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1 Introduction

In this paper, we consider the nonconforming finite element discretization of the following Stokes complex
in three dimensions:

R S HY(Q) % H(gradeurl, Q) <% HY(Q:R?) L% 12(Q) — 0, (1.1)
where H (gradcurl, Q) := {v € H(curl,Q) : curlv € H'(Q;R3)}. Conforming finite element Stokes
complexes on triangles and rectangles in two dimensions are devised in [12,31,44]. Conforming finite
element Stokes complexes on split meshes in three dimensions are advanced in [15,32]. We refer to [5]
for a conforming virtual element discretization of the Stokes complex (1.1). Recently, conforming finite
element Stokes complexes on tetrahedrons in three dimensions using pure polynomials as shape functions
are devised in [13], in which the dimension of each finite element space is high, and super-smooth degrees
of freedom appear. In [45], H (gradcurl)-conforming finite elements of the first kind in three dimensions
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are constructed with the degree of polynomials k£ > 6. The number of the degrees of freedom for the
lowest order element in [45] is 315, which is reduced to 18 by enriching the shape function space with
macro-element bubble functions in [32]. Nonconforming elements to discretize H (gradcurl, Q) are another
choices to reduce the high dimensions of the conforming element spaces. The H (gradcurl)-nonconforming
Zheng-Hu-Xu element in [48] has only 20 degrees of freedom, which is the first H (gradcurl)-nonconforming
finite element.

We construct an H (gradcurl)-nonconforming finite element possessing fewer degrees of freedom than
the Zheng-Hu-Xu element, but preserving the same approximation error in the energy norm. The finite
element discretization of H*(£2;R?) x L?(Q) in the Stokes complex (1.1) should be a stable divergence-
free pair for the Stokes equation, which suggests us to use the nonconforming linear element and the
piecewise constant to discretize H!({;R3) and L?(Q), respectively. On the other hand, the direct sum
decomposition Py (K;R?) = VP 1 (K)®((z—2x)xPr_1(K;R3)) (see [2,3]) implies that the curl operator
curl : (z — zx) x P1(K;R?) — Py(K;R3) is injective. This motivates us to take the space of shape
functions Wy(K) = VPy11(K) & ((x — ) x P1(K;R3)) with & = 0,1. Note that Wy (K) is exactly
the space of shape functions of the Zheng-Hu-Xu element, and hence we give a new understanding of the
Zheng-Hu-Xu element by the space decomposition. The dimension of Wy (K) is 14, which is six fewer
than the dimension of Wi (K). The degrees of freedom Ny(K') for Wy (K) are given by

/'v-teds on each e € £(K),

/(curlv) x nds on each F' € F(K).
F

By comparing the degrees of freedom, we see that the lower order nonconforming element (K, Wy(K),
No(K)) for H(gradcurl, ) is very similar to the Morley-Wang-Xu element (see [43]) for H?(€2). The
explicit expressions of the basis functions of Wy (K) are shown in terms of the barycentric coordinates.

Then we combine the conforming (k 4 1)-th order Lagrange element space V;%, the H(gradcurl)-
nonconforming finite element space Wy including the Zheng-Hu-Xu element and the lower order one
constructed in this paper, the nonconforming linear element space V;), and the piecewise constant space
Ono to build up the nonconforming finite element Stokes complexes

05 Vi 5 Who =55 Vi) S5 Qi — 0. (1.2)

The divergence-free subspace of the nonconforming linear element space V}}, is explicitly characterized
due to this nonconforming finite element Stokes complex, which essentially extends the result of Falk and
Morley [21] to three dimensions. Recently, this nonconforming finite element Stokes complex is applied
to prove the quasi-orthogonality of the adaptive finite element method for the quad-curl problem in [9].
Furthermore, we develop the commutative diagram for Stokes complex (see (1.1)), i.e.,

0 —S> HY(Q) —L> Hy(gradeurl, Q) —2 H1(Q;R3) — 12(Q) 0
[ e o e
0V e Wiy — Vi — T 0y 0,

where 177 is the Scott-Zhang interpolation operator (see [41]), II{ is a quasi-interpolation operator, and
both I} and I }fz are the standard interpolation operators based on the degrees of freedom.

