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In this paper, we present the coil-to-globule (CG) transitions of homopolymers and multiblock copolymers with different to-
pology and stiffness by using molecular dynamics with integrated tempering sampling method. The sampling method was a 
novel enhanced method that efficiently sampled the energy space with low computational costs. The method proved to be effi-
cient and precise to study the structural transitions of polymer chains with complex topological constraint, which may not be 
easily done by using conventional Monte Carlo method. The topological constraint affects the globule shape of the polymer 
chain, thus further influencing the CG transition. We found that increasing the topological constraint generally decreased CG 
transition temperature for homopolymers. For semiflexible chains, an additional first-order like symmetry-broken transition 
emerged. For block copolymers, the topological constraint did not obviously change the transition temperature, but greatly re-
duced the energy signal of the CG transition. 
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1  Introduction 

Macromolecules with circular and knotted conformations 
are popular in nature. Circular DNA has been found in vi-
ruses [1,2], and cyclic protein—the cyclotide, has been 
found in plants [3,4]. It has been found that the knotted pro-
teins cover more than 1% of the Protein Data Bank entries 
[5]; and DNA molecules with topological knots can be de-
tected in a reaction mixture of circular DNA and type II 
DNA topoisomerase [6,7]. These studies showed that knot-
ted structures may play a very important role in life. 

Synthetic cyclic and knotted polymers are of great inter-
est in the investigation of topological effects on their physi-
cal properties. They serve as simplified models for their 
native counterparts, thus inherent physical behaviors of cy-
clic and knotted polymers can be thoroughly investigated. 
Many efforts have been made to synthesize and characterize 

cyclic polymers [8–10]. Recently, the knotted polymers— 
knotted polystyrene (PS) rings have also been synthesized 
and characterized [11,12]. The universal properties of cir-
cular and knotted polymers such as the entropic properties 
[13,14], the geometrical properties [15–17], the scaling be-
havior [14,18], and the diffusion behavior [19–22] have 
been fully investigated. 

The collapse of a single polymer chain from an extended 
coil state in a good solvent to a compact globule state in 
poor solvent is called the coil-to-globule (CG) transition. A 
lot of work had been done to elucidate the influence of 
chain length, chain hydrophobicity difference, chain stiff-
ness, and confinement on the CG transition of polymer 
chain [23–35]. However, studies on CG transition of poly-
mers with topological constraints are still scarce, even 
though it is extremely important to understand the configu-
ration transitions of their counterparts in nature [36–38]. To 
avoid time-consuming calculations of the topological invar-
iant, a molecular dynamics (MD) method with suitable en-
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hanced sampling technique seems to be a straightforward 
candidate to solve this problem. 

In this work, we studied the CG transitions of both ho-
mopolymers and regularly distributed block copolymers 
with different stiffness and topological constraints by using 
a novel enhanced sampling method––integrated tempering 
sampling (ITS) method [39–41] implemented in GPU MD 
code GALAMOST [42]. The stiffness is considered in this 
study owing to the fact that most macromolecules in nature 
are semiflexible and stiffness itself is also an important fac-
tor influencing CG transition [23,24,31].  

This paper is organized as follows: in Section 2, the 
models of polymers with different topological constraints 
are described. The ITS method will be briefly introduced in 
Section 3, in which the main idea and the most important 
formulae are listed. The simulation details are illustrated in 
this section. The results and discussion are presented in 
Section 4, followed by the conclusions in Section 5. 

2  Simulation models 

In this study, four types of polymer chain topologies were 
considered, i.e. the circular type, the 31 knotted type, the 41 
knotted type and the linear type for comparison. Common 
bead-spring models were used to describe both homopoly-
mers and regularly distributed block copolymers. For ho-
mopolymers, the chain was composed of A type beads only, 
which were colored green (Figure 1). For block copolymers, 
the whole chain is composed of blocks of A and B type 
beads. We attributed that the A type beads were more hy-
drophobic and the B type beads were more hydrophilic, and 
B type beads were colored red (Figure 1). The chain length 
was set as N=40 for better comparison between different 
models. The model for homopolymers was denoted as A40, 
and the model for block copolymers was denoted as 
(A5B5)4. 

