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1 Introduction

Linear-quadratic optimal control problems (LQ problems for short) are an important class of optimal
control problems, which have been studied extensively due to their importance and wide applications. In
the early stages of these studies, the uniform positive definiteness of the control weighting matrix and the
positive semidefiniteness of the other weighting coefficients, which are referred to as standard conditions,
have been taken for granted in the literature [4,5,9,15]. Under standard conditions, one can obtain a
unique closed-loop optimal control via a corresponding Riccati equation in the deterministic case [1] and
the stochastic case [31]. Later on, a great deal of research is devoted to relaxing the standard conditions
(especially the uniform positive definiteness of the control weighting matrix). In the deterministic case,
there has been tremendous interest in studying the so-called singular LQ problems (see, e.g., [8]), in
which the control weighting matrix is possibly singular. In the stochastic case, Chen et al. [7] found that
stochastic LQ problems could be solvable even if the control weighting matrix is negative definite. The
reason is that the control acting on the diffusion term could bring a positive effect, which compensates the
negative effect of the control weighting matrix to some extent. This fundamental observation stimulated
a series of studies devoted to the solvability of the indefinite stochastic LQ problems (see [20,26] and the
references therein).
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A key feature of the above-mentioned studies is time consistency. Roughly speaking, it means that
the optimal control we choose now will still be optimal in the future. However, such a nice property
may not hold for many practical control problems. The main reason for that is people’s subjective time
preferences, which will cause a time-inconsistent phenomenon (see, e.g., [11,12,16,18,19,23]). When
the time consistency property is broken, the corresponding control problem is called a time-inconsistent
control problem. There have been extensive studies for time-inconsistent control problems (see, e.g.,
[6,10,11,13,14,17,28,29] and the references therein). To treat time inconsistency, researchers introduced
notions of the equilibrium control and closed-loop equilibrium strategy (see, e.g., [14,29,30]). We are
more interested in the closed-loop equilibrium strategy, as the control is in a closed-loop form. In this
aspect, Yong [30] constructed such a closed-loop equilibrium strategy for time-inconsistent stochastic LQ
problems under standard conditions. The basic idea is to use multi-person differential games to obtain
a Nash equilibrium in discrete time, which is a kind of approximate time-consistent strategy, and take a
limit of it later.

In this paper, we consider the problem of seeking conditions weaker than standard ones to guarantee
the existence of closed-loop equilibrium strategies. We use the methods of multi-person differential games
as in [30] to study this problem. The reason is that such constructive methods can allow us to make
use of properties of stochastic LQ problems rather than treating them directly, which seems to be tough.
However, some new difficulties occur when we want to make this extension. We list these difficulties in
the following and explain how to overcome them briefly.

(1) In the multi-person differential games, a family of stochastic LQ problems is introduced. Hence, to
relax the standard conditions in the time-inconsistent setting, we have to relax the standard conditions
for stochastic LQ problems first. As we know, the uniform convexity condition is a candidate for this.
However, it seems not ideal for our purpose due to the following reason: for stochastic LQ problems,
the uniform convexity condition is imposed on the coefficients of state equations and cost functionals
implicitly, while for our problems, we would have a family of stochastic LQ problems defined inductively.
It is quite unclear how weaker conditions are put to the original problem to make sure that all these
induced stochastic LQ problems satisfy the uniform convexity condition. Hence, we need to find other
weaker conditions for stochastic LQ problems, from which we could eventually obtain weaker conditions
for our time-inconsistent stochastic LQ problems. This is not easy due to the complexity of this problem
(see Subsection 3.2 for details). Fortunately, we do find new conditions, which are weaker than standard
ones and different from the uniform convexity one, to guarantee the closed-loop solvability of stochastic
LQ problems (see Lemma 3.11 for details). The proof is based on some properties of the Moore-Penrose
inverse of a matrix and a delicate approximation. As a result, under the new conditions, we can obtain
a family of closed-loop optimal strategies for stochastic LQ problems, and we finally obtain conditions
weaker than the standard ones for our time-inconsistent stochastic LQ problems.

(2) When one takes a limit for the Nash equilibrium of multi-person differential games, one will meet
some obstacles due to the singularity of the control weighting matrix. For example, in order to make sure
that (Ry, + DT P,D)" converges to (R+ DT PD)T, it is necessary and sufficient that

Rank(Ry + D' PyD) = Rank(R + D' PD)

as Ry, + DT P, D approaches R+ DT PD (see [22] or Lemma 3.7). Notice that the variation of P, may
affect Rank(Ry + D' P, D).

(3) In [30], the closed-loop equilibrium strategy is defined to be the limit of the Nash equilibrium
for the multi-person differential games. Our definition is a little different (see Definition 2.1), which is
motivated by [10,17,27]. It requires more delicate treatments.

e Roughly speaking, in Definition 2.1, since the term é will tend to oo as j tends to co, we have to
obtain an estimate of the convergence rate of the Nash equilibrium. To do that, we cannot follow the idea
in [30], where the convergence is established by the Arzela-Ascoli theorem without the information of the
convergence rate. In [10], in order to handle the essential difficulty in the infinite-dimensional setting,
a sharp estimate is given. We follow [10] to give a similar sharp estimate but with a new method. The
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advantage of our method is that the idea is intuitive, and the proof is easier in some sense. It is based
on some delicate construction and subtle use of the coupling relationship between the equations.

e To prove that the strategy obtained by taking a limit is indeed a closed-loop equilibrium strategy
as in Definition 2.1, we need a special treatment of our partitions of the time interval [0,T] in the
construction of the multi-person differential games, since the convergence rate is just the same order as
our partition size. Therefore, we have to accelerate the convergence rate of some time intervals to reach
our goal (see Subsection 4.3 for more details). We impose a special structure on our partitions to achieve
this.

The rest of this paper is organized as follows. In Section 2, we formulate the problem and present our
main result. Section 3 is devoted to collecting some preliminary results. In Subsection 3.1, we give some
technical lemmas and recall some properties of the Moore-Penrose inverse of a matrix. In Subsection 3.2,
we introduce the new conditions for stochastic LQ problems. In Section 4, we prove our main result. The
section is divided into three subsections: in Subsection 4.1, we introduce the multi-person differential
games and obtain the Nash equilibrium of it, which is a kind of approximate time-consistent strategy;
in Subsection 4.2, the convergence of the Nash equilibrium is established with a sharp estimate of the
convergence rate; in Subsection 4.3, we prove that the limiting strategy is a closed-loop equilibrium
strategy.

2 Problem formulation and the main result

To begin with, we give some notations. Let (2, F,F,P) be a filtered complete probability space on
which a standard one-dimensional Brownian motion {W (¢)}¢>0 is defined and F = {F, },>¢ is the natural
filtration generated by {W(t)}i>0.

For a matrix M, write R(M) for the range of M, Rank(M) for the rank of M, and M for the Moore-
Penrose inverse of M. For n € N, denote by S™ the space of all the n X n symmetric matrices and by
S% the set of all the n x n positive semidefinite matrices. Denote by |M |y the spectral norm of a matrix
M € R™ ™ which equals the square root of the largest eigenvalue of M "M, and by |M|y, the trace
norm of a matrix M € R™*™ which equals the sum of the square roots of the eigenvalues of M T M.

For any £ € N, ¢ € [0,7] and r € [l,00), denote by L', (€; RF) the Banach space of all the F;-
measurable random variables ¢ : © — R such that E|¢ |k < 00 with the canonical norm. Denote by
LE(Q; C([t, T); R¥)) the Banach space of all the R¥-valued F-adapted, continuous stochastic processes ¢(-)
with the norm

A - 1/r
lo() Lz ice,mirr)) = (ETIEH[%] |¢(T)|Rk) :

Fix any 71,r2,73,74 € [1,00). Put

1

T >y
Ly (Q; L™ (t, T; R¥)) = {(p S(t,T) x Q = R* | ¢() is F-adapted and E(/ |<p(7)|%2kd7) < oo},
¢

T
Ly (t,T; L™ (Q; RF)) = {(p S(t,T) x Q = R* | ¢() is F-adapted and / (Elp(r)|5) T dr < oo}.
t

Both Lt (€Q; L™ (¢, T;R¥)) and L (¢, T; L™ (Q;R¥)) are Banach spaces with the canonical norms. For
q € [1,00), we simply denote LE(Q; L9(t, T;R¥)) by Li(t,T;R¥).
Let T > 0 and (t,z) € [0,T) x L%, (Q;R™). Consider the following control system:

{dX(s) = (A(s)X(s) + B(s)u(s))ds + (C(s)X(s) + D(s)u(s))dW (s), s¢€t,T), 1)

X(t) ==,

where A(-),C(-) € L*(0,T7;R"*™), B(:),D(-) € L*=(0,T;R™™) and the control v € UJt,T)
2 12(0, T;R™).



