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Abstract In this paper, we denote the semi-direct product of the Witt algebra and the loop Schrödinger
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we construct new non-weight modules over SW(0) by taking the tensor product of U(Cd0 ⊕ Ch0)-free modules

with irreducible highest weight modules. We also consider the irreducibility and isomorphism classes for the

tensor product modules. Finally, we reformulate some tensor product modules over SW(0) as induced modules

derived from modules over certain subalgebras.
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1 Introduction

Throughout this paper, C, C∗, Z, and Z∗ denote the sets of complex numbers, non-zero complex numbers,

integers, and non-zero integers, respectively. Let Z�k be the set of all the integers i satisfying i � k. For

a given Lie algebra g, its universal enveloping algebra is denoted by U(g). It should be noted that all the

algebras, vector spaces, and modules discussed in this paper are assumed to be over C.

Let A = C[t, t−1]. The Witt algebra W = DerC[t, t−1] is an infinite-dimensional Lie algebra with a

basis {dn = tn+1 d
dt | n ∈ Z} and satisfies the commutation relation

[dm, dn] = (n−m)dm+n, ∀m,n ∈ Z. (1.1)

W serves as a classical research object, finding extensive applications across various physics domains and

mathematical branches (see [2, 12,15, 20,25] and the references therein).

Let S denote the Schrödinger algebra with the basis {f, q, h, z, p, e} and non-trivial commutation

relations

[h, e] = 2e, [h, f ] = −2f, [e, f ] = h,

[h, p] = p, [h, q] = −q, [p, q] = z,
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[e, q] = p, [p, f ] = −q.

From [24], S admits a diagonalizable derivation d, i.e.,

d(h) = d(e) = d(f) = 0, d(z) = 2z, d(p) = p, d(q) = q.

Recall that the loop Schrödinger algebra S ⊗A is defined by the following commutation relation:

[x⊗ ti, y ⊗ tj ] = [x, y]⊗ ti+j , ∀ i, j ∈ Z, x, y ∈ S. (1.2)

In this paper, we briefly write xi = x⊗ ti for all i ∈ Z and x ∈ S.
For any b ∈ C, the Lie algebra SW(b) = W � (S ⊗ A), associated with S, is defined by the relations

(1.1)–(1.2) and

[di, hj ] = jhi+j , [di, ej ] = jei+j , [di, fj ] = jfi+j ,

[di, zj ] = (j + 2bi)zi+j , [di, pj ] = (j + bi)pi+j , [di, qj ] = (j + bi)qi+j ,

where i, j ∈ Z. This algebra has been previously discussed in [3, 21] and includes several notable

subalgebras. For example,

H = spanC{di, hi | i ∈ Z} ∼= spanC{di, fi | i ∈ Z} ∼= spanC{di, ei | i ∈ Z}
is the Heisenberg-Virasoro algebra with the one-dimensional center (see [5, 7]),

Lb = spanC{di, zi | i ∈ Z} ∼= spanC{di, qi | i ∈ Z} ∼= spanC{di, pi | i ∈ Z}
is the centerless Ovsienko-Roger algebra (see [19]), and A = spanC{di, fi, hi, ei | i ∈ Z} is the centerless

affine-Virasoro algebra of type A1 (see [14]). The weight module theory over SW(b) is a significant topic in

its representation theory, as it was explored in [3]. This study classified all the irreducible Harish-Chandra

modules over this algebra.

In recent years, the exploration of non-weight modules has attracted increasing attention from

mathematicians. A class of non-weight modules on which the Cartan subalgebra h acts freely has

been constructed and studied. These modules are called U(h)-free modules. This concept was initially

introduced by Nilsson [22] for the simple Lie algebra sln+1. Since then, numerous researchers have

constructed U(h)-free modules for various Lie algebras (see [4, 6–8, 13, 17]). Furthermore, considering

the tensor product of U(h)-free modules with known irreducible modules is an effective approach to

constructing new non-weight modules and studying original modules (see [5, 13, 16, 23]). Additionally,

U(Ch0)-free modules of rank 1 over the Schrödinger algebra have been considered in [8]. U(Cd0 ⊕ Ch0)-

free modules of rank 1 and the modules obtained by taking the tensor product of U(Cd0 ⊕ Ch0)-free

modules with irreducible highest weight modules over A were explored in [9–11]. These findings inspire

our investigation into non-weight modules over SW(b), including U(Cd0 ⊕ Ch0)-free modules of rank 1

and the tensor product modules in this paper.

The rest of this paper is organized as follows. In Section 2, we recall several established results and

subsequently construct a class of non-weight modules over SW(b). In Section 3, we classify all the

SW(b)-module structures whose restriction to U(Cd0 ⊕ Ch0) is free of rank 1. We further investigate

the properties of these modules, including the irreducibility and isomorphism classes. In Section 4, we

construct modules over SW(0) by taking the tensor product of modules constructed in Section 2 with

irreducible highest weight modules. Concurrently, we also consider the irreducibility and isomorphism

classes for these tensor product modules. Additionally, in Section 5, we reformulate some certain tensor

product modules as induced modules from modules of certain subalgebras over SW(0).

2 Preliminaries

In this section, we first recall some known results which will be used later. Then, we construct a class of

non-weight modules over SW(b) inspired by [8, 9].
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It is clear that SW(b) has a triangular decomposition

SW(b) = SW(b)− ⊕ SW(b)0 ⊕ SW(b)+,

where

SW(b)− = spanC{f−i, q−i, h−i, z−i, p−i, e−i, d−i, q0, f0 | i ∈ Z�1},
SW(b)0 = spanC{h0, z0, d0},

and

SW(b)+ = spanC{fi, qi, hi, zi, pi, ei, di, p0, e0 | i ∈ Z�1}.
Note that h = Cd0 ⊕ Ch0 is the Cartan subalgebra. Furthermore, the center of this algebra is

Z(SW(b)) =

{
Cz0, if b = 0,

0, otherwise.

In [9], a class of non-weight modules over A = spanC{di, fi, hi, ei | i ∈ Z} was constructed. We recall

such modules and their properties in the subsequent theorem and proposition, respectively.

Theorem 2.1 (See [9]). For λ, α ∈ C∗, β, γ ∈ C, and i ∈ Z, any U(A)-module such that its restriction

to U(Cd0 ⊕ Ch0) is free of rank 1 is isomorphic to one of the following modules:

Ω(λ, α, β, γ), Δ(λ, α, β, γ), Θ(λ, α, β, γ),

whose module structures are given as follows:

Ω(λ, α, β, γ) : fi · g(d0, h0) = −λi

α

(
h0

2
− β

)(
h0

2
+ β + 1

)
g(d0 − i, h0 + 2),

hi · g(d0, h0) = λih0g(d0 − i, h0), ei · g(d0, h0) = λiαg(d0 − i, h0 − 2),

di · g(d0, h0) = λi(d0 + iγ)g(d0 − i, h0),

Δ(λ, α, β, γ) : fi · g(d0, h0) = λiαg(d0 − i, h0 + 2), hi · g(d0, h0) = λih0g(d0 − i, h0),

ei · g(d0, h0) = −λi

α

(
h0

2
+ β

)(
h0

2
− β − 1

)
g(d0 − i, h0 − 2),

di · g(d0, h0) = λi(d0 + iγ)g(d0 − i, h0),

Θ(λ, α, β, γ) : fi · g(d0, h0) = −λi

α

(
h0

2
− β

)
g(d0 − i, h0 + 2),

hi · g(d0, h0) = λih0g(d0 − i, h0),

ei · g(d0, h0) = λiα

(
h0

2
+ β

)
g(d0 − i, h0 − 2),

di · g(d0, h0) = λi(d0 + iγ)g(d0 − i, h0).

Proposition 2.2 (See [9]). Let λ, λ1, α, α1 ∈ C∗ and β, β1, γ, γ1 ∈ C. Then, as A-modules,

(1) Ω(λ, α, β, γ) and Δ(λ, α, β, γ) are irreducible and Θ(λ, α, β, γ) is irreducible if and only if 2β /∈ Z�0;

(2) Ω(λ, α, β, γ), Δ(λ, α, β, γ), and Θ(λ, α, β, γ) are pairwise non-isomorphic. Moreover,

Ω(λ, α, β, γ) ∼= Ω(λ1, α1, β1, γ1) ⇔ (λ, α, β, γ) = (λ1, α1, β1, γ1) or (λ, α, β, γ) = (λ1, α1,−β1 − 1, γ1),

Δ(λ, α, β, γ) ∼= Δ(λ1, α1, β1, γ1) ⇔ (λ, α, β, γ) = (λ1, α1, β1, γ1) or (λ, α, β, γ) = (λ1, α1,−β1 − 1, γ1),

Θ(λ, α, β, γ) ∼= Θ(λ1, α1, β1, γ1) ⇔ (λ, α, β, γ) = (λ1, α1, β1, γ1).

