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1 Introduction

We consider the vanishing viscosity limit of steady Navier-Stokes equations

UUS + VEUS — eAUS + P5 =0,
USVE + VEVE — eAVE + PS =0,
U + Ve =0,

Uly=0 =V |y=0=0

(1.1)

in a two-dimensional domain @ = {(X,Y):0< X < L,Y > 0}. A formal limit & — 0 should lead to the
Euler flow [U%, V9] inside :
UUg +vOUyY + PY =0,
UVy +VOVp + Py =0,
Uy +72 =0,
VY y—o = 0.
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Generically, there is a mismatch between the tangential velocities of the Euler flow Up(X,0) # 0 and
the prescribed Navier-Stokes flows U¢(X,0) = 0 on the boundary, because of the difference of boundary
conditions imposed on the two systems.

Due to the mismatch on the boundary, Prandtl in 1904 proposed a thin fluid boundary layer of size
V€ to connect different velocities Up(X, 0) and 0. We make use of the scaled boundary layer, or Prandtl’s

variables, i.e.,
Y
=X y=7 (1.3)

In these variables, we express the solution of the Navier-Stokes (NS) equations [U¢, V¢] via [u®,v°] as

[U=(X,Y), VA(X, V)] = [u (2, y), Vev' (x,y)),

1

ﬁ
PHX,Y) = p*(2,y).

in which we note that the scaled normal velocity v¢ is of the original velocity V. Similarly,

In these new variables, the Navier-Stokes equations in (1.1) now read

uug + vuy + Pl = Uy, + eug,,
elutvg +voug] + py, = elvg, +evg,], (1.4)
ug + vy, = 0.
Let ¢ — 0. It leads to the Prandtl equations
0,0 0,0 0 0 _
Uplpg + Vpllpy = Upyy + Ppe =0,

0 0 _
Upg + Upy, = 0.

Prandt]l hypothesized that when viscosity e is small, the Navier-Stokes flow can be approximately
decomposed into the following two parts:

US(X,Y) =~ ul(X,Y) —ul(X,0) +uf (X, Y),
YP Ve (1.6)

VE(X,Y) = od(X,Y) + Vev) <X, \/g),
in which (u?,v?) denotes the Euler flow.

We attempt to verify the Prandtl boundary layer expansion (1.6) under more general conditions. Now
let us review the main problems in the boundary layer theory. Two important open problems in this area
are the well-posedness of Prandtl equations and the justification of viscosity vanishing limits. The first
problem is relatively well understood and proved in some cases. Sammartino and Caflisch [24] obtained
their result for the analytic class. For the monotonic data, Oleinik and Samokhin [23] obtained the
local existence of classical solutions of 2D Prandtl equations by using the Crocco transformation. Xin
and Zhang [27] proved the global existence of weak solutions to this system for the favorable pressure,
which by their regularity result are classical solutions. Lately, Alexandre et al. [1] and Masmoudi and
Wong [22] independently proved, by the energy methods, the local well-posedness of Prandtl equations
in the Sobolev space under the monotonic assumptions. Meanwhile, Liu et al. [20] generalized the result
in the 3D case with special structures. There are some results of well-posedness in the Gevrey class [2,8].
On the other hand, Gérard-Varet and Dormy [5] established the linearized ill-posedness without the
monotonicity condition in the Sobolev space for Prandtl equations. There are some relevant results
in [3,9,19].

For the second problem, the verification of the viscosity vanishing limits is more difficult and remains
a challenging problem in general. The problem in the analytic case was proved by Sammartino and
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Caflisch [25]. Wang et al. [26] gave a new proof by the energy method. In 2014, Maekawa [21] proved the
convergence under the assumption of the initial vorticity vanishing in the neighborhood of the boundary.
By the energy method, Fei et al. [4] generalized this result to the 3D case. Gérard-Varet et al. [7]
established the Gevrey stability for shear flows. There are some results of instability in the Sobolev
space [10-12]. For the steady case, important progress was made by Guo and Nguyen [15] and Iyer [16] for
Prandtl boundary layer expansions for the steady Navier-Stokes flows over a moving boundary. Especially,
Guo and Tyer [14] recently proved the convergence result for no-slip boundary conditions in shear Euler
flows in the case where the length of the region L is small. Meanwhile, Gérard-Varet and Maekawa [6]
obtained stability of shear flows of Prandtl type in some Sobolev space for a narrow X-periodic domain.
Those results are great inspirations to us.

In our first result, we assume that the outside Euler flow
[U°, V] = [Wd(X,Y), (X, Y)]
satisfies the following hypotheses:

O<coéu2<00<oo,

[z < 1,

[{(YYEV ™00 e < 00 for sufficiently large k, m >
Y)YV ™l < 0o for sufficiently large k, m >

—_ = =
© oo
S~— Nt N

=~~~

Here, (Y) =Y + 1.

We consider the Prandtl equations with the positive data, i.e.,

Bl o, S A =0 0 e =0 )€ OD <R
Wlomo = UBW), w0 lyc0 =2 yc0 =0, w0 lyroc = u |y |
p lz= P P p ly=0 p ly=0 ) p lyToo e |Y=0-
UY is a prescribed smooth function such that
Up>0 fory>0, 8,Up(0)>0, 0;Up—ul(z,0)ul,(x,0)~y* neary =0, (1.12)
8;”{Ug —u(x,0)} decays fast for any m > 0. .
In fact, under the above conditions on Up, the equations in (1.11) admit a classical solution [u0, v3]. Now

we state our first result.

Theorem 1.1.  Assume that the Fuler flow [u2,v?] satisfies (1.7)-(1.10), U is a smooth function

e’ e

satisfying (1.12) and high-order compatibility conditions, and L is a constant small enough. Then there
exist C(L),e9(L) > 0 depending on L such that for 0 < e < €q, the equations in (1.1) admit a solution
[U=,Ve] € W22(Q) satisfying

1U® —ud +ud |[y—o — upll~ < CVe,

1.13
IV~ < CVE —

with the following boundary conditions:

[U87 VE] |Y:0 =0,

Y
NG
[Usv VE]X=L = |:u2(L7Y) - US(L, 0) + Ug (Lv 3}) + \/gaLa US(L, Y) + \/gbL:|

L}

[UE, VE] |X:O — |:u(e)(0’ Y) — ug(o’ O) —+ ug (0, ) + \/ga()v ’US(O, Y) + \/gb0:| ’ (114)

m
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Here,

ao(Y) = ul(0, Y)+ub( Y)Jr\fu (0,Y) + Vei? (

Y
NG \/5)’
Y
)
;) +Vev2(0,Y) + et} (0 \2)

2) + Ve (LY) + et} (L, \2)

aL(Y)—u(LY)—i—ub( )—l—\fu(LY)—i-\[ (

" VE

bo(Y) = v (o \Y[>+v (0, Y)+fvb<

bL(Y)vb(L 3}>+u (L, Y)+\fvb(

are smooth functions constructed in Proposition 2.7.

(1.15)

For the second result, we consider L is any given positive constant. We assume that the Euler flow
U9 VO = [u2(Y),0] is a shear flow, i.e., it satisfies the following hypotheses:

O<CO<UQ<CO<OO, (]_16)
Y)YV ™0 o < 00 for sufficiently large k, m > 1. .

Here, (Y) =Y + 1.

We assume that [u),v)] is a smooth solution of Prandtl equations (1.11) satisfying the following
hypotheses:
ug>0, upyy >0 fory>0,
up, >0 fory >0, (1.17)

Vm{ug —u2(0)}  decays fast for any m > 0.

Because the Euler flow here is independent of x, by the classical result of Oleinik and Samokhin [23], for
any given L > 0, this kind of solution exists. An important example is the famous Blasius self-similar
solution.

Now we state our second result.

Theorem 1.2.  Assume that the Euler flow [ul,v?] satisfies (1.16), the Prandtl profile [u),v)]

satisfies (1.17), and L > 0 is any given constant. Then there exist C(L),eo(L) > 0 depending on L
such that for 0 < € < gg, the equations in (1.1) admit a solution [U¢, V<] € W2(Q) satisfying

(U —ul +u |y—o — u?,IILoo < Cv/e,

1.18
Vel < CVE -
with the boundary conditions
[Usa VE] ‘Y:O = 07
[UE, VE] ‘XZO = [Ug(y) - Ug(o) + Ug( ) ) + \/70,0, \/7b0:| (119)

(U5, V]x=L = [ug(Y) —ug(0) + up (L, ) +Vear, ﬁbL].