214 Li Q et al. Sct China Math  January 2024 Vol. 67 No.1

For any (t,z) € [0,T) x L%, (2;R") and u € U[t,T], the equation (2.1) admits a unique solution
X() € L3(Q; (1, THR™)).
We introduce the following cost functional:

Heaiut) = 58| [ Q60X ()X () + (Rs Ous)u(e)ds + (GOXD).XT|. @2

where E; = E(- | %) is the conditional expectation with respect to F;, Q(-,-) € C([0,T1%S%), R(-,-)
€ C([0,T]%;87) and G(-) € C([0,T];S%).

For any u(-) € U[t,T], the cost functional J(¢,x;u(-)) is well defined. Therefore, we can introduce the
following problem.

Problem (TISLQ) For any (¢,) € [0,T) x L%, (;R"), find a u(-) € U[t, T] such that

J(t,z;u() = inf  J(t,z;u(-)). 2.3
tzal) = ok JEzul) (2.3)
Any a(-) € U[t, T satisfying (2.3) is called a pre-committed optimal control for a time-inconsistent
stochastic linear-quadratic optimal control problem (Problem (TISLQ) for short) at (¢, ). Although u(-)
is optimal for the cost functional J (¢, x; ), it might not be very useful in practice since the pre-committed
optimal control @(-) may no longer be optimal later (see an illustrative example in [30]).
To treat the time inconsistency, we give the following definition.
Definition 2.1. Let any {e;}52; C (0,400) such that lim; ,oce; = 0. A matrix-valued function
O(:) € L2(0,T;R™*™) is called a closed-loop equilibrium strategy for Problem (TISLQ), if for any
(t,z) € [0,T) x L% (€ R™) and u(-) € U[t, T],

St X (@) u () = It X(@)sal)) o

jli%lo - >0, P-as., (2.4)
where
{d(S) = (A(s) + B(s)0(5)) X (s)ds + (C(s) + D(s)O(s)) X (s)dW (s), s € [t, T, (2.5)
U()S()(t:) (_9(2’)7(8), u (s) = u(8)I[t,11e;)(5) + O() X7 (8) [[14e,,1)(5),
and X () is the solution to (2.1) corresponding to the control u%/(-). Furthermore,
V(t,z) 2 J(t z;a()) (2.6)

is called the equilibrium value function of Problem (TISLQ).

Remark 2.2.  From Definition 2.1, for any time ¢ € [0,T) and state € L%, (€;R"), any deviation of
the closed-loop equilibrium strategy will be worse. This is why we call ©(-) a “closed-loop equilibrium
strategy”. Consequently, we do not regret at any time ¢ € [0,7) if we use the closed-loop equilibrium
strategy ©(-).

Remark 2.3.  Note that the limit in (2.4) is taken with {¢;}52; "\, 0 rather than ¢ € R. We take this
definition as in [27] to avoid the difficulty rising from the uncountability property of € > 0.

To study the closed-loop equilibrium strategy for Problem (TISLQ), let us assume the following further
conditions.

Assumption 2.4. For0<t<7<s<T, it holds that
Qs,t) <Q(s,7), R(s,t) < R(s,7), G(t) <G().
Assumption 2.5.  For any (t,s) € [0,T] x [0,T7,

R(R(s,t)) D R(B(s) ") UR(D(s)").
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Assumption 2.6. There exist 0 < k <m and § > 0 such that

Rank(R(s,t)) =k, V(s,t) €[0,7T)?,
Ni(s,t) =6, if Ni(s,t) >0, i € {1,...,m}, V(s,t) € [0,T]?

where {\;(-,-)}™, are the eigenvalues of R(-,).

Assumption 2.7.  There exists a constant C > 0 such that
|Q(s,t) — Q(s,7T)|2 + |R(s,t) — R(s,7)|]2 + |G(t) = G(7T)|2 <Clt — 7|, VOL<t<7T<s<T.

Remark 2.8. Assumptions 2.5 and 2.6 are weaker than R(-,-) > dI in [30], and we adopt them
to guarantee the solvability of the generalized Riccati equation. We will explain it in detail later in
Subsection 3.2. Under such weaker assumptions, we can see a richer structure of this problem.

Remark 2.9. Assumption 2.6 is also used to obtain the sharp estimate in Proposition 4.4. If it does
not hold, the desired estimate may not hold. An example is given below. Let 0 = tg < t1 < to < - -+
<ty-1 <tnx =T be a partition of [0, 7],

0 0 0
th<T/2<t, R(s,t)=|0 1/(s—t+1) 0 , D(s)=0, 0<t<s<T. (27)
0 0 max(0,t —T/2)

Then we have

)\1(8,t) = 07
Xo(s,t) =1/(s—t+1)>1/(1+T), Rank(R(s,t))= {
As(s,t) = max(0,t — T/2),

1, 0<t<T/2,
2, T/2<t<T.

We need to obtain an estimate as
[R(s,t1)" = R(s,tx) |2 < Clts — tl, (2.8)
where C is a uniform constant. However, from (2.7), we get

0 0 0
Ris,t)t = R(s,t;)F =1 0 , —t 0
0 0 1/(t;—T/2)

Since 1/(t; — T'/2) will tend to oo as t; — t; tends to zero, the estimate (2.8) fails to hold. Inspired by
the above example, to handle the singularity, we pose Assumption 2.6.

We call Problem (TISLQ) by Standard Problem (TISLQ), if Assumptions 2.5 and 2.6 are replaced by
the stronger condition
R(-,-) = 41. (2.9)

Standard Problem (TISLQ) has been studied in [30]. Here, we are concerned with the problem under
our weaker conditions, and we call it Singular Problem (TISLQ).
The main result of this paper is as follows.

Theorem 2.10.  Let Assumptions 2.4-2.7 hold. Then for any 0(-) € L?(0,T; R™*"), there is a closed-
loop equilibrium strategy ©(-) given by
O(s) = —(R(s,s) + D(s) 'T(s,5)D(s))[B(s) 'T'(s,5) + D(s) ' T(s,5)C(s)]
+6(s) = (R(s,s) + D(s) 'T'(s,5)D(s))"(R(s, 5) + D(s) "T(s,5)D(s))6(s), (2.10)
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where T'(+, ) solves

Ts(s,t) + (s, t)(A(s
+(C(s) + D(s)©
L(T,t)=G(), 0

+ B(5)0(s)) + (A(s) + B(5)0(s)) 'T'(s,t) + Q(s, 1)
$)TT(s,t)(C(s) + D(s)O(s)) + O(s) "R(s,1)0(s) =0, 0<t<s<T, (2.11)
t< T

—~
~—

N

The equilibrium value function is given by

V(t,z) = %mTF(t,t)x, V(t,z) €0,T) x L%, (O R™). (2.12)

3 Some preliminary results
This section is devoted to providing some preliminaries.
3.1 Technical lemmas

In this subsection, we first give some technical lemmas which will be used later. Next, we review some
properties of the Moore-Penrose inverse of a matrix.

Lemma 3.1.  Suppose M, M, € S}. We have
Rank(M; + Ms) > max{Rank(M;), Rank(Ms)}. (3.1)

Lemma 3.1 should be a well-known result. However, we failed to find an exact reference. For readers’
convenience, we provide a proof.

Proof of Lemma 3.1. Tt suffices to show that Rank(M; + Ms) > Rank(M;), which is equivalent to
dim(Ker(M; + Ms)) < dim(Ker(M)).
Observe that for any v € Ker(M; + Ms),
'UT(M1 +Mo)v=0« v Myv =0, v' Myv = 0.

Consequently, v € Ker(M;) NKer(Ms) and dim(Ker(M; + Ms)) < dim(Ker(My)). O

Lemma 3.2 (See [21, Chapter 2, Subsection 2.2, Theorem 4]).  Suppose that Y1 € L%-(Q;R) and
Y, € LL (% R) with p,g > 1 and % + é =1. Then

E(V1Yz| | B) < [E(V1[” | BIYP[E()Ye|? | B, P-as., (3.2)

where B is a sub-sigma-algebra of F.
Lemma 3.3 (See [30, Lemma 2.4] ).  Let z € L%, (Q;R"), Ge s, Q() € L>=(0,T; S%) and X (-) solve

dX(s) = A(s)X(s)ds + C(s) X (s)dW (s), se€[t,T], (3.3)
X(t) =z .
Then for any T € [0, ],
T ~ ~
ET</t (Q(s)X (s), X (s))ds + (GX( )’X(T») = E-((II(t)z, x)), (34)
where TI(+) solves
M+TA+ATII+CIIC+Q =0 in[tT), 55)
I(T) = G. '
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Lemma 3.4 (See [2, Theorem 1]). Let X and Y be complete separable metric spaces, and E be a
closed o-compact subset of X x Y. Then w1 (E) is a Borel set in X and there exists a Borel function
v :m(E) = Y whose graph is contained in £, where w1 denotes the projection of X x Y on X.

