of CNOP could improve the forecast quality. Con-
trariwise, the introduction of CNOP may make the fore-
cast bad. But for real atmospheric forecasting, no one 
can know in a priori whether there will be weather re-

gime transition, and thus it is difficult for us to choose 
the method for generation of ensemble perturbations. 
Moreover, if the ensemble prediction using our method 
forecasts out some weather events which often do not 
happen in the real atmosphere, it is not acceptable to use 
our method to make the ensemble prediction. Consider-
ing that the ensemble prediction using the original 
method may not forecast out the weather events which 
do happen in the real atmosphere, as a more immediate 
goal, it is necessary to distinguish the two contrary 
situations to seek how to combine the various methods 
to make the ensemble perturbations. It is expected that 
further study on applications of nonlinear optimization 
technique to ensemble prediction may offer guidelines 
for the future development of ensemble forecasting 
technique. 

We thank the three anonymous reviewers for their valuable suggestions for 
improvement of this manuscript.
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