Here,

aO(Y)—u(OY)+ub( )+\fu(0Y)+f (

)

)+fu (L,Y) + Veij (L7 3/;) .

f
ar(Y) =ul(L,Y) +ub<

SV
bo(Y) = (o ;) +v1(0, Y)+fvb< \2) +/202(0,Y) +e@§(0,\2),
br(Y) = vp (L, \2) + ol (L,Y) + Vev} (L, \2) + Vv (L,Y) + et} (L, é)

are smooth functions constructed in Proposition 2.7.
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The theorems show if the expansion (1.6) is right on 9, then it is right in Q. In Theorem 1.1, the
Euler profile is considered as the perturbation of the shear flow and the Prandtl profile is positive. In
contrast to the main theorem in [14], the Euler flow is shear and the positive Prandtl profile should satisfy
another condition. If [u(x,y), vy (z,y)] solves Prandtl equations, then so does [%ng(aa:, Ay), v3(ox, Ay)]
for any A\,o > 0. In their result, o should be chosen small enough. The proof of Theorem 1.1 is different
from the previous works. We can obtain the unified estimates no matter that the Euler flow is a shear
flow or its perturbation. However, to show the expansion (1.6) if the Euler flow is the perturbation of
the shear flow, Iyer [17] obtained another estimate based on the shear flow case in [11] with the moving
boundary condition on Y = 0. It does not work with the no-slip boundary condition U¢ |y—¢ = 0.

Theorem 1.2 is the first global result in steady Prandtl expansions because there is no assumption on
the smallness of the boundary layer profile ug —uY|y—g and L can be chosen for any large constant.
In this situation, the concavity condition on the Prandtl profile —u?

PyYy
estimate. The positive and concave solution of Prandtl equations is always called the solution in the

> 0 is needed to obtain a nice

monotonic class. In the classic book of Oleinik and Samokhin [23], they showed the well-posedness of the
Prandtl equation in this class by the Crocco transformation. Especially, the famous Blasius self-similar
solution of Prandtl equations is covered in this result.

To prove the theorems, we first construct the approximate solutions Ug = [Us, V] of Navier-Stokes
equations. We write the remainder as U := U*® —Uj,. So U satisfies the following linearized Navier-Stokes
equations:

—eAU+U;-VU+U -VU; + VP =F. (1.21)

The key point is to show the linear stability of the above equation. The method of [14] is by taking
the partial derivatives of the vorticity equations with respect to x, they found the Rayleigh term and bi-
Laplacian terms enjoy good interaction properties. What we choose to estimate is the stream-function of
U which has natural boundary conditions. We can estimate the second derivatives of the stream-function
which can be dominated by F', which essentially leads to the proof of the first theorem. To obtain the
second result, we need to do more subtle calculations. We observe a lot of cancellation in the estimates,
which plays a significant role in the linear stability analysis of the equation (1.21).

The rest of this paper is organized as follows. In Section 2, we construct the approximate solutions
to the Navier-Stokes equations. In Section 3, we estimate the stream-function of the remainder. In
Section 4, we prove the main theorems. The details of linearized Euler and Prandtl equations are placed
in Appendix A.

2 Construction of the approximate solutions

We construct the approximate solutions in this section. We need high-order approximations, as compared
with (1.6), in order to control the remainders. Precisely, we search for approximate solutions of the
Navier-Stokes equations in the following forms:

U Y) 0 Y) (X T2 ) VB[ b (X )|

+s[u§(x, Y) 4 uj (X, \2)}
VE(X,Y) =~ 02(X,Y) + ﬁ{vg (X, Y) + v (X, Y)} +e [vg (X, Y) +v2(X, Y)}

Ve Ve
+Egv§<X7\2)7

PE(X,Y) %pg(X,Y)er?(X,

+ z—:[pﬁ(x, Y)+pi <X, \2)] +e2p} (X, \2)

(2.1)
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in which [u?, vZ, p?] and [ug, vg, p{)] with j = 0, 1,2 denote the Euler profiles and boundary layer profiles,
respectively. Here, we note that these profile solutions also depend on €. The Euler flows are always
evaluated at (X,Y’), whereas the boundary layer profiles are at (X, %)

For convenience, we introduce some notation here. We write

<'7 > = <'a '>L§(7ya
o = ()1 vy
=1z,

and

I lloo =1 llzge, =1 - llzge

z,y
The notation a < b means that there exists a positive constant Cy, s.t. a < Cob, where Cy is independent of
ve and L when L < 1, and Cj is independent of /€ but dependent on L when L > 1. The notation a <z, b
means that there exists a positive constant Cy(L) such that a < Co(L)b, where Cy(L) is independent of
V€ but dependent on L. We let a = O(b) denote |a| < b.

2.1 The zeroth-order profiles

Recall the Euler flow [u?,v?]. Let v be the stream-function of [u?, v?]:

Y
O R e R 2.2
0
Then the Euler equations in (1.2) are equivalent to
Ay = Fe(). (2:3)

From the assumptions in (1.7)—(1.10), we can know that F,. together with sufficiently many derivatives
is bounded and decays in its argument.
For Prandtl equations, there is a famous result due to Oleinik and Samokhin [23].

Proposition 2.1 (See [23]).  Assume that the boundary data U% € C*° satisfies (1.12). Then for some

L > 0, the equations in (1.11) have a solution [ugwg] such that for some yy, mo > 0,

0 0 0 0
sup  [uy, Oy, Oyytty, Ory| S 1,
(0,L)x(0,00)

inf 8yu2 > mg > 0, (2.4)
(0,L) % (0,0)
ug >0 fory>D0.

Follow the proof of Oleinik and Samokhin in [23], and it is easy to have the following lemma.

Lemma 2.2. IfU% € C* satisfies (1.12) and high-order parabolic compatibility conditions, then
)M VF (up(z,y) = ud(z,0)]ee S 1 for 0< k<K, (2.5)

where K and M are constants.
By using the Crocco transformation in [23], we easily see the following proposition.

Proposition 2.3.  Assume that u? |y —o is independent of x, U% is the smooth function satisfying (1.12),

Ml(l - u(gi%))\/‘ln’“‘(l - uUfB)) s %1; < M2<1 - ug(%))\/‘l““(l - uUf?)))

U9 02U%
— Maqy | —1 1-— P < Y < —
\/ ““( us<0)> 8,U%

and

/

B

|

E

=
7N

—

|
(‘h:O q
olve
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PBUL,UY — (92U8)?
(0,Up)?

< M57

where p and M; are positive constants and 0 < p < 1; moreover, US satisfies the high-order parabolic
compatibility conditions and the high-order derivatives of U% decay fast enough, and then for any L > 0,

1.11) admits a smooth solution [u,v9] satisfying (1.17) and
P p
)MV (up (2, y) = w0l ST for 0 <k <K, (2.6)

where K and M are large constants.

Notice that
up(z,y) — ul(0) ~ exp(—ay?),

and the Blasius self-similar solution is in this class. We can also deal with the case
up (2, y) — ug(0) ~ exp(—ay).
After we solve the Prandtl equations (1.5), we let

oo
ug(x,y) = ug(m7y) - ug(m,O), vl?(:c,y) = / ugm(x7y/)dyl
Y

and pg =0.
2.2 The high-order profiles

By the method of asymptotic matching expansions, we can deduce the equations of [uf,v!] and [u],v]]

(j = 1,2). The first-order Euler profile [ul, v}, p}] solves the linearized Euler equations around [u?, v?]:
Ulex + Uy e + VoUey + Uy Ve + Pex =0,
UQVex +VexUg + VVy + Uy Ve + Pey = 0, (27)
3Xui + ayvé =0, .
ve [y=0 = vy [y=0-
Following the idea of Iyer [17], we introduce new independent variables by
Y
O(X,Y)=X, %(X,Y)= / u(X,Y")dY’. (2.8)
0
Let ¢! be the stream-function of [ul,v}]:
Y X
PHX,Y) = / ul(X,Y")dY' — / vHX,0)dX!, oy =ul, bl = vl
0 0
Then the first-order Euler layer equations in (2.7) are equivalent to
Fo[Axy ' — F(¥)p'] =0, (2.9)

which is reduced to finding a solution of the following equations:

AP — Fl(p)y! =0,
¥ x=o = %o(Y), ¥ |x=r =91(Y), (2.10)

X
Y ly—o = / vp(X',0)dX’, ¢! |y = 0.
0

It is a standard elliptic problem, and we have the following result.