Now, we recall some properties of the Moore-Penrose inverse of a matrix.
Lemma 3.5 (See [3, Theorem 4.3]).  Let My, My € ST, and Rank(M;) = Rank(Ms). Then My > M,
if and only if J\/.I'IJr < Mg

Lemma 3.6 (See [22, Theorem 3.4]).  Suppose that My and Ms are matrices of the same dimension,
and Rank(M;) = Rank(Ms). Then

\M — M|y < CIM]|o| Mo My — Ms,. (3.6)

Lemma 3.7 (See [22, Corollary 3.5]).  Given a sequence of matrices {M,}>2, € R™*™ satisfying that
lim,, o0 |M,, — M|o = 0, then lim,, o | M — MT|5 = 0 if and only if lim,_,o, Rank(M,,) = Rank(M).

3.2 Singular stochastic linear-quadratic optimal control problem

Let Q(-) € C([0,T];S%), R(-) € C([0,T};S7) and G € S. If Q(s,t) = Q(s), R(s,t) = R(s) and
G(t) = G for 0 <t < s <T in (2.2), then Problem (TISLQ) reduces to a classical stochastic linear-
quadratic optimal control problem (Problem (SLQ) for short). Moreover, with (2.9), it further reduces
to a Standard Problem (SLQ).

In this subsection, we first review the closed-loop solvability of Problem (SLQ). Next, we prove the
solvability of the generalized Riccati equation under assumptions weaker than the ones for Standard
Problem (SLQ). The method is based on some delicate approximations. We call Problem (SLQ) under
our weaker assumptions by Singular Problem (SLQ). Finally, we give a comparison principle for the
generalized Riccati equation.

We first recall the following definition (see [25]).

Definition 3.8. We call O(-) € L2(¢t,T;R™*") a closed-loop optimal strategy for Problem (SLQ) on
[t,T], if
J(t,2;0()X () < J(twsu(-), Ve Ly (%GR"), Vu()eUlt,T), (3.7)

where X () is the solution to the following closed-loop system:

{dX(s) = (A(s) + B(5)O(5)) X (s)ds + (C(s) + D(s)0(s)) X (s)dW (s), s € [t,T], (3.8)

X(t) = .

If a closed-loop optimal strategy exists on [t, T], Problem (SLQ) is said to be closed-loop solvable on [t, T].
The following result is an immediate corollary of [25, Theorem 5.2].

Lemma 3.9.  Problem (SLQ) admits a closed-loop optimal strategy on [t, T| if and only if the generalized
Riccati equation

P+PA+ATP+CTPC+Q
—(PB+CTPD)(R+DTPD)(BTP+DTPC)=0 in|[t,T), (3.9)
P(T) =G

admits a unique solution satisfying

{§+ D'PD >0, R(R+D'PD)2R(B'P+D'PC), (3.10)

(R+DTPD)(BTP+ DT PC) € L*(t, T; R™™).
Moreover, for any 0(-) € L?(t, T; R™*™),

©2 (R+D'PD)Y(BTP+DTPC)+6— (R+ D' PD){(R+DTPD)d (3.11)
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is a closed-loop optimal strategy of Problem (SLQ) and the optimal cost functional is
— 1
J(t,z;0()X () = 5xTP(t)ac. (3.12)

Remark 3.10. Note that our cost functional J(¢,x;u(-)) in (2.2) takes the conditional expectation
rather than the expectation. Although Lemma 3.9 is stated with the expectation in [25], it is still true
for the conditional expectation. Another property we want to mention is that if the generalized Riccati
equation is solvable, then it is uniquely solvable [25].

In Standard Problem (SLQ), R(-) = 61 and P(-) > 0, and then R+DT PD > 6I. The conditions (3.10)
are satisfied naturally, and we have a unique closed-loop optimal strategy as in (3.11). On the other hand,
when the uniform convexity condition [24] holds, R+DTPDis also nonsingular. In this paper, we consider
that R+ DT PD is singular.

Lemma 3.11. Let G € s, Q(-) € L>(0,T; St) and R(-) € L>(0,T; ST), and denote the eigenvalues
of R(:) by {\i(-)}™,. Suppose that

R(R(s)) D R(B(s) ") UR(D(s)"), (3.13)

and there exist 0 < k < m and § > 0 such that

Rank(R(s)) = k, a.e. s €[0,T), (3.14)
Ni(s) =0, if \i(s) >0, i€{l,....,m}, a.e. s€0,T]. '
Then the generalized Riccati equation
P+PA+ATP+CTPC+Q
—(PB+CTPD)(R+DTPD)(BTP+DTPC)=0 in[0,T], (3.15)
P(T)=G
is uniquely solvable, and the following holds:
R+D"PD>0, R(R+D'PD)2>R(B'P+D'PC), (3.16)
(R+D"PDY(B"P+ DTPC) € L*(0, T;R™ ™). ‘

Proof.  We first claim that there exist measurable matrix-valued functions V(-) and A(-) such that

A() = > 61, il(-)€{1,2,...,m}, 1=1,2,...,k

and

VT with VOVH T =vV(H)TV() =1 (3.17)

We prove this claim by Lemma 3.4. Let X' = R"™*™ ) = R™*™ x R™*™ and

OODGXXy‘éesm,W—vTv—z,

~ — [A
= { (a7 )0

- = A0
Ais a (k x k)-dimensional diagonal matrix, and R =V

7l
0

By the continuity of matrix multiplication, we have that £ is closed and therefore o-compact. Applying
Lemma 3.4, we have
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e 71(€) is a Borel set in &

e there is a Borel function ¢(-) = (¢1(-), p2()) : m1(€) — Y with its graph contained in £.
It follows from (3.14) that R(s) € m1(€) almost everywhere. Therefore, R() : [0,T] — m(&) is
measurable. Thus, the composition (1 (R(-)), @2(R(-))) : [0,T] — Y is measurable. Choosing

~ ~ A() 0O ~
V() =ei(R()), = p2(R(-)),
0 0
we prove the claim.
Let _
~ ~ A 0 ~
R,=V V', n=12...
0 nIm_k

Without loss of generality, we may assume § < 1. Then we have R, >4I.
Consider a sequence of approximation problems:

P,+P,A+ATP,+CTP,C+Q
—(P,B+C"P,D)(R,+D"P,D)(B"P,+D"P,C)=0 in [0,T], (3.18)
P(T) =G.

Since for any n > 1,

by the results of Standard Problem (SLQ) (see, e.g., [31, Theorem 7.2]), we know that the equations (3.18)
have unique solutions P,(-) € C'([0,T];S7%). For j =1,...,n, let e; be the j-th unit vector that contains
a 1 in the j-th position and zeros everywhere else. Then we have

T
e] Pu(t)ej =] Gej — /t e/ [(P.B+C"P,D)(R,+ D" P,D)/(B"P,+D"P,C)

— (P, A+ ATP, +CTP,C + Q)le;ds.