The H (gradcurl)-nonconforming element together with the Lagrange element is then applied to solve
the quad-curl problem. The discrete Poincaré inequality is established for the H (gradcurl)-nonconforming
element space Wpy, as a result the coercivity on the weak divergence-free space follows. Then we acquire
the discrete stability of the bilinear form from the evident discrete inf-sup condition, and derive the
optimal convergence of the nonconforming mixed finite methods. Since the interpolation operator I} is
not well defined on Hy(gradcurl, §2), in the error analysis we exploit a quasi-interpolation operator ITj°



Huang X H Sci China Math  August 2023 Vol. 66 No.8 1881

defined on Hy(gradcurl, Q), which is constructed by combining a regular decomposition for the space
Hy(gradcurl, ), the interpolation operator I/ and the Scott-Zhang interpolation operator (see [41]).

By the nonconforming finite element Stokes complex (1.2), we equivalently decouple the mixed finite
element method of the quad-curl problem into two mixed methods of the Maxwell equation and the
nonconforming P;- Py element method for the Stokes equation, as the decoupling of the quad-curl problem
in the continuous level (see [11,47]). A fast solver based on this equivalent decoupling is discussed for
the mixed finite element method of the quad-curl problem.

In addition to the Stokes complex (1.1), another kind of Stokes complex (see [34]) is

R S H2(Q) < HY(O;R?) Y 12(Q) - 0 (1.3)
in two dimensions, and
R S H2(Q) 5 H'(curl, Q) <25 HY(Q;R?) % £2(Q) — 0 (1.4)

in three dimensions, where H!(curl,Q) = {v € H'Y(Q;R?) : cwrlv € H'(R3)}. We refer to
[4,15,21,22,26-28, 35, 36, 46] for some finite element discretizations of the Stokes complex (1.3) in two
dimensions, and [13,23,27,39,42] for some finite element discretizations of the Stokes complex (1.4) in
three dimensions. The finite elements corresponding to the Stokes complexes (1.3)—(1.4) are not suitable
to discretize the quad-curl problem, since VH!(Q) C H (gradcurl, Q) is not a subspace of H*(curl, ().

The rest of this paper is organized as follows. In Section 2, we devise a lower order H (gradcurl)-
nonconforming finite element. Nonconforming finite element Stokes complexes are developed in Section 3.
In Section 4, we propose the nonconforming mixed finite element method for the quad-curl problem. The
decoupling of the mixed finite element method and a fast solver are discussed in Section 5. Numerical
results are presented in Section 6. In Appendix A, we give the regularity of the quad-curl problem on
convex domains.

2 H(gradcurl)-nonconforming finite elements

In this section, we present H (gradcurl)-nonconforming finite elements.
2.1 Notation

Given a bounded domain G C R?® and a nonnegative integer m, let H™(G) be the usual Sobolev space
of functions on G, and H™(G;R3) be the vector version of H™(G). The corresponding norm and the
semi-norm are denoted, respectively, by || - [|m.¢ and |- |;m,¢. Let (-,-)g be the standard inner product
on L*(G) or L*(G;R3). If G is Q, we abbreviate || - |lm.cy | lm.c and (-,-)g by || - [lm, | [m and (-,-),
respectively. Denote by HJ"(G)(HE'(G;R3)) the closure of C§°(G)(C§°(G;R?)) with respect to the norm
Il - llm,c. Let P, (G) stand for the set of all the polynomials in G with the total degree no more than
m, and P,,(G;R?) be the vector version of P,,(G). Let Q% : L*(G) — P,,,(G) be the L?-orthogonal
projector, and its vector version be denoted by Q7. Set Q¢ := Q%. The gradient operator, the curl
operator and the divergence operator are denoted by V, curl and div, respectively. Define Sobolev spaces
H(curl, G), Hy(curl,G), H(div,G), Ho(div,G) and L3(G) in the standard way.