Lennard-Jones potential was used between non-bonded 
beads with σ=1.0 and ε=1.0 (which, together with bead 
mass m≡1.0, are taken as the units in this study): 

  

12 6

cut
LJ

cut

,  

0,                            

 

   

4 r
U r r r

r r

r
 

                  




 (1) 

 
Figure 1  The models of the homopolymers and block copolymers with 
four types of topology. 

with rcut being set to 3.0 in our simulations. 
The bonds were described by finite extensible nonlinear 

elastic (FENE) potential: 
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where r0 is the bond extension parameter, kFENE is the force 
constant, and r is the instantaneous bond length. To be con-
sistent with previous work [35,41], we set σWCA=1.05, εWCA 

=1.0, r0=1.5, and kFENE=40. 
Chain stiffness was controlled by the bending potential 

between two successive bonds, which takes the form: 

 2
bend 0

1
( )

2
U k     (4) 

where θ is the bond angle between two adjacent bond vec-
tors and θ0 is the equilibrium bond angle, which was taken 
as 180°. k is the bending force constant and varies from 0 to 
8 to represent different chain stiffness. 

To describe different hydrophobicity of A and B type 
beads in block copolymers, we used Lennard-Jones poten-
tial with different energy parameter ε to characterize the 
strength of short-range attractive interaction. To describe 
more hydrophobic A type beads, we set ε to 1.0, i.e., 
εAA=1.0. To describe more hydrophilic B type beads, ε was 
set to 0.2, i.e., εBB=0.2. To represent the incompatibility 
between A and B beads, the interaction parameter between 
them was set the same as that between B type beads, i.e., 
εAB=εBB=0.2. 

3  Simulation method 

The integrated tempering sampling method is a novel en-
hanced sampling method based on generalized ensemble to 
generate a distribution covering a broad range of energies. 
Here we only give a brief introduction to this method, since 
details of the calculation process have been introduced in 
previous work [35,41]. The main idea in the ITS method is 
to use a biased potential generated from the combination of 
a series of canonical energy distributions. This allows a free 
walk in the energy space in a desired temperature range. In 
brief, the generalized distribution function W(r) is defined 
as a summation over k temperatures: 

   ( )e kU r
k

k

W r n    (5) 
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where U is the potential energy, βk=1/kBTk (kB is Boltzmann 
constant, and Tk is the k-th temperature), and nk is the 
weighting factor representing the contribution from each 
temperature βk. The biased potential U' is defined by: 

    ( )e U r W r  (6) 

Thus, 
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ln e kU r
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The biased force Fbias is simply the force in conventional 
MD simulations, F, with a pre-factor: 
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Thus the ITS method can be easily implemented in any 
MD code by slightly modifying the force subroutine. The 
thermodynamic properties of any canonical ensemble whose 
temperature (βi) is in the desired range can be calculated 
from the generalized ensemble by using reweighting: 
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Typical computational procedure of ITS simulation is 
therefore: (1) determine the interested temperature range;  
(2) choose a set of temperatures in the desired range deter-
mined in step (1) and run several relatively short time con-
ventional MD simulations. Then obtain the relation between 
potential energy and temperature by interpolation; (3) de-
termine the ITS temperature distribution and the corre-
sponding weighting factors nk as described in [41]; (4) use 
the parameters generated in step (2) and (3) to perform ITS 
simulation, which is essentially a conventional MD simula-
tion using biased force; (5) after ITS simulation, the canon-
ical ensemble properties can be calculated by using the re-
weighting technique. 

Nosé-Hoover thermostat was adopted in our ITS simula-
tions. The potential energies at different temperatures are 
first obtained by 1106 steps MD simulations at 8 tempera-
tures in the range of 0.5–5.0 for both homopolymers and 
block copolymers. The dependence of potential energy on 
temperature is used to estimate the weighting factors nk [41]. 
We then perform 1109 steps ITS simulations with 
GALAMOST package [42] for each model, and the data 

were recorded every 1103 steps. Using a single ITS simu-
lation trajectory, we can obtain thermodynamic properties 
of the system at any temperature in the temperature range 
by reweighting. 

4  Results and discussion 

We calculated the radius of gyration (Rg) of the chain and 
its derivative as well as the specific heat (Cv) as structural 
and thermodynamic indicators, respectively, to characterize 
CG transitions. The Rg was defined as: 
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and the Cv was defined as: 
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The dependence of both Rg and Cv on temperature for 
homopolymers with different topologies and stiffness are 
shown in Figures 2 and 3, respectively. 

 
Figure 2  The first derivative of the mean square radius of gyration versus 
temperature (d Rg

2 /dT) for all types of homopolymer chains. 

 
Figure 3  The specific heat (Cv) versus temperature for all types of ho-
mopolymer chains. 
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From Figure 2, we can observe peaks in the derivative of 
Rg for most of the curves, which clearly indicate the struc-
ture changes corresponding to CG transitions. 