It follows from (R, + DT P,D) > 6 > 0 that

J

T
e Py(t)e; <e) Gej + /t e] (PuA+ AP, +CTP,C + Q)ejds,
n _ T ~
Z ejTPn(t)ej <C [|G|Tr + / (1Pn ($) e (Al Loo (0,7mm xm) + \C\iw(o,T;Ran)) + |QL°C(0,T;S:;))48]
i—1 t

and

T
[P (t) e < C[GlTr +/ (1P (8) e (|A] Lo (0, 7:m 5m) + [Cl 70 (0 7mxny) + |Q|L°°(0,T;Si))d8}
t
By Gronwall’s inequality and the equivalence of matrix norms, we get
‘Pn(')|C([O,T};S’+‘) <eTCy,

where C; = C1(A,C) and Cy = Co(G, Q). Therefore, P,(+) is uniformly bounded. On the other hand, by
P,(-) = 0 and Lemma 3.1, we have Rank(R,,) =Rank(R,, + D' P,,D). By Lemma 3.5, we find

<(Ro+D"P,D)Y' <Rl =R'<

Thus, N
(R, + D" P,D)t|, < C(6).
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This, together with
Po(t) — P,(s) = — / [(P,B+CTP,D)(R,+D'"P,D)'(B"P, + D" P,C)
t
—~P,A—A"P,—C"P,C —Qldr,
implies that
|Pn(t) = Pr(s)l2 < Ca(s — 1),

where Cy = C3(A4, B,C, D, G,Q, 9) is fixed. Consequently, we get the equicontinuity of {P,(-)}5;.
By the Arzela-Ascoli theorem, there exists a subsequence of {P,(:)}52; converging to some P(:) in

C([0,T];S%). On the other hand, by (3.13) and (3.17), we can rewrite R+ D" P, D as

R(s) + D" (s)Py(s)D(s) = V(s) Kn(s) O] V7(s), (3.19)

where I~(n( -) is an S*-valued measurable function. For I?n(), similar to the proof of (3.17), we can prove
that there exist measurable matrix-valued functions V,,(-) and %, (-) such that

Kn() - Vn()zn()f/n()T with Vn()f/n()T - Vn()TVn() = I,

and in(s) is a k x k diagonal matrix almost everywhere. Then we have
T
vj
t
0 0 a
0 nIm,k
i
0 0 V/T)

0 n[m,k
v o0

T
‘71’
0 Imfkr

Vo0 o
0 Imfk

0 0 Jgr
0 L1, 4

_ ~ A 0
(R, +D'P,D)' = |D"P,D+V
0 nIm_k

R+D'P,D+V

e
Ui
|

VitV

[ Y, 0

0 n[m,k

~[v, o
7

_0 Imfkr
shoo0
0 114

V., o
%
L 0 Imfkr
V.StV 0
0 0

% 7TV

= (R+D"P,D) +V

0 0 |-
) ] VT (3.20)
nim—k

n

By Lemma 3.7 and (3.20), taking the limit in (3.18), we get a solution to the Riccati equation (3.15).
Furthermore, from (3.13), (3.14) and Lemmas 3.1 and 3.5, we find

R(R+D'"PD)=R(R) 2 R(B" P+ D' PC),
R+D'PD >0,
(R+D"PDY'(BTP+ DT PC) € L*(s, T;R™").
This completes the proof. O

Remark 3.12. From the proof of Lemma 3.11, one can see that (3.13) is posed to guarantee the
second one in the constraint conditions (3.16). On the other hand, (3.14) is used to get the well-posedness
of (3.18) and the solvability of (3.15).
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Lemma 3.13.  Suppose that the generalized Riccati equation (3.9) is uniquely solvable. Then
P()<P() in[0.1], (3.21)

where ]3() satisfies

P+PA+ATP+CTPC+Q=0 inl0,1], @)
P(T) = G. '
Proof. By Lemma 3.9, we have
— 1
J(t,2;0()X(") = §xTP(t)x < J(t, x;0). (3.23)
By Lemma 3.3, we have
1 -~
J(t,z;0) = ia:TP(t)x, (3.24)
where ﬁ() satisfies (3.22). The conclusion follows from (3.23) and (3.24) immediately. O

4 Proof of the main result

We are now in a position to prove the main result. The proof is so long that we divide it into three
subsections.

4.1 Multi-person differential games

In this subsection, following the idea in [30], we introduce a multi-person differential game.
For N € N, let D be an N-partition of [0,T], i.e., D é{[tk,tkﬂ]}g;ol, where 0 = ty < t; < tp <
<o+ <ty_1 <ty =T. Define the mesh size of D by

Dl = t —t .
(24 og&aﬁﬂ{( k1 — t)}

Consider an N-person differential game, in which the k-th player controls the system on [t,tr4+1). The
main rules are as follows:

(i) each player plays optimally based on the assumption that the latter players play optimally;

(ii) the (k + 1)-th player’s initial state is the k-th player’s final state;

(iii) the k-th player still discounts the cost functional in his/her own way over the time interval [tg11, T].
For 0 <k <N —1, we set

Qk(s) = Q(satk), Rk(s) = R(Satk)a Gk = G(tk)v u[tkvtk+1] = L]%(tkatk+lva)

Let us first consider the (N — 1)-th player who is not affected by any other players. Therefore, he/she
just needs to behave optimally.

The (N — 1)-th player. The state equation is

dXN_l(S) = (AXN_l + BUN_l)dS + (CXN_l + DUN_l)dW(S) in [tN—17tN)7
Xn-1(ty—1) =zNn_1 € LthNil (Q;R™),

and the cost functional is
IR (@n_un—1(4)

tn
= 1EtN,l {/ ((QN-1Xn—1,XNn-1) + (Ry—1unv—1,un—1))ds + (Gn_1 Xn_1(tn), Xn—1(tN)) |-

2 tN—1
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This is a Singular Problem (SLQ). By Lemma 3.11, the generalized Riccati equation

Py 1+ Py 1A+ ATPy 1 +CTPy_1C+Qn-s
—(Py_1B+CTPy_1D)(Ry_1+D"Py_1D)(B"Py_1 +D"Py_1C) =0 in [ty_1.tn),
Py_i(tn) = Gn—1

admits a unique solution such that

Rn_1+D"Py_1D >0 in [ty_1,tn],
R(RN_l + DTPN_lD) 2 R(BTPN_l + DTPN_lC) in [tN—latNL
(Rn—1+DTPy_1D)(BTPyx_1+D"Pyx_10) € L%(tn_1,tn; R™X"),

Furthermore, for any 6 € L%(ty_1,tn; R™*™),

On-1=—(Ry-1+D"Py_1D)(B"Py_1+D"Py_1C)+0
- (RN,1 + DTPNle)T(RNfl + DTPN,]_D)H in [thlytN]

is a closed-loop optimal strategy for the (N — 1)-th Player.
The (NN — 2)-th player. The state equation is

dXN_Q(S) = (AXN_2 + BUN_Q)dS + (CXN_2 + DUN_Q)dW(S) in [tN_27tN_1),
Xn_o(tny_o) =azN_2 € Létjw (O R™).

The (N —2)-th player will assume that the (N —1)-th player behaves optimally, while he/she still discounts
the cost functional in his/her own way on the time interval [ty_1,¢n5]. Consequently, the cost functional
is

JN_o(zN_2sun—2(*))

1 tN—1
=By, {/ ((Qn—2XN—2,XN—_2) + (RN_2uN—_2,un—2))ds

2 tN—2

+/ ) (QN-—2XN-1,XN-1) + (RN_2lin—_1,UNn—1))ds + <GN2XN1(tN);XN1(tN)>]

tN—1

1 tN -1
= §EtN,2 {/ ((QN-—2XN—2,XN_2) + (RN_2un_2,un—_2))ds

tN—2

tN o o o o
4 / <(QN2+@;_1RN2@N_1)XN1,XN1>ds+<GN2XN1(tN),XN1<tN)>].

tN—1

By Lemma 3.3, we can rewrite the cost functional as
IN-2(@n—23un—2("))

1 tN—1
= §EtN,2 {/ ((QN-—2XN—2,XN_2) + (RN_2uNn_2,un—_2))ds

tn—2

+ Tn_o(tn_1)Xn_2(tn_1), Xn_2(tn-1))], (4.1)
where I'y_o(+) solves the following equation:

In_o+Tn o(A+BOx 1)+ (A+BOx 1) Tn 2+ Qn_2
+(C+DON_1) Ty 2(C+DON_1) + O Ry 2On_1 =0 in[tx_1,txn),
I'y_2(tn) = Gn_a.
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Although the change of 6(-) on [tx_1,tx] does not affect the (N — 1)-th player’s cost functional JE |,
it does have an influence on the (N — 2)-th player’s choice by I'y _o(tnx—1) in (4.1). In other words, due to
the singularity of Problem (SLQ), the (N — 1)-th player has more choices of control to obtain optimality.
Since we can fix 0(-) € L2(0,T; R™*™) at the beginning, we omit ¢ in JT_, for the simplicity of notations.

Similar to the case of the (N — 1)-th player, the generalized Riccati equation

Py o+ Py 2A+ATPy 5+ C TPy ,C + Qn_2
—(Py_9B+CTPy_3D)(Ry_o+ DTPy_oD)Y(BTPy_o+D"Py_3C)=0 in[ty_2,tn_1),
Py_a(tn—1) =Tn-2(tn-1)

admits a unique solution such that

Ry 2+ D"Py 2D >0 in [tn—2,tn_1],
R(RN-2+D"Py_2D) D R(B"Py_2+ D"Py_2C) in [ty_2,tn_1],
(Rn—2+DTPy_oD){(BTPy_o+ DT Py_sC) € L?(ty_o, tn_1; R™X").

