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Abstract First, we prove a decomposition formula for any multiplicative differential form on a Lie groupoid

G. Next, we prove that if G is a Poisson Lie groupoid, then the space Q2 ..

has a differential graded Lie algebra (DGLA) structure. Furthermore, when combined with Q°® (M), which is

.
mult

(G) of multiplicative forms on G

the space of forms on the base manifold M of G, Q (G) forms a canonical DGLA crossed module. This

supplements a previously known fact that multiplicative multi-vector fields on G form a DGLA crossed module
with the Schouten algebra I'(A® A) stemming from the Lie algebroid A of G.
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1 Introduction

The motivation for this study derives from two primary sources. Firstly, we seek to build upon our
prior research on multiplicative multi-vector fields on Lie groupoids [9]; our current focus is directed
towards multiplicative forms. Secondly, we aim to investigate Poisson Lie groupoids, and in particular,
the constituting multiplicative forms of their induced graded Lie algebras.

The concept of Lie groupoids was introduced by Ehresmann [15,16] in the late 1950s to describe smooth
symmetries of a smooth family of objects, i.e., the collection of arrows is a manifold G, the set of objects
is a manifold M called the base, and all the structure maps of the groupoid are smooth. Taking sources
of arrows defines the source map s : G — M, and similarly, one has the target map ¢t : G — M, both
being considered as part of the groupoid structures. Let us denote by G = M for such a Lie groupoid.
Its infinitesimal counterpart, i.e., the Lie algebroid of G, is defined and denoted by A := ker(s, )|, i.e.,
vectors tangent to the s-fibers of G along M. The theory of Lie groupoids and Lie algebroids has become
a far-reaching extension of the usual Lie theory, and it finds application in many areas of mathematics.
The reader is referred to the texts [13,28] for more useful information on this subject.

Geometric structures compatible with the groupoid structure are often called multiplicative. Multi-
plicative objects have attracted widespread attention because they can be regarded as geometric structures
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on differentiable stacks [33]. We refer to [21] for a thorough survey of different types of multiplicative
structures on Lie groupoids defined and studied in the past decades. For this article, we hope that readers
have some familiarities of works on multiplicative Poisson structures [25, 35, 36].

A multiplicative vector field on a Lie groupoid is a vector field generating a flow of local groupoid
automorphisms [30]. In a recent work [3], Bonechi et al. have shown a canonical graded Lie algebra (GLA
for short) crossed module structure on the space of multiplicative multi-vector fields of a groupoid—Iet
G = M be a Lie groupoid over M and A its Lie algebroid. The aforementioned GLA crossed module is
actually composed of a triple:

T(A®A) 5 x2,,(G), where T(u) =% — @, YueT(A®A). (1.1)

Here, T'(A®A) is the Schouten algebra of A, X® ..(G) stands for the space of multiplicative multi-vector

mult

fields of G, and the action of X? .(G) on I'(A®A) is intrinsic (see Example 5.12). It is also proved in [3]

mult

that the homotopy equivalence class of the GLA crossed module I'(A®A) KN X2t
Morita equivalence of Lie groupoids, and thus is considered as the multi-vector fields on the corresponding
differentiable stack.

In our previous work [9], we have established a formula for multiplicative multi-vector fields (see

Theorem 2.6)—any multiplicative k-vector field II on a Lie groupoid G = M can be decomposed into

(9) is invariant under

_ oD,
T, = Ry.c((by]) + Lip,] <1I‘jp(7r)) " (1.2)

where g € G, b, is a bisection through g, ¢ : JG — A¥A is a l-cocycle, 7 € T(TM ® (AF~1A)) is a
p-compatible (k,0)-tensor (see Definition 2.3), and D, is a degree 0 derivation on A*(T'M @ A). We call
(¢, m) a (k,0)-characteristic pair on G. More facts about multiplicative multi-vector fields are recalled in
Subsection 2.3.

In duality to multiplicative multi-vector fields, differential forms on Lie groupoids suitably compatible
with the groupoid structure are referred to as multiplicative forms and are the main objects of interest
in this paper. After their first appearance with the advent of symplectic groupoids [20, 35], a lot of
interesting works on multiplicative forms of Lie groupoids have emerged. For example, a one-to-one
correspondence between multiplicative forms (with certain coefficients) and Spencer operators on Lie
algebroids is established in [14], from which we find a lot of inspiration.

Our first objective is to decompose multiplicative forms by drawing an analogy with (1.2) of
multiplicative multi-vector fields. Crainic et al. [14] have discovered an important result in which a
multiplicative k-form © on G can be characterized by a (0, k)-characteristic pair (e, ). Here, e is a 1-
cocycle of the jet groupoid JG valued in AFT* M, i.e. e € Z1(JG, \FT* M), and 6 € T'(A* @ (AF1T*M)) is
a p-compatible (0, k)-tensor (see Definition 3.1). Using this tool, we can analyze the constituent elements
of multiplicative forms and determine the relationship between multiplicative forms © and (e, ). Our
first main Theorem 3.13 states that for any bisection b, passing through g € G, a nice decomposition can

be obtained, i.e.,
. ePer —1
@g = R[b;1] €[bg] =+ T(G)t(g) . (13)

Here, D,- is a degree 0 derivation A*(T*M & A*) — A*(T*M @ A*) (see (3.3)).

The infinitesimal counterparts of multiplicative forms on Lie groupoids are certain structures on Lie
algebroids, and they are called infinitesimally multiplicative (IM for short) forms [4]. Likewise, the
infinitesimals of (0, k)-characteristic pairs on Lie groupoids are (0, k)-characteristic pairs on Lie algebroids
(see Definition 3.20 and Proposition 3.21), and we show that they are equivalent to IM-forms (see
Proposition 3.25).

Our second goal is to create a new object (in parallel to the aforementioned GLA crossed module)—a
triple involving

(M) SO (G), where J(v) :=s"y —t*y, VvyeQ*(M). (1.4)

mult
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Here, Q2 ;(G) refers to the space of multiplicative forms on G, and s and t are the source and target
maps of the G groupoid, respectively. However, as of now, the triple in (1.4) is only a morphism of cochain
(G) have the standard de Rham differentials. Our main
result regarding this triple states that if G is a POibeH Lie groupoid, i.e., equipped with a multiplicative
Poisson structure P, then the triple Q°(M) SEAR Q0
(DGLA) crossed module.

Poisson Lie groupoids, which unify Poisson Lie groups [27] and symplectic groupoids, were introduced
by Weinstein [35,36]. The Poisson structure P on G upgrades the triple in (1.1) to a DGLA crossed
module, and the two DGLA crossed modules (1.1) and (1.4) are related by a natural morphism. This is
our second main Theorem 5.14.

Note that Ortiz and Waldron [32] had already discovered part of Theorem 5.14, which indicates that

the data Q'(M) AN QL (G) form a Lie algebra crossed module. This elegant fact is reasserted in
Theorem 5.5, and to ensure comprehensiveness, we present a proof employing our theory of characteristic

pairs.

complexes, where the spaces Q°(M) and Q2

(G) becomes a differential graded Lie algebra

The rest of this paper is organized as follows. In Section 2, we provide an overview of the fundamental
concepts of Lie groupoids, Lie algebroids, their corresponding jets, and multiplicative multi-vector fields.
We also establish the relation between (k,0)-characteristic pairs and multiplicative multi-vector fields.
Next, in Section 3, we examine multiplicative forms, (0, k)-characteristic pairs on Lie groupoids and their
interconnections, culminating in our main result, Theorem 3.13. We also explore the infinitesimal theories
of (0, k)-characteristic pairs and IM forms on Lie algebroids. We then focus on transitive Lie groupoids
and Lie algebroids. In Section 4, we derive a variety of essential formulas related to multiplicative multi-
vector fields and forms. Finally, in Section 5, we investigate multiplicative forms on Poisson groupoids,
and present our second main outcome, Theorem 5.14, along with its proof, which depends on propositions
and lemmas developed earlier in the paper.

To make it more concise, we recommend consulting the following works related to Lie algebroid IM
forms integrated to Lie groupoids: Bursztyn and Cabrera [4], Bursztyn et al. [5], and Cabrera et al. [7,8].
For further information on multiplicative tensors and their infinitesimals, please refer to Bursztyn and
Drummond’s work [6]. Additionally, we suggest exploring a relevant piece of work by Lean et al. [26] on
multiplicative generalized complex structures that could be a valuable resource for further research.

List of conventions and notations.  Throughout the paper, M stands for a smooth manifold and
k denotes a positive integer (usually within the range 1 < k < dim M + 1). Furthermore, ‘GLA’ stands
for ‘graded Lie algebra’, and ‘DGLA’ stands for ‘differential graded Lie algebra’. Some commonly used
symbols are listed below:

(1) Sh(p, q): the set of (p, q)—shufﬂes; a (p, ¢)-shuffle is a permutation o of the set {1,2,...,p+q} such
that o(1) < --- < o(p) and o(p+1) <--- < a(p+ q);

(2) T%: the contraction map U* — V, u* + 1,+T for a given tensor T € U ® V;
3) G = M: a Lie groupoid over M;
4) X2 1:(G) (Q22,.,1:(G)): the space of multiplicative multi-vector fields (multiplicative forms) of G;

5) (A,[—, =], p): a Lie algebroid with its bracket and anchor map; usually, A is the Lie algebroid of G;

)

(3)

(4)

()

(6) by: a (local) bisection on G which passes through g € G;

(7) [b g] the first jet of b, at g € G;

(8) 39 (JA): the jet groupoid of G (the jet Lie algebroid of A);

(9) s'u: the section of jets in I'(JA) arising from u € I'(A) (see (2.4));

(10) $ (h): the bundle of isotropy jet groups (the bundle of isotropy Lie algebras);
(11) Ad: the adjoint action of the jet groupoid JG on A and T'M and also on A¥A and AFTM;
(12) AdY: the coadjoint action of JG on A* , T*M and also on NFA* ART* M
(13) D,+: a degree 0 derivation A*(T*M & A*) — A*(T*M & A*) (see (3.3));
(14) CP*(A): the space of characteristic pairs on A;

(15)

15) IM*(A): the space of IM-forms on A.
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2 Preliminaries

This section provides an overview of preliminary concepts such as Lie groupoids, Lie algebroids, their
jets, and our notations and conventions regarding Lie groupoid and Lie algebroid modules. Additionally,
we briefly recall multiplicative multi-vector fields and forms (see [13,28] and our previous work [9]).

2.1 Lie algebroid and groupoid modules

A Lie algebroid is an R-vector bundle A — M endowed with a Lie bracket [+, -] in its space of sections
I'(A), together with a bundle map p: A — TM called the anchor, such that p : T'(4) — X1(M) is a
morphism of Lie algebras and

[u, fv] = flu, 0] + (p(u) fv
holds for all u,v € T'(A) and f € C(M).
By an A-module, we mean a vector bundle £ — M, which is endowed with an A-connection:

V: T(A) x [(E) — [(E)

which is flat, i.e.,
Viwwe = VuVee =V, Vye, Vu,v€T(4), ecT(E).

Given an A-module F, we have the standard Chevalley-Eilenberg complex (C*(A, E),d ), where
C*(A,E) :=T'(Hom(A*A, E))
and the coboundary operator d4 : C"(A, E) — C"*1(A, E) is given by

(daN)(ug,ugy ... uy)
= Z(_mivm(. Ty ) Y (D) I g, T T )

A

for all uo, ..., u, € I'(A).

Let G be a Lie groupoid over a smooth manifold M with its source and target maps being denoted
by s: G — M and t : G — M, respectively. We use the short notation G = M in which s and t are
omitted to denote such a Lie groupoid. We treat the set of identities M < G as a submanifold of G.
The groupoid multiplication of two elements g and r is denoted by gr, provided that s(g) = t(r). The
collection of such pairs (g,7), called composable pairs, is denoted by G (2). The groupoid inverse map of
G is denoted by inv: G — G. For g € G, its inverse inv(g) is also denoted by g~!.

A bisection of G is a smooth splitting b : M — G of the source map s (i.e., sb = idps) such that

op:=tb: M — M

is a diffeomorphism. The set of bisections of G forms a group which we denote by Bis(G) and its identity
element is idy;. The multiplication b0’ of b and b € Bis(G) is given by

(b ) (x) := by (2))b' (z), V€ M.
A bisection b defines a diffeomorphism of G by left multiplication:
Ly:G =G, Lyg):=0btlg)g, Vgeg.
We call Ly, the left translation by b. Similarly, b defines the right translation:
Ry:G =G, Rilg) =gb(dy's(g), Yg€G.
In particular, there is an induced map R}) : M — G which is the restriction of R, on M:

Ri(z) := Ry(z) = b(¢, *(x)), Y€ M. (2.1)
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Clearly, R}) is a section of the fibre bundle G L M.

A local bisection b passing through the point b(x) = g on G, where x = s(g) € U, is also denoted by
by, to emphasize the particular point g. In the sequel, by saying a bisection through g, we mean a local
bisection that passes through g.

A (left) G-module is a vector bundle E — M together with a smooth assignment: g — ®,, where
g € G and &, € GL(E,y), Ey(4)) (the set of isomorphisms from E () to Ey,), satisfying

(1) @, =idg, for all z € M;

(2) ©y4p = @4D, for all composable pairs (g, 7).