2000 Gao C et al. Sci China Math  September 2023 Vol. 66 No.9

Lemma 2.4.  Ifv) is a smooth function, and for any L > 0, Y4 (Y) and ¢} (Y) satisfy the compatibility
conditions on the corner, then (2.10) admits a smooth solution satisfying the following estimate:

[(VYMVEQH <1 for1 <k <K, where K and M are large constants. (2.11)

We will prove Lemma 2.4 in Appendix A.
Remark 2.5. The boundary conditions of #! in (2.10) imply the following boundary conditions of
[ug, vel:

1 _ 1 ul _ 1
U [x=0 =0y (Y), u|x=r =0Vr(Y), (2.12)
Ué ly=0 = _Ul?(Xv 0), [ueave] ly o0 = 0.

to the equations in (2.7) with the boundary condition (2.12).

So we actually construct a solution [ul,v}]

Next, we need to solve the first-order boundary layer profile. For simplicity, we introduce the following
notation:

k j k .
Yy » v
Uy = Z* Rub ™ |y—g, ul = Zﬁajﬂu’g 7 ly =0,
=0’ =0
! (2.13)
k 1 n . LIS "
vk = v — oF |y=o0 Z 6‘{, V"I yo, o) = Z %% VP |y o
= ( = (j+1)!
[uf, v, pp] satisfies the linearized Prandtl equations around [u vg]
ugtxub + ui@wup + ayup[vb — vb ly=o] + vpayub — ayyué + ampi = f(l),
dypr =0,
vP " ) (2.14)
al-ub + ay'l}b =0
ui ly=0 = —ué ly=o, [w%,wﬂ ly—oo =0,
where
FO = = {uguly) + upul + oo, ulV + up oV}, (2.15)

We see that f(V) decays fast when y — oo from Lemma 2.2. Since the above equations are linear
parabolic-type equations, we add a boundary condition on u} |,—o:
udpup + updpul + V0, up + [V — Vg [y—0]dyul — dyyup + ppp = fL,
dypr =0,
vb " ) (2.16)
azub + ay'vb = 0,
“I% le=0 = Ug, ui ly=0 = _Ué ly =0, [Uéavlﬂ ly—o0 = 0.
We can also discuss the compatibility conditions like Prandtl equations. In our case, vg is different from
that in [13], because Ug ~ yv¥-(x,0) as y goes to oo, and we still have the following lemma.
Lemma 2.6. If fY and its derivatives are bounded and decay rapidly, and they satisfy the parabolic
compatibility conditions, then (2.16) admits a unique solution [u},v}] and

K™ VEu lloo + 1) VEvhlloe S 1 for 0 <k < K, (2.17)

where K and M are large constants.
We will give the proof of Lemma 2.6 in Appendix A.
The second-order Euler profile [u2,v?, p?] satisfies the linearized Euler equations around [u?, v?] with
the force terms, i.e.,
uly +ulxul +vdudy +ulyv +piy = F®),
w2y + 00 u? + v0v?% + 0002 + p2y =GP,

8Xue + 3}/1)6 =0,

0
0
e (2.18)

02 ly=0 = —v} ly=o,
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where @
F® = —(ulul, +viuly) + Aul,
( ) (2.19)
G(Q) = _(uevew + UeUeY) + AU
We can treat the above equations as the equation of the first-order Euler flow, i.e.,
F A2
0 |Axr? - R - Ty = S0 (2.20)

Let
T AL (0, Y (0,Y)
H(9,¢)—/0 w00 e’

Noticing that ) ~ Y when Y — oo, we see that H is of fast decay as ¢ — oo because of (1.10) and (1.9).
We can find a solution of the following equations:

Ar® - Ly — O 2 = B o(x v, (.1 )).

W x=0 = 05(Y), ¥*|x=r =7 (Y), (2.21)

X
W ly—o = / (X, 0)X", 62 |y =0
0

with suitable 12(Y) and 1% (Y), and we have estimates of the second-order Euler flow
[(V)YMTFE2| <1 for 1 <k <K, where K and M are large constants. (2.22)

The second-order boundary layer profile [uZ, vZ, p?] is similar to the first-order boundary layer profile,
and we need to solve the following equations:

uddpuf + ugdpul + vy ud + [V — v [y—0]dyul — dyyui + upi = f2,

o,pt = g,
WP =9 (2.23)
8Iub + 3yvb = 0,
ug |I:0 = U%v ug |y:0 = _Ug Y =0, [ugvvlﬂ |y~>oo = Oa
where
f(2) = —{ufu® +u) u® +vdu (2) +u yv(2) + ul ubr + upull) +v ug g T Ubu(l) —ud ), (2.24)
{U T U O)sz + Ubv + (Ug ) ’Ui ‘Y:O)'Ul())y - vbyy}'
We can see that f2) and ¢ decay fast when y — co from Lemmas 2.2 and 2.6. We can solve
pi(a,y) = */ 9 (x,y')dy'.
Y
By using the same argument of Lemma 2.6, we have
)M VEuilloo + {9 VFo e ST for 0 <k < (2.25)
where K and M are large constants.
After that, p} is solved by
o0 1 ,
pg — / {Z[u; JU] —|—u(1 3 gy —|—vl ],Ug)y n (Uélfy) + v?ﬂ |Y=0)vgy] - vgyy}dy’, (2.26)
Yy

7=0

We can conclude the following proposition for the approximate profiles.
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Proposition 2.7.  Under the assumptions of Theorem 1.1 or Theorem 1.2, then the equations (2.7),
(2.14), (2.18) and (2.23) admit smooth solutions [ul,vl] and [ul,v]] for j = 1,2, and the following

e’ e

estimates hold:

)M Vo oo + () VF0] o S1 for0< k< K and j =0,1,2,

. . 2.27
[V VFu oo + (V)M VRV S1 for 0< k< K and j = 1,2, (227)

where K and M are sufficiently large constants, (y) =y +1 and (Y) =Y + 1.

Notice that v? |,—o # 0. We need to match the boundary conditions at y = 0 and also v? |0 = 0.
Then we can modify [47, 7] in the following way:

iRle) = X(VENE(e0) — VEX (VR [ "Ry,

(2.28)
o (2,y) == x(Vey) (v (z, y) — v (2,0)),
where y is a cut-off function satisfying x[jo,;) = 1 and x[[2,00) = 0.
Let [Us, Vs, Ps] be
Us(X,Y) =ud(X,Y) +up ( X Y + Ve |lul (X, V) +ul [ X r
s ’ e ’ b 7\@ e ) b 7\£
Y
2XY)+ul( X, —
oo )]
0 0 Y 1 1 Y 2
Vo(X,Y) =0 (X, V) + Ve |v) [ X, —= | + v (X,Y)| +e|vg | X, —= ) +v(X,Y)
Ve Ve (2.29)
+erip( X R .
b 3\/5 k)
P(X,Y)=p2(X,Y) +p)( X Y +Ve|pHX, YY) +pi [ X Y
S ’ e ) b 7\/;: e 9 b a\/g
Y 3 Y
2(X)Y 2 x, — 2l X, — ).
relreeyy e ) et (x )
Then the errors
Ry =UUsx + V,Ugy — AU, + P, x,
1 X Y X (2.30)
Ry :=UsVix + ViViy — AV, + Py
satisfy
IRy + | Ral S €3 (2.31)

Remark 2.8.  We obtain what [Uy, V] look like when ¢ is small, i.e.,

Ug(X,Y) =ud(X,Y) + u) <X, Y) +0(Ve),

NG
Y
V) =) +vE(o (X2 ) ke ) o)
When%gl,
Y Y Y Y
YX,Y 9 x =ud(X,Y) —ul(X,0 NXx,—)>-Y+—>—;
ue( ’ )+ub 3\@ ue( ) ) ue( 7)+up 7\& ~ +\/EN\/E’
whenlé%és’i,
ud(X,Y) + u x, = =ud(X,Y) —u2(X,0) + u’ X2 > yii1
e ) b a\/g e ) e 9 D a\/g ~ ’



Gao C et al. Sci China Math  September 2023 Vol. 66 No.9 2003

W=

when 2= 2> e~

Sl

WO (X +u<,Y> 1.