For any 0 € L?(ty_o,tn_1; R™X"),

On_2=—(Ry_2+D Py oD)(B"Py_o+ D" Py _5C)+6
~ (Rn—2+D"Py_2D)(Ry_2+ D" Py_2D)0 in [ty_2,tn_1]

is a closed-loop optimal strategy for the (N — 2)-th player.
The (N — 3)-th player. The state equation is

dXN_g(S) = (AXN_g + BUN_3)dS + (CXN_;), + DUN_g)dW(S) in [tN_g,tN_g),
XN_3(tN_3) =IrN_-3 € L-27:tN,3 (Q,Rn)

The (N —3)-th player will assume that the (N —1)-th and (N —2)-th players behave optimally, while he/she
still discounts the cost functional in his/her own way on [tny_o,ty]. Consequently, the cost functional is

Jﬁ_g(mN—i’); uN—?)('))

1 tN—2
= §EtN,3 [/ ((Qn—3XN—-3,XN—_3) + (Rn_3un—_3,un—3))ds

tN-3

tN—1 o o
+/ (Qn-—3XN-2,XN_2) + (RN_3UN_2,UN—_2))dS

tN—2

+/ ’ (QN—3XN_1,XN_1)+ (RN_3tUNn_1,UNn_1))ds + <GN3XN1(tN)7XN1(tN)>:|

tN-1

1 tN—2
= §EtN,3 [/ ((QN—3XN_3,XN_3) + (RN_3un_3,un_3))ds

tN—3

tn—1 . .
+/ (QN-3+O§N_oRN_30ON_2)X N_2, X n_2)ds

tN—2

tN o o o o
+ / (Qn-3+OK§_1RN—3ON_1)XN-1,XN-1)ds + (GN_3X N_1(tN), XN—l(tN)>:|

tN—1

1 tN—2
= §EtN,3 [/ ((Qn—3Xn—3,XN—_3) + (Rn_3un—_3,un—3))ds

tN—3
tN o o o o
+/ (Qn-3+OpRN_30p)Xp, Xp)ds + <GN3XD(tN)7XD(tN)>:| ,
tN—2

where

{@D(S) = @N—Q(S)I(tjvfzizvfﬂ + @N_l(s)l(tN—htN]’ s€ [tN ) tN]

yD(S) = YN72(8)I(tN—27tN—1] +YN71I(tN—17tN]’
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By Lemma 3.3 again, we rewrite the cost functional as
IN-s(@n—s;un—3("))

1 tN—2
= iEtN,g [/ ((Qn—3Xn—3,XN—_3) + (Rn_3un—_3,un—3))ds

tN-3
+(Pn_3(tn—2)XN-_3(tn—2), Xn_3(tN-2)) |,
where I'y_3 solves the following equation:
I'y_3+Tn_3(A4 BOp)+ (A+BOp) T'y_3+Qn_3
+(C+ DOp) ' T'y_3(C + DOp) + OpRN_30p =0 in [tx_a,ty),
In_3(ty) = Gn-3.
Similarly, the generalized Riccati equation
Py 3+ Py 3A+ATPy_3+CTPy_3C + Qn-3
—(Pn_3B+ OTPN_gD)(RN_3 + DTPN_gD)T(BTPN_g + DTPN_:),O) =0 in [ty_3,tN—2),
Py_3(tn—2) = 'n_3(tn_2)
admits a unique solution such that
Rn_3+D"Py_3D >0 in [tn_3,tn_2],
R(Rn_3+D"Py_3D) DR(B"Py_3+ D"Py_3C) in [ty_3,tn_2],
(RN_3 + DTPN_3D)T(BTPN_3 + DTPN_3C) S LQ(tN_g,tN_g;Rmxn).
The closed-loop optimal strategy for the (N — 3)-th player is
On_3=—(Rny_3+ DTPN—gD)T(BTPN_g + DTPN_;;C) +6
— (Rn—3+ D" Py_3D)(Ry_3+ D" Py_3D)0 in [tn_3,tn—o2]
for any 0 € L2(ty_3,tn_o; R™X7).

By induction, we can construct sequences of {Py(-)}n— and {Tx(-)}r_;, where Pj(-) solves the
generalized Riccati equation

P+ P A+ ATP.+CTP.C + Qs
—(PkB + CTPkD)(Rk + DTP]CD)T(BTPk + DTP]CC) =0 in [tk7tk+1)7 (42)
Py(tig1) = Tr(trsr)

and satisfies

R,+D'P.D>0 in [tg, teei],
R(Rk + DTPkD) D) R(BTPk + DTPkC) in [tk,tk+1], (43)
(Rk + DTPkD)T(BTPk + DTPkC) S Lz(tk,tk+1;Rmxn)7

and T'g(+) solves

[y + T1(A+ BOp) + (A+ BOp) Ty + Qy
+(C+ DOp)'Tx(C + DOp) + OLROp =0 in [tpy1,tn), (4.4)
Ii(tn) = Gk
with
Or=—(Ry + D"P.D)(B"P, + D"P,C) + 60 — (R, + D" P,D)'(Ry + D" P.D)0,

N-1
Op(s) = Z Qk(S)I(tk,tk+1](S)v s € [0, tn], (4.5)
k=0

In_i(ty) = Gn-1,
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where 0(-) € L?(0, T; R™*").
In summary, let 6(-) € L2(0,T; R™*") be fixed. For any 0 < k< N —1and x € LQf,,k (Q;R™), consider
the following closed-loop system:

{dXD = (A+ BOp)Xpds + (C + DOp)XpdW (s) in [t tn], (16)

Yp(tk) =Xx.

Put

Then for any £ < j < N — 1, we have

inf JP(Xp(t;)iui() = JP(Xp(t;):un () |1t ,4,44]) = %(PD(tj)YD(tj)aXD(tj»- (4.7)

uy (VEUltj ti4a] 7
4.2 Well-posedness of the equation (2.11)

In this subsection, we establish the well-posedness of the equation (2.11) by means of solutions to (4.2)
and (4.4) obtained in the previous subsection.

Note that in (4.4), T'o(+) is only defined on [t;,T], while Pp is defined on [0,7T]. Therefore, we can
actually get a unique solution I'g(-) defined on [0, T] by solving

'+ To(A+ BOp) + (A+ BOp) Ty + Qo + (C + DOp) "To(C + DOp)
+0L5ReOp =0 in [0,7), (4.8)
Lo(tn) = Go,

which is the extension of the previous one defined on [t1,T] by (4.4) (so we use the same notation).
For a given N-partition D of [0,T], define

N-1
PD(S) = Pk(s)l(tk1tk+1]<s>7 ERS [O,T],
k=0
o (4.9)
FD(S,T) = Fk(s)l(tk+1,tk+2] (’7—) + FO(S)I[to,tl](T)u 0 § T < S < T.
k=0

In the rest of this subsection, we prove the convergence of (Pp(:),I'p(+,)) as ||D|| — 0 and give a sharp

estimate of the convergence rate. First, we show the uniform boundedness of {T'(-)} 12 and { Py (-)} 1,

Let é, @ € S satisfy
GT)<G, Q,T)<Q, Vsel0,T]

For 0 < k < N — 1, consider the following equations:

{ﬁk + DA+ A TP+ CTPC+Qr=0 in [ty tesr), (410)

Py(tes1) = Dr(tyr)
and

H(ty) = G. (4.11)

Proposition 4.1.  Let Assumptions 2.4-2.6 hold. Then

{ﬁ +HA+ AT+ CTIC+Q =0 in [to, tn),

0 <Ty(s) < Pu(s) < Pu(s) <Ii(s), —-1<I<k<N-1 (4.12)

with the convention that T'_1(-) = 0.
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Proof. By Assumption 2.4, Lemma 3.3 and the equation (4.4), we have
L(s) 2Th(s), s€ftn—1,in], 0<n<m<<N-—2.

Inductively, we get

Lpn(s) 2T,(s), s€t1,ta], n=m=0.