We recall the Lie algebroid (A4, p,[, ]a) of the Lie groupoid G. In fact, A = ker s,y and the anchor
map p: A — TM is simply t.. For u,v € I'(A), the Lie bracket [u,v] is determined by

[, 0] = [@, 7).

Here, W denotes the right-invariant vector field on G corresponding to w. In the meantime, the left-
invariant vector field corresponding to u, denoted by W, is related to o via

w = finv*(ﬁ) = —inv,u.
A G-module FE is also an A-module, i.e., there is an A-action on E:
V:T'(A) xI'(E) - I'(E)

defined by
d

Ve = —
ue de|._,

‘bexp (—eu)©) Yuée F(A), e c F(E)
An n-cochain on G valued in the G-module E' is a smooth map c: ¢ — FE such that

C(gl, - ,gn) € Et(gl)-

Denote by C™(G, E) the space of n-cochains. The coboundary operator
dg : C™(G, E) — C"*1(G, E)

is standard.
(1) For n =0 and v € C°(G, E) = I'(E), define

(dgV)(g) = (I)gl/s(g) — Vi(g)» Vgeg.

(2) For ce C™"(G,E) (n > 1) on G, define

(dgc)(gCh gi,--- >gn)
n—1
= (I)ro(gh s ,gn) + Z(_l)z_lc(go? e 9iGi41y - - - 7gn) + (_1)n+1c(907 cee 7gn71)'
=0

A groupoid 1-cocycle ¢ induces a Lie algebroid 1-cocycle ¢ : A — E by the following formula. For each
u € A,, choose a smooth curve y(e) in the s-fibre s (x) such that 4/(0) = u. Then, ¢(u) € E, is defined

by
d

. _ d
c(u) = e i

) = | e, (2.2)

e=0
We call ¢ the infinitesimal of ¢. Note that our convention is slightly different from that in [1] (up to a
minus sign). Also, it is easily verified that, for v € T'(E), we have

dgv = dav. (2.3)
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2.2 The jet Lie algebroid and the jet Lie groupoid

The first jet space of a Lie algebroid A, denoted by JA, is also a Lie algebroid (see [10,14]), which fits
into an exact sequence of Lie algebroids:

0-h5345 450
Here,
h=T*M @ A= Hom(TM, A)

is a bundle of Lie algebras. We call h the bundle of isotropy jet Lie algebras.
We have a natural lifting map 7' : T'(A) — I'(JA) that sends u € I'(A) to its jet y'u € T'(JA):

('w)e = [uls, Va € M. (2.4)
Moreover, the Lie bracket of I'(JA) is determined by the relation:

[ u, gt ue] = g s, ugl.
The anchor of JA is simply given by

paa(stur + df ® uz) = p(u).

The vector bundles A and T'M are modules of the jet algebroid JA via adjoint actions:

ad,v = [u, v], adgrouv = —p(v)(f)u,

and
ad;1, X = [p(u), X], adgeuX = —X(f)u,

where u,v € T'(A), f € C®°(M), and X € X!(M). Then, JA also naturally acts on AFA, AKT M, AFA*,
and AFT*M.
Let b, and b’g be two bisections through g € G. They are said to be equivalent at g if b., = ), :
T.M — T,G, where x = s(g). The equivalence class, denoted by [b];, or [b,], is called the first jet of b,.
The (first) jet groupoid JG of a Lie groupoid G, consisting of such jets [by], is a Lie groupoid over
M. The source and target maps of JG are given by

slbg] = s(g), t[bg] = t(9)-
The multiplication is given by
[bg] (7] = [(b0") g ]
for two bisections b, and b. through g and r, respectively.
Given a bisection b, through g, its first jet induces a left translation

Lip,) - TGle-1(w) = TGli-1(y),
where z = s(g) and y = ¢p(z) = t(g). Similarly, we have a right translation
R[bg] : Tg|§71(y) — Tg‘sf1($).

We also note that when Ly, ) is restricted on (kert.)[;-1(,), it is exactly the left translation Lg.. Similarly,
when restricted on (ker s.)[s-1(y), Bpp,) is exactly the right translation R..
Moreover, the restriction of Ly, ) to T M is exactly the tangent map b., : T, M — T,G, i.e.,

L, (X) = bgs(X) for X € T, M.
A bisection b of G acts on G by conjugation
ADy(g) = Ry-1Ly(g) = b(t(9))9(b(s(9))) ",

which maps units to units and s-fibres to s-fibres (¢-fibres to ¢-fibres as well). There is an induced action
of the jet groupoid JG on A and T'M.
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Definition 2.1. There is an action of JG, called the adjoint action, on A and T'M:
Adp,): Ae = Agyz), TeM — Ty, )M,  where z = s(g)
defined by
Adp,ju = Ry, Lpp,j(u) = Rg-1, (Lo« (u — p(u)) + bu(p(u))), u€ Ay
and
Ad[bg]X = R[bg]—lL[bg](X) = Op« (X), XeT, M.
Then, we also have the adjoint actions of JG on A¥ A and A¥T'M, all denoted by Ad. In the meantime,
we have the coadjoint actions of JG on AFA* and A*T* M which we denote by AdY, i.e.,
\ . *
Ad[bg] = (Ad[bg]—l) .

Note that the Lie algebroid of JG is the jet Lie algebroid JA. By taking derivations, we get the adjoint
and coadjoint actions of JA introduced preciously.
The following exact sequence of groupoids can be easily established:

129536561

The space ) consists of jets [h], where h is a bisection through x € M. Let us call ) the bundle of
isotropy jet groups.
For [h] € $)., there exists an H : T, M — A, such that

ho(X)=H(X)+ X, XeTl,M,
and

Ghv = tihy =1d + pH € GL(T,M).
Let us introduce

Hom(TM, A) :={H € Hom(T M, A);id + pH € GL(TM)}.
Then, we have ) = Hom(T'M, A). In the sequel, for H € Hom(7T, M, A,), we write [h] =id + H € $,
(see [9,14,24] for more details).
Now let us write down the explicit formulas for the translation of $ on G|y = A®TM (see [9] for a

proof of the following lemma).

Lemma 2.2. If[h] =id+ H € 9,, where H € Hom(T, M, A,), then the left and right translation
maps
L[h], R[h] AT, M — A, T, M

are given by

L[h](7.t+)():I?[()()-|-’LL-|—IT[p(7.I,)-|-AX7

2.5

Ryy(u+X) = H(id+ pH) " (X) + u+ (id 4+ pH) ' X, (2:3)

where u € A, and X € T, M.
Consequently, the adjoint action Ady,) : Ay @ T, M — A, ® T, M is given by
Adpy(u+ X) = (id + Hp)(u) + (id + pH)(X),
and the dual maps
Ry, Lyt Ay @ T, M — AL @ T; M

are respectively

Liy(x+&) =x+p H'x+&+ Hy, 20

Riy(x + &) = x + (id + pH) "¢ + (id + pH) ™ H*(x),
where ¢ € T M, x € A%. In particular, the induced coadjoint action of $ on A¥T*M is given by
Adpy-w = (Adpy)*w = (id + pH)*®*(w), Yw e A"T; M. (2.7)
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2.3 Multiplicative k-vector fields and characteristic pairs of (k,0)-type

We first recall p-compatible (k,0)-tensors introduced in [9].
Definition 2.3. Let k > 1 be an integer. A p-compatible (k,0)-tensor is a section

T e T(TM @ (AF71A4)),

which satisfies
LprglyT = —Lpeplem, VEm € Q(M).

We need a particular operator D, which was first studied in [11]—a degree 0 derivation on A*(T'M @& A)
determined by its (T'M & A)-to-(TM & A) part:

D,(X+u)=pu), YXeTM, uecA
Hence D, maps (A\PTM) @ (A1A) to (\PT'TM) ® (AN9=1A). For m € TM ® (A*~1A), we introduce

(_1)k71
k!

1—e Do

1 1
Br = D, (7r)=7r——D,,7r+—D§7r—|—-~-—|—

o 3 Di~'r e \M(TM & A). (2.8)

Note that the term is Dim € (AMTITM) @ (AF=177 A).
Recall that A, the Lie algebroid of G, is a module of the jet groupoid JG via the adjoint action (see
Definition 2.1). Therefore, JG also acts on A A. Hence we have a coboundary operator

d3g : C™(3G, A\FA) — C"HH(FG, AR A).
We denote by Z1(JG, AFA) the set of 1-cocycles ¢ : JG — AFA.
Definition 2.4. Let k > 1 be an integer. A (k, 0)-characteristic pair on G is a pair
(c,m) € ZHIG, N"A) x T(TM & (A1 A)),
where 7 is p-compatible and when c is restricted to $), it satisfies
() = (Br)o — Ly (Br)er VIh] € 900z M. (2.9)

This paper relies heavily on our previous work [9] on multiplicative k-vector fields of Lie groupoids.
Before diving into the specific details of these fields, however, we see that it is important to review some
introductory information about the tangent and cotangent Lie groupoids. For a more comprehensive
understanding, please refer to [12,21]. The Lie groupoid G = M has a corresponding tangent bundle T'G
that is a Lie groupoid over T'M with its structure maps determined by the tangent maps of G’s structure
maps. Similarly, the cotangent bundle T*G is a Lie groupoid over A*, with source and target maps given
by s and t : T*G — A*, respectively,

(s(ag),u) = (ay, %9> = (ag, Lg«(u — p(u))) and (t(ay),u) = <0‘g’79> = (ag, Rgsu) (2.10)

for all oy € T;G and u € Ay (or Ayyy). The multiplication of composable elements o, € TyG and
Br € TG is defined by

(ag - Br)(Xg - Yr) = ag(Xg) + B, (Yr), V(XgY) € (Tg)(z)-

We remark that both TG = T M and T*G = A* are special cases of vector bundle (VB)-groupoids [18].
Taking T*G, we have the law of interchange:

(M +73) - (ret+va) =772+ " (2.11)

for all 1,73 € T,G and 72,74 € T;7G on the premise that (g,7) € G@ and (v1,72), (13,74) € (T*G)?).
In the literature, various definitions or characterizations of multiplicative multi-vector fields can be
found (see [19,21]). In this article, we use the following one.
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Definition 2.5 (See [19,21]). Let k& > 1 be an integer. A k-vector field II € X*(G) on G is called
multiplicative if

eh 117G s 7g

.

@b 1agr T S TM

is a Lie groupoid morphism. Here, the groupoid @ 17*G = @*~1A* is the direct sum of T*G = A*,
I is defined by contraction:
(..., a* ) = I0(al,... okt ),

and 7* is similar:
(') e (DMt T,
where 7 = prr(pargas-1.4) (I ar), a part of |y by taking the projection
One of the main results in [9] is the following theorem.

Theorem 2.6.  There is a one-to-one correspondence between multiplicative k-vector fields I1 on a Lie
groupoid G = M and (k,0)-characteristic pairs (¢, m) on G such that

Iy = Rguc([bg]) + Lip,) (BT)s(q) (2.12)

holds for all g € G and bisections b, through g, where Bw is given by (2.8).

An equivalent form of this formula was found by Iglesias-Ponte et al. as early as ten years ago in their
draft of the work [19]. However, in their final published version [19], they did not write it.

The second element 7 € T'(TM ® (A*=1A)) of the characteristic pair of II is indeed the I'(T'M
® (A*~1A))-component of II's restriction on M, i.e.,

My € Y T(NTM)® (N A)).
i+j=k

We call 7 the leading term of IT € X*  (G). The first element of the pair, i.e., the 1-cocycle ¢ : JG —
AFA, can be determined by II:

c([bg]) = Ry (I — Ly, 1 (B7)(g))- (2.13)

g*x
Example 2.7.  The characteristic pair (¢, 7) of an exact multiplicative k-vector field IT = W — W for
u € T(A*A) is given by

c=dzgu, m=—D,(u).

3 Multiplicative k-forms and characteristic pairs of (0, k)-type
3.1 Multiplicative k-forms

As usual, we denote by G = M a Lie groupoid over M and QF(G) = I'(A*T*G) the space of differential
k-forms (k-forms for short, k > 1). A multiplicative k-form on G is an element © € Q¥(G) satisfying

m*O = pri© + pryO, (3.1)

where the maps m and pr; : G — G are, respectively, the groupoid multiplication and the projection
from G to its i-th summand (see [4,5,14]). We denote by QF . (G) the space of multiplicative k-forms
on G.

By default, a multiplicative O-form is one and the same as a smooth multiplicative function on G, i.e.,
f: G — R which is a morphism of Lie groupoids:

flor) = flg) + f(r), V(g,r) €G?.
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For k > 1, we have an equivalent characterization: © € Q*(G) is multiplicative if and only if
et aF11g - TG
is a Lie groupoid morphism. For more knowledge on this topic, please refer to [21].
3.2 p-compatible (0, k)-tensors

Let A — M be a vector bundle which is equipped with a bundle map p: A — T M.

Definition 3.1. Let k£ > 1 be an integer. A p-compatible (0, k)-tensor is vector bundle map
6 : A— AFIT*M such that
Lo(wf(u) =0, Yue A

Equivalently, it is an element 6 € T'(A* ® (A*=1T*M)) subject to the following property:
Lo(ytul = —Lpuytol, Yu,v € A (3.2)
We also define
Dy : N (A" ST M) = N (A" T"M) (3.3)

as a degree 0 derivation such that
Dy(E+a)=p"(E), VacA', €eT M.