Let D be the subalgebra of SW(b) spanned by {qi, zi, pi | i ∈ Z}. It follows naturally that the

aforementioned A-modules can be extended to SW(b)-modules.
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Definition 2.3. Let C[s, t] denote the polynomial algebra in variables s and t. For any g(s, t) ∈ C[s, t]

and λ, α, μ ∈ C∗, β, γ ∈ C, and i ∈ Z, define the action of SW(b) on C[s, t] as follows:

Ω(λ, α, β, γ, 0) : fi · g(s, t) = −λi

α

(
t

2
− β

)(
t

2
+ β + 1

)
g(s− i, t+ 2),

hi · g(s, t) = λitg(s− i, t), ei · g(s, t) = λiαg(s− i, t− 2),

di · g(s, t) = λi(s+ iγ)g(s− i, t), D · g(s, t) = 0,

Δ(λ, α, β, γ, 0) : fi · g(s, t) = λiαg(s− i, t+ 2), hi · g(s, t) = λitg(s− i, t),

ei · g(s, t) = −λi

α

(
t

2
+ β

)(
t

2
− β − 1

)
g(s− i, t− 2),

di · g(s, t) = λi(s+ iγ)g(s− i, t), D · g(s, t) = 0,

Θ(λ, α, β, γ, 0) : fi · g(s, t) = −λi

α

(
t

2
− β

)
g(s− i, t+ 2), hi · g(s, t) = λitg(s− i, t),

ei · g(s, t) = λiα

(
t

2
+ β

)
g(s− i, t− 2), di · g(s, t) = λi(s+ iγ)g(s− i, t),

D · g(s, t) = 0,

Ω

(
λ, α,−3

4
, γ, μ

)
: fi · g(s, t) = −λi

α

(
t

2
+

3

4

)(
t

2
+

1

4

)
g(s− i, t+ 2),

hi · g(s, t) = λitg(s− i, t), ei · g(s, t) = λiαg(s− i, t− 2),

di · g(s, t) = λi(s+ iγ)g(s− i, t), qi · g(s, t) = −λiμ

2α

(
t+

1

2

)
g(s− i, t+ 1),

zi · g(s, t) = λiμ2

2α
g(s− i, t), pi · g(s, t) = λiμg(s− i, t− 1),

Δ

(
λ, α,−3

4
, γ, μ

)
: fi · g(s, t) = λiαg(s− i, t+ 2), hi · g(s, t) = λitg(s− i, t),

ei · g(s, t) = −λi

α

(
t

2
− 3

4

)(
t

2
− 1

4

)
g(s− i, t− 2),

di · g(s, t) = λi(s+ iγ)g(s− i, t), qi · g(s, t) = λiμg(s− i, t+ 1),

zi · g(s, t) = −λiμ2

2α
g(s− i, t), pi · g(s, t) = λiμ

2α

(
t− 1

2

)
g(s− i, t− 1).

Remark 2.4. Let the notations remain as previously defined.

(1) The subalgebra H = spanC{hi, di | i ∈ Z} in each case has the same module structure on C[s, t].

Further results on this module over H can be found in [7] or [17].

(2) In this paper, for convenience, Ω(λ, α, β, γ, 0), Δ(λ, α, β, γ, 0), Θ(λ, α, β, γ, 0), Ω(λ, α,− 3
4 , γ, a), and

Δ(λ, α,− 3
4 , γ, a) are denoted by Ω,Δ,Θ,Ω, and Δ, respectively.

Proposition 2.5. Under the action of SW(b) on C[s, t], given in Definition 2.3, then

(1) Ω, Δ, and Θ are SW(b)-modules;

(2) Ω and Δ are SW(0)-modules.

Proof. (1) Observing Definition 2.3, it becomes evident that the action of D on Ω, Δ or Θ is trivial.

This observation, coupled with Theorem 2.1, implies that Ω, Δ, and Θ are SW(b)-modules.

(2) We only show that Ω is an SW(0)-module as an example with the other case being similar.

According to Theorem 2.1, Ω is an A-modules. Consequently, it is only necessary to verify the following

relations.

For any λ, α, μ ∈ C∗, β, γ ∈ C and g(s, t) ∈ C[s, t], i, j ∈ Z, we obtain

pi · qj · g(s, t)− qj · pi · g(s, t)

= pi ·
(
− λjμ

2α

(
t+

1

2

)
g(s− j, t+ 1)

)
− qj · (λiμg(s− i, t− 1))
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= −λi+jμ2

2α

(
t− 1

2

)
g(s− i− j, t) +

λi+jμ2

2α

(
t+

1

2

)
g(s− i− j, t)

=
λi+jμ2

2α
g(s− i− j, t) = zi+j · g(s, t) = [pi, qj ] · g(s, t),

hi · pj · g(s, t)− pj · hi · g(s, t)
= hi · (λjμg(s− j, t− 1))− pj · (λitg(s− i, t))

= λi+jμtg(s− i− j, t− 1)− λi+jμ(t− 1)g(s− i− j, t− 1)

= λi+jμg(s− i− j, t− 1) = pi+j · g(s, t) = [hi, pj ] · g(s, t),
hi · qj · g(s, t)− qj · hi · g(s, t)

= hi ·
(
− λjμ

2α

(
t+

1

2

)
g(s− j, t+ 1)

)
− qj · (λitg(s− i, t))

= −λi+jμ

2α
t

(
t+

1

2

)
g(s− i− j, t+ 1) +

λi+jμ

2α

(
t+

1

2

)
(t+ 1)g(s− i− j, t+ 1)

=
λi+jμ

2α

(
t+

1

2

)
g(s− i− j, t+ 1) = −qi+j · g(s, t) = [hi, qj ] · g(s, t),

ei · qj · g(s, t)− qj · ei · g(s, t)

= ei ·
(
− λjμ

2α

(
t+

1

2

)
g(s− j, t+ 1)

)
− qj · (λiαg(s− i, t− 2))

= −λi+jμ

2

(
t− 3

2

)
g(s− i− j, t− 1) +

λi+jμ

2

(
t+

1

2

)
g(s− i− j, t− 1)

= λi+jμg(s− i− j, t− 1) = pi+j · g(s, t) = [ei, qj ] · g(s, t),
pi · fj · g(s, t)− fj · pi · g(s, t)

= pi ·
(
− λj

α

(
t

2
+

3

4

)(
t

2
+

1

4

)
g(s− j, t+ 2)

)
− fj · (λiμg(s− i, t− 1))

= −λi+jμ

α

(
t

2
+

1

4

)(
t

2
− 1

4

)
g(s− i− j, t+ 1) +

λi+jμ

α

(
t

2
+

3

4

)(
t

2
+

1

4

)
g(s− i− j, t+ 1)

=
λi+jμ

2α

(
t+

1

2

)
g(s− i− j, t+ 1) = −qi+j · g(s, t) = [pi, fj ] · g(s, t),

ei · pj · g(s, t)− pj · ei · g(s, t)
= ei · (λjμg(s− j, t− 1))− pj · (λiαg(s− i, t− 2))

= λi+jαμg(s− i− j, t− 3)− λi+jμαg(s− i− j, t− 3)

= 0 = [ei, pj ] · g(s, t),
fi · qj · g(s, t)− qj · fi · g(s, t)

= fi ·
(
− λjμ

2α

(
t+

1

2

)
g(s− j, t+ 1)

)
− qj ·

(
− λi

α

(
t

2
+

3

4

)(
t

2
+

1

4

)
g(s− i, t+ 2)

)

=
λi+jμ

2α2

(
t

2
+

3

4

)(
t

2
+

1

4

)(
t+

5

2

)
g(s− i− j, t+ 3)

− λi+jμ

2α2

(
t+

1

2

)(
t

2
+

5

4

)(
t

2
+

3

4

)
g(s− i− j, t+ 3) = 0 = [fi, qj ] · g(s, t),

di · pj · g(s, t)− pj · di · g(s, t)
= di · (λjμg(s− j, t− 1))− pj · (λi(s+ iγ)g(s− i, t))

= λi+jμ(s+ iγ)g(s− i− j, t− 1)− λi+jμ(s− j + iγ)g(s− i− j, t− 1)

= jλi+jμg(s− i− j, t− 1) = jpi+j · g(s, t) = [di, pj ] · g(s, t),
di · qj · g(s, t)− qj · di · g(s, t)
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= di ·
(
− λjμ

2α

(
t+

1

2

)
g(s− j, t+ 1)

)
− qj · (λi(s+ iγ)g(s− i, t))

= −λi+jμ

2α
(s+ iγ)

(
t+

1

2

)
g(s− i− j, t+ 1) +

λi+jμ

2α

(
t+

1

2

)
(s− j + iγ)g(s− i− j, t+ 1)

= −j
λi+jμ

2α

(
t+

1

2

)
g(s− i− j, t+ 1) = jqi+j · (s, t) = [di, qj ] · g(s, t),

and

di · zj · g(s, t)− zj · di · g(s, t)

= di ·
(
λjμ2

2α
g(s− j, t)

)
− zj · (λi(s+ iγ)g(s− i, t))

=
λi+jμ2

2α
(s+ iγ)g(s− i− j, t)− λi+jμ2

2α
(s− j + iγ)g(s− i− j, t)

= j
λi+jμ2

2α
g(s− i− j, t) = jzi+j · g(s, t) = [di, zj ] · g(s, t).