On the other hand, it follows from Lemmas 3.3 and 3.9 that for any = € R", it holds that
tn o o
(Pn-1(s)z,7) = E(/ (Qn-1+ Oy 1 RN_1Oy_1) X n_1, X n_1)dt

+ <GN—1XN—1(tN)7XN—1(tN)>>7 s € [tn-1,tn]
and
tN o o
utspea) = B( [ (Qu+ 07 ROy Xvos Xoali
+<GkXN_1(tN),XN_1(tN)>>, s € [tN—17tN]a 0<1€§N72,

where X y_1(-) satisfies

dYN,1 = (A + B@Nfl)nyldt + (C + D@Nfl)YNfldW(t) in [S,tN],
YN_l(S) =X, Sc [tN—l,tN}-

By Assumption 2.4, we have
Pn_1(s) 2 Tk(s), s€ltn-1,tn], 0<EN -2
From (4.13) and a similar representation to (4.14) and (4.15), we can deduce
0<Ty(s) < Pe(s), $€E[tgstrr1), 0<I<ESN-1.
Next, it follows from Lemma 3.13 that
Pi(s) < Py(s), s € [trtpr), 0<k<N—1.
Finally, note that for any 0 < k< N — 1,
Pe(trs1 — 0) = Ti(ters) = Te(tesr +0) < Poga(trpr +0) < Peltrsr +0).

By Lemma 3.3 and (4.16), inductively, we can obtain
Pi(s) <I(s), s€[tatpp), 0<k<N-—1

The proof is completed.

(4.13)

(4.14)

(4.15)

(4.16)

O

Having the above preparation, we can establish the convergence result for (Pp(s),I'p(s,7)) by the
Arzela-Ascoli theorem as in [30]. However, that method gives no clue to the convergence rate which is
needed to prove that the strategy derived is indeed a closed-loop equilibrium strategy as in Definition 2.1.
This will be explained in detail in Subsection 4.3. Here, we follow some ideas in [10] to give a sharp
estimate. It is based on some delicate construction and subtle use of the coupling relationship between



Li Q et al. Scit China Math  January 2024 Vol. 67 No.1 227

the equations. The advantage of this new method is that the idea is intuitive, and the proof is easier in
some sense.

Now we give the construction. Let 0(-) € L?(0, T; R™ ") be fixed. For I,m € N, let D; = {[t), tit1] 1ol
and Dyyp, = {[fk,fk+1]};€":’61 be two partitions of [0, 7] such that #,,, =t for k =0,...,l, and mg = 0.
Thus, D4y, is a refinement of the partition D;. Then we can solve (4.2) and (4.4) to obtain Pp, and
Pp,.,,, asin (4.9) under the partitions D; and Dy, respectively.

Given a partition Dyi,,, one can see from (4.2) and (4.4) that Pp,, . is determined by {Q(-,%),
R(-, 1), G(tx) Yo<k<m,, and Pp,,  will change if {Q(-, k), R(-,1x), G(x) o<k<m, is altered. Generally
speaking, Pp,, is different from Pp,. Here, we provide a way to alter {Q(-, 1), R(-,tx), G (k) Yo<k<m,
such that the corresponding Pp, ,, equals Pp,. For the equations (4.2) and (4.4) with respect to the
partition D;,,, we make the following alterations inductively and denote the varied Pp,,, by Pp,,:

?mel in [tmelutmN]a 1—‘me2 in [tmelvtmN]a
?mehLl in [EmN—1+17EmN—1+2]7 me—l in [EmN—1+17£mN]7
ﬁmel in [EmN—l’me—l“Fl]

with the same (Q(-,tny—1), R(-,tn-1),G(tn—-1)),

FmN71—1 iIl [t’mN,UtmNL

PmN—1—1 in [tmN—1—17tmN—1]a FmN—1—2 in [tmN—1—1vtmN]a
PmN—2+1 in [tmN—2+17tmN—2+2]’ FmN—2 in [tmN—2+1’tmN]7
‘PmN—Z in [tmezvtmefrl]

with the same (Q(-,tn—2), R(:,tn—2), G(tN_2)),

Then we have the following result.

Proposition 4.2.  For any [,m € N, we have

Pp,,, =Pp (4.17)

-
Proof. For k=mpn_1,mn_1+1,...,my — 1, by Lemma 3.3, we can rewrite the equation (4.2) as

P+ Pi(A+BOp,,, )+ (A+BOp,,, ) Pr+Q(tn_1)

_ — — —T — . -~ o~
+(C + D®Dl+nL)TPk(C + D@Dl+m) + @DH,,,LR(tN—l)@DHm =0 in [tka tk+1)a (418)

P(tps1) = Tr(trsa)-

For k = my — 1, it follows from (4.18) and (4.4) that
Pmel(S):fl(S), s € [Emel,meL l=myn_1,mny_1+1,...,my —2.

Inductively, we have

PmN_Q(S) :fl(s), s e [EmN_27£mN_1], l=mn_1,mn_1+1,...,my— 3,
P

mn—3(8) =T1(8), 8 € [fmy—3stmy—2), l=mn_1,mn_1+1,....,my—4,

Pmel-i-l(S) = FWN—I(S)7 s € [tmN71+1’tme1+2]'

Particularly, we have

Ti(tiy1) = Pryi(tisr), l=my_1,mn_1+1,...,my —2,
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which means that Pp,, () is continuous on

U [Ela{l-&-l] = [tN_l,tN].

my-_1<I<my—1

Then from (4.2) and (4.4), we find

Pp,,, (s)=Pp,(s), s€[tn-1,tn],

Fmz\r—lfl(s) = FN*Q(S)’ s € [tmN_u{mN]'
Similarly, we can handle the cases k = mg,...,my_1 — 1. ]

Remark 4.3. The reason why Proposition 4.2 holds is that on each interval [tg, tx41] (0 < k< N —1),
the corresponding problem for Pp, +m 18 “time-consistent”. Moreover, we can get from the proof that

mN71—1(') = FN—Q(')a [tmethmN] = [tN—lvtN]’

mezfl(') = FN*3(')= [me—27EmN] = [tN727tN]7
(4.19)

fml—l(') = FO(')v [fmuEmN] = [tlvtN]'

Proposition 4.4.  For any partitions D; and Diip,, and the corresponding Riccati equations (4.2)
and (4.4), we have

Poyn(5) = Po(s)l2 < CIDA, 5 € 0.7, 120)
T, (s,7) = Tp (s, 7)2 <CIDifl, 0<7<s<T,
where C is a constant independent of the choice of partitions.
Proof. It follows from Proposition 4.2 that
Pp,(s) = Pp,,, (s), se€l0,T].
Then for any k = mg,mo +1,...,my — 1 and ¢ € [{y,r41], we have
. bt 9 _
|Pr(t) — Pp(t)|2 < / [(2|A] o< (0,7r7 ) + |Cl o0 (0,7m75n)) [Pk — Prl2
t
+ CHD[H + C‘Pk — Pk|2]d8 + |fk({k+1) — Fk(£k+1)|2
£k+1 . . ~ ~
< C<|Dl|| +/ | Py — Pk|2d$> + Tk (ter1) — Tr(trs1)]o (4.21)
t
On the other hand, for k = mg,mo +1,...,mx — 2 and t € [tg11,fmy], it holds that
Tk(t) = Ti(t)]2
T — —
< C{Ilpz +/ [(1 41012 + [013) T — Tlo + (1 + |0]2 + [0]3)| Py, — PDz+m|2]d8}~ (4.22)
t

It follows from (4.22) and Gronwall’s inequality that

T
FuCisn) = sl <C[ID0+ [ Q161+ BB)Po., — P lads].

th+1

This, together with (4.21), implies that for t € [tg, tx11],

T
|Pr(t) = Pr(t)]2 <C {IIDzII +/ (L+ 1612 +1013)[Pp,.., — PDHml2dS]-
t



Li Q et al. Scit China Math  January 2024 Vol. 67 No.1 229

Hence, for ¢ € [0, 7], it holds that

T
1Pp,,.,, (t) = Ppy,,, (t)]2 < C[HDZII +/ (1+ 1612+ 1013)[Ppyy,. — Piy,l2ds |-
t
This, together with Gronwall’s inequality, implies that
[Py, (t) = Pp,y,, ()2 = |Ppy,,, (t) = Pp,(t)|2 < C[Df|, te0,T] (4.23)
From (4.22) and (4.23), by Gronwall’s inequality again, we get
ITk(t) = Tr(®)l2 <CIDill,  t € [Ersr, Tiny]- (4.24)
On the other hand, from (4.19) and (4.9), we obtain
T, (s, 7 )—FDH,,L(S 7)l2
N — —
Z Pongirm1() iy ) (T) F Do 1 (8) L7, 1,1 (T)
mN—
Z (tk+17tk+2]( ) Fmo (8)1(50751](7—) )
N-2 _
= > Conir 1M (G, g o) (T) = T (41,7421 (T))
k=0 mp 1 <j+1<j+2<mp 2
B max(mi—2,mg)
+ Uy —1() g, 7,1 (T) — Z Pe(8) (g1 s0] (T) = Do (8) L7, (T) K (4.25)

k:mo

It follows from (4.4) that
ITr(s) = Tr_1(s)l2
T
< |Gk — Gk_1|2 + C/ |Fk(’f‘) — Fk—l(T)|2(‘A|L°°(O,T;]R"><n) + ‘B|L°°(O,T;R"'Xm) ‘C"‘)DLer (7’)|2
+ |C|2L°°(O,T;]R"X") +|D| Lo 0,787 xm) Oy 4 1 (r)[3)dr
T
+€ [ (1Qu0) = Qa2 + |B0) = Rucr (]2l (1) D)
S
By the uniform boundedness of Py (-) and Gronwall’s inequality, we find that for mgo < k < my — 2,
|Fk(8) — Fk_1(5)|2 < C|t~k - fk_1|, ERS [Ek+1,me]. (4.26)