In particular, D,« maps A'A* @ (NT*M) to NP A* @ (NN =HT*M).
Example 3.2. In the particular case where k = 1, a p-compatible (0, 1)-tensor is simply a section

0 € T(A*). No other conditions are needed. If k = 2, then a p-compatible (0,2)-tensor is an element
0 € T'(A* @ T* M) subject to the condition §(u, p(u)) = 0 for all v € I'(A). In other words,

(id ® p*)0 € T(A* @ A*)

is skew-symmetric.
Example 3.3. Given any v € QF(M), the tensor D,y € T'(A* ® (A*~'T*M)) is p-compatible. In
fact, we have

Lo)tuDp Y = Loo)bp()Y = ~lp(u)bo()Y = o) toDpr Y-
Lemma 3.4. Given a p-compatible (0,k)-tensor 0 € T'(A* @ (A\*"1T*M)) and an integer j > 1, we
have

. , 1 ,
Lp(u) D g = D7 (1u0) = mLuDZ*H, VueA. (3.4)

Proof. It is direct to check the following equations:

tuDpe — Dpetyy = tp(u), (3.5)
Lpu)Dpr = Dprtp(u)-

Now we prove (3.4) by induction. When j = 1, it follows from the definition of p-compatibility, i.e., (3.2),
that t,,)0 = Dy (1,0). By (3.5), we get

(tuDpe = Dpe1)0 = tp(uy 0 = Dy (1u8)
and thus 1
D, (1,0) = §Lqu*9.
Assume that (3.4) holds for j > 1. Then, using (3.6), we have

Loy (D2.0) = (D p 1) )(D2710) = Dy D2 (1,0) = DI FH(10).
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Besides, applying (3.5) and (3.6), we have

. 1 .
DI (u,0) = — (D tuD} )0

J+
1 .
= jﬁ(L"Dp* - Lp(u))(Djp*e)
1 . .
= (ta(D2F10) — DIF (10)),
which implies that
, 1 ,
j+1 _ +1
DZ* (Lua) = mLuD;* 0.
Thus (3.4) also holds for j + 1, and the assertion is proved by induction. O

For the convenience of future use, we define a bundle map
k
B: A" @ (NI M) - @A AT @ (AT M)
i=1
eler —1

1 1
Bi=——(0) =0+ =D, 0+ D20+
0 D, (0) =0+ 5Dpeb0+ 5 D50+ +

1

k—1
DR, (3.7)

Note that the term D?="0 sits in T'(A7A* @ A¥=IT*M) (for 1 < j < k).
Proposition 3.5. If0 € T'(A* @ (A\*~1T*M)) is p-compatible, then the following statements are true:

(1) For allu € A, we have
tu(BO) = 00y (BO) + 0. (3.8)

2) For all uy,...,u; € A, (1<j<k)and X;11,...,Xk € TuM, we have
J J
(Dizla)(ulv"'7uj7Xj+17"'7Xk‘)
:jle(ulap(UQ)ap(u3),'"ap(u’j>7Xj+17"'7Xk))- (39)
(3) For all uy + Xq,...,up + X € A®TM, we have

(BH)(ul + Xq,...,ug +Xk)

k
= Z Z sgn(0)0(to,, p(Ugy),s - P(Uo, ), Xoyyrs ooy Xoy) (3.10a)
j=10€Sh(j,k—j)

= 0(uy, p(uz) + Xa, plus) + Xs, ..., p(ug) + Xi)
+ 0(X1,u9, p(uz) + X3, p(ug) + Xy, - .., plug) + Xg)
+ 0(X1, Xo,ug, p(us) + Xa, p(us) + Xs, ..., plug) + Xi)
4+ 0(X, Xo,y oo, X1, ug). (3.10b)

Proof. By the definition of Bf in (3.7), we do direct computations:

1 Lo L k1
Lu(Be):Lue+Lu<2Dp*e+?)!Dp*9+...+k!Dp* 9>

1 1 2 1 k—2

In the last step, we repetitively used (3.4). The above terms turn to the desired right-hand side of (3.8).
By the definition of D,«, we have

(szlﬂ)(ul, e ,Uj,Xj+1, e ,Xk)
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—

J
(-1 'Z ’+19 (wiy p(ur), ..., p(ws), .oy p(uy), Xjgt, -, Xi)s
i=1

where u; € A, and X; € T, M. Then, by the p-compatibility condition of 0, the term

—

(=) 0(us, p(ur), ..oy p(i)s ooy p(ug), Xjias o, Xi)
= (~1)'0(ur, p(ui), pluz), .. p(ui), ., p(1), X1, -, X)
= 0(u1, p(uz), p(uz), - .., p(u;); Xj1, ..., Xp).
This proves (3.9) and we then get
(BO)(u, - ug, Xty Xp) = %(Diflg)(ul,...,uj,XjH,...,Xk)
= 0(u1, p(uz), p(us), ..., p(uj), Xjg1, - - -, Xg).

From these relations, it is immediate to derive (3.10a) and (3.10b). O

3.3 From multiplicative forms to p-compatible tensors

Let k > 1 be an integer and © € QF | (G) be multiplicative. We first notice that M is isotropic with
respect to O, i.e., O,(X1,...,X;) =0 for X; € T, M. In fact, this can be easily seen by applying (3.1)
to the tangent vectors (X1, X1),..., (Xg, Xi) (at (z,2) € G?) and noticing that X; = m.(X;, X;). We
then know that ©|y has no summand in the space T'(A¥T* M), or

k
Olu € TN A* @ (AT M)).

i=1

We now claim that all the T'(A’A* @ (AF=#T* M))-summands of Oy (i = 2,3,...,k) are decided by
0 € T(A* ® (A*~1T*M)) which is the I'(A* @ (A*~1T*M))-component of ©|y;. The element 6 will be
called the leading term of © € QF | (G).

Proposition 3.6. Let © € QF (G) be a multiplicative k-form on G (k > 1). Then, we have the
following facts:

(1) Its leading term 0 := prp(a-g(ar—17+-11)) Ol s a p-compatible (0, k)-tensor.

(2) The restriction of © on M is given by

@|M = B6 (3.11)
(see (3.7) for the definition of BO).

In fact, this proposition is covered by Crainic-Salazar-Struchiner’s result [14, Proposition 4.1] (see also
Proposition 3.11, Theorem 3.13, and Corollary 3.14 in the sequel), which is highly nontrivial. However,
we give a direct proof using some basic techniques. Before that, let us state the following fact.

Lemma 3.7. Given k >1 and © € QF . (G), for any u € T'(A), the term vy, pu)(©ar) € Q*1(G) |
has no summand in the space T(N'A* @ (ANF1T*M)) (i =1,2,...,k —1).

Proof.  Consider the particular point (g,s(g)) € G and the following tangent vectors at (g, s(g)):
(0g, (u = p(u))s(g))s (X1,8:X1),. s (Xpo1, 84 Xp—1).
Here, X; € T,G. Notice the following facts:
M (Og, (= p(u))s(g)) = Lgul(u = p())s(g) = Wy, ma(Xi, 5.X;) = X,
Substituting these vectors to (3.1), we obtain
Og(Wgy X1, Xpm1) = Og(g) (0 — (1)) s(g)s 85 X1 -+ 82 Xpo—1).

Especially, if g = 2 = s(g) € M, the above equation implies the desired assertion. O
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This lemma is indeed saying that t,,_,(,)(©|ar) is a (k — 1)-form on M. Let us denote it by
w = Lu—p(u)(@‘M) € Qk_l(M)a
and then the term 140 € Q*~1(G) is a left-invariant (k — 1)-form, and the following identity holds:
1450 = s*w. (3.12)

Similar to the proof above, by considering the tangent vectors (uy(g), 0g), (£« X1, X1), ..., (t+Xp—1, Xp—1)
at the point (t(g),9) € G, we get

69(79a X17 LERE Xk—l) = Gt(g)(ut(g); t*le s 7t*Xk—1)-
Then, by the fact that M is isotropic with respect to O, the right-hand side of the above equation becomes
@t(g)((u - p(u))t(g), t*Xl, e ,t*kal) = wt(g)(t*Xl, e ,t*kal).
This shows that the (k — 1)-form 1 © is right-invariant, and the following identity holds:
120 =t'w.
We now turn to the proof of Proposition 3.6.
Proof of Proposition 3.6.  First, since M is isotropic with respect to ©, it has no summand in A*T* M.
Thus O], is expressed as
@|M _ el,krfl + 02,]@72 N 9[6,0’
where §°%~" € T(A"A* @ (A*="T*M)). Next, Lemma 3.7 tells us that t,,_,(,)©|a € D(A*1T*M), which
signifies that
Lo 0 T =1, 0TI =102 k-1 (3.13)
By Lemma 3.7, we also have ¢, ,(,)L0©[n = 0 for u,v € I'(A). This implies that t,,0[n = tp(u)te©|nr-
Thus we obtain
el,k—l — B ( (__)| ) — » ( ®| ) — _ 91,k—1
LuLp(v) prp(/\k 27 M) Lyl O\ M prr‘(/\k 27 M) Lyl O\ M Lva(u) s
i.e., #1F~1 is p-compatible. Then, we claim that

1
gik—t = f'D;Il& where 6 := g1F—1
7!

which yields the desired equation (3.11). The proof is by induction for i—it is true for ¢ = 1. Assume
that the assertion holds for 7. By (3.13) and Lemma 3.4, we find

) . 1 . 1 1 . 1 ;
i+1,k—i—1 __ ik—1 __ i—1lp 7 _ i
Lu9 = Lp(u)9 == ELP(U)DP* 0= EmLuDP*e = mLqu*e
for all u € I'(A). Then, we get
. . 1 .
01+1,k7171 _ Dz*a
i+ °
This completes the proof. O
Remark 3.8. By (3.9) and (3.11), we have
1 -
@x(ul, PN ,Uj,Xj+1, . an) = ﬁ(DZ* 10)(U1, ‘e 7Uj,Xj+1, PN 7Xk)

= 0(u1, p(uz), p(us), ..., p(u;), Xjsi, - Xi)-

In fact, this relation has already appeared in [14, Lemma 4.2] (or [8, Remark 2]). So one can treat (3.11)
as a compact form of their result.

Remark 3.9. For © € QF | (G), by the definition of the source map s of T*G = A* as in (2.10)

mult

and (3.12), we see that s(©,) only depends on ©,,). So by Proposition 3.6(2) and (3.7), we have
1
5(©) = 5(0|n) = s(BO) = HD’,j:lé) e D(AkFA").
Similarly, we have ¢(0) = %D’;?l& In particular, we have s(0) = ¢(0) = 0 € I'(4*) for © € QL . (G).

mult
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3.4 Groupoid (0, k)-characteristic pairs

3.4.1 Characterizations of multiplicative forms

We need a result due to Crainic et al. [14] which we now recall. They used it to prove the correspondence
of multiplicative forms and Spencer operators.

In [14], a special type of pairs (e, #) was introduced, where

(1) e is a 1-cocycle of the jet groupoid JG valued in AFT* M, i.e., e € Z'(JG, A*T* M), and

(2) 6 € T(A* @ (AF=1T*M)) is a p-compatible (0, k)-tensor.
Here, k > 1 is an integer, and moreover, e and 6 are subject to the following two conditions:

e[b’ }(Ad[b/ Xl, “ - ,Ad[b;]Xk) — e[bg](Ad[bg]Xl, SN ,Ad[bg]Xk)

M»

1)O((b], © by) X, Adpp, 1 X1, Adpy Xio1, Adpy Xigrs -, Adpy  Xy),  (3.14)

Q(Ad[b ]U Ad[ Q]Xl, . 7Ad[bg]Xk71) — Q(U,Xl, e 7Xk71)
elbg](Adpp, p(u), Adpp, X1, ..., Adpp, ) Xk—1) (3.15)

for all bisections b, and b; passing through g,u € Ay and X1, ..., Xy € Ty M. Here, Ad is the natural
adjoint action of JG on T'M and

b; © by = Rg—l*(b;* — bg*) : Ts(g)M — At(g)-

For convenience, we give such pairs a notion.

Definition 3.10. A pair (e,6) as described above is called a (0, k)-characteristic pair on the Lie
groupoid G.

We reinterpret the compatibility conditions of e and 6, i.e., (3.14) and (3.15), from a different aspect
(see Proposition 3.19).

A multiplicative function (0-form) on G is exactly a Lie groupoid 1-cocycle valued in the trivial G-
module M x R. In other words, we have

Mue(9) = Z1(G. M x R).

We wish to see what data characterize the space QF . (G) for k > 1. The result we state below gives an
answer. Indeed, it is a particular instance of [14, Proposition 4.1].

Proposition 3.11.  There is a one-to-one correspondence between multiplicative k-forms © € Qmult (9)
and (0, k)-characteristic pairs (e,0) on G such that for all the bisections by passing through a point g € G,
one has

@g(R[bg](ul + )(1)7 - 7R[bg](uk + Xk))
k
=elbg] (X1, . Xp)+ > > sgn(0) 0(uo,, p(uo,), - p(to,), Xoyyrs - Xy ), (3.16)
Jj=1c0€Sh(j,k—j)
where u; + X; € Ayg) © TygyM (i = 1,...,k). Here, we use the identification
TyG = Rpp,)(Aug) @ Ti(g) M),

and the notation Sh(p, q) stands for the set of (p, q)-shuffles.