We can also clearly see from Figure 2 that the homo-
polymers with four types of topologies show different 
structural response with decreasing temperature. The topo-
logical constraints reduce the extension of the polymer, thus 
the signal of structural indicator is weaker for polymer 
chains with constraints than that of the linear polymer 
chains. Moreover, we can see that the CG transition tem-
perature is moving to the lower temperature region with 
enhancing constraints. In cases with k=0, the CG transition 
temperature of 31 knot and 41 knot even moves out of the 
temperature range. This phenomenon is consistent with ex-
perimental results: -temperature of ring polystyrene was 
found to be lower than that of linear polystyrene [43–45]. It 
can be explained by considering effective topological inter-
action of ring polymers in the framework of excluded- 
volume theory [46–48], which shows that for ring polymers, 
the topological constraints and the excluded volume interac-
tions have similar effects. Thus increasing complexity of the 
topological constraint implied an additional effective con-
tribution to the excluded volume of the monomers. It ex-
plains why we can observe lower CG transition temperature 
for circular and knotted polymers in our simulations. Figure 
2 also shows that the CG transition temperature decreased 
with increasing chain stiffness, and correspondingly the 
transition peak turned to be sharper, in consistent with pre-
vious works [23,24]. Moreover, another peak showed up in 
the lower temperature region for most of the chains. Figure 
3 shows that the CG transition peak also showed up in the 
Cv curves for the chains with higher stiffness, implying that 
the transition turns to be first order in these cases. To clarify 
the origin of the additional peak, we focused on the change 
of shape of the polymer chains in the process of CG transi-
tion. 

The shape of a polymer chain can be characterized by the 
inertial properties [16,17,32]: for example, by calculating 
three principal moments of inertia for a given configuration 
of the polymer chain. We used an ellipsoid with the same 
principal moments of inertia to represent the shape of the 
polymer configuration. The moments of inertia tensor can 
be defined as: 
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where m, n denote the number of the beads, i, j denote the 
dimension of the coordinates, thus xn

i means the i-th coor-
dinate of the n-th bead and N=40 is the number of beads in a 
polymer chain. Three eigenvalues, 1, 2, and 3, were ob-
tained after diagonalizing the matrix with elements defined 
by Eq. (12). In the following, we denoted 123. We used 
an invariant shape descriptor, i.e., the relative shape anisot-

ropy κ, to characterize the symmetry of the polymer shape, 
which is defined as: 
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This parameter has values between 0 and 1. It reaches 1 
for an ideal linear chain and drops to 0 for highly symmetric 
chain configuration. For planar symmetric chain configura-
tion, κ approaches to the value of 0.25. Another shape de-
scriptor is the asphericity parameter b, which measures the 
deviation of a shape from spherical symmetry, defined as: 

  1 2 3

1
2

b       (14) 

These two shape descriptors were also calculated at eve-
ry temperature, and the results are shown in Figures 4 and 5, 
respectively. 

From both figures we can clearly see that the additional 
peak appears at the lower temperature especially in the case 
with k=4. It actually indicates a structure transition from 
chain configuration with high symmetry to that of lower  

 

Figure 4  The first derivative of the relative shape anisotropy versus 
temperature (d κ /dT) for all types of homopolymer chains. 

 

Figure 5  The first derivative of asphericity parameter (d b /dT) versus 
temperature for all types of homopolymer chains. 
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symmetry. This symmetry-broken transition normally cor-
responded to peaks in energy signal, indicating that this 
additional transition is first order like. However, this transi-
tion is not liquid-crystal (LC) transition judging from the 
structure of the chain. The peak of LC transition is supposed 
to appear at a much lower temperature, which is beyond this 
research. 

To further elucidate the symmetry-broken transition, we 
take 31 knot homopolymer chain as an example. Typical 
configurations of 31 knot homopolymer are illustrated in 
Figure 6. It should be noted that Figure 6(b, c) correspond 
to semiflexible 31 knot homopolymer at different tempera-
tures, and the chain configuration transition between these 
structures contributes to the additional peak shown in Figure 
5(c). 

The phase diagram for 31 knot homopolymer based on 
the simulation results is shown in Figure 7. Typical chain 
configurations as illustrated in Figure 6 can be seen in the 
low temperature region of the phase diagram. The borders 
between different regions correspond to the transition peaks 
in Figures 4 and 5. 

For block copolymer chains, the structural indicator Rg 
and the thermodynamic indicator Cv for characterizing CG 
transition are calculated at different temperatures. The re-
sults are shown in Figure 8. 