Now we analyze the first term on the right-hand side of (4.25). For any 0 < & < N — 2, my41 — 1
<j<mpi2—2and s € [tji1,tmy], by (4.24) and (4.26), we obtain

|fmk+1—1(5) - Fj(5)|2 < ‘fmk+1_1(s) - ka+1—1(5)|2 + |ka+1—1(5) - rj(5)|2
-1

<CIDf+ D Tiga(s) = Tils)la

i:mk+1—1
j_ ~ ~
<CIDdl+C > i — il
i:mk+171

< CHDZH + C|£mk'+2—2 - {mk+1—1‘
<c|oi. (1.2
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N

From (4.27), we see that

2

—2

<c|pll.  (4.2)
2

> (fmk+rl(8)f(£mk+l o) (T = L) (@575 (T)

=0 mp4+1<J+1<j+2<mE 42

=

With a similar technique to (4.27), for the second term on the right-hand side of (4.25), we can prove

max(mi—2,mg)

‘lel(S)I(zmo,fml](T) - > ()t den)(T) = Do ()X, 1y (7)| <UDl (4.29)
k=mg 2
Combining (4.25), (4.28) and (4.29), we conclude that
T'p,(s,7) = Ip,,,, (5, 7)[2 < C[Dyf|, 0<7<s<T.
This completes the proof. O

Now we give the main result of this subsection.

Theorem 4.5. Let Assumptions 2.4-2.7 hold. Then for any 6(-) € L?(0,T;R™*"), there ewists a
unique solution I'(-,-) to the equation (2.11). Furthermore,

Jim (IDp(s,7) = T(s.7)l2 +Pp(s) = D(s.5)]2) = 0 (4.30)

uniformly in (s,7) € A.

Proof.  Let 0(-) € L?>(0,T;R™*") be fixed. For any partition {D;}{°,, D;11 is a refinement of D; and
lim;_, ||D;|| = 0. By Proposition 4.4, for any (s,7) € A, {I'p,(s,7)};°, is a Cauchy sequence in R™*",
and we denote the limit by I'(s, 7). Then by (4.20),

llim |T'p,(s,7) = T'(s,7)|]2 =0 wuniformly in (s,7) € A.
—00

On the other hand, for s € (tx11,tk12] (0 < k < N — 2), by the property (4.26) and Proposition 4.1, we
have

|Pp,(s) = I'p, (s, 8)[2 = [Prs1(s) = Ti(s)l2
< | Prg1(8) — Pog1(tet2)]2 + | Prg1(tor2) — Tr(s)|2
< CDil| + [Prta(ter2) — Tr(s)]2
< CDill + Prta(tor2) — Tr(trtz)l2 + [Tk (trr2) — Tr(s)]2
<Dl (4.31)

For s € [to,t1], we have
|Pp,(s) = I'p,(s,8)|l2 = [Po(s) — To(s)l2
< [Po(s) = Po(ta)l2 4 [Po(t1) — To(s)l2

< |Py(s) = Po(t1)]2 + [To(t1) — To(s)
< CIIDy]. (4.32)

[

It follows from (4.31), (4.32) and (4.20) that
lim |Pp,(s) —T'(s,$)|]2 =0 uniformly for s € [0,T].

l—o0

By (4.4) and (4.8), we have that for 1 <k < N — 2,

T
Ii(s) — Gp = / [Tx(A+ BOp) + (A+BOp) T+ Qp + (C+ DOp) Ty (C + DOp)

+ @»};Rk@p]dr, s e [tk+1a T],
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and for k = 0,

T
To(s) — Go = / [To(A+ BOp) + (A+ BOp) Ty + Qo + (C+ DOp) 'To(C + DOp)
+O5R0Opldr, s€0,T].

These, together with (4.9), imply that for 7 € (txr1, thre] (1 < k<N —2),

T
FD[ (S,T) = G(tk) + / [FDL (’I", T)(A + BGDL) + (A + BG)DZ)TF’DZ (r, 7') + Q(T’, tk)
+(C + DOp,) 'I'p,(r,7)(C + DOp,) + O, R(r,t,)Op,]dr, s € [1,T], (4.33)

and for 7 € [0, t2],

T
Loy(s,7) = Glt) + [ [Poy(r)(A+ BOp,) + (4 + BO) T, (1,7) + Qlrvto)
+ (C — D@DL)TFDL (’I“7 T)(C — D@Dl) + @;ZR(T, to)@pl]d’l“, ENS [T, T] (434)

By Lemmas 3.1 and 3.7, letting [ tend to oo in (4.33) and (4.34), we see that the equation (2.11) has a
solution.

Now we are going to prove the uniqueness of the solution. Suppose that there are two solutions I'y (-, )
and I'y(+,-). Let A(-,-) =T4(-,+) — T'2(-,+). Then

Ag(s,t) + A(s,t) A+ AT A(s,t) — A(s,t)BO; — (BO1) " A(s,t)
+(C + DO3) " A(s,t)(C + DOy) + F(s,t) =0, 0<t<s<T, (4.35)
A(T,t) =0,

where

F(S,t) = [—Fg(&t)B(@l — @2) + (@2 - @1)TBTF2(S,t) + (D@l — D@g)TI‘l(s,t)(C’ — D@l)
+(C — DOy) 'T'y(s,t)(DO; — DOy) + O] R(s,1)(01 — ©3) + (01 — O3) " R(s,1)04],

and for i =1, 2,

Oi(s) = (R(s,5) + D(s) "Ti(s,5)D(s)) (B(s) "Ti(s,s) + D(s) 'Ti(s,5)C(s)) + 0(s)
— (R(s,s) 4+ D(s)"Ti(s,s)D(s)) (R(s,s) + D(s) "T;(s,s)D(s))0(s).

Unambiguously, we rewrite the equation (4.35) in the column form with the same notation:

A(s.t) = H(Ty(s,5), Ta(s, 8))A(s, ) + F(s,1), s € [,T],
AT, t) = 0.

Then we have

A(s,t) = — /T (T — s, T — 7)F(r,t)dr, (4.36)
where ®(s,t) satisfies ®(¢,t) = I and
O, (s,t) = —HT(T —5,T—38),I2(T — s, T —5))®(s,t), selt,T).
On the other hand, by Lemma 3.6, we have
[F(r, )l < CIAGE, ) oz (1 +10(7)]2 + [6(r)]3).

This, together with (4.36), implies that

T
[A(s,8)[gn2 < C/ [A(T, )|z (1+10(7)|2 + 10(7)13)dr.
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Setting s = ¢, by Gronwall’s inequality, we have A(t,t) = 0 for ¢t € [0,T]. Thus, by the equations (4.35)
and (4.36), we get

This completes the proof. O
Remark 4.6. By (4.20) and (4.30), we have

‘PDl(S)iF(SNS)b gC||Dl||7 s € [OvT]a

which gives a convergence rate.

4.3 Existence of a closed-loop equilibrium strategy

Let 6(-) € L2(0,T;R™*™) be fixed. In this subsection, we are going to prove that ©(-) obtained in (2.10)
is indeed a closed-loop equilibrium strategy. Some delicate treatments are needed and stated as follows.
Let {&;}32; C (0,+00) such that lim; ., e; = 0. We need to prove that

P EX O, () — T K@) .

j—o0 g;

The basic idea is to make use of (4.7). However, there are several difficulties.

(1) Note that X tends to co as j tends to co. Therefore, we cannot use (4.7) directly.