Remark 3.12. From this one-to-one correspondence, we see that all the multiplicative k-forms with
k > dim M + 2 on G are trivial. In particular, if the Lie groupoid happens to be a Lie group G (i.e., M
is a single point), then all the multiplicative k-forms on G with k > 2 are trivial.

For this reason, we always assume that 1 < k£ < dim M + 1 in the sequel.
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Upon the correspondence of this proposition, we refer to (e, ) as the (0, k)-characteristic pair of the
multiplicative k-form © € QF . (G). In addition, we can reformulate the relation between (e, ) and © in
a compact manner.

Theorem 3.13.  Let © € QF(G) be multiplicative and (e,0) be its corresponding (0, k)-characteristic
pair. Then, for any bisection by passing through g € G, we have

@g = begl](e[bg] + Baf(g)) (317)

In this formula, BO is defined by (3.7) and Rf‘b_l] : T;(g)g — T,G is the dual map of the right translation
9

R[bg—l] : ng — Tt(g)g.

Proof.  (3.17) is just a variation of (3.16), a result by Crainic et al. [14]. In fact, by (3.10a), we can

reformulate (3.16):

Gg(R[bg](ul + Xl), .. .,R[bg](uk —|—Xk))
= e[bg](Xl, - 7ch) +B€(u1 —I—Xl,. oy UR T+ Xk),

which proves the desired equation (3.17). O
k

mult

Corollary 3.14.  Given a multiplicative k-form © € Q
pair (e, 0) is determined by the following methods:
(1) As a map e : IG — NFT* M, one has

(G), its corresponding (0, k)-characteristic

e[b) = RO (3.18)

for all bisections b: M — G of G. Here, we treat [b] : M — 3G as a section of the fibre bundle JG 5 M,
and Ry : M — G is defined by (2.1).
(2) As a section of the vector bundle A* @ (AF~1T*M), we have

0 :er(A*®(Ak*1T*M))@|M' (319)

Moreover, ©|ys is identically B6.
Proof.  In (3.17), if we take the trivial bisection b = ip; : M < G, then e[b] = 0 and we get
Oy = B0
and hence (3.19). Also, from (3.17), we have
elbg] = Fbg}@g — Bby(g).-
Taking projections of both sides to /\th*(g)M, we obtain (3.18). O
1

Example 3.15. For a multiplicative 1-form © € Q. . (G), the corresponding characteristic pair (e, 6)
with e € Z1(JG, T*M) and 0 € T'(A*) is determined as follows:
(elbg], Xi(g)) = <@g’bg*¢l:ql*Xt(g)>v 0=0ln, VXiyg € TyyM.

We then have the relation ©, = Rf‘b_l}
Example 3.16. Given a multiplicative function f € Q2 .(G), we have df € QL (G). The
corresponding (0, 1)-characteristic pair (e,f) of df is explained below. First, as f can be regarded as
a Lie groupoid 1-cocycle G — M X R, its infinitesimal f: A — M xR is a Lie algebroid 1-cocycle. Indeed,
we can treat f as in I'(A*), which reads

(e[bg] + by(4)) for all the bisections b, passing through g € G.

fw)= =2 (f)ln, YueT(A).
(1) The element e € Z'(JG,T*M) is determined by

elt] = Ry (df) = d(f o R;) € Q"(M) (3:20)
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for all the bisections b : M — G of G. Here, we treat [b] : M — JG as a section of the fibre bundle
3G 5 M.
(2) The element 6 € T'(A*) coincides with (—f).

Example 3.17. Following Remark 3.12, on a Lie group G with its Lie algebra g := T.G, only
multiplicative 1-forms could be nontrivial, and (0, 1)-characteristic pairs on G are of the form (0,0),
where 6 € g* is G-invariant, i.e., Ad)¢§ = 6 for all g € G. Any © € QL | (G) stems from such a ¢. In

mult
fact, from O, one may take 6 := ©|, € g* which is necessarily G-invariant, and from 6 one can recover ©

as ©(g) = R, .0 for all g € G.
Lemma 3.18.  Let v € Q¥(M) be a k-form on the base manifold M. It corresponds to an exact k-form
on the Lie groupoid G :
J(7) = 8™y =ty € Q¥(9),
which is multiplicative and the corresponding (0, k)-characteristic pair is given by

(e =d36(7),0 = —=Dp-7),
where dyg : QF (M) — ZY (3G, A\*T* M) is the differential of JG with respect to its coadjoint action on
AFT*M.
Proof.  In fact, by Corollary 3.14 we have
elb] = Ry (s™y — t*y) = Adpyy — v = (dgg7)[b]
for all bisections b € Bis(G), and
O(u, X1,..., X—1) = (s"y = t*y)|mr (w, X1, -+ o, Xg—1)

= —y(p(u), X1,..., Xp_1)

=—(Dpy)(u, X1, .., Xp—1)
for all uw € T'(A) and X; € X' (M). O

3.4.2  Another description of groupoid (0, k)-characteristic pairs
Proposition 3.19. Let e € ZY(JG,AFT*M) be a 1-cocycle and § € T(A* @ (A*=1T*M)) be p-
compatible. They form a (0, k)-characteristic pair (e,0) on G if and only if

elh] = R},(B0) — BO, VI[h] € H, (3.21)

D/,* oce = —dage. (322)
Here,

dyg : T(A* @ (N1 M) — CH(JG, A* @ (AF=1T* M)

is the differential of JG with coefficients in A* @ (A\*=YT*M).

One notes that the right-hand side of (3.21) lands in T'(AF(T*M @ A*)). So, before we give the proof,
we need to explain why it only has the I'(A*T* M)-component, or

Lo rh] (BO) — BO) =0, VveA,. (3.23)
In fact, one can examine that for all u; + X; € A, T, M,
(Lo E‘h](BH)))(ul + X1, uk—1 + Xe—1)
= (BO)(Rppyv, Rypy(ur + X1), -, By (ug—1 + Xp—1))
= (BO)(v,us + H(id + pH) ™' Xy + (id + pH) " X1, .. up_1
T+ H(d+ pH) ™ Xy + (i + pH) " Xe 1) (by (25)
=0(v,p(u1) + X1,..., p(ur—1) + Xr—1) (by (3.10b)).

The last line is independent of [h] and hence (3.23) is valid.
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Proof of Proposition 3.19.  We first show that (3.22) is equivalent to (3.15). In fact, (3.22) reads
D, (elbg]) =60 — Ad[vbg]t?, Vbg] € 346G.
When applied to arguments u € A,y and X; € Ty5) M, the above equality becomes
elbgl(p(u), X1,..., Xp—1) =0(u, X1, ..., Xj—1) — H(Ad[bgl]p(u), Ad[bgl]Xl, e ,Ad[bgl]Xk_l),

which is clearly the same relation as (3.15).
We then unravel (3.21) and it suffices to consider an arbitrary [h] = id + H € $, (where H €
Hom(T,M, A,)) and all X,..., Xy € T, M. Substituting them into (3.21), we get
elh](X1, Xa,..., Xk)
= (Rp (BO) — BO)(X1,..., Xy)
= (BO) (R X1, ..., R Xk)
= (BO)(H(id + pH) ' X1 + (id + pH) ' X1, ..., HGd + pH) "' X + (id + pH) "' X},)
=0(HGd+ pH) ' X1, Xo, ..., Xp)
+0((id + pH) ' X1, H(id + pH) ' X5, X3,. .., X})
+ o+ 0((d+ pH) ' Xy, .o, (id + pH) ' X, H(id + pH) 71 XG). (3.24)
Here, in the last step, we use (3.10b). So to finish the proof, it suffices to show the equivalence of
(3.14) < (3.24) (which < (3.21)).
(1) (3.14) = (3.24): Consider the particular point g = x € M. Take two bisections b, and b/, passing
through xz, where b, is the trivial identity section. So we know that [b,] = id 4+ 0, is the unit of the

group $),, and we suppose that [b)] = [h] = id + H for some H € Hom(7T,M, A;). Then, we have
Adpy X; = (id + pH) X; (for X; € T, M), e[b,] = 0 (since e is a 1-cocycle), and

b, ©by = Ry—1,(b,, —by) =H asamap T,M — A,.
Therefore, in this particular case, from (3.14), we have

e[h]((id + pH) X1, (id + pH)Xo, ..., (id + pH) Xy)
= 0(H(X,), (id + pH)Xo, ..., (id + pH) X}.)
+0(Xy, H(Xy), (id + pH) X3, . .., (id + pH) X))
o O(X1, Xy Xy, H(XR)),

which is just a variation of (3.24).
(2) (3.24) = (3.14): For two bisections b, and by, passing through g, there exists some

[h] =id+ H € f)t(g)
such that [b)] = [h] - [by]. Therefore, the left-hand side of (3.14) becomes

6[b;](Ad[b/g]X1, ey Ad[bfq]Xk) — e[bg](Ad[bg]Xl, N 7Ad[bg]Xk)
= e([h] [bg])(Ad[h]Ad[bg]Xl, N ,Ad[h]Ad[bg]Xk) — e[bg](Ad[bg]Xl, ce ,Ad[bg]Xk).

Using the cocycle condition e([h][by]) = e[h] + Adfﬁl]e[bg] and Adpy X = (id + pH)X (for X € TygyM),
we see that

the left-hand side of (3.14) = e[h]((id + pH)Adp, 1 X1, . .., (id + pH)Adp,1 Xk)-
On the other hand, we have

b; O by = Rg_l*(b;* —bge) = HoAdp,) asamap Ty M — Ayg).
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So we get
the right-hand side of (3.14)
= 9(HAd[bg]X1, (id + ,OH)Ad[bg]XQ, oo (id 4+ pH)Ad[bg]Xk)
+ G(Ad[bQ]Xl, HAd[bg]XQ, (ld + pH)Ad[bg]Xg, e, (ld + pH)Ad[bg]Xk)
+--- 4+ Q(Ad[bg]Xh Ad[bg]Xg, e 7Ad[bg}Xk—17 HAd[bg]Xk).
From these, we see that if (3.24) holds, then the two sides of (3.14) match. O

3.5 Lie algebroid (0, k)-characteristic pairs and IM-forms

Definition 3.20. Let (A,[-, +],p) be a Lie algebroid over M and k > 1 be an integer. A (0, k)-
characteristic pair on A is a pair (u,6), where p € Z'(JA,A*T*M) is a Lie algebroid 1-cocycle,
and 0 € T(A* ® (A*~1T*M)) is a p-compatible (0, k)-tensor, and they are subject to the following two
conditions:

(i) For all H € h = Hom(T'M, A), we have

w(H) = —(H* @ id2% 1. (3.25)
(ii) The identity
D, o= —ds a0, (3.26)
ie.,
Lp(v)/l,(jlu) = Luw) = Lo(uytol (3.27)

holds for all u,v € I'(A).
Recall here
dya: T(A* @ (AT M) — CH(JA, A* @ (AT M)

is the Lie algebroid differential with coefficients in the JA-module A* @ (A¥=1T*M).
Another way expressing the condition (3.25) is that the relation

w(df @ u) = —df A ,0 (3.28)

holds for all H =df @ ue T*M ® A.

Indeed, such pairs (i, ) are also introduced in [14]. We call them Lie algebroid characteristic pairs
because they can be viewed as the infinitesimal counterpart of groupoid (0, k)-characteristic pairs as in
Definition 3.10.

Proposition 3.21. If (e,0) is a (0,k)-characteristic pair on a Lie groupoid G, then the pair (€,0),
where € € ZY(JA, A\*T*M) is the infinitesimal 1-cocycle of e, is a (0, k)-characteristic pair on the Lie
algebroid A of G.

Proof. ~ 'We use Proposition 3.19 which describes the conditions of e and 6. Clearly, (3.22) together
with the definition of the infinitesimal (2.2) and the relation (2.3) implies the second condition in
Definition 3.20.

We now derive (3.25) from (3.21). Consider H € Hom(TM, A) and a curve of isotropy jets [h(e)] =
id+ eH € $. Then, we can compute e(H) according to (2.2):

N d
e(H) = p _OAd[Vh(e)],le[h(e)]
=01 G+ pH) O (Riyg 0y BO— BO). (3.29)
e=0
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Here, we have used (2.7). Observing the fact that (R{y, ;B0 — Bf) € AFT*M (see explanation after
Proposition 3.19 or (3.23)), we have

(id + epH)*®*(R{iq 4 .1y BO — BO) = (id + epH)*®* 0 pry( i pry (Rfia ey BO — BY)
= (id + epH)" " o projunrean) © Riay ey (BY)
= ((id + epH)* © pry(par) © Risayem)) " B (3.30)

We then recall from (2.6) the formula of R’("i dteH) and derive the following expression of the composition
of three maps:

A* = T*M, x> e(id+epH) o H*x > eH*,

id+ epH)™ o proypear) © Riiaser
(id+ epH)™ e Precrean © R e {T*M—>T*M, € (id + epH) 1€ s €.

So we are able to continue from (3.29) and (3.30), getting

oy — -4

o (e eH*)®*Bo = —(H* ®id2% ).
e=0

In the last step, we have used the following relation:
(idp-ps @ €eH*)®*BO = ¢(H* ® id®£§\21))0 mod €2,

which is easily seen. O

The following lemma is the Lie algebroid version of Lemma 3.18.