Furthermore, it is straightforward to verify that

pi · pj · g(s, t)− pj · pi · g(s, t) = 0 = [pi, pj ] · g(s, t),
qi · qj · g(s, t)− qj · qi · g(s, t) = 0 = [qi, qj ] · g(s, t),
zi · xj · g(s, t)− xj · zi · g(s, t) = 0 = [zi, xj ] · g(s, t),

where xj ∈ {fj , qj , hj , zj , pj , ej | j ∈ Z}. The proof is now conclusive.

3 U(Cd0 ⊕ Ch0)-free modules over SW(b)

This section is devoted to classifying the modules over SW(b) whose restriction to U(Cd0 ⊕ Ch0) is

free of rank 1. Additionally, we study the properties of these modules, including the irreducibility and

isomorphism classes.

Theorem 3.1. Let M be an SW(b)-module whose restriction to U(Cd0⊕Ch0) is free of rank 1. Then,

(1) if b �= 0, M is isomorphic to one of the modules Ω, Δ, and Θ;

(2) if b = 0, M is isomorphic to one of the modules Ω, Δ, Θ, Ω, and Δ.

We initially present several lemmas that will be used to prove the aforementioned theorem. Assume

that M = U(Cd0 ⊕Ch0). Note that M can be viewed as an H-module. Following [17, Theorem 3.1], we

have

di · g(d0, h0) = λi(d0 + gi(h0))g(d0 − i, h0),

hi · g(d0, h0) = λih0g(d0 − i, h0),

where g(d0, h0) ∈ M, λ ∈ C∗, i ∈ Z, and gi(h0) ∈ {gi(h0) | gi(h0) =
∑∞

l=0 g
(l)ihl

0 ∈ C[h0], g
(l) ∈ C}. For

any i ∈ Z, let

Fi(d0, h0) = fi · 1, Qi(d0, h0) = qi · 1, Zi(d0, h0) = zi · 1, Pi(d0, h0) = pi · 1, Ei(d0, h0) = ei · 1.

Lemma 3.2. The actions of fi, qi, zi, pi, and ei on M are completely determined by Fi(d0, h0),

Qi(d0, h0), Zi(d0, h0), Pi(d0, h0), and Ei(d0, h0), respectively.

Proof. It is easy to show that the following equations hold through an induction on m ∈ Z�0:

xid
m
0 = (d0 − i)mxi, fih

m
0 = (h0 + 2)mfi,

qih
m
0 = (h0 + 1)mqi, zih

m
0 = hm

0 zi,
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pih
m
0 = (h0 − 1)mpi, eih

m
0 = (h0 − 2)mei,

where xi ∈ {fi, qi, zi, pi, ei | i ∈ Z}.
Take any polynomial

g(d0, h0) =
∑

j,k∈Z�0

gj,kd
j
0h

k
0 ∈ M,

where gj,k ∈ C. Then, we obtain

fi · g(d0, h0) = fi ·
∑

j,k∈Z�0

gj,kd
j
0h

k
0 =

∑
j,k∈Z�0

gj,k(d0 − i)jfi · hk
0

=
∑

j,k∈Z�0

gj,k(d0 − i)j(h0 + 2)kFi(d0, h0)

= g(d0 − i, h0 + 2)Fi(d0, h0).

Similarly, we have

qi · g(d0, h0) =
∑

j,k∈Z�0

gj,k(d0 − i)j(h0 + 1)kQi(d0, h0) = g(d0 − i, h0 + 1)Qi(d0, h0),

zi · g(d0, h0) =
∑

j,k∈Z�0

gj,k(d0 − i)jhk
0Zi(d0, h0) = g(d0 − i, h0)Zi(d0, h0),

pi · g(d0, h0) =
∑

j,k∈Z�0

gj,k(d0 − i)j(h0 − 1)kPi(d0, h0) = g(d0 − i, h0 − 1)Pi(d0, h0),

ei · g(d0, h0) =
∑

j,k∈Z�0

gj,k(d0 − i)j(h0 − 2)kEi(d0, h0) = g(d0 − i, h0 − 2)Ei(d0, h0).

We complete the proof.

Lemma 3.3. Keeping the notations as above, we have Z0(d0, h0) ∈ C. Moreover,{
P0(d0, h0) = 0 or Q0(d0, h0) = 0, if Z0(d0, h0) = 0,

P0(d0, h0) ∈ C∗ or Q0(d0, h0) ∈ C∗, if Z0(d0, h0) ∈ C∗.

Proof. Since [e0, f0] · 1 = h0 · 1, we obtain

E0(d0, h0)F0(d0, h0 − 2)− E0(d0, h0 + 2)F0(d0, h0) = h0, (3.1)

which follows that E0(d0, h0) �= 0 and F0(d0, h0) �= 0. Therefore, based on

0 = [z0, e0] · 1 = Z0(d0, h0)E0(d0, h0)− Z0(d0, h0 − 2)E0(d0, h0)

and

0 = [h1, z0] · 1 = λh0Z0(d0 − 1, h0)− λh0Z0(d0, h0),

we conclude that Z0(d0, h0) ∈ C[d0] ∩ C[h0] = C.

Let Z0(d0, h0) = a ∈ C. The equation [p0, q0] · 1 = z0 · 1 implies that

P0(d0, h0)Q0(d0, h0 − 1)− P0(d0, h0 + 1)Q0(d0, h0) = a. (3.2)

We may assume that

P0(d0, h0) =

m∑
j=0

aj(d0)h
j
0

and

Q0(d0, h0) =

n∑
j=0

bj(d0)h
j
0,
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where aj(d0), bj(d0) ∈ C[d0] and am(d0)bn(d0) �= 0. Substituting these expressions into (3.2), we obtain

m∑
j=0

aj(d0)h
j
0

n∑
l=0

bl(d0)(h0 − 1)l −
m∑
j=0

aj(d0)(h0 + 1)j
n∑

l=0

bl(d0)h
l
0 = a. (3.3)

Then, the highest degree term on the left-hand side of (3.3) with respect to h0 is written as

− (m+ n)am(d0)bn(d0)h
m+n−1
0 . (3.4)

If a = 0, (3.4) means that m + n = 0, i.e., m = n = 0. Hence, P0(d0, h0) = a0(d0) and Q0(d0, h0)

= b0(d0). The following equations

0 = [e0, p0] · 1 = a0(d0)E0(d0, h0)− a0(d0)E0(d0, h0 − 1)

and

0 = [f0, q0] · 1 = b0(d0)F0(d0, h0)− b0(d0)F0(d0, h0 + 1)

yield that E0(d0, h0), F0(d0, h0) ∈ C[d0], which contradicts (3.1). Therefore, we conclude that

P0(d0, h0) = 0 or Q0(d0, h0) = 0.

If a �= 0, (3.3) indicates that m+ n > 0. Furthermore, from (3.3)–(3.4), we easily get m+ n = 1 and

am(d0)bn(d0) = −a. Conversely, if m+n > 1, we have am(d0)bn(d0) = 0, which results in a contradiction

with am(d0) �= 0 and bn(d0) �= 0. Thus, am(d0), bn(d0) ∈ C∗. This suggests that P0(d0, h0) ∈ C∗ or

Q0(d0, h0) ∈ C∗. We now complete the proof.

Lemma 3.4. For b �= 0, we have Z0(d0, h0) = 0.

Proof. From Lemma 3.3, we may assume that Z0(d0, h0) = a ∈ C. Considering M as an A-module, we

see from the discussions presented in [9, Theorem 3.2] that

di · g(d0, h0) = λi(d0 + iγ)g(d0 − i, h0)

for some γ ∈ C and all i ∈ Z.

Case 1. b �= 1
2 .

For any i ∈ Z∗, the equation

0 = λi(d0 + iγ)a− aλi(d0 + iγ) = [di, z0] · 1 = 2bizi · 1
yields that 2biZi(d0, h0) = 0. Then,

Zi(d0, h0) = 0, ∀ i ∈ Z∗.

This, in conjunction with

0 = [di, z−i] · 1 = (2b− 1)iz0 · 1, ∀ i ∈ Z∗,

demonstrates that a = 0.

Case 2. b = 1
2 .

Suppose that a �= 0. It follows from Lemma 3.3 that P0(d0, h0) ∈ C∗ or Q0(d0, h0) ∈ C∗. If P0(d0, h0)

∈ C∗, we may assume that P0(d0, h0) = μ. For all i ∈ Z∗, we have

0 = λi(d0 + iγ)μ− μλi(d0 + iγ) = [di, p0] · 1 =
1

2
ipi · 1.

Then,

Pi(d0, h0) = 0, ∀ i ∈ Z∗.