(2) To apply (4.7), we first decompose J (¢, X (t);ue, (-)) — J (¢, X (t); 4(-)) into a nonnegative term and
three remainder terms, and then prove that the rerﬁainder terms are of order o(e;). To this end, we
apply Proposition 4.4, which shows that the convergence rate is determined by the size of the partition.
Therefore, we should relate our partition size to {e;}3%,

Theorem 4.7.  Let Assumptions 2.4-2.7 hold. Then O(:) given by (2.10) is a closed-loop equilibrium
strateqy.

Proof.  Let 6(-) € L*(0,T;R™*") be fixed, and {e;}32, C (0,400) such that lim; . ¢; = 0. Choose a
sequence of partitions {D;}22; of [0, 7] such that for j € N,

(1) D; contains [t,t + ;] = [t;,,tj,.,], where ¢ is the time in (4.37), and tin, =T;

(2) Dj41 is a refinement of Dj;

(3) D51l = &5
(4) max;, ., <igjn, 1 (fee1 — ) = €5
Then .
;j(J(t,Y(t), ue,(-)) = J(t, X (t);a(-)))
= ;(J(t’X(t)yusJ( ) = J(t, X (£); 05, () + T (t, X (t); 15, (-)) — T (¢, X (¢); ap, ()

where
u(-) =0()X (), X()=X(5t,X(t),a()),
up,(-) = Op,(")Xp,(-), Xp,(-) = X(5t,X(t),ap, (")),
te; (1) = u( )1 e4e,) () + O() Xe ( Mire, 11()s Xe, () = X (58, X (1), ue, (),
i, (+) = u() 42 () + O, () XD, (Wppge, 11 (), Xp, (1) = X (3, X(8), 15, (),
Up, () = @(')Y(')I[t,tﬁj)(') +©Op,(-) Dj(')f[t+aj,T]('),
Xp, () = X(Mippie () + X (5t + 5, X+ 25), ap, (D) e, 7 (-
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By (4.7), we have J(t, X (t); @, (-)) = J(t, X (t); up,(-)). It suffices to prove that

tim = i (X0, () = I X055, (0) >0,
lim F? = lim (7 X(0):m, () T X 05 0) > 0, (1.38)
lim F? = lim - (J(, X(0);p, ()) — S0, X (1), (1)) > 0.

Before proceeding further, let us give a useful estimate. From (4.5) and Proposition 4.4, we have
|©p,[2 < C(1+0]2) (4.39)

and
|©p, —Op

2 < C||Dj[(1 +|0]2)- (4.40)

j+m

By letting j — oo in (4.39) and m — oo in (4.40), we get

{|@|2 < C(1+0]2), (4.41)

O, — B2 < C[|Dj|(1 + 6]2).
Now we turn to the proof of (4.38). Let us first estimate |F?|. It follows from (4.39), (4.41), Lemma 3.2

and our partition property (4) that

1 T = — = — = — = —
|Fg2| < fEt |:/ |<Q(t)(XDJ —+ X),XDJ. — X> + <R(t>(@’DjXDj + @X), GDJ-XDJ- — @XHdS
J t-‘rE]‘

+(G() (X, (T) + X(1)), X, (T) — X(T)>|}

1 T - 1/2 T o 1/2
<C— [(Et/ | Xp, + X|§nds> (Et/ |Xp, — X|]§nds>
2¢; t+e; t+e;

T . - 1/2 T N _ 1/2
+ (Et / |©p, Xp, + G)Xh?wds) (Et / O, Xp, — ®X|H2wds)
t+e; t4e;

(B, (T) + X(T) 2 Y2 (Ee| K, (T) — X(T)ﬁn)”?]

1 ~ — 1/2 ~ _ 1/2
<C— [(Et sup |Xp, |2 +E; sup |X|H2W) (Et sup | Xp, — X\HQM)
2e; s€[t,T] s€[t,T] s€lt+e;, T

Y. |2 <2 )2
—i—(Et sup |Xp,|gn. +E; sup |X|Rn,)

Se[taT] sE[t,T]
% |2 4 |2 1/2
X (Et sup |Xp, — X|g» +¢; - Er sup \X|Rn> ] (4.42)
s€[t+e;,T) s€[t,T]

Hence, it suffices to estimate Eq supye(, 7y [X[Rn, B supseie, 7 |)?Dj — X3 and B sup,epq 1y |)A(Dj 2.
First, we handle E; sup¢p; 7 |X|%, in the following way. For any A € F;, we have

d14X = (A+ BO)14Xds + (C + DOYLXdW(s) in [t,T].
1AY(t) = 1yz,

where z € L%, (€;R™). Then

]%R"))

E(lA - sup |Y(3)‘n2w> =FE sup [14X(s)|#n < CE[laz[fn =CE(14-|x
se(t,T] se(t,T]
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where C is a constant depending on A + BO, C + DO and T, but independent of A. Since z is Fy-
measurable, we have

E: sup |X|3. <Clz|3., P-as. (4.43)
s€t, T
Similarly, from (4.39) and (4.41), we can deduce
E; sup |)?D7. 2, <Clz|g., P-as., Vjx=1 (4.44)
s€[t,T) )

Next, we deal with the term E¢sup,cic; 1) |XD]~ — X |2... By our partition property (4), similar to
the derivation of (4.43), for any A € F;, we can obtain

T
E sup [1a(Xp, = X)[gn < C[E?/ (1+[613)ds - E(lA sup |XDj|n2w)]
s€lt+e;,T) t+e; s€t, T

< CE?E(1A|37|%§",).

Therefore,

E, sup |Xp, - X[2. < Cejlzlgn, P-as, Vj>1 (4.45)
SE[t-‘rEj,T]

It follows from (4.42)—(4.45) that
|F?| < Cejlalgn, P-as, Vj>1 (4.46)

Next, we estimate FJS. By Lemma 3.3, we find

1
‘Fj3| < 7Et

i / Q) (X, + ), X, — X) + (R()(O, X, + 6X), O, X, — 6X)]ds

+ <FDJ, (t —|—8j)(YDj (t + 6]') +Y(t + Ej)),YDj (t +€j) —Y(t +6j)>

Via an argument similar to (4.42)—(4.45), we have

1 — _ 1/2 _ _ 1/2
|FJ3| < CQ— {(Et sup  [Xp,[3. +E;  sup |X|]§n> (Et sup |Xp, — X|]§n>
€j s€[t,t+e ] s€[t,t4e;] SE[t,t4¢;]

— — 1/2 — —
—|—(Et sup  [Xp,[3. +E;  sup \X@n) (Et sup  |[Xp, — X[3n

s€(t,t+e,] s€(t,t+e;] s€(t,t+e€;]
t4e; L 1/2
+6?/ (1410)3)ds - E; sup X|]2Rn> }
t sE[t,t+e]

and -
E; sup |X’D]-|]%§n < Clz)n,
SE€t,T]

t+e;
E sup [Xp, — X[3 <CE2 / (14 012)ds - [2]2..
SE[t,t+e5] t

Consequently, we can get
t+e; 1/2
|F?| < c(/ (1+ |9|§)ds> zfE., P-as., Vj>1. (4.47)
t

Finally, with a calculation similar to FJZ, we can deduce for Fj1 that
|F}| < Cejlafgn, P-as., Vj>1. (4.48)

Letting j — oo in (4.46)—(4.48), we obtain (4.38). This completes the proof. O
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From the above arguments, we immediately get the following corollary.
Let Assumptions 2.4-2.7 hold. Then for any 0(-) € L?(0,T; R™*"), there is a closed-loop equilibrium
strategy ©(-) given by

O(s) = —(R(s,s) + D(s) " T'(s, s)D(s))T[B(s)TF(s, s) 4+ D(s) "T(s, $)C(s)]
+6(s) — (R(s,s) + D(s)TF(s, S)D(S))T(R(S, s)+ D(s)TF(s, $)D(s))0(s), (4.49)

where T'(+, -) solves

; t +B(5)0(s)) 'T(s,1) + Q(s,1)
(C(s) + D(5)0(s)) "T'(s,t)(C(s) + D(s)O(s)) + O(s) 'R(s,t)0(s) =0, 0<t<s<T, (4.50)
0

The equilibrium value function is given by
1
V(t,z) = ixTF(t,t):c, V(t,z) €[0,T) x L%, (G R™). (4.51)

Corollary 4.8. Let Assumptions 2.4-2.7 hold. Then the equilibrium value function V is given
by (2.12).

Proof.  From (4.7), (4.38), (4.46) and (4.47), we have

1

Jj—o0 Jj—o0 j—00
This, together with Theorem 4.5, implies that
I T
Vit,x) = 7% L(t, t)x, P-as.
We complete the proof. O
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