Lemma 3.22. Let A be a Lie algebroid over M with the anchor map p : A — TM. To every
v € QF(M), there is an associated (0, k)-characteristic pair (p.,0,) on A, where ji, : JA — A*T*M and
0, € T(A* @ (N*1T*M)) are defined respectively by

v =dza(y) and 6, =—D,.
Proof. By Example 3.3, we see that 6, is p-compatible. Following the definition, we have
UV(]lu) = ['p(u)’}/a Vue F(A)

So we can examine

:u’y(df ® u) = :U”Y(jl(fu) - fjlu) = ACfp(u)'y - fﬁp(u)’y = df A Lp(uw)Y = _df A Lue'ya

which verifies (3.28). Also, we check that

Lo) iy (510) = Lo(o) Lou)Y = —4p(w) o))V T Lp(u)bow)Y = Huw)fy = Logu)toby

which fulfills Definition 3.20(ii). This proves that (ju.,6,) is a (0, k)-characteristic pair on A. O

It turns out that Lie algebroid (0, k)-characteristic pairs are variations of the well-known notion of
IM-forms (abbreviated from infinitesimally multiplicative).

Definition 3.23 (See [4]). Let £ > 1 be an integer. An IM k-form on a Lie algebroid A — M is

a pair (v,0) of vector bundle maps v : A — A*T*M and 6 : A — AF71T*M satisfying the following
conditions:

(1) Lp(U)‘g( ) = —lpy( v)e( )

(2) Ou, v] = L,)0(v) = tpw)dd(w) — tpyv(u), and

(3) U[u,’U] p(u (U) v)dV( )
for all u,v € T'(A).



20 Chen Z et al. Sci China Math

Example 3.24. Consider the k = 1 case. An IM 1-form is a pair (v,0) formed by v : A — T*M (seen
asin I'(A* @ T*M)) and 0 € T'(A*) such that

(id®p")v =dal and L, (v) = Dp-dv(u), uel(A),

where d4 : T'(A*) — ['(A2A*) is the differential of the Lie algebroid A.

Proposition 3.25.  There is a one-to-one correspondence between the set of (0, k)-characteristic pairs
(,0) on a Lie algebroid A and the set of IM k-forms (v, 8) such that

v(u) = —p(y'u) — de,f, YucT(A).

The proof of this proposition is a direct verification, which we omit.
Note that we have assumed that & > 1 in the above discussions. For the extreme case of a multiplicative
0-form, i.e., a multiplicative function f € Q° . (G) = Z'(G, M x R), its infinitesimal is the Lie algebroid

1-cocycle f (see Example 3.16). So we can simply define IM 0-forms on a Lie algebroid A to be Lie
algebroid 1-cocycles of A.

3.6 The transitive case

A Lie groupoid G is called transitive if given any two points in the base manifold, there is at least one
element in G connecting them. A Lie algebroid A over M is called transitive if its anchor map p : A — T'M
is surjective. It is standard that the Lie algebroid of a transitive Lie groupoid is transitive.

Lemma 3.26.  If A is transitive and k > 2, then any p-compatible (0, k)-tensor § € T(A*@(A*~1T*M))
is determined uniquely by some v € QF(M) such that @ = D,.~ (see Ezample 3.3).

Proof.  As p is surjective, given 6, we can define v by the relation
txy=1t,0, YX e€TM and u € I'(A) such that p(u) = X.

The p-compatibility property of 6 guarantees that  is well-defined when k > 2. It is clear that the above
relation is equivalent to # = D,-v. Uniqueness of v is thus apparent. O

Proposition 3.27.  Let G be a transitive Lie groupoid over M.

(1) If k > 2, then all the (0, k)-characteristic pairs on G are of the form (dzg(v), —Dp=) as described
by Lemma 3.18.

(2) If k > 2, then all the multiplicative k-forms on G are exact, i.e., they are of the form s*~y —t*y for
v € QF(M).

(3) Given any 0 € T(A*) satisfying the condition

ty(dzgh) =0, Vu € kerp, (3.31)

there exists a unique 1-cocycle eg: JG — T*M such that the pair (eq,0) is a (0, 1)-characteristic pair on
G. Moreover, all the (0,1)-characteristic pairs on G arise from this construction.
(4) Every 0 satisfying (3.31) gives rise to a multiplicative 1-form © on G such that

Og(Rpp,) (u+ X)) = byg) (u+v) — Oy(g) (Adpp,)-1v)

for all u € Aygy, X € Tyg)M, the bisection b, passing through g € G, and v € Ayg) satisfying p(v) = X.
All the multiplicative 1-forms © on G are of this form.

Proof. (1) Let (e, 0) be a (0, k)-characteristic pair on G. Following Lemma 3.26, since 6 is p-compatible
and G is transitive, we have § = D7y, where v € Q¥(M). Then, the compatibility condition (3.22)
becomes D, 0o e = =D, odzgy. So e is indeed the negative of djgy for p being surjective.
Statement (2) is implied by (1) due to the one-to-one correspondence established by Proposition 3.11.
(3) First, as we have (3.31), d3gf is indeed a map JG — Imp*. Second, since p* is injective, we can
define ey via the relation
p* o ey = —d;;ge. (332)
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To see that eg is a 1-cocycle, one notices that the right-hand side of (3.32) is a 1-cocycle valued in A*,

and T* M i) A* is compatible with the actions of JG on T*M and A*.

Now we examine that (eg,0) is a (0, 1)-characteristic pair on G. The given 6 € T'(A*) is certainly
p-compatible. One of the conditions we need is (3.22) which now becomes (3.32).

The other condition we need, i.e., (3.21), now reads

coll] = Riy(0) 0. VI € 5.

Indeed, it is implied by (3.32) as p* is injective. Finally, given any (0, 1)-characteristic pair (e, ) on G,
one easily finds that e must be of the form ey.

Following the result of the statement (3), one can use Proposition 3.11 to show the statement (4)
directly. O

Remark 3.28.  Our earlier work [9] presents some results on the structure of multiplicative multi-vector
fields on transitive Lie groupoids.

We now turn to Lie algebroid characteristic pairs and IM forms. The statements (2) and (4) in the
following proposition have already appeared in [4, Remark 3.5].
Proposition 3.29. Let A be a transitive Lie algebroid over M.

(1) If k > 2, then all the (0, k)-characteristic pairs on A are of the form (pu, = dza(v),0y = —Dp7)
as described by Lemma 3.22, where v € QF(M).

(2) If k > 2, then all the IM k-forms are of the form (v,,0, = —D, ), where v € QF(M) and
vyt A— AFT*M is determined by the formula

vy(u) = tpeydy, YueT(A).
(3) Given any 0 € T'(A*) satisfying the condition
ty(daf) =0, Yu € kerp, (3.33)

there exists a unique 1-cocycle pg: JA — T*M such that the pair (g, 6) is a (0,1)-characteristic pair on
A. The element g is defined by the relation

p*opg(stu) = —L,0, YueT(A).

Moreover, all the (0, 1)-characteristic pairs on A arise from this construction.
(4) Given any 0 satisfying (3.33), there ewists a unique vy : A — A*T*M such that (vg,0) is an IM
1-form. The element vy is defined by the relation

P ovg(u) = 1,(dal), VYueTl(A).

Moreover, all the IM 1-forms of A are of this form.

The proof of this proposition is completely similar to the previous one, so we omit it.

4 The complex of multiplicative forms
4.1 The de Rham differential

It is easily verified that the standard de Rham differential d : Q*(G) — Q°*T!(G) maps multiplicative
k-forms to multiplicative (k + 1)-forms. In plain terms, (22,,:(G),d) is a subcomplex of (Q2°(G),d).

As Q2 1.(G) corresponds to groupoid (0, e)-characteristic pairs, it is tempting to describe d in terms of

characteristic pairs as well.
First, given f € QY (G) (a multiplicative function on G), we have df € QL . (G) which corresponds

mult mult

to the (0, 1)-characteristic pair (e, @) as described in Example 3.16.
Second, for all k > 1, we characterise d : QF | (G) — Q1 (G) as follows.

mult mult



22 Chen Z et al. Sci China Math

Proposition 4.1.  Given a multiplicative k-form © € QF . (G) which corresponds to the (0,k)-

mult

characteristic pair (e, 8), the (0, k4 1)-characteristic pair of d® € Q¥ 1(G), denoted by (&,0), is given as

mult
follows:

(1) The map & : JG — A*TYT*M is determined by
] = d(elt) (4.1)

for all the bisections b : M — G of G. Here, we treat [b] : M — JG as a section of the fibre bundle
3G > M, e[b] as in QF(M), and d : QF(M) — QF+1(M) is the standard de Rham differential.
(2) The section § € T(A* @ (AFT*M)) is determined by

1 = —d(1,0) — (3 u) (4.2)

for all u € T(A). Here, € € Z*(JA, A\*T*M) is the infinitesimal of the 1-cocycle e € ZY(JG,NFT*M),
and 7 : T(A) — T(JA) is the lifting map defined by (2.4).

Proof. By Corollary 3.14, we have
elb] = Ry’ (d©) = d(R;(8)) = d(e[b),

which proves (4.1).
Also by Corollary 3.14, we have
6= PTF(A*®(AkT*M))(d9)|M~

Therefore, to find 0atxe M, we need to consider arbitrary u, € A, and Xi,,..., Xk, € T, M, and to
evaluate

O (g, X1zy - ooy Xigz) = (dO) (ug, X1y -+ oy Xia)- (4.3)

We extend u, to a smooth section v € I'(A) which has its exponential exp eu € Bis(G) (for |¢| sufficiently
small). The flow of the right-invariant vector field = X!(G) is given by Lexpew. The map

o) =toexpeu: M — M

is indeed the flow of p(u) = t, U € X'(M).
Using the flow ¢(e), one is able to find extensions X; € X' (M) of X;, such that X;|s(e)0 = ¢(€)sXiz.
We then use the flow Lexpey, Of U to extend X; € XYM) to X, € XY(G°), G° being a small
neighbourhood of the identity section M C G, such that

Xi|expeu(y) = Lexpeu*Xi|y7 Vy € M.

It follows that [, X;] = 0 and

Xi'exp eu(x) — Lexp cusXiz = Réxp eu*Xilab(e)w- (44)
We are now ready to compute

(4.3) = (dO)|. (W, X1,..., X)
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The first two terms add to (—d(t,0)).(X1,. .., Xk), while the third one is

d =~ ~
& (_)expeu(z)(Xh...,Xk)
e=0
d [
= & ,OReXPEUGCXP eu(x) (X1|¢(€)z, - 7Xk|¢(5)m) (by (4.4))
d
= 2| eleweu(Xalo@a s Xiloea) (by Corollary 3.14)
e=0
d y .
= 6:()((Adexpeu) elexp eu))( X1z, - - s Xia)
d —
= Je|_ (Alpg) ™ o (e ) (K, Xi)

= —2('u) X1z - ., Xka),

where € € Z'(JA,AFT*M), the infinitesimal of e € Z'(JG,A\*T*M), is computed according to its
definition formula (2.2). This proves (4.2). O

Example 4.2. Let © € Q%(G) be a presymplectic structure, i.e., © is a closed and multiplicative (but
not necessarily nondegenerate) 2-form. Suppose that © corresponds to the (0, 2)-characteristic pair (e, 8),
where e € Z2(3G, A\2T*M) and § € T'(A* ® T*M). Then, by Proposition 4.1, we have

d(e[b])) =0, e(3'u) = —d(1,0), YueT(A),

where ¢ € ZY(JA,A?*T*M) is the infinitesimal of e. Thus, a (0,2)-characteristic pair (e,f) of a
presymplectic structure © satisfies

0(u, p(v)) = =0(v, p(u)), u,v €T (A),

and the infinitesimal € of e is determined by 0 via €(j'u) = —d(1,0). Moreover, © and (e, ) are related
by the formula

@g(R[bg](ul + X1), R[bg](’u,g + X2)) = €[bg}(X1, Xg) + 9(U1, XQ) — 9(“2, X1) + 0(u1, p(uz)).

By taking derivations, we see that multiplicative functions on G correspond to Lie algebroid 1-cocycles
of the Lie algebroid A, and (0, k)-characteristic pairs on G correspond to (0, k)-characteristic pairs on A
(see Proposition 3.21), and also to IM k-forms of A (see Proposition 3.25). Then, we are naturally led to
considering the infinitesimal version of Proposition 4.1.

Proposition 4.3.  Let A be a Lie algebroid. Denote by CP°(A) = Z'(A, M xR) the set of Lie algebroid
1-cocycles and by CP*(A) the set of (0, k)-characteristic pairs on A for k > 1. Then,

dim M 41

CP*(4) = P cCPi(4)

admits a canonical cochain complex structure with the differential expressed as follows:

(1) The differential d : CP°(A) — CP'(A) is simply d(c) = (pie, —c) for all 1-cocycles ¢ € Z'(A, M xR),
where p. : JA — T*M is given by p.(3'u) = d(c(u)) (see Ezample 3.16).

(2) For 1 < k < dim M, the differential d : CP*(A) — CP**1(A) is given by d(u,0) = (fi, ), where

p(rtu) = du()tu), 1,0 = —d(w.f) — u(tu), YueT(A).