According to

0 = [di, p−i] · 1 = −1

2
ip0 · 1, ∀ i ∈ Z∗,

we obtain P0(d0, h0) = 0, which leads to a contradiction. Therefore, a = 0.

Similarly, if Q0(d0, h0) ∈ C∗, we also have a = 0. Thus, the proof is conclusively complete.
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Lemma 3.5. If Z0(d0, h0) = 0, then Qi(d0, h0) = Zi(d0, h0) = Pi(d0, h0) = 0 for any i ∈ Z, i.e.,

D = spanC{qi, zi, pi | i ∈ Z} vanishes on M.

Proof. From Lemma 3.3, we have P0(d0, h0) = 0 or Q0(d0, h0) = 0. If P0(d0, h0) = 0, the equation

[p0, f0] · 1 = −q0 · 1 leads to that Q0(d0, h0) = 0. Then, for all i ∈ Z, we have

Pi(d0,h0) = pi · 1 = [hi, p0] · 1 = 0,

Qi(d0,h0) = qi · 1 = [q0, hi] · 1 = 0,

Zi(d0,h0) = zi · 1 = [p0, qi] · 1 = 0.

If Q0(d0, h0) = 0, the same conclusion is evidently valid. The proof is thus complete.

Proof of Theorem 3.1. (1) Based on Lemmas 3.4 and 3.5, the subalgebra D vanishes on M. Conse-

quently, according to Theorem 2.1, M is isomorphic to Ω, Δ or Θ.

(2) From Lemma 3.3, let Z0(d0, h0) = a ∈ C. If a = 0, then Theorem 2.1, in conjunction with

Lemmas 3.4 and 3.5, also suggests that M is isomorphic to Ω, Δ or Θ.

If a �= 0, we may assume that

P0(d0, h0) =

m∑
j=0

aj(d0)h
j
0, Q0(d0, h0) =

n∑
j=0

bj(d0)h
j
0,

where aj(d0), bj(d0) ∈ C[d0] and am(d0)bn(d0) �= 0. The proof of Lemma 3.3 yields that both m+ n = 1

and am(d0)bn(d0) = −a hold. Hence, we can divide the discussions into the following two cases.

Case 1. m = 0 and n = 1.

Let a0(d0) = μ ∈ C∗ and b1(d0) = − a
μ ∈ C∗. Then, we have

P0(d0, h0) = μ, Q0(d0, h0) = −a

μ
h0 + b0(d0).

By the equation

0 = [di, p0] · 1 = λiμ(d0 + gi(h0))− λiμ(d0 + gi(h0 − 1)),

one can deduce that gi(h0) ∈ C, i.e., gi(h0) = iγ for some γ ∈ C and all i ∈ Z. Hence,

di · g(d0, h0) = λi(d0 + iγ)g(d0 − i, h0).

Furthermore, according to [d1, q0] · 1 = 0, we obtain

λ(d0 + γ)

(
− a

μ
h0 + b0(d0 − 1)

)
= λ(d0 + γ)

(
− a

μ
h0 + b0(d0)

)
.

Then, b0(d0) = b0(d0 − 1), i.e., b0(d0) ∈ C. We may assume that b0(d0) = a′
μ , where a′ ∈ C. Thus,

Q0(d0, h0) =
1
μ (−ah0 + a′).

Based on the equation

0 = [e0, p0] · 1 = E0(d0, h0)P0(d0, h0 − 2)− E0(d0, h0 − 1)P0(d0, h0),

and P0(d0, h0) = μ, we obtain E0(d0, h0) ∈ C[d0]. Since [e0, q0] · 1 = p0 · 1, the equations

E0(d0, h0)Q0(d0, h0 − 2)− E0(d0, h0 + 1)Q0(d0, h0) = μ

and

Q0(d0, h0) =
1

μ
(−ah0 + a′)

yield that E0(d0, h0) =
μ2

2a ∈ C∗. Let E0(d0, h0) = α ∈ C∗. Then a = μ2

2α . Assume that

F0(d0, h0) =

m∑
j=0

uj(d0)h
j
0, uj(d0) ∈ C[d0].
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By (3.1), we can readily obtain

F0(d0, h0) = − 1

4α
h2
0 −

1

2α
h0 + u0(d0). (3.5)

The equation [h1, f0] · 1 = −2f1 · 1 demonstrates that

F1(d0, h0) = λ

(
− 1

4α
h2
0 −

1

2α
h0 +

1

2
u0(d0)h0 − 1

2
u0(d0 − 1)h0 + u0(d0)

)
. (3.6)

Moreover, the equation [f0, f1] · 1 = 0 is equivalent to

F0(d0, h0)F1(d0, h0 + 2) = F0(d0 − 1, h0 + 2)F1(d0, h0). (3.7)

Upon substituting (3.5)–(3.6) into (3.7), we see that u0(d0) ∈ C. In fact, if u0(d0) /∈ C, a comparison of

the terms independent of h0 on both sides yields that (u0(d0))
2 = u0(d0)u0(d0 − 1), which results in a

contradiction. Therefore, we conclude that F0(d0, h0) = − 1
4αh

2
0 − 1

2αh0 + β′, where β′ ∈ C.

Again from the equation

0 = [f0, q0] · 1 = F0(d0, h0)Q0(d0, h0 + 2)− F0(d0, h0 + 1)Q0(d0, h0)

and the expressions of Q0(d0, h0) and F0(d0, h0) above, it follows that a = −2a′ and β′ = − 3
16α . Since

a = μ2

2α , we get

Q0(d0, h0) = − μ

2α

(
h0 +

1

2

)
and

F0(d0, h0) = − 1

α

(
h0

2
+

3

4

)(
h0

2
+

1

4

)
.

As a result, for all i ∈ Z, we have

Fi(d0, h0) = fi · 1 = −1

2
[hi, f0] · 1 = −λi

α

(
h0

2
+

3

4

)(
h0

2
+

1

4

)
,

Qi(d0, h0) = qi · 1 = −[hi, q0] · 1 = −λiμ

2α

(
h0 +

1

2

)
,

Zi(d0, h0) = zi · 1 = [p0, qi] · 1 =
λiμ2

2α
,

Pi(d0, h0) = pi · 1 = [hi, p0] · 1 = λiμ,

Ei(d0, h0) = ei · 1 =
1

2
[hi, e0] · 1 = λiα.

Thus, from Lemma 3.2, we infer that M ∼= Ω.

Case 2. m = 1 and n = 0.

We interchange P0(d0, h0) andQ0(d0, h0). As in Case 1, we see thatM ∼= Δ. The proof is complete.

Remark 3.6. For b �= 0, Theorem 3.1 suggests that considering modules over SW(b) whose restriction

to U(Cd0 ⊕ Ch0) is free of rank 1 is equivalent to considering such modules over A.

Hence, we immediately deduce the following propositions from Proposition 2.2.

Proposition 3.7. For b �= 0, as SW(b)-modules, Ω and Δ are irreducible and Θ is irreducible if and

only if 2β /∈ Z�0.

Proposition 3.8. Let λ, λ1, α, α1 ∈ C∗ and β, β1, γ, γ1 ∈ C. For b �= 0, as SW(b)-modules, Ω, Δ, and

Θ are pairwise non-isomorphic. Moreover, we have

Ω(λ, α, β, γ, 0) ∼= Ω(λ1, α1, β1, γ1, 0) ⇔ (λ, α, β, γ) = (λ1, α1, β1, γ1)

or (λ, α, β, γ) = (λ1, α1,−β1 − 1, γ1),
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Δ(λ, α, β, γ, 0) ∼= Δ(λ1, α1, β1, γ1, 0) ⇔ (λ, α, β, γ) = (λ1, α1, β1, γ1)

or (λ, α, β, γ) = (λ1, α1,−β1 − 1, γ1),

Θ(λ, α, β, γ, 0) ∼= Θ(λ1, α1, β1, γ1, 0) ⇔ (λ, α, β, γ) = (λ1, α1, β1, γ1).

Next, we focus on the case b = 0.

Proposition 3.9. As SW(0)-modules, Ω, Δ, Ω, and Δ are irreducible and Θ is irreducible if and only

if 2β /∈ Z�0.

Proof. This irreducibility is a direct consequence of Proposition 2.2. In addition, if 2β ∈ Z�0, it is easy

to verify that the vector space

V = C[s, t]

2β∏
n=0

(
t

2
+ β − n

)

is a proper SW(0)-submodule of Θ.