SOUSNT,WhenY Ve, and Ug ~ 1, when YV > /e
One can easily see that for 7,5 > 0,

%

1% Uslloo S 1, 10% Villoo S 1,

~

VE VI Ul S VEIV 0 ullloe + VE' | 50,08 +O(VE) S 1, 0.32)
19 o0 :
VEIYIO Voo S VE Y705 0l o oyt +0(vE) S 1.
In the shear flow Euler case,
Usx (X,Y) ~udy [ X Y Vo(X,Y) ~ Ve[l X X + 0 (X,Y)
s ) bX ) \/g ) s 9 b 9 \@ e I .
3 Estimates of the remainder
Now we begin to estimate the remainder. Let
Us=Us+U, VE=V,4+V. (3.1)
Then
UUx +UsxU + V,Uy + Uy V —eAU + Px = —{R1 +UUx + VUy},
UVx +VixU+VVy + Viy V —cAV + Py = —{Ro + UVx + Vi3 }, (3.2)
Ux +Vy =0.
We consider the linearized equations
UUx +UsxU + VUy +UsyV — eAU + Px = Fy,
UVx +VixU +ViVy + ViyV —eAV + Py = F3, (3.3)
Ux +Vy =0.
Our critical estimate is the following proposition.
Proposition 3.1.  Under the assumptions in Theorem 1.1 or Theorem 1.2, if
U, V] € W2(Q) n Wy ()
satisfies (3.3), then
IVeUx, VeUy, VeVx, VeV, U, V| < C(| Fi || + || Fzl]).- (3.4)
Let @ be the stream-function of U and V, i.e., x = —V and &y = U. We can solve the stream-
function in the following way:
Y
P(X,)Y) = / U(X,Y"dy'. (3.5)
0
According to the boundary conditions [U, V]g = 0 and Ux + Vy = 0, we have
Qlx—0=®|x=1 =P|y=0=0, (3.6)

Ox|x—0 = Px|x=1 = Py|y=0=0.
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If U,V € L*(Q), then &y, dx € L(Q).
Since [U, V] satisfies (3.3), we can deduce the equation of the stream-function

{USA@X — By AU, — eA?D + V,ADy — By AV, = Oy Fy — Ox F, 57

Dlx=0=P|x=1 =Ply=0=Px |x=0=Px |x=1 = Py [y=0=0.

It is the fourth-order elliptic equation for ®, and the boundary conditions are about ® and its derivatives.
Let G = [}i, and G and ® satisfy

Oxx[U2Gx] + Oxy U Gy] — eA*® + R[®] = Oy F| — Ox F», 58)
Glx=0=G|x=1 =Gly=0=Gx|x=0=Gx|x=1 =0, .
where R[®] = V,ADy — Ugx AP — Oy AV + PAU;x. We define two norms of G:
IGI% = IUGx|I* + UGy |I* + e{ VU G x x Vawl* + 2|VU G xy Va||* + VU Gyy vl *}, (3.9)

IGIIE = e{IVUGxx|® + 2IVUGxy |* + [VUGyy |},

where w =L — X.
We start with a Hardy-type inequality. Following the method of Guo and Iyer [14], we have the
following lemma.

Lemma 3.2. If H € WY2(0,00) and 0 < £ < 1, then
IH7: < Céellv/UsHy |72 te ||U H|Z, .
Proof.  Let x be a smooth cut-off function supported in [0, 2] and

Xl =1, /H2dY§ /H2X2<;\}>dY+/H2<1 — <§\Y£>)2dY.

Recall the leading profile of Uy. Uy ~ if Y <& and Uy ~ 1, if Y > /2. So when = <1,

v NG
Y Y U.
1l—y|—] < —< =2,
X(&ﬁ) SEETNE
andwhen% 1,
Y U,
1 — ) <1< =2
X(fﬁ) SR
We have
/H2<1— (Y))Qdy ! /U2H2dY
X 5\/5 ~ 52 S
and

(o= e (o e (Mo
< fre( o () (e

§£e/USHYdY+ —/UfHZ‘dY.
The proof is completed. O

52

The next lemma is a basic elliptic estimate.

Lemma 3.3.  Let G be the solution of the equation (3.8) and L > 0. Then

IGI% S Gl + [0y Fi — Ox F2, G). (3.10)
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Proof.  Take the inner product of (3.8); and —G.
The first term is

(0xx[UZGx], —G) = (0x[UGx],Gx) = (UUsxGx, Gx) = O(|UGx|1?) = O(||G[%)-

The second term is

(Oxy[U2Gy],—G) = (0x[UZGy],Gy) = (UUsx Gy, Gy) = O(|UsGy ||*) = O(||G|1%)-

The bi-Laplacian term is
(—eA?®, —Gw) = e(Pxxxx + 20xxvy + Pyyyy, Gw).

It holds that

—e(®xxx,Gx)

e(®xx,Gxx)

e(UsGxx +2UsxGx + UsxxG,Gxx)
e(UsGxx,Gxx) —eQRUsxxGx + UsxxxG,Gx),
e(UGxx,Gxx) + O(el|Gx|?).

e(Pxxxx,G)

Let 0 < £ < 1 be chosen later, and by Lemma 3.2,
1

[GxI? S g IUGxc P + &V TuGcy |
< @ GIE +€1GIE.
Then
c{xxs.6) = (UG, Gxx) + 0 G 1GIE + &G )
Next,

(—2ePx xyvy,—G) = —(2ePxxy,Gy)
= (2ePxy,Gxy)
=2e(UsGxy + UsxGy + Usy Gx + Usxy G, Gxy),
=2e(UsGxy,Gxy) — e(UsxxGy,Gy) — e(UsyyGx, Gx)
—2e(UsxyGy,Gx) —2e(UsxyyG,Gx)
=2e(U,Gxv,Gxy) + O(||Gx|* + |Gy [1?),

and by Lemma 3.2,
IGy I < g IU.Gy [ + €] VTG
S G +€IG1E.
Then
(-2, ~G) = 2:(U.Goxr Gixv) + O IO + €l

and

(—ePyyyy, —G) = —(Pyyy, Gy)

2005

(3.11)

(3.12)

(3.13)

(3.14)
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=e(Pyy,Gy) ly=o0 + (®yy, Gyy)
=e(UsGyy +2Usy Gy + Usyy G, Gy) [y=o

+e(UsGyy + 2Usy Gy + Usyy G, Gyy)
=2e(Usy Gy, Gy ) |y=0 +e(UsGyy,Gyy) +€2Usy Gy + Usy vy G, Gyy)
=e(Usy Gy, Gy) |y=0 + e(UsGyy,Gyy) — €QUsyy Gy + Usyyy G, Gy)
=e(Usy Gy, Gy) ly=o0 +e(UsGyy, Gyy)

7o)

= e(Usy Gy, Gy) ly =0 + £(UsGyy, Gyy) + O(||Gy||?)

+ O(”GYH2 +e||YUsyyy oo

1
= Uy Gy Gy} ly—o + e(UsGyy . Gyy) + 0<§2||G§ + s||G§>.