We have a direct corollary following the one-to-one correspondence established by Proposition 3.25.

Corollary 4.4.  Denote by IM®(A) = Z'(A, M x R) the set of Lie algebroid 1-cocycles and by IM*(A)
the set of IM k-forms of A for k > 1. Then,

dim M+1

IM*(A) = P W (4)

=0
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admits a canonical cochain complex structure with the differential as described below:
(1) The differential d : CP°(A) — CP'(A) is simply d(c) = (0, —c) for all 1-cocycles c € Z* (A, M x R).
(2) For 1 < k < dim M, the differential d : CP*(A) — CP**1(A) is given by d(v,6) = (0,v).

We note that the above fact has already appeared in [4].
4.2 The Cartan calculus

In this subsection, useful Cartan formulas are introduced to describe the interaction between multiplica-
tive multi-vector fields and forms on a Lie groupoid G = M. The notation used is consistent with the
earlier sections.
Lemma 4.5. Let Il € X* (G) (k> 1) and a € QL 1. (G) be given.

(1) Their contraction is also multiplicative, i.e., 1,11 € X5~ (G).

(2) For~ € QY(M), we have 14,11 = &7 and 14,11 = i3, where 7 € D(TM & (A~ A)) is the leading
term of 1.

(3) Foru e T(AFA), we have 1o = fqu and 1o W = iqt, where a € T(A*) is the leading term of .
Proof.  To show that 1oIT € X1 (G), we need two facts.

mult

(i) An n-vector field I' € X™(G) is multiplicative if and only if
Fgr(a;-ﬂ7},...7a2~ﬂ:’):Fg(a;,, )+F( 7~-~7677})v V(g,r)eg(Z)

for all the composable pairs (ag eT;g, BLeTrG) (i=1,...,n) (see [19, Proposition 2.7]).

(ii) A 1-form a € Q(G) is multiplicative if and only if o : G — T*G is a groupoid morphism. This is
explained in Subsection 3.1 (see also [21]).

Since our II and a are both multiplicative, we have oy, = ay - o, for (g,7) € G by (ii) and

(LaH)gr(a;'ﬁrlw” Bk 1) gr(agﬁa 6 5_1'5f_1)

(ii) _ _
:ng(ag‘OéT,O[ 'ﬁra"'aak 1ﬁ7]~€ 1)
Hg(ag,a1

PR S | AT ARNY - A
:(L(XH)g(OL;7. Oll; 1)"‘(1/(11_[)7“(57«""757’?71)'

—~

1

=

By (i) again, the above relation proves the assertion ¢,II € X¥1(G).
Next, we show the equality te«,II = Z?r In fact, by II being multiplicative, we have a groupoid

morphism
EkalT*g L Tg
A V)

Here, ®*~1T*G denotes the Whitney sum of (k — 1) copies of the vector bundle T*G, and it is treated as
a Lie groupoid over @*~1A*. For more details, see [6].

Following the above diagram, we have the relation s, o ITf = 7 o (©F~1s). Using this, we can examine
the relation

(LerID) (@l . a7l = ()P U (o), . aP 7ty s™)

The last step is due to the definition of s : T*G — A* as in (2.10). The other equality ¢4-II = Lﬁ is
approached similarly.
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We finally show ¢, = {,u (the other one is similar). For this, we need the fact that s(a) = a (see
Remark 3.9). Then, we have

(L) (a,. .., o) = u(s(a

as desired. O

Example 4.6. For a Poisson Lie groupoid (G, P) (see the next section for more details), the
Hamiltonian vector field X; := P#(df) of a multiplicative function f € C*(G) is a multiplicative vector
field, by Lemma 4.5(1) and the fact that df € QL .. (G).

Example 4.7.  Consider an exact 2-vector field P € X2 | (G) which is of the form P = S — 4, where
u € T'(A2A). Then, for any o € QL . (G), by Lemma 4.5(3), we have

Pﬁ( ) = La<_u — Lau € xmult(g)7

where a € T'(A*) is the leading term of a. In general, the contraction of « to every exact k-vector field
yields an exact (k — 1)-vector field.
We have a lemma parallel to the previous one.

Lemma 4.8.  Suppose that © € QF (G) and X € XL ,.(G) are given.

(1) Their contraction is also multiplicative, i.e., 1x© € QF-1(G).

(2) For u € T(A), we have 15,0 = $*(1,0) and Lﬁ@ = t*(1,0), where § € T(A* @ (AF"1T*M)) is the
leading term of ©.

(3) For v € QF(M), we have 1xs*y = s* (1) and txt*y = t*(1.7y), where x € XY(M) is the leading
term of X.

The proof is omitted. Note that the part of the statement (2) is reminiscent of Lemma 3.7.
At this point, we see that the de Rham differential d of forms, the contraction tx by a multiplicative
vector field X € XL .(G), and the Lie derivative via Cartan’s formula £Lx = tx od+dovx all preserve

Qr.nult (g)

For a multiplicative 2-vector field P € X2 ,.(G), we see that the map P* maps a multiplicative 1-form
© to a multiplicative vector field P*(0). Thereby, if © corresponds to the (0, 1)-characteristic pair (e, ),
P*(©) should correspond to a (1,0)-characteristic pair (cp: (@), Tp (o)), where

e€ Z'(3G.T*M), 0eTl(A"), cpio)€ Z2'(3G,A), and wpse) € X' (M).

To find the explicit relations between these data, we assume that P € X2 . (G) corresponds to the
(2,0)-characteristic pair (cp,p), where cp € Z*(JG,A?A) and p € T'(TM @ A).

Proposition 4.9.  With assumptions as above, 1-cocycle cps ey : 3G — A is given by
cpie) ([bg]) = (Adpp,1p)* 0 e([bg]) + to © cp([bg])
and Tpze) € XH(M) by p*(0), i.c.,
Tpiey(f) = —p(df.0), V€ C=(M).

Proof.  The formula for 7ps(g) can be found by its definition:

Tpt(e) = er(TM)Pﬁ(@”M = er(TM)P”M(@hVI) = Pﬁ(9)~
Then, according to (2.12) and (3.17), we have

1
Py = Ryscr () + L (1= 3D50). - PA(O), = Ryncprallby) + L, 1056).
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and
0, —Rbgl]( elbg] + ).

Then, we have

cpi(o)([bg)) = Ry-1.(PH(©)g — Lpy, (0°0))
=Ry, 1]*Pﬁ(RE‘b 1]( [b | +0)) — Adp, p*0
= (R 11, Py) (elbg] + 6) — Adpp, p%0

cp([bg]) + Adp, | p — 1Dpp ti(e[bg] +0) — Adp, 1p*0
(ot - 30)

= 19cp([bg]) + (Adpp,jp) e([bg]) + (Adp,p )(9)_%(Ad[bg]DPp)ﬁ(e[bg])_Ad[bg](pﬁe)'

To prove the desired formula for cpz(g)([by]), it remains to show that the last three terms in the last line
above cancel out. In fact, by applying (3.15), we have

elbg](Adp,1p(u)) = 0(Adp,ju) — O(u),  u € T'(A).
We may write p= X ® u for X € X'(M) and u € T'(A), and then we have
1
(Adp, )" (0) — §(Ad[bg]DpP)ﬁ(€[bg]) — Adp, (p*0)

= Q(Ad[bg]u)Ad[bg]X - e[bg](Ad[bg]p(u))Ad[bg]X - G(u)Ad[bg]X
= 0,

where we have used the p-compatibility of p. O

Example 4.10. For a Poisson Lie group (G, P) (see [2 ]) by Example 3.17, the characteristic pair
of a multiplicative 1-form © is (0,6) such that O(g) = ,19 where 6 € g* is G-invariant. Also,
the characteristic pair of P is (cp,0), where cp € Z*(G,A?g) is subject to cp(g9) = Ry-1.P;. The
characteristic pair of P¥(9) is (c,0), where ¢ € Z1(G, g) is determined by

C(g) = Rgfl*(Pﬁ@) = R971*Pﬁ(R;710) = (Rgfl*Pg)(o) = LQCP(Q)'
Example 4.11. By Lemma 3.18, the characteristic pair of an exact multiplicative 1-form © = s*y—t*y
for v € QY (M) is (e = dyg7,0 = —p*7), where p* is the dual map of the anchor p of the Lie algebroid A.
Based on Lemma 4.5, we know that
Pﬁ = va j
and its characteristic pair (¢, ) is given by
¢ =dyg(t,p) € Z2'(3G,4), 7= —p(t,yp) € X' (M)

by Example 2.7. One can also show these identities by utilization of Proposition 4.9.

5 Multiplicative forms on Poisson groupoids

5.1 Multiplicative 1-forms on Poisson groupoids

Consider a smooth manifold N and a bivector field P € X2(N). One can define a skew-symmetric bracket
[+, +]p on QY(NV) given by

[, Blp = LpzaB — EPﬁﬁa —dP(a,B) = d(tpsa ) + LpiadB — LPﬁBda7 Va,B e Ql(N)7 (5.1)

and an anchor map P! : T*N — TN, a + 1, P. We have two formulas (see [22])

1
[, [a2, as]p]p + c.p. = 7§L[P7P](a1,a27.)0[3 +c.p. +d([P, Pl(a1,a0,a3)), Va; € Ql(N) (5.2)
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and

P¥laq, as]p — [PPay, PPas] = <[P, Pl(aq, as), Yoy € QYN), (5.3)

1
2
where c.p. is the cyclic permutation.

A Poisson manifold is a pair (N, P), where N is a smooth manifold and P € X?(N) is a bivector field
subject to [P, P] = 0. Due to (5.2) and (5.3), we see that T*N is a Lie algebroid when equipped with
the bracket [+, -]p and the anchor P¥.

Recall that a Poisson groupoid is a Lie groupoid G with a multiplicative bivector field P € X2 | (G)

mult

such that [P, P] = 0 (see [29,36]). In this section, we study the space QL . (G) of multiplicative 1-forms
1

on a Poisson groupoid. We first show that Q; .. (G) carries a natural Lie algebra structure.

Theorem 5.1.  For a Poisson Lie groupoid (G, P), the space of multiplicative 1-forms QL .(G) is a
Lie subalgebra of the Lie algebra (Q1(G),[+, ]p).
Proof.  For ©1,02 € QL . (G), we wish to show that

mult
[01,02]p = d(Lpte, ©2) + tpie,dO2 — tpie,dO: (5.4)

is also multiplicative. In fact, this follows from Lemmas 4.5(1) and 4.8(1), and the fact that the de Rham
differentials of multiplicative forms are still multiplicative. O

1

In general, it is hard to explicitly calculate the Lie bracket on £,

However, when M is a single point, we have the following fact.

(G) in terms of characteristic pairs.

Example 5.2. Suppose that we are working with a Poisson Lie group (G,P). According to
Example 3.17, QL  (G) is in one-to-one correspondence with the set of G-invariant elements 6 € g*.

mult
In specific, © € QL . (@) corresponds to 6 := ©|. and conversely O(g) = R _.6(= L, .0) for all g € G.
Let ©1 and ©5 € ernult (G) be arising from G-invariants 61 and 05 € g*, respectively. To get [©1, O3] p, it

suffices to compute [©1, O3] p|.. According to the defining equation (5.4), for all uw € g = T.G, we have

([©1,02]ple,u) = W[c(P(O1,02)) = ((Lz P)le, 61 A ba).
—
It is a standard fact that £ P coincides with (—d,u), where d, : A®g — A®Tlg stems from the Lie
bialgebra (g, g*) induced by the Poisson Lie group (G, P). Therefore, we get

<[®1,@2}P|e7u> = —(d*u, 01 A 62> = <u, [91,02}*>.

Here, [+, ]« denotes the Lie bracket on g*. So we conclude that as Lie algebras, Q}nult (@) is isomorphic
to the Lie subalgebra of g* consisting of G-invariant elements.

Let us recall the notion of Lie algebra crossed modules.
Definition 5.3 (See [17]). A Lie algebra crossed module consists of a pair of Lie algebras ¥ and g, and
a morphism of Lie algebras ¢ : ¥ — g such that g acts on ¥ by derivations and satisfies for all z € g and
u,v € 1Y,

(1) p(u)>v = [u,v];

(2) ¢(z>u) = [z, ¢(u)],
where > denotes the g-action on 9.

We write (¢ 2 g) to denote a Lie algebra crossed module.

Definition 5.4. A morphism (f, F): (¢ 4 g) — (¢ N g’) of Lie algebra crossed modules consists of
two Lie algebra morphisms f : 9 — 9’ and F : g — g’, which fit into the following commutative diagram:

Fooy

) ———

1

g—4¢,

and satisfy f(z>u) = F(z)> f(u) for € g and u € 0.
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A typical instance of Lie algebra crossed modules arising from Lie groupoids is illustrated in [3] (see
also [2,32]). Given a Lie groupoid G with its Lie algebroid A, the triple (I'(A) L XL (), where

T :uw % — W, consists of a Lie algebra crossed module. Here, the action of XL . (G) on T'(A) is

—
determined by X >u = [X, %] (or X>u = [X, 7]) In analogy to T, we have a map of vector spaces
(following Lemma 3.18)

J * *
QY M) == Qe (G), v sty —t*y.