Proposition 3.10. Let λ, λ1, α, α1, μ, μ1 ∈ C∗ and β, β1, γ, γ1 ∈ C. As SW(0)-modules, Ω, Δ, Θ, Ω,

and Δ are pairwise non-isomorphic. Moreover, we have

Ω(λ, α, β, γ, 0) ∼= Ω(λ1, α1, β1, γ1, 0) ⇔ (λ, α, β, γ) = (λ1, α1, β1, γ1)

or (λ, α, β, γ) = (λ1, α1,−β1 − 1, γ1),

Δ(λ, α, β, γ, 0) ∼= Δ(λ1, α1, β1, γ1, 0) ⇔ (λ, α, β, γ) = (λ1, α1, β1, γ1)

or (λ, α, β, γ) = (λ1, α1,−β1 − 1, γ1),

Θ(λ, α, β, γ, 0) ∼= Θ(λ1, α1, β1, γ1, 0) ⇔ (λ, α, β, γ) = (λ1, α1, β1, γ1),

Ω

(
λ, α,−3

4
, γ, μ

)
∼= Ω

(
λ1, α1,−3

4
, γ1, μ1

)
⇔ (λ, α, γ, μ) = (λ1, α1, γ1, μ1),

Δ

(
λ, α,−3

4
, γ, μ

)
∼= Δ

(
λ1, α1,−3

4
, γ1, μ1

)
⇔ (λ, α, γ, μ) = (λ1, α1, γ1, μ1).

Proof. Suppose that Y and Y1 are SW(0)-modules given in Definition 2.3. Let ϕ : Y → Y1 be an

isomorphism of SW(0)-modules. From ϕ(dj0h
k
0 · 1) = dj0h

k
0 · ϕ(1) for any j, k ∈ Z�0, we know that

ϕ(sjtk) = sjtkϕ(1). Then, for any g(s, t) ∈ C[s, t], we have ϕ(g(s, t)) = g(s, t)ϕ(1). From this, it is easy

to see that 1 = ϕ(ϕ−1(1)) = ϕ−1(1)ϕ(1). Thus, ϕ(1) ∈ C∗.
Let c = e0 · 1 and c′ = p0 · 1 when 1 ∈ Y , and c1 = e0 · 1 and c′1 = p0 · 1 when 1 ∈ Y1. Then, it is clear

that

ϕ(1)c = ϕ(c) = ϕ(e0 · 1) = e0 · ϕ(1) = ϕ(1)c1,

ϕ(1)c′ = ϕ(c′) = ϕ(p0 · 1) = p0 · ϕ(1) = ϕ(1)c′1, (3.8)

which mean that c = c1 and c′ = c′1. According to Definition 2.3, Ω, Δ, Θ, Ω, and Δ are pairwise

non-isomorphic.

From Proposition 2.2, it is evident that

Ω(λ, α, β, γ, 0) ∼= Ω(λ1, α1, β1, γ1, 0) ⇔ (λ, α, β, γ) = (λ1, α1, β1, γ1)

or (λ, α, β, γ) = (λ1, α1,−β1 − 1, γ1),

Δ(λ, α, β, γ, 0) ∼= Δ(λ1, α1, β1, γ1, 0) ⇔ (λ, α, β, γ) = (λ1, α1, β1, γ1)

or (λ, α, β, γ) = (λ1, α1,−β1 − 1, γ1),

Θ(λ, α, β, γ, 0) ∼= Θ(λ1, α1, β1, γ1, 0) ⇔ (λ, α, β, γ) = (λ1, α1, β1, γ1).

Let

ϕΩ : Ω

(
λ, α,−3

4
, γ, μ

)
→ Ω

(
λ1, α1,−3

4
, γ1, μ1

)
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be an isomorphism of SW(0)-modules. Since Ω(λ, α,− 3
4 , γ, μ) and Ω(λ1, α1,− 3

4 , γ1, μ1) can be regarded

as A-modules, it follows from Proposition 2.2 that (λ, α, γ) = (λ1, α1, γ1). In fact, μ = p0 · 1 when

1 ∈ Ω(λ, α,− 3
4 , γ, μ) and μ1 = p0 · 1 when 1 ∈ Ω(λ1, α1,− 3

4 , γ1, μ1). Consequently, (3.8) suggests that

μ = μ1.

Let

ϕΔ : Δ

(
λ, α,−3

4
, γ, μ

)
→ Δ

(
λ1, α1,−3

4
, γ1, μ1

)
be an isomorphism of SW(0)-modules. Likewise, we have (λ, α, γ) = (λ1, α1, γ1). Additionally,
μ
2α (t− 1

2 ) = p0 · 1 when 1 ∈ Δ(λ, α,− 3
4 , γ, μ) and

μ1

2α1
(t− 1

2 ) = p0 · 1 when 1 ∈ Δ(λ1, α1,− 3
4 , γ1, μ1). (3.8)

along with α = α1 gives us that μ = μ1. This finishes the proof.

In the subsequent sections, we consider the modules over SW(b) by taking the tensor product of

U(Cd0 ⊕ Ch0)-free modules with irreducible highest weight modules (or Verma modules). The structures

of these highest weight modules (or Verma modules) indicate that the properties of the tensor product

SW(b)-modules are primarily dependent on U(Cd0 ⊕ Ch0)-free modules. From Theorem 3.1, it is evident

that U(Cd0 ⊕ Ch0)-free SW(b)-modules is equivalent to such modules over A if b �= 0. Consequently, the

findings regarding the tensor product modules over SW(b) are derived from similar discussions to those

in [11] when b �= 0. Next, we only focus on the case b = 0.

4 Tensor product modules over SW(0)

In this section, we construct the irreducible highest weight module V (ε, ξ, η) over SW(0) and obtain

the tensor product SW(0)-modules M(λ, α, β, γ, μ) ⊗ V (ε, ξ, η), where M(λ, α, β, γ, μ) = Ω,Δ,Θ,Ω

or Δ is defined in Definition 2.3. We then investigate the irreducibility and isomorphism classes for

M(λ, α, β, γ, μ) ⊗ V (ε, ξ, η), where 2β /∈ Z�0 when M(λ, α, β, γ, μ) = Θ. Finally, we demonstrate that

M(λ, α, β, γ, μ) and M(λ, α, β, γ, μ)⊗ V (ε, ξ, η) are new non-weight SW(0)-modules.

Let I(ε, ξ, η) denote the left ideal of U(SW(0)), which is generated by the element

{fi, qi, hi, zi, pi, ei, di, p0, e0 | i ∈ Z�1} ∪ {h0 − ε, z0 − ξ, d0 − η},

where ε, ξ, η ∈ C. Then, the Verma SW(0)-module V (ε, ξ, η) with the highest weight (ε, ξ, η) is the

quotient module, i.e.,

V (ε, ξ, η) = U(SW(0))/I(ε, ξ, η).

According to the PBW Theorem, V (ε, ξ, η) has a basis consisting of the vectors of the following form:

f
F−mf

−mf
· · · fF0

0 q
Q−mq

−mq
· · · qQ0

0 h
H−mh−mh

· · ·hH−1

−1 z
Z−mz−mz

· · · zZ−1

−1 p
P−mp

−mp
· · · pP−1

−1 e
E−me−me

· · · eE−1

−1 d
D−md−md

· · · dD−1

−1 · vh,

where vh = 1 + I(ε, ξ, η) and D−1, . . . , D−md
, E−1, . . . , E−me , P−1, . . . , P−mp , Z−1, . . . , Z−mz , H−1, . . . ,

H−mh
, Q0, . . . , Q−mq , F0, . . . , F−mf

∈ Z�0. Thus, we obtain the irreducible highest weight module

V (ε, ξ, η) = V (ε, ξ, η)/J,

where J is the unique maximal proper submodule of V (ε, ξ, η).

Let λ, α, μ ∈ C∗ and β, γ, ε, ξ, η ∈ C. In what follows, we assume M(λ, α, β, γ, μ) = Ω,Δ,Θ,Ω or Δ

constructed in Definition 2.3 and V (ε, ξ, η) is the irreducible highest weight module over SW(0).

Theorem 4.1. The tensor product SW(0)-module M(λ, α, β, γ, μ) ⊗ V (ε, ξ, η) is irreducible, where

2β /∈ Z�0 when M(λ, α, β, γ, μ) = Θ.

Proof. Assume that WM(λ,α,β,γ,μ) is a non-zero SW(0)-submodule of M(λ, α, β, γ, μ)⊗V (ε, ξ, η), where

M(λ, α, β, γ, μ) = Ω,Δ,Θ(2β /∈ Z�0),Ω or Δ. It suffices to show that

WM(λ,α,β,γ,μ) = M(λ, α, β, γ, μ)⊗ V (ε, ξ, η).
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From the structure of V (ε, ξ, η), we know that for any v ∈ V (ε, ξ, η), there exists a K(v) ∈ Z�1 such that

xm · v = 0, ∀xm ∈ {fm, qm, hm, zm, pm, em, dm | m � K(v)}.
Take a non-zero element

w =

r∑
i=0

ai(t)s
i ⊗ vi ∈ WM(λ,α,β,γ,μ),

where ai(t) ∈ C[t], vi ∈ V (ε, ξ, η), ar(t) �= 0, vr �= 0, and r ∈ Z�0 is minimal. Based on the similar

discussions to the proof of [11, Theorem 3.1] and the minimality of r, we have r = 0, i.e.,

w = a0(t)⊗ v0 ∈ WM(λ,α,β,γ,μ).