(3.15)

Since e(Usy Gy, Gy) |y=o is positive, e(Us;Gyy,Gyy) is what we want. According to the fact that

0
Ye

Y
[@xl = [[UsGx + Usx Gl S 1Gx|l,

”YUsY”oo +1 5 1,

oo

Vilay oo < 000y oo +1 < \

G
01 = 1.6y + UGl S Gyl + [0V e [ 5 161

the R[®] term can be estimated as

(Vi®xxy,—G) = (Vs@xyv,Gx) + Vixxy, G)

= (Vs(UsGxy + UsxGy + Usy Gx + UsxyG),Gx)
— (Vax®x,Gy) — (Vaxy®x,G)

1
= _§<(‘/SU3)YGX, Gx)+ (Vs(UsxGy + Uy Gx + UsxyG),Gx)
— (Vax®x,Gy) — (VsxyvPx, G)

1
=0(IGx|* + Gy ) = 0<§2||G§g + £||G|§z>,

(Vs®yyy, —G) = (Vs®yy,Gy) + (Voy Pyy, G)

= (Vis(UsGyy + 2Usy Gy + UsyyG), Gy)
—(Vsvy Oy, Gy) — (Vayyv @y, G)

1
= _§<(‘/SUS)YGY7 Gy) + (Vs QUsy Gy + Usyy G), Gy)
— (Vsy Oy, Gyw) — (Vsyy @y, G)

1
— O(|Gy?) = 0(52||G%g i fIIGI?{),

(—UsxA®, —G) = —(Usx®x,Gx) — (Usxx®x,G) — (Usx Py, Gy) — (Usxy Py, G)

1
= O0(IGx|* + Gy ) = 0<§2||G|§g + €||G|§)7

1
(=Py AV, + AU, x, -G) = O(||Gx|* + |Gy [*) = O(QGH% + §GII§>-

Collecting (3.11)—(3.19) and choosing & small enough, we can obtain the inequality (3.10).

The following two lemmas show the non-trivial estimates of G.

Lemma 3.4.

Let G be the solution of the equation (3.8) and 0 < L, ||v0| < 1. Then

IGI% < (Ve + L+ [02ll) IGIT + 10y F1 — Ox Fa, Gw)].

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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Proof.  Take the inner product of (3.8); with —Gw, where w = L — x.
Because |Usx| < Us and w < L, the first term is

(Oxx[U2Gx], —Gw) = —(0x[UGx],G) + (0x[UZGx], Gxw)
3
= §<USQGX, Gx)+ (UsUsxGx,Gxw)

3
§<USQG)(,G_)(>+O(L||USG)(H2) (3.21)

The second term is

(Oxy[U2Gy], —Gw) = (0x[UZGy], Gyw)
= <U52GXY7 Gyw> + <2U5U3ng, Gyw>

1
= *<U82GY,GY> + <U5U5XGY,GYW>

2
_ %<Ugay,ay> + O(L|UGy ). (3.22)
The bi-Laplacian term is
(—eA?D, —Gw) = e(Pxxxx +2Pxxvy + Pyyyy, Gu).
It holds that

e(Pxxxx,Gw) = —e(Pxxx,Gxw) +(Pxxx,G)
=e(Pxx,Gxxw) —2e(Pxx,Gx)
=e(UsGxx +2UsxGx + Usx xG, Gx xw)
—2e(UsGxx +2UsxGx + UsxxG,Gx)
=e(UsGxx,Gxxw) —eUsxGx + UsxxG, Gx)
—eQUsxxGx + Usxxx G, Gxw)
= e(UsGxx,Gxxw) + O(el|Gx|))

E
— {UGxx Goxxe) + o(gzna& n §s|G||%{). (3.23)

Next,

26(Pxxyy,Guw) = —2e(Pxxy, Gyw)
=2e(Pxy,Gxyw) — 2e(Pxy, Gy)
=2e(UsGxy + UsxGy + UsyGx + Usxy G, Gxyw)
—2e(UsGxy + UsxGy + Usy Gx + Usxy G, Gy).

2e(UsGxy,Gxyw) is a positive term,

2€<stGY +UsyGx + Usxy G, nyw>
= —e(UsxxGy,Gyw) +e(Usx Gy, Gy) — e(UsyyGx, Gxw)
— 2€<styGy, wa> — 25<stny, Gyw>

G
= (G + iUy G VAP +elley L G Gl + 1Y Ueevy o [ 161

= O(IGx vw|* + VE|Gx Gy || + VeI Gy ),
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and by Lemma 3.2,

Gy |I?* S €ellVUGYy|* + UGy < gQHGIIX +E[GI

|
52
IGx|* < &ellV/UGxy[* + e S10.Gx 2 e SIGIE +€lGI?,

G Vl? & el VTG VEI + 110G Vel & (s ; §2) IGI2

So we have

e+ L
2 (U Gy + Usy G + Usy G, Gy o) = o((f ; 5) IGI2 + ﬁsucn%)

52
and
—2e(UsGxy + UsxGy + UsyGx + Usxy G, Gy)
= —e(UsxGy,Gy) —2e(Usy Gy ,Gx) — 2e{(Usxvy G, Gy)
= 0(<lGyI + Uy I G Gy + el Uy Y 161
— OElGy | + VEIGx G )
—o(lGIE + vEelcl? ).
Therefore,
2e(®x xyy, Gw) =2e(UsGxy,Gxyw) + O((ﬁg—; L + 5) IG|1Z + \@§||G|%{> (3.24)

Integrating by parts, we have

e(Pyyyy,Gw) = —e(Pyyy, Gyw)
=e(Pyy,Gyw) ly=o +e(Pyy, Gyyw)
=e(UsGyy +2Usy Gy + Ugyy G, Gyw) |y —o
+ e(UsGyy + 2Usy Gy + Usyy G, Gy yw)
=2e(Usy Gy, Gyw) ly—o + e(UsGyy,Gyyw) + e2Usy Gy + Usyy G, Gyyw)
=e(Usy Gy, Gyw) ly—0 + e(UsGyy, Gyyw) — eQ2Usyy Gy + Usyyy G, Gyw).

Because Ugy |y—¢ > 0, the first two terms above are positive and

G
—eQUsyy Gy + Usyyy G, Gyw) = O(5||Usyy|oo||GY\@||2 + 5||U5YYYY||00HY\/‘TJH”GY\/&”)

—o((e+ & )1eiz).

e(Pyyyy, Gw) =e(Usy Gy, Gyw) |y=0 + e(UsGyy,Gyyw) + O (( 52) ||G|X> (3.25)

Then we obtain

Finally, we deal with the R[®] term. Since

(Vi®xxy, —Gw) = (Vidxy, Gxw) + (Vix Pxy, Gw) — (Vi®xy,G)
= < S(USGXY +U;xGy + UsyGx + styG) GXw>
— (Vax®x,Gyw) — (VixyPx, Gw) + (Vi®x,Gy) + (Voy Ox, G)
1
_§<(VSU8)YGX7 Gxw) + (Vs(UsxGy + UsyGx + UsxyG), Gxw)
— (Vax®x,Gyw) — (VaxyPx, Gw) + (Vi®x,Gy) + (Viy ®x, G),
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noticing that

0
Ve

Yl

|| Ve by”OO

RV
IValloo S llvelleo + VE,

[VsUsy lloo S +15 HyungOO'i‘lS L,

we obtain
(Vi®xxy, —Gw) = O(|GxVwl||* + [|Gy vl + VEIGx |Gy || + vl |Gx |Gy 1)

19| oo
—of (YA 1 i + e+ NGl ) (3.26)

Similarly,

(Vi®yyy, —Gw) = (Vi®yy,Gyw) + (Viy Pyy, Gw)
= (Vs(UsGyy +2Usy Gy + UsyyG), Gyw)
— (Vey @y, Gyw) — (Vayy @y, Gw)

1
_§<(‘/SUS)YaY) Gyw) + (Vs(2Usy Gy + UsyyG), Gyw)

— (Vey @y, Gyw) — (Vayy Py, Gw)
O(|GyVwl® + | @y vw|?)

L
~o((e+ &) l612). (3.21)
<7stA(I), —Gw) = —<st@x,GXw> — <stx‘bx,Gw> + <st@X,G>

— (Usx Py, Gyw) — (Usxy Py, Gw)
= O(|GxVw|® + |Gy Vwl?)

—o((e+ & )ciz) s

(~By AV, + BAU,x, ~Gw) = O(|Gx V&> + Gy va|?) = (( é)mn%). (3.29)

Collecting (3.21)—(3.29), we get

HG”2 < \/g+L+||U2”OO
X ~ 52

+§) IGI2 + £(VE + 10011u) [GI2 + |y Fi — B Fa, G,

Finally, we choose
1
£=(Ve+ L+[vlllw)?
to be a small constant, and then we finish the proof. O

Remark 3.5. The weight L — X is inspired by Iyer [17]. He used the weight 1 — = to overcome the
difficulties of the non-shear Euler flow. However, in this paper, the weight L — x leads to an estimate
similar to the positive estimate in [15,17].