From Figure 8 we can see that, the CG transition behav-
ior of block copolymer chains was relatively simpler than 
that of homopolymer chains. The topological constraints 
also reduced the extension of the block copolymer chains, 
thus the signals of both structural and energy indicators 
were suppressed. The CG transition temperature of block 
copolymers also decreased with enhancing topological con-
straint, but the decrease was not so obvious. Moreover, for  

 

Figure 6  Typical configurations of 31 knot homopolymer chain. (a) 
Spherical; (b) rod-like; (c) flat prolate; (d) toroid. The left-up pictures in 
each subfigure shows the schematic, the other three pictures in each sub-
figure show the chain configuration viewed along the three principal axes 
of the moments of inertia. 

 

Figure 7  The phase diagram of 31 knot homopolymer. The blue region 
on the right corresponds to the coil state, and the regions on the left corre-
spond to globule state with different shapes of the globule. The orange, 
green, pink, and yellow region represents the spherical, rod-like, flat pro-
late and toroidal shape, respectively. 

 

Figure 8  The first derivative of the mean square radius of gyration 
(d Rg

2 /dT) (a–c) and specific heat (Cv) (d–f) versus temperature for all 
types of block copolymer chains. 

block copolymers, there was no additional transition peak at 
lower temperatures as the chain stiffness increased. This 
means that there was only one CG transition for block co-
polymers, without any structure transition in globule state as 
in the cases of homopolymers (cf. Figure 7). Figure 8 also 
shows that the CG transition of block copolymers was first-          
order like [25,26,33]. Increasing chain stiffness enhanced 
the CG transition, as indicated by the peak heights in the Cv 
curves. 

Now we focused on the globule structures of both ho-
mopolymer and block copolymer chains at T=0.5. To find 
the structural difference between these polymers at low 
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temperature, the relative shape anisotropy κ of all the mod-
els at T=0.5 was calculated and shown against chain stiff-
ness k in Figure 9. 

We can see that for homopolymers, κ monotonically in-
creased with the increase of chain stiffness. Furthermore, 
the globule structure variations with increasing chain stiff-
ness were similar among different types of homopolymer 
chains. For flexible homopolymers, the shape of the globule 
was spherical, while the globule turns to be prolate and ob-
late as the chain stiffness increases. For block copolymers, 
we can see that the symmetry of four types of polymer 
chains showed different characteristics in globule state. For 
linear block copolymer, κ monotonically increases with in-
creasing chain stiffness, as in the case of homopolymer. For 
circular and 31 knot block copolymer chains, κ converges to 
the value of 0.25 as the chain stiffness increased, indicating 
that a planar symmetric chain configuration was dominant 
for stiff block copolymer. For 41 knot chains, κ first in-
creased with increasing chain stiffness then slightly de-
creased in the case with k=8, meaning that another highly 
symmetric shape appeared for the block copolymer chain 
with the highest stiffness in this study. 

Figure 10 shows typical configurations for all types of 
polymer chains at T=0.5. From the figure, the topological 
effect on the shape of polymer chains can be clearly ob-
served. 

5  Conclusions 

In this study, we use molecular dynamics with integrated 
tempering sampling method to study the coil-to-globule 
transition of homopolymers and regularly distributed block 
copolymers with different topological constraint and chain 
stiffness. We found that the topological constraint and chain 
stiffness both play very important roles in the CG transition. 
Enhancing topological constraint results in effective ex-
cluded volume of the monomers, thus decreasing the CG 
transition temperature. The chain stiffness influences the  

 

Figure 9  Relative shape anisotropy (κ) versus chain stiffness for both 
homopolymer and block copolymer chains. 

 

Figure 10  Typical configurations of all types of homopolymer and block 
copolymer chains at T=0.5. 

polymer configurations at different temperatures. For 
semi-flexible homopolymers, an additional first-order like 
symmetry-broken transition emerges in the low temperature 
region. For block copolymer chains, the topological con-
straint does not change the transition temperatures much, 
but obviously reduces the structural and energetic signals of 
the CG transition. 

The globule configurations at low temperatures for all 
types of polymer chains vary in shape and symmetry. For 
homopolymer chains with all types of topologies, the sym-
metry of the globule shape monotonically decreases with 
increasing chain stiffness. Block copolymer chains show 
very different relationship between the globule shape and 
the chain stiffness. Moreover, with increasing chain stiffness, 
knotted structures begin to show up for linear chains at low 
temperatures for both homopolymers and block copolymers 
(cf. Figure 10), which is consistent with those reported in 
literature. 
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