Fix this v0 and let

P = {a(s, t) ∈ C[s, t] | a(s, t)⊗ v0 ∈ WM(λ,α,β,γ,μ)}.
Clearly, a0(t) ∈ P . For any k ∈ Z�1 and m � K(v0), one can inductively show that

λ−mkα−kekm · (a0(t)⊗ v0) = a0(t− 2k)⊗ v0 ∈ WΩ,WΩ,

λ−mkα−kfk
m · (a0(t)⊗ v0) = a0(t+ 2k)⊗ v0 ∈ WΔ,WΔ,

λ−mkα−kekm · (a0(t)⊗ v0) =
k−1∏
n=0

(
t

2
+ β − n

)
a0(t− 2k)⊗ v0 ∈ WΘ,

λ−mk(−α)kfk
m · (a0(t)⊗ v0) =

k−1∏
n=0

(
t

2
− β + n

)
a0(t+ 2k)⊗ v0 ∈ WΘ.

Now, we choose k sufficiently large such that

(a0(t), a0(t− 2k)) = 1,

(a0(t), a0(t+ 2k)) = 1,( k−1∏
n=0

(
t

2
+ β − n

)
a0(t− 2k),

k−1∏
n=0

(
t

2
− β + n

)
a0(t+ 2k)

)
= 1,

where 2β /∈ Z�0. Then, it is inferred that 1 ⊗ v0 ∈ WM(λ,α,β,γ,μ). Furthermore, for any a(t) ∈ C[t] and

m � K(v0), the following formulae are valid by applying induction on k ∈ Z�1:

λ−mkhk
m · (a(t)⊗ v0) = tka(t)⊗ v0, (4.1)

λ−mkdkm · (a(t)⊗ v0) =

k−1∏
i=0

(s+mγ −mi)a(t)⊗ v0. (4.2)

Then, (4.1) gives us that C[t] ⊆ P . Meanwhile, (4.2) indicates that P is stable under the multiplication

by s. Then, we get

P = C[s, t] = M(λ, α, β, γ, a).

Next, let

Q = {v ∈ V (ε, ξ, η) | M(λ, α, β, γ, μ)⊗ v ∈ WM(λ,α,β,γ,μ)}.
Obviously, v0 ∈ Q. For any v ∈ Q and a(s, t) ∈ M(λ, α, β, γ, μ),

SW(0) · (a(s, t)⊗ v) = SW(0) · a(s, t)⊗ v + a(s, t)⊗ SW(0) · v ∈ WM(λ,α,β,γ,μ).

Then, a(s, t) ⊗ SW(0) · v ∈ WM(λ,α,β,γ,μ), which yields that Q is a submodule of V (ε, ξ, η). Hence,

Q = V (ε, ξ, η) due to the irreducibility of V (ε, ξ, η). Therefore, we have

WM(λ,α,β,γ,μ) = M(λ, α, β, γ, μ)⊗ V (ε, ξ, η).

We now complete the proof.
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Theorem 4.2. Assume λ, λ1, α, α1, μ, μ1 ∈ C∗, β, β1, γ, γ1, ε, ε1, ξ, ξ1, η, η1 ∈ C, and M(λ, α, β, γ, μ)

= Ω,Δ,Θ(2β /∈ Z�0),Ω or Δ. Let V (ε, ξ, η) and V (ε1, ξ1, η1) be irreducible highest weight modules. Then,

as SW(b)-modules, M(λ, α, β, γ, μ)⊗ V (ε, ξ, η) and M(λ1, α1, β1, γ1, μ1)⊗ V (ε1, ξ1, η1) are isomorphic if

and only if

M(λ, α, β, γ, μ) ∼= M(λ1, α1, β1, γ1, μ1) and V (ε, ξ, η) ∼= V (ε1, ξ1, η1).

Proof. The sufficiency is obvious. As for the necessity, if M(λ, α, β, γ, μ) = Ω,Δ or Θ(2β /∈ Z�0), then

the conclusions are evident from Proposition 3.8 akin to those in [11, Theorem 4.1]. Subsequently, we

focus on the case M(λ, α, β, γ, μ) = Ω. The other case can be treated in a similar way.

Let

Φ : Ω

(
λ, α,−3

4
, γ, μ

)
⊗ V (ε, ξ, η) → Ω

(
λ1, α1,−3

4
, γ1, μ1

)
⊗ V (ε1, ξ1, η1)

be an isomorphism of SW(0)-modules. Taking a non-zero element v ∈ V (ε, ξ, η), we may assume that

Φ(1⊗ v) =
n∑

i=0

ai(t)s
i ⊗ wi,

where ai(t) ∈ C[t], wi ∈ V (ε1, ξ1, η1), an(t) �= 0, and wn �= 0. Then, there exists a positive integer

K = max{K(v),K(wi) | 1 � i � n} such that

xm · v = xm · wi = 0, ∀xm ∈ {fm, qm, hm, zm, pm, em, dm | m ∈ Z�K}.

Utilizing a similar proof to that of [11, Theorem 4.1], we obtain λ = λ1, α = α1, γ = γ1, and n = 0,

which subsequently leads to Φ(1⊗ v) = 1⊗ w0. Moreover, for any m ∈ Z�K , we have

λ−mμ−1pm · (1⊗ v) = 1⊗ v. (4.3)

Upon applying Φ to both sides of (4.3), we obtain

λ−mλm
1 μ−1μ1(1⊗ w0) = 1⊗ w0.

Along with λ = λ1, we can get μ = μ1. By Proposition 3.10, we immediately have

Ω

(
λ, α,−3

4
, γ, μ

)
∼= Ω

(
λ1, α1,−3

4
, γ1, μ1

)
.

Furthermore, it is evident that there exists a linear injection

τ : V (ε, ξ, η) → V (ε1, ξ1, η1)

such that

Φ(1⊗ v) = 1⊗ τ(v), ∀ v ∈ V (ε, ξ, η). (4.4)

For m � K, the following two equations

Φ(λ−mdm · (1⊗ v)) = λ−mdm · Φ(1⊗ v),

Φ(λ−mhm · (1⊗ v)) = λ−mhm · Φ(1⊗ v)

respectively imply that

Φ(s⊗ v) = s⊗ τ(v), (4.5)

Φ(t⊗ v) = t⊗ τ(v). (4.6)

Moreover, for any m � K, according to (4.6) and Φ(λ−mhm · (t⊗ v)) = λ−mhm · Φ(t⊗ v), we obtain

Φ(t2 ⊗ v) = t2 ⊗ τ(v). (4.7)
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Equations (4.4)–(4.7) show that

Φ((SW(0) · 1)⊗ v) = (SW(0) · 1)⊗ τ(v), ∀ v ∈ V (ε, ξ, η).

This, in conjunction with

Φ(SW(0) · (1⊗ v)) = SW(0) · Φ(1⊗ v), ∀ v ∈ V (ε, ξ, η),

leads to

Φ(1⊗ SW(0) · v) = 1⊗ (SW(0) · τ(v)), ∀ v ∈ V (ε, ξ, η).

Therefore,

τ(SW(0) · v) = SW(0) · τ(v), ∀ v ∈ V (ε, ξ, η).

Consequently, τ is a non-zero SW(0)-module homomorphism. Given that V (ε, ξ, η) and V (ε1, ξ1, η1)

are irreducible SW(0)-modules, it follows that τ is an SW(0)-module isomorphism. This completes the

proof.

Note that SW(0)-modules M(λ, α, β, γ, μ) and M(λ, α, β, γ, μ)⊗V (ε, ξ, η) are non-weight modules. We

now recall another well-known class of non-weight modules, namely, Whittaker modules. A Whittaker

module over a Lie algebra g with a triangular decomposition

g = g− ⊕ g0 ⊕ g+

is generated by a non-zero vector v such that xv = π(x)v for all x ∈ g+, where π : g+ → C is a Lie

algebra homomorphism. Whittaker modules were initially presented in [1, 18].

Let θ = (θ1, θ2, . . . , θ6) ∈ C6 and Jθ be the left ideal of U(SW(0)+) generated by the element

{f1 − θ1, z0 − θ2, p0 − θ3, e0 − θ4, d1 − θ5, d2 − θ6, qm, hm, zm, pm, em, fn, dl | m ∈ Z�1, n ∈ Z�2, l ∈ Z�3}.

Denote Nθ = U(SW(0)+)/Jθ. Then the induced module

Ind(Nθ) = U(SW(0))⊗U(SW(0)+) Nθ

is the universal Whittaker module over SW(0). Furthermore, every Whittaker module is a quotient of

Ind(Nθ).

Lemma 4.3. Suppose that ε, ξ, and η are not all zero. Assume that M(λ, α, β, γ, μ) = Ω,Δ,Θ,Ω or

Δ constructed in Definition 2.3 and V (ε, ξ, η) is the irreducible highest weight module over SW(0). Let

ω
(r)
l,m =

r∑
i=0

(
r

i

)
(−1)r−idl−m−idm+i ∈ U(SW(0)),

where r ∈ Z�0 and l,m ∈ Z. Then, the following statements hold:

(1) For any i ∈ Z, di acts injectively on M(λ, α, β, γ, μ) and M(λ, α, β, γ, μ)⊗ V (ε, ξ, η).