Lemma 3.6. Let G be the solution of the equation (3.8) with [u2(Y),0] satisfying (1.16), and ul
satisfy (1.17). Then

1GI1% S VElG|S + (8y Fi — 0x Fs, Gw). (3.30)

Proof.  Take the inner product of (3.8); with —Gw, where w = L — z.
The first term is

(Oxx[UZGx], —Gw) = —(0x [UZGx],G) + (0x [UGx], Gxw)
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3
:§<US2G)(,G)(>—|-<UsstGX7GXw>. (3.31)
The second term is

(Oxy[UZGy], —Gw) = (0x[U2Gy], Gyw)

UlGxy,Gyw) + 2UU.x Gy, Gyw)

—~

—~

<US2Gy,Gy> + <UsstGy,Gyw>. (3.32)

N | =

The bi-Laplacian term is
(—eA?®, —Gw) = e(Pxxxx + 2Pxxvy + Pyyyy, Gw).
It holds that

e(@Pxxxx,Gw) = —e(Pxxx,Gxw) +e(Pxxx,G)
=e(Pxx,Gxxw) —2e(Pxx,Gx)
=e(UsGxx +2UsxGx + Usx xG, Gx xw)
—2e(UsGxx +2UsxGx + UsxxG, Gx)
=e(UsGxx,Gxxw) —e2UsxGx + UsxxG,Gx)
—e(2UsxxGx + Usxxx G, Gxw)
= e(U.Gxx,Gxxw) + O(e||Gx )

= e(U,Gxx,Gxxw) + O(c||G|% + ¢ ||G||3). (3.33)
Next,
2e(Pxxyy,Gw) = —2e(Px xy,Gyw)
=2e(Pxy,Gxyw) — 2e(Pxy,Gy)
=2e(UsGxy + UsxGy + UsyGx + Usxvy G, Gxyw)
—2e(UsGxy + UsxGy + UsyGx + Usxy G, Gy)
=2e(UsGxy,Gxyw) —e(UsxxGy,Gyw) + e(Usx Gy, Gy)
—e(UsyyGx,Gxw) —2e(Usxy Gy ,Gxw) — 26 (Usxyy G, Gyw)
— e(UsxGy,Gy) — 2e(Usy Gy, Gx) — 2e(Usxv G, Gy)
= 2¢(U;Gxy, Gxyw) — e(UsyyGx, Gxw) + O(Ve||Gx|* + Ve[| Gy |?)
= 2¢(U,Gxy,Gxyw) — e[UsyyGx, Gxw) + O(Ve||G|% + V2| G|}) (3.34)
and
e(Pyyyy, Gw) = —(Pyyy, Gyw)

=e(Pyy,Gyw) ly=o + £(Pyy,Gyyw)
=e(UsGyy +2Usy Gy + Usyy G, Gyw) |y =0

+ e(UsGyy + 2Usy Gy + Usyy G, Gyyw)
=2e(Usy Gy, Gyw) ly=0 + e(UsGyy, Gyyw) + e2Usy Gy + Usyy G, Gyyw)
e(Usy Gy, Gyw) ly=o0 + e(UsGyy, Gyyw) — eQRUsyy Gy + Usyyy G, Gyw)
=e(UsyGy, Gyw) |y=o + e(UsGyy, Gyyw)

—2e(Usyy Gy, Gyw) + %<U5YYYYG7 Gw), (3.35)

because Usy |y—p > 0, and the first term above is positive. Now, we begin to deal with the R[®] term,
ie.,

(Vi®xxy,—Guw) = (Vi®xy,Gxw) + (VoxPxy, Gw) — (Vi®xy,G)
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= (Vs(UsGxy + UsxGy + UsyGx + Usxy G), Gxw)
— (Vex®x,Gyw) — (VixyPx,Gw) + (Vi®x,Gy) + (Voy x, G)
= (V,UsGxy,Gxw) + (ViUsyGx, Gxw) + O(Ve|Gx|* + v2||Gy [|*)

1
= S {(Vilsy = ViyUs)Gx, Gxw) + O(VEllGI% + VEIGIR), (3.36)

(Vs®yyy, —Gw) = (Vi®yy, Gyw) + (Voy Pyy, Gw)
= (Vs(UsGyy + 2Usy Gy + Usyy G), Gyw)
— (Vay @y, Gyw) — (Viyy @y, Gw)

1 1
= *§<(%Us)yGY,GYw> + 2ViUsy Gy, Gyw) — §<(V9U3YY)YG;GW>

(VeyUsGy, Gyw) — (Voy Usy G, Gy w)
— (VayvUsGy, Gw) — (Vayy Uy G, Gw)
%«VU )yGy,Gyw> <2V USyGy,Gyw> — 7<(V Usyy)yG Gw>
1
— Vo UsGy, Gyw) + S ((Vay Usy )y G, Gw)
1
+ §<(VSYYU )y G, Gw) — (VeyyUsy G, Gw)
3
((V Usy — VsyUs)Gy, Gyw) + <( ViUsyvy + VeyyyUs)G, Gw), (3.37)
(=UsxA®, —Gw) = —(Usx Px, Gxw) — ( sXX(I)XvGW> (Usx®x,G)
— (Usx @y, Gyw) — (Usxy Py, Gw)
= —(Usx®x,Gxw) — (Usx Py, Gyw)

— (Usxy @y, Gw) + O(Ve||Gx|* + Vel|Gy %)
= —(UsxUsGx,Gxw) — (UsxUsGy,Gyw) — (UsxUsy G, Gyw)

— (Usxy UGy, Gw) — (UsxyUsy G, Gw) + O(V2|Gx |1 + Vel Gy |1?)
= —(UsxUsGx,Gxw) — (Usx UGy, Gyw)

1 1
+ §<(stUsy)yG,Gw> + §<(styUs)yG,Gw>

— (UsxyUsy G, Gw) + O(Ve||Gx ||* + Vel Gy |1?)
= —(UxUsGx,Gxw) — (Usx UGy, Gyw)

1
+ 5 {UsxUsyy + UsxyyUs)G, Gw) + O(We| Gl + VellGI13), (3.38)

and
(—Py AV, + AU x, —Guw) = (Py Viyy, Gw) — (PUsxyy, Gw)
+ @y Vixx, Gw) — (PUsx xx, Gw)
= Oy Vivy, Gw) — (PUyy, Gw) + O(Ve||Gx |* + Vel|Gy|*)
= (UsVeyy Gy, Gw) + (Usy Viyy G, Gw)
- (U Usxyy,Gw) + O(Ve|Gx|* + Ve[| Gy |?)

<(U Vevy )y G, Gw) + (Usy Veyy G, Gw)
- <USU5ny,Gw>+O(\fHGXH2+ﬁHGy||2)

1
= 5 (U Vayy = UUsxyy)G, Gw) + O(VEGZ + VEIGIR)- - (3:39)

Collecting (3.31)—(3.39), we have
(0x x[U?Gx] + Oxy|[U?Gy] — eA?® + R[®], —Gw)
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3 1
= §||USGX||2 + §||USGY||2 +e(Usy Gy, Gyw) |y —o
+ e{|VUGxx V| + 2|VU Gxy vwl|? + |[VU :Gyy vVwl|*}

1 1
+ <(€USYY+2‘/SUSY GYU )GXaGXW>

T <<— 2eUsyy + SVSUSY 3 Viy Us >GY,GYW>
oL
2
+O0(Vel|Gl% + VElGIR).-
Notice that
—eUsyy + VsUsy — VsyUs = —EUsyY + ViUsy + UsUsx
= puy + Upupy + up“pw +0(Ve) = O0(Ve)

and by the assumption (1.17),

—eUsyy = —up,, + O(Ve) = O(Ve).