In the case of a Poisson Lie groupoid (G, P), a canonical Lie algebra crossed module structure can be
found that underlies both the aforementioned vector spaces and the linear map J. This key finding is
attributed to Ortiz and Waldron [32]. Their investigation demonstrated that the set of multiplicative
sections of any LA-groupoid possesses the structure of a strict Lie 2-algebra, which is presented by using
a crossed module. By applying this general outcome to the specific situation of the cotangent bundle of
a Poisson groupoid (which is highlighted in [32, Example 7.3]), we arrive at the desired structure. To
provide further background, we rephrase this fact and present an alternative approach to it.

Theorem 5.5 (See [32]).  Continue to use notations as above. Endow QY(M) with the Lie bracket
[+, +]lp and QL .(G) with [, -]p. Then,

mult

(1) there exists a Lie algebra action - > +: QL (G) @ QY (M) — QY(M) such that
0,5 ]p =5"(Or7), VO € Qu(9), 7€ Q (M)

(2) the triple
(Q'(M) 55 QL44(9)

forms a Lie algebra crossed module, where J is defined by J(v) = s*y — t*~.

We prove this theorem more directly by utilizing the theory of characteristic pairs explained in Section 3.
In what follows, for the Poisson structure P € X2 |, (G) on G, we denote by p € I'(TM ® A) the leading
term of P.

We need the following technical lemma.

Lemma 5.6.  Let P be in X2, ,.(G) and p € T(TM ® A) be the leading term of P. For all © € QL ,.(G)
and v € QY (M), one has

[0, 5" 9] p = " (€3 11D) + tpr(a)(dy)) and [0,t"v]p = t*(€(7 typ) + Lyt (o) (dV)), (5.5)

where (e,0) with e € ZY(JG,T*M) and 0 € T(A*) is the (0,1)-characteristic pair of © and € €
ZYJA, T*M) is the infinitesimal of e. Moreover, if (G, P) is a Poisson groupoid, then the map

e QL L(G) @ QY M) — QY (M)

mult

defined by
Oy = (' typ) + tye (o) (d), (5.6)

is a Lie algebra action.

Proof.  The leading term of P*(©) is p*(#) (by Proposition 4.9). By (1) and (2) of Lemma 4.5, we have
PfO € xL (G) and

mult
Lpro(877) = L5y PPO = 57 (1,9 (6)) = —5"(p(7,0)).-
Similarly, from s,P*© = pf(6), we obtain
tpio(s™dy) = 5" (ts, pro(dy)) = s (1p(p) (d7))-

Using these two identities, we can compute

[0,5"7]p = Lpie(s™Y) — tpi(s)dO



Chen Z et al. Sci China Math 29

=dipre(s™y) + tpre(s™dy) — t;5dO (by Lemma 4.5(2))
= —s"(d(p(v,0))) + 8" (tp(0)(d)) — s*(g@)(uyp)) (by Lemma 4.8(2)).

Here, dO© = PIr(a-er-1r)(dO)|ar is the leading term of d©. By Proposition 4.1, we have

dO(1,p) = —d(8(tp)) — (3 D),

where € € Z1(JA, T*M) is the infinitesimal of e € Z1(JG, T*M). So we get the first equality of (5.5):

[0, 5" y]p = s (€7 typ) + tpi(e)(dy)) = 5™ (O > 7).

The other one is proved in a similar manner.
Furthermore, if P is Poisson, then by the Jacobi identity of [, -] p, we have

[0',10,5*7]p]p + [0, [s*7, O'lp]p +[s*7,[0,0]p]p =0, VO,0" € Qi (G), e Q'(M),
It follows immediately that
550> (Ory) —0> (0 >7)—[0,0]p>v) =0.

Since s* is injective, we prove that the map > defines an action of QL . (G) on Q'(M). O
We also need a standard fact.
Lemma 5.7 (See [36]).  The source map s: G — M is a Poisson map and the target map t : G — M s
an anti-Poisson map. Moreover, for any v,n € QY(M), we have [s*vy,t*n]p = 0. As a direct consequence,
we have
[y ="y, s"n — t'nlp = s"[y.nlp — *[v,mlp,  V,m € QU (M), (5.7)
Recall that the base manifold M is equipped with an induced Poisson structure P = s, P € X?(M)
(see [36]). By our formula (2.8), we have P = —3(1 ® p)p.
We now finish the proof of Theorem 5.5.
Proof of Theorem 5.5.  Statement (1) is proved by Lemma 5.6. For (2), we note that J : Q'(M) —
QL 1:(G) is a morphism of Lie algebras (by (5.7)). To prove that Q!(M) 25 QL (G) is a Lie algebra

mult
crossed module, it suffices to show

[v.7le=(Jy)>y" and J(O>7)=[0,](7)]p.
In fact, the first one follows from
s, ]e =577, 8™ ]p = [s"y = t"7, ™Y ]p = 5" ((J7) »7')

(by Lemma 5.7 and the definition of ). The second is a direct consequence of Lemma 5.6. O

Proposition 5.8.  Let (G, P) be a Poisson groupoid and p € T'(TM ® A) be the leading term of P. The
map
Pﬁ : (Qinult(g% ['a ]P) - (%:xlult(g)v ['7 ])7 o= 1o P

is a Lie algebra morphism. Moreover, the pair (P* p*) constitutes a morphism of Lie algebra crossed
modules:

pt

Ol (M) —2 - 1(4)

Jl lT
#
Qllnult (g) L> %Ilnult (g)’
where T is defined by u— & — U for u € T'(A).
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Proof.  We verify that (P% p*) is a morphism of Lie algebra crossed modules. First, P* is a Lie algebra
morphism. Second, by Lemma 4.5(2), we have

: 8(s*n 1) = oo o : 1
ProlJ(y)=Pis"y —t'y) =p'y —p'y=Top'(y), v€Q (M)
So Pfo.J =T op? holds true. Next, we show the relation

PO 7) = (P'O) > (p*y).

In fact, using Lemma 4.5(2) again, we have
# f o # * # <ﬁ_ # #
P(Ory) = P's" (O ) = PO, s™p = [P*O,p"] = (P*O) > (p*7).

Then, we obtain the desired relation because the left translation is injective. The fact that p? is a Lie
algebra morphism follows from direct verification:

Py, e =P (Jye o) = (PPIv) > (') = (Tp*y) » (0*Y) = [y, p*]a.

This completes the proof. O

Example 5.9. Suppose that a Poisson manifold (M, P) admits a symplectic groupoid (G,w) which
integrates the Lie algebroid 7% M arising from the Poisson structure P. In this case, the pair ((w#)~!,id)
forms an isomorphism of Lie algebra crossed modules:

QL (M) —L~ Ql(M)

Jl lT
(whH™*

ernult (g) - %rlnult (g)
5.2 The DGLA of multiplicative forms on a Poisson groupoid

On a general Poisson manifold (N, P), the space of all the degree forms Q°(N) = @;_, 2*(N), where
n = dim(N), admits a graded Lie bracket known as the Schouten-Nijenhuis bracket which is extended
by the Leibniz rule from the Lie bracket (5.1) of 1-forms Q!(N), and also denoted by [+, +]p. So we
have a GLA (Q°*(N),[+, *]p). Equipped with the de Rham differential d, the triple (Q*(N), [, +]p,d) is
a DGLA. In fact, we have

dla, Blp = [dov, Blp + (-1)* ', dBlp, Yo € QF(N), e Q'(N) (5:8)
(see [34]). Also, the induced map
ASPE(Q(N), [+, P d) = (X*(N), [+, -], [P, +])
defined by
(A*PHY (g A~ Aay) = P¥(ag) A - A P¥ag)
is a morphism of DGLAs. In other words, A®P* is a morphism of GLAs and a cochain map:
(A*T1P¥)(da) = [P, (A®PHa), VYa e Q*(N).

Here, we take the convention that when e = 0, A°P# reduces to the identity map C>(N) — C>=(N).
The notation A®P? should not be confused with P!, which represents the standard contraction
(see (5.10)).
On a Poisson Lie groupoid (G, P), it is natural to expect that Qf .. (G) also admits a DGLA structure

([, *]p,d). We prove this fact and find some more interesting conclusions. Let us first recall the notion
of GLA crossed modules (also known as Z-graded Lie 2-algebras).
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Definition 5.10 (See [3]). A GLA crossed module (¢ 4 g) consists of a pair of GLAs ¢ and g, and a
morphism of GLAs ¢ : ¥ — g such that g acts on ¥ and satisfies for all x,y € g and u,v € 9,

(1) (u) > v = [u,v];

(2) (x> u) = [z, ¢(u)],
where > denotes the g-action on 9.

What we need is an enhanced version of this definition.
Definition 5.11. A DGLA crossed module is a GLA crossed module (1 4 g) as defined above, where
¥ and g are both DGLAs, ¢ : 9 — g is a morphism of DGLAs, and the action > of g on ¢ is compatible
with the relevant differentials:

do(z>u) = (dgz)>u+ (—1)"lz>dyu, Yzeg, ued.
Morphisms of GLA and DGLA crossed modules are defined in the same fashions as those of

Definition 5.4.
Example 5.12 (See [3]). Let G be a Lie groupoid. The space X .(G) of multiplicative multi-vector

mult
fields on G is a graded vector space (not an algebra). It constitutes a GLA (after degree shifts), the
Schouten bracket being its structure map. Indeed, we have a GLA crossed module

T(A®A) D x8,,(G), u—u -,

mult

where X > u € T'(AFH=1A) is determined by the relation

Xou=[X%] (or Xou=[X,T]), Xecx*,(G), uecT(AlA).

mult

Note that we regard I'(A®A) as C°°(M) and XY . (G) as multiplicative functions on G. The action of
X0 1.(G) on T'(AYA) is simply trivial.

mult
Example 5.13. Continuing the above example, if we are given a multiplicative Poisson bivector field
P on the Lie groupoid G, then (X2 ,.(G),[-, ],[P, *]) becomes a DGLA equipped with the differential

mult

[P, +]: %2 1.(G) — X211 (G). Tt also induces a differential §p : T(A®A) — T(A*T1A) defined by

mult
Spu=[P, %], VueTl(r"A)
so that (T'(A®A), [, +]a,dp) is a DGLA. Now, the GLA crossed module

T(AA) D x8,(6), u—u -

mult

in Example 5.12 is indeed a DGLA crossed module. To see it, we need to show
T(6pu) = [P,Tu] and 6p(Xvu)=[P,X|ou+ (—1)"'Xvdpu, VXcXF .(G).
Let us examine these two equations. We have

T(5pu) = Spu — bpu = [P, 7] - [P, @] = [P, Tu]

and

Sp(Xvu) =[P, Xou =[P, Xbu =[P[X, %]
= [[Pv X],ﬁ] + (71)]671[)(’ [Pv v]]

— P X]ou+ (-1 X5 (5pu),

where the graded Jacobi identity of the Schouten bracket is applied.

We present our main result, which notably improves upon the Ortiz-Waldron Theorem 5.5.
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Theorem 5.14.  Let (G, P) be a Poisson Lie groupoid.

(1) With respect to the graded Lie bracket [+, -]p and the de Rham differential d, the space Q2 1. (G)
is a sub DGLA of Q°(G).

(2) Endow Q°(M) with the graded Lie bracket [, -|p and the de Rham differential d, where P is the
Poisson structure on M induced from (G, P). The triple

(Q*(M) 5 04,(6))
consists of a DGLA crossed module, where J is defined by
J(7) ="y —t'y, VvyeQ* (M) (5.9)
and the action map > of Q9 1. (G) on Q*(M) is uniquely determined by the relation
s*(Op9) =[0,5"]p, VO €L, (G), veQ(M).
(3) The map A*P* sends multiplicative k-forms on G to multiplicative k-vector fields, and thereby,
APE (e (9), [+ 1P d) = (X5 (9), [+ -1 [P, 1)

is a morphism of DGLAs. (When e = 0, we treat A\°P* as the identity map on the space of multiplicative
functions on G.)
(4) The map A*P* together with A®p* is a morphism of DGLA crossed modules:

A®pt

Q0 (M) 2o (A% A)

| . s

Qr.‘ﬂult (g) - %mult (g)ﬂ

where p = prrrygayPlv € T(T'M @ A) is the leading term of P. (When e = 0, we treat AOp* as the
identity map on C*°(M).)
We should note that the wedge product of multiplicative forms is not multiplicative in general. So one
can not deduce that the graded Lie bracket [-, -]p on Q2 . (G) is extended from the one on Q. . (G).
To prove Theorem 5.14, we need to set up some basic formulas and facts. For a bivector field P €
X2(N), we define
P! QF(N) - QFY(N) @ X1(N)

by
Piog A Nag) o= (1) FFag A AG A A ® PHay). (5.10)
Then, for a € QF(N) and 3 € QY(N), define tps, 3 € QFFI=2(N) by
LPﬁ(al/\ Aoug) (51/\"'/\51)
—Z D g A NG A Aok Atpsan(BL A ABy)

_Z DRI (py Bi)ar Ao NG A Aag ABLA - ABj A A B (5.11)

For every k-form o € QF(N), we denote by of : A¥"'TN — T*N the map

Xy, X)) =a(Xe, ., Xeo1,0),  Xi € XY(N).
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With notations as above, we can verify the following identity. For all Xi,..., Xz ;3 € X'(N), one
has

(tpsaB) (X1, Xiyi—3)

= > ()P (Ko Koy ) X X y)
o€Sh(k—1,1-2)

— (1)K > ()P Xy X ) X X)), (5.12)
T7€Sh(1—1,k—2)

Lemma 5.15.  On a Poisson manifold (N, P), for « € QF(N) and 8 € Q'(N), we have
[, Blp = tpiadB + (—1)" dipi 8 — (—1)* DY by sda, (5.13)
where tpyo B is defined by (5.11).
In the existing literature, a more common formula of [, +]p is of the form
[, Blp = (=) Y Lp(aAB) = Lp(a) AB) —aALpB, acQF(N), BecQlN)

(see [23]). Here, Lp : Q*(N) — Q"7 1(N) is defined by Lp = tpod—doip, and tp : Q*(N) — Q""2(N) is
the contraction. The bracket [, +]p is also known as the Koszul bracket. From the formula as described
above, one can prove (5.13). For completeness, we sketch a direct proof of (5.13).