(2) For any l,m ∈ Z, r ∈ Z�3, and g(s, t) ∈ M(λ, α, β, γ, μ), we have

ω
(r)
l,m(g(s, t)) = 0.

(3) For any r ∈ Z�3 and 0 �= g(s, t) ∈ M(λ, α, β, γ, μ), there exist v ∈ V (ε, ξ, η) and l,m ∈ Z such that

ω
(r)
l,m(g(s, t)⊗ v) �= 0.

Proof. This follows from the similar proof of [11, Lemma 5.1]. We omit the details.

Proposition 4.4. Suppose that ε, ξ, and η are not all zero. Then, M(λ, α, β, γ, μ) and M(λ, α, β, γ, μ)

⊗ V (ε, ξ, η) are new non-weight SW(0)-modules.
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Proof. Suppose thatW is a Whittaker module over SW(0) which is isomorphic to a quotient of Ind(Nθ)

for some θ = (θ1, θ2, . . . , θ6) ∈ C6. For any non-zero element w ∈ W , there exists an i ∈ Z�1 such that di
acts on w trivially. However, it is known by Lemma 4.3(1) that di acts injectively on M(λ, α, β, γ, μ) and

M(λ, α, β, γ, μ)⊗V (ε, ξ, η). Hence, W � M(λ, α, β, γ, μ) and W � M(λ, α, β, γ, μ)⊗V (ε, ξ, η). Moreover,

M(λ, α, β, γ, μ) � M(λ, α, β, γ, μ) ⊗ V (ε, ξ, η) can be directly obtained from (2) and (3) in Lemma 4.3.

Therefore, W , M(λ, α, β, γ, μ), and M(λ, α, β, γ, μ)⊗V (ε, ξ, η) are pairwise non-isomorphic. We complete

the proof.

5 Realization of tensor product modules as induced modules

In this section, we consider the tensor product modules M(λ, α, β, γ, μ) ⊗ V (ε, ξ, η) as induced modules

from modules over certain subalgebras of SW(0), where M(λ, α, β, γ, μ) = Ω,Δ,Θ,Ω or Δ constructed

in Definition 2.3 and V (ε, ξ, η) is the Verma module introduced in Section 4.

Fix λ ∈ C∗, let

bλ = spanC{dm − λmd0, fm, qm, hn, zn, pn, en | m ∈ Z�1, n ∈ Z�0}.

Clearly, bλ is a subalgebra of SW(0).

Definition 5.1. Let C[t] denote the polynomial algebra with respect to the variable t. For any

λ, α, μ ∈ C∗, β, γ, ε, ξ, η ∈ C, m ∈ Z�1, n ∈ Z�0, and g(t) ∈ C[t], we define the action of bλ on C[t]

as follows:

C[t]Ω : (dm − λmd0) ◦ g(t) = λm(mγ − η)g(t),

fm ◦ g(t) = −λm

α

(
t

2
− β

)(
t

2
+ β + 1

)
g(t+ 2),

qm ◦ g(t) = pn ◦ g(t) = 0, hn ◦ g(t) = λn(t+ δn,0ε)g(t),

zn ◦ g(t) = λnδn,0ξg(t), en ◦ g(t) = λnαg(t− 2),

C[t]Δ : (dm − λmd0) ◦ g(t) = λm(mγ − η)g(t),

fm ◦ g(t) = λmαg(t+ 2), qm ◦ g(t) = pn ◦ g(t) = 0,

hn ◦ g(t) = λn(t+ δn,0ε)g(t), zn ◦ g(t) = λnδn,0ξg(t),

en ◦ g(t) = −λn

α

(
t

2
+ β

)
g

(
t

2
− β − 1

)
g(t− 2),

C[t]Θ : (dm − λmd0) ◦ g(t) = λm(mγ − η)g(t),

fm ◦ g(t) = −λm

α

(
t

2
− β

)
g(t+ 2),

qm ◦ g(t) = pn ◦ g(t) = 0, hn ◦ g(t) = λn(t+ δn,0ε)g(t),

zn ◦ g(t) = λnδn,0ξg(t), en ◦ g(t) = λnα

(
t

2
+ β

)
g(t− 2),

C[t]Ω : (dm − λmd0) ◦ g(t) = λm(mγ − η)g(t),

fm ◦ g(t) = −λm

α

(
t

2
+

3

4

)(
t

2
+

1

4

)
g(t+ 2),

qm ◦ g(t) = −λmμ

2α

(
t+

1

2

)
g(t+ 1),

hn ◦ g(t) = λn(t+ δn,0ε)g(t), zn ◦ g(t) = λn

(
μ2

2α
+ δn,0ξ

)
g(t),

en ◦ g(t) = λnαg(t− 2), pn ◦ g(t) = λnμg(t− 1),

C[t]Δ : (dm − λmd0) ◦ g(t) = λm(mγ − η)g(t),
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fm ◦ g(t) = λmαg(t+ 2), qm ◦ g(t) = λmμg(t+ 1),

hn ◦ g(t) = λn(t+ δn,0ε)g(t), zn ◦ g(t) = λn

(
− μ2

2α
+ δn,0ξ

)
g(t),

en ◦ g(t) = −λn

α

(
t

2
− 3

4

)(
t

2
− 1

4

)
g(t− 2),

pn ◦ g(t) = λnμ

2α

(
t− 1

2

)
g(t− 1).

Proposition 5.2. With the notations as in Definition 5.1, we have

(1) C[t]Ω, C[t]Δ, C[t]Θ, C[t]Ω, and C[t]Δ are bλ-modules;

(2) C[t]Ω, C[t]Δ, C[t]Ω and C[t]Δ are irreducible. Moreover, C[t]Θ is irreducible if and only if 2β /∈ Z�0.

Proof. (1) This conclusion can be obtained through a direct calculation.

(2) Assume that WM(λ,α,β,γ,μ) is a non-zero bλ-submodule of C[t]M(λ,α,β,γ,μ), where M(λ, α, β, γ, μ)

= Ω,Δ,Θ,Ω or Δ. It is sufficient to demonstrate that 1 ∈ WM(λ,α,β,γ,μ). Take any non-zero element

g(t) ∈ WM(λ,α,β,γ,μ). Based on Definition 5.1, the following equations hold by induction on k ∈ Z�1:

fk
1 ◦ g(t) = λkαkg(t+ 2k) ∈ WΔ,WΔ,

ek0 ◦ g(t) = αkg(t− 2k) ∈ WΩ,WΩ,

fk
1 ◦ g(t) = λk(−α)−k

k−1∏
i=0

(
t

2
− β + i

)
g(t+ 2k) ∈ WΘ,

ek0 ◦ g(t) = αk
k−1∏
i=0

(
t

2
+ β − i

)
g(t− 2k) ∈ WΘ.

Choose k sufficiently large such that

(g(t), g(t− 2k)) = 1, (g(t), g(t+ 2k)) = 1,( k−1∏
i=0

(
t

2
+ β − i

)
g(t− 2k),

k−1∏
i=0

(
t

2
− β + i

)
g(t+ 2k)

)
= 1,

where 2β /∈ Z�0. Then, 1 ∈ WM(λ,α,β,γ,μ).

Next, assume 2β ∈ Z�0. It is straightforward to verify that the vector space

V = C[t]

2β∏
i=0

(
t

2
+ β − i

)

is a proper submodule of WΘ. The proof is now conclusive.

From Proposition 5.2, we can obtain the induced SW(0)-modules

Ind(C[t]M(λ,α,β,γ,μ)) = U(SW(0))⊗U(bλ) C[t]
M(λ,α,β,γ,μ),

where M(λ, α, β, γ, μ) = Ω,Δ,Θ,Ω or Δ.

Theorem 5.3. Keep the notations as above. Then, as SW(0)-modules,

M(λ, α, β, γ, μ)⊗ V (ε, ξ, η) ∼= Ind(C[t]M(λ,α,β,γ,μ)).

Proof. We only prove the case M(λ, α, β, γ, μ) = Ω, i.e.,

Ω

(
λ, α,−3

4
, γ, μ

)
⊗ V (ε, ξ, η) ∼= Ind(C[t]Ω).