Then

1 1
<( Uiy + 3Vallay Q‘fsyUs)Gx,wa> + <( 2y + Vil — 5

O(WellGx | + Vel Gy |?).
Notice that

Y%(eUsyyyy — UsUsxyy — VaUsyyy + UsxUsyy + Usy Vyy)
=Y?(eUsyy — UsUsx — ViUsy )yy
= y ( pUU ugugiﬂ ,Ugup'l/)yy + O(f) O(\/g)
So

(eUsyyyy — UsUsxyy — VsUsyyy + UsxUsyy + Usy Vayy )G, Gw)

:o(

Combining (3.40)—(3.42), we obtain

DN =

|5 ) =owaler ) - owalel + eIz

(0 X[UZG)(] Jr@)(y[U Gvy] *€A2¢+R[ |, —Gw)
> - ||U Gx|? + *||USGY||2 +e(Usy Gy, Gyw) |y=o

+e{ VU Gxx Vol + 2|VU Gxy V|| + VU, Gyy o}
+O(Vel|GIIz + VEIGIR)-

So we complete the proof.

((EUsyyyy —UUsxyy — ViUsyyy + UsxUsyy + Usy Vayy )G, Gw)

(3.40)

2%YU5>GY;GYW>

(3.41)

(3.42)

(3.43)
O

Proof of Proposition 3.1.  Under the assumptions of Theorem 1.1, by Lemmas 3.3 and 3.4, we have

IGIE S Gl + [0y Fi — 9x F», G),
IG1% £ (Ve+ L+ [0l IGNT + KOy Fi — Ox Fa, Gu),
and similarly, under the assumptions of Theorem 1.2, by Lemmas 3.3 and 3.6, we have
IGIE S NGl + {0y Fy — 0x F2, G,
IG11% S VEIGIZ + Koy Fi — 0x F», Gw).
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Let § = /e + L + |[v?]|o in the first case, § = 1/ in the second case, and § be small. Then we have

1GI% + GIF SNGI% + [0y Fi — 9x Fa, G|
SOIGIF + [0y Fr — Ox Fa, Gw)| 4 |0y Fy — Ox F2, G)|
S (IE -+ IR DUGY [T+ 16X 1D
S (HEd + [IE2D UGk + [1Glly)-

It is easy to see that

IVelxx, VePxy, Velyy, @x, Oy || S Gllx + 1G]y < [1F1 ]l + | F2]-

Then we complete the proof. O

4 The proof of the main theorems

Proofs of Theorems 1.1 and 1.2. Let Us = [Us, Vi), U = [U,V] and R = [Ry, Rz]. Now we write the
Navier-Stokes equation in the following form:

—eAU+U; - VU+U - -VU;+U -VU + VP = —R, (4.1)
V-U=0, Ulg=0. '
We use the method of the contraction mapping. Define
3
Uz = Ul + VeIVU| + 2| V*U]|.
We set T : W22(Q) — W22(Q) as T(U) = W, where W is given by
- AW+ U, VW +W .- VU;+VP=—-R-U -VU, (4.2)
V-W=0, Wi|go=0. '
Let '
B ={UeW*(Q):||U]z < Co(L)e*},
where Cj is chosen later. Next, we prove that 7 is a contractive mapping in B, if | R|| < C1¢%. We write

F=—-R—-U: VU, and from Proposition 3.1,
W+ Vel VW] < [IF].
Due to the W?? estimate of Stokes equations in a convex polygon in [18],

1 1
eIVPWI Se IFI + VW + =Wl se —=IF.

Vel e
So we get
Wiz < C2(L)|| F.
It is easy to see that
U - VU S [0~ VU So U3 [VU | |V2U |5 Spe U

It implies that

Wiz < Co(L)||F|| + C3(L)e™ 3 |U 3 < (C1C2 + C3C2e ).
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Select

Co(L)=C1(L)C2(L)+1, T(B)C B,

when ¢ is small enough. If Uy, U, € B,

[T (U = Us)|lz < Co(L)|Ur - VU, = Uy - VU, ||
< Co(L)||[(Uy = Us) - VUL + U - V(U = Uy)||
< Co(D)[[(Ur = U2) oo [[VUL[| + U200 | V(UL = Uo) |
< C3(L)e3 (|Urlz + | Uzl2) UL — Us|lz
<201 (L)Cs(L)e3 Uy — Vs |z,

so T is a contraction mapping on B when ¢ is small enough, and we can conclude that the equation (4.1)

admits a unique solution and

U1 Sz e 3 ||U ||z Si &5

So we have

- -4(x )
’\/u (X, Y)+\fub(X 3;) + eu?(X, Y)+ga§(X Y) +U(X, Y)’

\/»
SL \/ga
[VE(X,Y) = (X, Y)|

Y Y 3 Y
:\@v()( )—i-\fv (X,Y) +evp (X)—i—ev (X,Y)+e 2172<X>+VXY’
’ b \/’ b \/‘ ) b \/‘ ( )
SL \/ga
which ends the proof. O
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Appendix A
In this appendix, we prove Lemmas 2.4 and 2.6. We write the equations (2.10) and (2.21) in the uniform

way, i.e.,
Ay — Fi(y)y' = F',
W |X:0 = W)}({Y)y W |X:L = T/)E(Y)v (Al)
e A ae U
0
Here, 9 is the stream-function of [u,v?], ¥y = u?, ¥x = —v? and

Ay = F (). (A.2)
We homogenize the system (A.1). Let

L—x
L

L X
§= 0t = EEEu ) = § b)) [ o | <) [T oo 0ax,

where x(Y) is a nonnegative smooth cut-off function, x[jp,1 = 1 and x [[2,00] = 0. ¥ satisfies

A?;—Fé(w)’(/;:ﬁ‘)

- A3
P loa =0. (4.3)

Notice that
A = Fo(1),

SO
0<co<ul=1vy <Ch< oo
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satisfies
Aug = F(¢)uy.

fe

Let w = -%. Then

u

Y=

ulAw + 2Vul - Vuw = F.

By the above equation times u?, we show that the equation (A.3) is equivalent to

{‘9X[(U2)2wx] + Oy [(ul)wy] = ulF,

(A.4)
w |aQ =0.

We can easily get a priori estimates of the equation (A.4). Multiplying the equation (A.4) by w and
integrating in €2, we get
lugwx|? + [[ufwy || = —(w,ulF) S [[wl|F| S Jwx][|F].
So we have
IVl S 1] (A.5)

The inequality (A.5) actually shows the existence of the solution to the equation (A.4). Moreover, if F'
is a smooth function decaying fast when Y — oo, then

[(VYMVEw| <1 for 1 <k <K, where K and M are large constants. (A.6)

So Lemma 2.4 is right.
Next, we discuss the boundary layer profile [u},vi] (i = 1,2). For convenience, we write

[a@, 7] == [ug,vg],

and we homogenize the system (2.16) as in [13]:

n(0) =1, /0 ndy =0, n decays fast as y — oo. (A.8)

Due to (2.16), the homogenized unknowns [u, v] satisfy the system

U0U + U0, U + VOyu + vOyU — Oyyt + Py = N4 F=:h,

Py (A.9)
Ozu + Oyv = 0,
tly=0 = Up +u(0,0)n(y) = uo(y), [u,v] ly=0=0, ulymo0 =0,
where
F = auly (z,0)n + dzul(z,0)n + vul(x,0)n + dyuly (v,0)L, — ul(z,0)n". (A.10)

Noticing that p is independent of y, we evaluate the equation as y — oo, and we have p, = 0. We still
use the stream-function of [u, v]:

Yy
o(z,y) = /O wasy )y Db =, Oui— —v. (A1)
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Then ¢ satisfies
Uy + UgPy + VOyy — Pally — Pyyy = h,

Y o (A.12)
¢ ‘x:O = / UQ(Z/ )dy ) @ |y:O = ¢y |y:0 = 07 ¢)y ‘y—>oo =0.
0

In order to give the a priori estimate of (A.12), we define g = % Recall @ ~ y when y < 1, 4 ~ 1 when
y =1, and ¢ |y—0 = ¢y |y=0 = 0, so g is well defined. g satisfies

0. [u?g,) — 9 ug) + v0; [ug) — uvyyg = h,
e (A.13)
G |:1::0 = fo%ﬂ G |y:0 =0, gy ‘yﬁoo =0.

Now we define the norms of g:

lgll=, == sup lagypllese- —ao) T [VagyypllLz

0<zo<
A14)
o _ p (
lolles = sup |agay L +H\/agmyy ,
0<z0<L () L2 (z=x) () L2,

where p = (y)V for a large constant N. Next, let us prove the following a priori estimate of g.