Proof of Lemma 5.15. Ifa=a3 A---ANag and = 51 A--- A B, then by the Leibniz rule, we have
[, B]p =1 A+ ANag, BL A=+ A Bilp
_Z Vit e, Bilp Aar A~ @ A= ABj A A By

—Z 1) (tpi, B + dipia, B — tpsg,dag) Aar A== G A= ABs A= A By

By the definition of P*?, we have

kt+i-1,
Lpiadp = Z D)=l nngi A nar@Pia; (BL A - AdBj A+ A Br)

~

_ Z z+k+j71 <(_1)k1(l’Pﬁaidﬂj) ANy Ao NG A ABj A A By

+Z Y (tpta,Bp)or A= AQi A~ ANdBj A~ ABy A+ A By
p>J

+Z P (epta, Bp)ar A - A@A---A@A~-~/\dﬁj/\---Aﬁl>,
p<j

dipraB =Y (1) d((1pra, Bi) Aax Ao NG A ABj A+ A By)

—Z H_j_‘_k_l(d(bpuaiﬁj)/\041/\"'/\071‘/\"'/\,8]'/\"'/\ﬁ[

+Z “epra,Bi)ar A Adap A=~ NG A Bj A+ A By
p<i

+ Y (P (pra, B)ar A NG A+ Adag - ABj A A By
p>i

D (D paa, B)ar A NG A AdBy A ABj A A B
p<J

+Z :D+k 1 LPﬁaiBj)al/\"'/\d\i/\"'/\B\j/\"'/\dﬁp/\"'/\ﬁl>v

p>J
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and

j4+1+i—1
LPﬁBda = Z(_l)]+ +i th/\-"/\a/\'“/\ﬁl@})nﬁj (041 A ANdog A+ N ak)
)

= Z 1)it+i-1 ((—1)l_1(Lpu@jd0éi) ABLA--ABj A NG A Aoy

+Z “Hepigap)Bi A ABj A NG A Adag A A
p<i

+ > (1P (prg,0p)B1 A+ /\ﬂAj/\~~/\dozi/\~~~/\5z;/\~~~/\ozk>
p>1

= Z(_l)j+l+z‘—1 ((—Uk(l_l)(bpﬁﬁjdai) ANar A NG A AP A /\gj A AB

+ 3 (PR (s ag)an A AT A Adog A A By A A By
p<i

Jrz 1)p+(=Dk LPﬁﬂjOép)al/\"'/\dai/\"'a-;/\"'/\ﬁj/\"'/\61>'
p>1

Taking the summation of these formulas, we see that the second and third terms of ¢ py,df cancel out with
the fourth and fifth terms of (—1)*~'dips, 3, and the second and third terms of —(—1)*=DU=D; 5, sdo
cancel out with the third and second terms of (—1)*~1dips, 3. Combining these calculations is the formula
that we expect. O

Proposition 5.16.  Let G be a Lie groupoid. For all the multiplicative forms o € QF ,.(G) and B €
QL 4 (G), if P € X2 ,.(G), then the contraction tpso 3 € QFT1=2(G) defined by (5.11) is also multiplicative.

mult
Proof.  To prove that the (k + [ — 2)-form ¢ps,/3 is multiplicative, it suffices to show that
(tpeafB)f : ®FHPTG = TG

is a Lie groupoid morphism. Here, ®*+'=3TG is the Whitney sum of TG, and a Lie groupoid over
®FH=3TM. As o, B, and P are all multiplicative, the three maps

of i@k lrg » 1*g, BTG - T*G, and P':TG — TG
are all groupoid morphisms. Thus the compositions

t
PTG — R 1TG @ (@2TG) L2 g ¢ (¢127¢) L2 16 o (a2Tg) S Tg

and

Bfeld Plold

TG = TG @ (0821G) LU g o (08 ?1g) T 16 o (05 216) < 16

are both Lie groupoid morphisms as well. By (5.12), (tp:,/3)* is the summation of a series of the above
two compositions. Based on the interchange law (2.11) of T*G, it is also a Lie groupoid morphism. O

Lemma 5.17.  For all the integers k and © € QF . (G), we have (\NFP*)© € XE . (G).

Proof.  For any o} € T;G and S} € T;G such that s(al) = t(3}), since P! :T*G — TG is a Lie groupoid
morphism and © is multiplicative, we have

(A"P)®)(ag - By, ... ey - By) = (-1)"

)
)
PHay), ..., PHap)) + (=1)*O(P*(8}), ..., P*(Br))
Ly (AFPHO) (8L, ..., BE).

This property implies that (A¥P#)© € X . (G). O
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We are ready to finish the proof of Theorem 5.14.
Proof of Theorem 5.14.  We first prove the statement (1). By Lemma 5.15, Proposition 5.16, and the

fact that the de Rham differential preserves multiplicativity, the graded Lie bracket [+, +]p is closed on
multiplicative forms. Thus Qf ..(G) C Q°(G) is a graded Lie subalgebra and a sub DGLA as well.

For (2), we need a fact that for a € QF | (G) and v € Q!(M), there exists a unique (k + [ — 1)-form
w € QFH=L1(M) such that

[, s"Y]p(= tpiads™y 4+ dipios™y — Lptgeda) = s"w. (5.14)
To see it, we need to show that for all X € kers, and Y; € X1(G) (i=1,...,k+1—2),
[, s"Y]p(X, Y1,..., Yiqi—2) = 0. (5.15)
Indeed, by (5.12), we have
(QYG) 3) (tpras™ ) (X, Y1, ..., Vi1 4)

= > (DN PRNX Yoy Yo o) Yo e Yo
o€Sh(k—2,1—-2)

—(—=1)M S () aH (PR (Ve Yo ) X Yo Y ).
7€Sh(l—1,k—3)

We claim that all the terms above vanish. For this, we examine that

(S*’Y)ﬁ(Pﬁau(X’ YU’I’ ctt Yo'k—z)7Y0'k—1’ ) Yo'k+l—4)
= s (Y (s PP* (X, Yoo Yo, ) Yo v Yo )

= s*(/yﬁ(Pﬁaﬁ(s*X’ S*YUU R S*ng72), S*Yﬂk—la R} S*Yﬂ'k+L—4)) = 07

where we have used the facts that P# and o are Lie groupoid morphisms, which commute with the source
maps, and s, X = 0. Similarly, we can verify that

AP (Y, Y ), X, Yy, Y, )

0 F Thdi—4
= (=) P s y(Yry, oo Yoy ) @8 (X Y, o Yo )
= *(*1)k+l<7(y‘r17 e 7Y7'171)3 S*Pﬁaﬁ(Xv Y‘rm s 7Y7'k+l—4)>

_(_1)k+l<7(yﬁ P 7YTl—1)’ Pﬁaﬁ(S*Xv S*YTl R S*Y7k+l—4)> =0.
So we have
(LPﬁQS*’Y)u(Xa Yia ey Yk}-‘rl—4) =0.

Now, due to the expression of [a, s*y]p, we obtain the desired (5.15).
Once we obtain w which is subject to (5.14), we can define the action of « on v by setting a> v := w.

Thanks to the graded Jacobi identity of [+, -]p and the injectivity of s*, we see that > defines an action
of the GLA Q2 ,.(G) on Q°(M). Moreover, by (5.8), we have

dlo, s"3]p = [dav, s"3]p + (=1)* o, s™dr]p,

which implies
d(ary) = (da) >y + (=) tap (dv)

as s* is injective. So b is compatible with the differentials. One further checks that (¢ (M) BEAN Q0 (9)
defines a DGLA crossed module.
The space of multiplicative forms Q2 .. (G) C Q°*(G) is preserved by the de Rham differential and the

space of multiplicative multi-vector fields X2 ,.(G) C X°*(G) is closed under the Schouten bracket. So the

mult

statement (3) follows from Lemma 5.17 and the fact that
ATPE(Q%G), [, - lp d) = (X°(G), [, -], [P, +])
is a morphism of DGLAs. Finally, the statements (1)—(3) together with Lemma 4.5 imply (4). O
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Example 5.18. Let M be a smooth manifold. The cotangent bundle T*M — M is an abelian Lie
group bundle, and can be regarded as a special Lie groupoid; its source and target maps are both the
bundle projection T*M — M and the multiplication is the fiberwise addition. With the canonical
symplectic form w = da, a being the canonical Liouville-Poincaré 1-form, T*M — M is a symplectic Lie
groupoid. Let us take the standard local coordinates (¢, p’) of T*M, where ¢' is the coordinate on M
and p’ that of the fibre. Then, one can write w = dq’ A dp;.

As the groupoid multiplication of T*M is given by the fiberwise addition, multiplicative multi-vector
fields and multiplicative forms are indeed linear multi-vector fields [19] and linear forms [4], respectively.
So according to [4], a multi-vector field II € X*(T* M) is multiplicative if it is locally of the form

apil 8pik—1 aq] ’

1. .. .0 0 1 o .
= I (q)pd — Ao A mm TP 1d
Al @ g opr T -1 (@)

Similarly, a k-form © € QF(T*M) is multiplicative if it is of the form

1 o _
© = =05 j(@p’dg™ A Adg'™ +

%l @ilmik,l,j(Q)dqil VARERWAN dqi"'*l A dp7

1
k- 1)

Asw? : T(T*M) — T*(T*M) maps 8%,- to —dq' and 8?1,- to dp’, we see that w* establishes an isomorphism
between X¥ | (T*M) and QF . (T*M).
Next, we find the Lie algebra crossed module and the GLA crossed module structures stemming from

the Poisson Lie groupoid G = T*M — M. The Poisson structure is

0 0
A

P = - -
¢t Op*

corresponding to the earlier symplectic structure w.
(1) Since source and target maps s and ¢ are one and the same, the map J is just trivial:

Q' (M) =%l L (G).

mult

The Lie bracket on Q'(M) is also trivial, whereas the Lie bracket on QL . (G) is listed below:

mult

[0:;(0)r’dq", 0, ,(a)p"dq*]p = ©;(q)O) i ()P’ dg* — ©, ,(0)Os.a(q)p"dq’,

o 00, ; o
Ous@pdd’ &l = 6i(0) 25 Ly
00 00
On(@)dr*, Bi(a)ds' ) = ~0n(0) L ! + 01() T

The action of QL . (G) on Q(M) is given by

j 7 i k(g
(©s, @' dd’ + €1 > (u(0dd") = —1(0)0:a@)da’ — On(0) Iy g
(2) For the same reasons, we have the trivial map Q°(M) I=0 Q2 .1+ (G) and trivial graded Lie bracket
on Q°(M). The graded Lie bracket on Q¢ . (G) is as described below.

Let I = {iy,42,...,ix} be a multi-index and dg’ = dg"* A --- A dg"* be a k-form on M. Similarly, let
A={ay,as,...,a} and dg? = dg™ A --- Adg™ be an I-form. Denote by I, the multi-index by removing
is from I. The notation A; is similar. We have computed the following;:

[©1,(@)p’dg", 0y ,(q)p"dg™ ] p
= (=107 ;(¢)0 ;. ()P’ dg" N dg* — (=1)' 7104 ,(4)O1.a, (@)p"dg™ A dq",
[©1,;(q)p’dq", O, ,(q)dq"™ A dp”]p

. 00,
— (1)0) ()01, (q)dg™ A dp A dg! — O, () 20L1)

Bep p'dg"” Adg',
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[©k.a(q)dg"™ Adp®, 0, ,(q)dg" A dp’]p

a@/L b(Q)
= —0Ogqlq)——————
K,a(q) g

891{@(‘])

aph dq® A dg™ A dp®.

dg™ A dg" A dp® +©7 ,(q)

The action of QF  (G) on Q!(M) is given by

mult

(©1,(q)pdq" + Ok .a(q)dq™ Adp®) > (vr(q)dg")
0vr.(q)

= —(=1)"*y2(¢)®1,.(q)dg"* Ndq" — 9K,a(q)Tqaqu Adg".

We can also explicitly write the Schouten bracket on multiplicative multi-vector fields, which are omitted.

Finally, as the infinitesimal counterpart of Theorem 5.14(1), we know that IM®(A), the space of IM-
forms of the Lie algebroid of G, carries a graded Lie bracket structure. Hence IM®(A) is a DGLA provided
that the groupoid G is Poisson (see Corollary 4.4). The correspondence between Poisson Lie groupoids
and Lie bialgebroids [29, 31] suggests that a canonical DGLA structure on IM®(A) can be derived from
any Lie bialgebroid (A, A*). This will be explored in future research.
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