The remaining four cases are treated similarly. Define

U = f
F−mf

−mf
· · · fF0

0 q
Q−mq

−mq
· · · qQ0

0 h
H−mh−mh

· · ·hH−1

−1 z
Z−mz−mz

· · · zZ−1

−1 p
P−mp

−mp
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· · · pP−1

−1 e
E−me−me

· · · eE−1

−1 d
D−md−md

· · · dD0
0 ,

V = f
F−mf

−mf
· · · fF0

0 q
Q−mq

−mq
· · · qQ0

0 h
H−mh−mh

· · ·hH−1

−1 z
Z−mz−mz

· · · zZ−1

−1 p
P−mp

−mp

· · · pP−1

−1 e
E−me−me

· · · eE−1

−1 d
D−md−md

· · · dD−1

−1 ,

where D0, . . . , D−md
, E−1, . . . , E−me , P−1, . . . , P−mp , Z−1, · · ·Z−mz , H−1, . . . , H−mh

, Q0, . . . , Q−mq , F0,

. . . , F−mf
∈ Z�0. According to the PBW Theorem, a basis of Ind(C[t]Ω) is

B1 = {U ⊗ ti | i ∈ Z�0}

and a basis of Ω(λ, α,− 3
4 , γ, μ)⊗ V (ε, ξ, η) is

B2 = {tisD0 ⊗ V · vh | i ∈ Z�0}.

We define the linear map

ψ : Ind(C[t]Ω) → Ω

(
λ, α,−3

4
, γ, a

)
⊗ V (η, ε, ξ, θ)

given by ψ(U ⊗ ti) = U(ti ⊗ vh).

Claim 1. ψ is an SW(0)-module homomorphism.

From Definition 5.1, we obtain that for any m ∈ Z�1 and i ∈ Z�0,

(dm − λmd0)(t
i ⊗ vh) = (dm − λmd0) · ti ⊗ vh + ti ⊗ (dm − λmd0) · vh

= λmmγti ⊗ vh − λmηti ⊗ vh

= λm(mγ − η)ti ⊗ vh

= ((dm − λmd0) ◦ ti)⊗ vh.

This implies that

ψ(Udm ⊗ ti) = ψ(λmUd0 ⊗ ti + U(dm − λmd0)⊗ ti)

= ψ(λmUd0 ⊗ ti + U ⊗ (dm − λmd0) ◦ ti)
= λmUd0(ti ⊗ vh) + U((dm − λmd0) ◦ ti ⊗ vh)

= λmUd0(ti ⊗ vh) + U(dm − λmd0)(t
i ⊗ vh)

= Udm(ti ⊗ vh).

For any xm ∈ {fm, qm | m ∈ Z�1} and yn ∈ {hn, zn, pn, en | n ∈ Z�0}, we know that

ψ(Uxm ⊗ ti) = ψ(U ⊗ xm ◦ ti) = U(xm ◦ ti ⊗ vh) = Uxm(ti ⊗ vh),

ψ(Uyn ⊗ ti) = ψ(U ⊗ yn ◦ ti) = U(yn ◦ ti ⊗ vh) = Uyn(ti ⊗ vh).

Using the PBW Theorem again, we obtain

xjU =
∑
ja

XjaX
′
ja +

∑
jf

FjfF
′
jf
fjf +

∑
jq

QjqQ
′
jqqjq +

∑
jh

HjhH
′
jh
hjh +

∑
jz

ZjzZ
′
jzzjz

+
∑
jp

PjpP
′
jppjp +

∑
je

EjeE
′
jeeje +

∑
jd

DjdD
′
jd
djd ,

where xj ∈ {fj , pj , hj , zj , pj , ej , dj | j ∈ Z}, Xja , Fjf , Qjq , Hjh , Zjz , Pjp , Eje , Djd ∈ C, X ′
ja

⊗ ti, F ′
jf

⊗ ti,

Q′
jq

⊗ ti, H ′
jh

⊗ ti, Z ′
jz

⊗ ti, P ′
jp

⊗ ti, E′
je

⊗ ti, D′
jd

⊗ ti ∈ B1, and jf , jq, jd ∈ Z�1, jh, jz, jp, je ∈ Z�0.

Subsequently, it is evident that

ψ(xjU ⊗ ti) = ψ

(∑
ja

XjaX
′
ja ⊗ ti +

∑
jf

FjfF
′
jf
fjf ⊗ ti +

∑
jq

QjqQ
′
jqqjq ⊗ ti +

∑
jh

HjhH
′
jh
hjh ⊗ ti
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+
∑
jz

ZjzZ
′
jzzjz ⊗ ti +

∑
jp

PjpP
′
jppjp ⊗ ti +

∑
je

EjeE
′
jeeje ⊗ ti +

∑
jd

DjdD
′
jd
djd ⊗ ti

)

=
∑
ja

XjaX
′
ja(t

i ⊗ vh) +
∑
jf

FjfF
′
jf
fjf (t

i ⊗ vh) +
∑
jq

QjqQ
′
jqqjq (t

i ⊗ vh)

+
∑
jh

HjhH
′
jh
hjh(t

i ⊗ vh) +
∑
jz

ZjzZ
′
jzzjz (t

i ⊗ vh) +
∑
jp

PjpP
′
jppjp(t

i ⊗ vh)

+
∑
je

EjeE
′
jeeje(t

i ⊗ vh) +
∑
jd

DjdD
′
jd
djd(t

i ⊗ vh)

= xjU(ti ⊗ vh) = xjψ(U ⊗ ti).

Therefore, ψ is an SW(0)-module homomorphism.

Claim 2. ψ is a surjection.

We need to show Ω(λ, α,− 3
4 , γ, μ)⊗ V (ε, ξ, η) ⊆ Im(ψ). It is easy to see that

ψ(1⊗ ti) = ti ⊗ vh ∈ Im(ψ)

for all i ∈ Z�0. Meanwhile, for any j ∈ Z�0, ψ(d
j
0 ⊗ ti) = dj0(t

i ⊗ vh) ∈ Im(ψ), this results in tisj ⊗ vh
∈ Im(ψ), i.e.,

Ω

(
λ, α,−3

4
, γ, μ

)
⊗ vh ⊆ Im(ψ).

Letting U act on Ω(λ, α,− 3
4 , γ, μ)⊗ vh, we have Ω(λ, α,− 3

4 , γ, μ)⊗ V (ε, ξ, η) ⊆ Im(ψ). Consequently, ψ

is surjective.

Claim 3. ψ is a injection.

Let

V ′ = f
F ′

−m′
f

−m′
f

· · · fF ′
0

0 q
Q′

−m′
q

−m′
q

· · · qQ′
0

0 h
H′

−m′
h

−m′
h

· · ·hH′
−1

−1 z
Z′

−m′
z

−m′
z

· · · zZ
′
−1

−1 p
P ′

−m′
p

−m′
p

· · · pP
′
−1

−1 e
E′

−m′
e

−m′
e

· · · eE
′
−1

−1 d
D′

−m′
d

−m′
d

· · · dD
′
−1

−1 ,

where D′
−1, . . . , D

′
−m′

d
, E′

−1, . . . , E
′
−m′

e
, P ′

−1, . . . , P
′
−m′

p
, Z ′

−1, · · ·Z ′
−m′

z
, H ′

−1, . . . , H
′
−m′

h
, Q′

0, . . . , Q
′
−m′

q
, F ′

0,

. . . , F ′
−m′

f
∈ Z�0. We now define a total order ≺ on B2, i.e., t

isD0 ⊗ (V · vh) ≺ ti
′
sD

′
0 ⊗ (V ′ · vh) if and

only if

(D−1, . . . , D−md
,

m′
d︷ ︸︸ ︷

0, . . . , 0, E−1, . . . , E−me ,

m′
e︷ ︸︸ ︷

0, . . . , 0, P−1, . . . , P−mp ,

m′
p︷ ︸︸ ︷

0, . . . , 0, Z−1, . . . , Z−mz ,

m′
z︷ ︸︸ ︷

0, . . . , 0, H−1, . . . , H−mh
,

m′
h︷ ︸︸ ︷

0, . . . , 0, Q0, . . . , Q−mq ,

m′
q︷ ︸︸ ︷

0, . . . , 0, F0, . . . , F−mf
,

m′
f︷ ︸︸ ︷

0, . . . , 0, D0, i)

< (D′
−1, . . . , D

′
−m′

d
,

md︷ ︸︸ ︷
0, . . . , 0, E′

−1, . . . , E
′
−m′

e
,

me︷ ︸︸ ︷
0, . . . , 0, P ′

−1, . . . , P
′
−m′

p
,

mp︷ ︸︸ ︷
0, . . . , 0, Z ′

−1, . . . , Z
′
−m′

z
,

mz︷ ︸︸ ︷
0, . . . , 0, H ′

−1, . . . , H
′
−m′

h
,

mh︷ ︸︸ ︷
0, . . . , 0, Q′

0, . . . , Q
′
−m′

q
,

m′
q︷ ︸︸ ︷

0, . . . , 0, F ′
0, . . . , F

′
−m′

f
,

mf︷ ︸︸ ︷
0, . . . , 0, D′

0, i
′),

where (a1, . . . , al) < (b1, . . . , bl) ⇔ ∃ k > 0 such that ai = bi for all i < k and ak < bk.

Through calculation, we obtain

U(ti ⊗ vh) = tisD0 ⊗ (V · vh) + lower terms,

which means that the set {U(ti ⊗ vh) | i ∈ Z�0} is also a basis of B2. Thus, ψ is injective. We thus

complete the proof.
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