Lemma A.1.  Suppose that g is a smooth solution of (A.13), and L > 0 is small enough. Then

92, < llagypliz@=o) + Ihpll72 (A.15)
2 2

“(y)

Proof.  Multiplying the equation (A.13) by g,p? and integrating in (0,z¢) x (0,00), we have

Zo oo xo e’} T 0
/ / [02gy)agyp®dudy = / / U’ Gy Gy ddy + / / ity g, p° dudy
0 0 0 0

1, _ roo oo
(z=20) 5”“911/’”%3(@:0) +/ / uuzgzpzdxdy
’ 0 0

lgzl12, < (A.16)

o
ey gl + \ h

L2 (z=0) Lz,

We can dominate ||g,|| by ||g]/=,. Let 0 < § < 1 be a constant being chosen later. x(y) is a smooth cut-off
function satisfying x [jo,1] = 1 and X |[2,0c] = 0. Then

y y
lgypllzz < |9y {1 - x()}p + gyx<)p
K &0z, ¢ ez,
When y < 1, 1—X(%)§%§%;Wheny>l, l—X(%)Sﬂ,S% So
y 1 L
gy|1l—x el 7||u9yp||L2 7H9||
Li,y

and

(2.,

[ [ (g [ ()
[ b2
NG

_ L
< ElVagyyrlzs | + gllgllé0

1. 2
+ g lugurlis
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So we have
2 < - 2 L,
lovplls, S lVagelts, + g5 ol
Select £ = L%, and then
1
lgyellZz < L7 lgl2,. (A.17)
So the first term of the L? inner product of the equation in (A.13) and g, p?* is
A 2 2 1 2 1 2 L 2

|| @k dzy = Sa0,0lEs 0msny = 510001 ey + O gl (A18)

The second term of the L? inner product of the equation in (A.13) and g,p? is
Zo oo Zo oo} o o]
- /O /O ;luglgyp’drdy = /O /0 9 [ug gy, p*drdy + /0 /O 20; [uglg, pypdady

+ (02[1g), 940°) L2 (y=0);

where

xo oo xTo [e%e]
/ / 85 [ag)gyyp°dzdy = / / (agyy + 21y gy + Uyyg)gyyp”drdy
o Jo o Jo

ZTo o0
= H\/ﬁgyyﬂllig)y - <ay9y’gy>Li(y=0) +/0 /0 (ﬂyp2)yg§d:vdy

o o0 o o0
- / / Uyygyp*dudy — / / (tiyyp?)y9g,dady
0 0 0 0

= H\/ﬁgyyplligﬂ — (UyGy, 9y) L2 (y=0)

_ g
+0(lawels, + Iotans o= || ol
T,y y sz,y s

= H\/ﬁgyy/’”%g)y — (UyGy, gy) L2 (y=0) + O(”Qyﬂ”%gc’y),

o oo xo o0 o [e'e]
/0 /O 202 [glgy pypdrdy = /0 /0 (g, )y pypdady + /0 /0 At g py pddy

o o0
+ / / 2Uyy g9y pypdrdy
0 0

=0l + Iytuouple~

g
gynLg,y)
Yy ngy :

=O(llgyrlliz ),

and

(05 [g], 9yp®) L2 (y=0) = 2Ty Gy, 9yP*) L2 (y=0)-

So we obtain
o o0
_ — _ 1
- [ [ tuslastaody = Vagnllz , + (@000 1200+ O gl (A.19)
The third term of the L? inner product of the equation in (A.13) and g,p? is
To 0o ) To oo )
/ / 0(g)yygyp dedy = / / 0(Ugyy + 2Uygy + Uyyg)gyp~dady
o Jo o Jo

1 o oo o o
——5 [ [ wutygiisay ool ol
0 0 !
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ﬂ lgvllzz )
1), ol

+ YDty p?|| Lo

—= 2
vup
_O(‘( L )y gypiiyyﬂlgypllig,y)
= O(L3||g]2,). o

The last term of the L? inner product of the equation in (A.13) and g,p? is

o o 2 2
/ / VyyUggyp”drdy = O(IvayyuP | zo=
0 0

Collecting (A.18)—(A.21), we have

g
2l ) = Ollauels ) (a21)
L$

1, — _
§Hu9yp||2L§(x=x0) + ||\/agyyp||2Lgy + <uygy79y92>L§(y:0)
N 1 B xo o0
= O(LHlgl,) + g lisusligmy + [ [ hausdady, (A22)
Taking the supremum of 0 < zg < L and noticing that L is small enough, we have

OjulelugypHLz(x vy T Vg2 | + (ygy: 90" 20=0) S 189yPl130=0) + IRollZ2 - (A.23)
o<

The inequality (A.16) is similar to (A.15). The differential equation (A.13) with respect to x is

0y [ﬁzgry] - 62 [Uge] + 565 (Ugs) — UVyyge + Oz 20tz gy] — 33 [t.g]
+ U0, (tig) + 003 (Upg) — UgUyyg — Wayyg = he- (A.24)

Taking gay 7 >2 as the test function, like (A.22), we obtain

2
_ Ny __ 4
/ / u Jzy) — BZ’ [ag.] + v@i(ugx) — uvyygm]gmywdxdy

2 2 2

B p _p > H — p
- ng uyz TN + \/agx 7T\
2< y<y> L2(z=20) ") L2 (z=0) " {y) L2,
_ p 1
+ (W L5 Y20 + OLH g (A.25)

and

2
/ / . (2Ut,gy) + vra (ug) + ﬁai(ﬂzg) — Uy Uyyg — ﬁ@myyg]gzyé?dxdy
g P

)
y) L2,

= O(|lgli2, + L% glI2,). (A.26)

= 0(IWasuelts, + lal3z, +|

The difficult term is

2
/ / U:cg Jry 75 <y> dﬂ?dy = / / uacgyyy + 3uzygyy)gxy <y> d:cdy

2
p
+0 I, * (v) )
<||9yp||Li‘y ‘g”<y> 2,
_p 2 g
:O<(“9 T +‘g (v) >gw
Y9V () Lz, " y) L2, ") Lo
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i > (A.27)

2
L3y

From the equation (A.12), we have

o 2
¢yyy@

1 p
_ O(IIgII%O LYl + Hh
| W)

2 )
Lz,

¢
[ (2)] . =otoumlez, + 16wluz,)
Lz,

2
Lﬂ’fyy

Notice the fact that
xz,y xz,Y

Similarly, we can get Hngy”Li,y = O(H‘byyy”Li,y + ||¢yyHLiyy)’ so we have

2 2
2 P
L — + 1— )=
‘ Iyy () - ||gyyX||L§7y gyy(1 = X) ) -
2
- p
= O(”(byyynig + ||¢yy”%i + ‘ \/agyyi )
v g Wz
1 P 2
= 0(||9||%0 +L3||g|12, + Hh )
<y> L2,
and
p|? p |’
UGyyy 7~ = H(d’yyy — 3y Gyy — Jlyygy — Uyyyg) 7~
W) llza Wi,

1 p
_ 0<Ilglléo LY gl2, + Hh

(y)

2 )
2
szy

We conclude (A.27) as

2 ) (A.28)

T s p’ 2 L2 P
[ [ ~naslony Estsdy = o(lal2, + L 1al, + o
o Jo Y L2,

() ()

Collecting (A.25), (A.26) and (A.28), we have

2 2

K Vi (ot )
~||@gzy + ||Vtgayy + (UyGuys Goy 7 )12 (y=
2077 W) 22 (e=a0) Pl NIy /0T
1 o |12 ) o | o |2
= ag,, 2 +0(||g|% L g2 +‘hz +Hh ) (A.29)
2 H Y (y) L2 (2=0) ’ ! (y) L2, (y) Lz,
So we finish the proof of (A.16). O

Lemma A.1 shows if g satisfies the linear parabolic-type equation (A.13), then ||g||z, and |/g||=, can
be dominated by its initial data and h, and we can use the standard method to prove the local existence
of the solution. Following this way, we can also get the estimates of the high-order derivatives to show
the smoothness of the solution. Because the equation (A.13) is linear, the local well-posedness means the
global well-posedness, and the equation (A.13) admits a smooth solution g even if L is large.