Assume that  C R? is a contractible polyhedron. Let {73 }n>0 be a regular family of tetrahedral
meshes of 2. For each element K € Tj, denote by ng the unit outward normal vector to K, which will
be abbreviated as n for simplicity. Let Fj, }'L, &, and Vj, be the union of all the faces, interior faces,
edges and vertices of the partition 7y, respectively. We fix a unit normal vector np for each face F' € Fy,
and a unit tangent vector t. for each edge e € &,. For any K € Ty, denote by F(K), £(K) and V(K) the
set of all the faces, edges and vertices of K, respectively. For any F' € Fp,, let £(F) be the set of all the
edges of F. For each e € £(F), denote by np . the unit vector being parallel to F' and outward normal to
OF. Set tp. :=np X ng,, where X is the exterior product. For elementwise smooth function v, define

W= > ol [0l =) vk

KeTn KeTn
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Let Vy, curly, and divy, be, respectively, the elementwise version of V, curl and div with respect to Tp,.
Throughout this paper, we use “< ---” to mean that “< C---”, where C is a generic positive constant
independent of h, which may take different values at different appearances. In addition, A < B means
that A < B and B < A.

2.2 Nonconforming finite elements

We focus on constructing nonconforming finite elements for the space H (gradcurl, Q) in this subsection.
To this end, recall the direct sum of the polynomial space (see [2,3])

Pr(K;R?) = VP, 1 (K) & ((x — k) X Pr_1(K;R?)), VK €Ty, (2.1)

where xf is the barycenter of K. The decomposition (2.1) implies that curl : (& — xx) x Pp_1(K;R3)
— Pj_1(K;R?) is injective. We intend to use the nonconforming linear element to discretize H'(Q;R?),
and then the decomposition (2.1) and the complex (1.1) motivate us that the space of shape functions to
discrete H (gradcurl, Q) should include (z — xx) x P (K;R3). The direct sum in (2.1) also suggests to
enrich (z — x ) x P1(K;R?) with VP;(K) for some positive integer [ to get the space of shape functions.
Hence for each K € T}, define the space of shape functions as

Wi(K) := VP 1 (K) @ ((x — xx) x P1(K;R?) for k=0,1.
By the decomposition (2.1), we have Py (K;R3) C Wy (K) C Po(K;R?) and

14, k=0,

dim Wi (K) =
H {20, k=1,

Then we choose the following local degrees of freedom N (K):
/v -teqds, Vq € Pg(e) on each e € E(K), (2.2)
e
/(curl’v) x nds on each F € F(K). (2.3)
F

The degrees of freedom (2.2)—(2.3) are inspired by the degrees of freedom of the nonconforming linear
element and the Nédélec element (see [37,38]). Note that the triple (K, W1 (K),N7(K)) is exactly the
nonconforming finite element in [48]. In this paper, we embed this nonconforming finite element into the
discrete Stokes complex. We also construct the lowest order triple (K, Wy(K), Ny (K)).

Lemma 2.1.  The degrees of freedom (2.2)—(2.3) are unisolvent for the shape function space Wi (K).

Proof.  Notice that the number of the degrees of freedom (2.2)—(2.3) is same as the dimension of Wy, (K).
It is sufficient to show that v = 0 for any v € Wy (K) with vanishing degrees of freedom (2.2)—(2.3).
For each F' € F(K), apply the integration by parts on the face F' to obtain

/(curlv)~npds:/dlv(v><np Z /van |F-npeds
F F

ecE(F)

Z/ (npxnpe)ds= Y /v tpods. (2.4)

ecE(F) e€&(F)

We get from the vanishing degrees of freedom (2.2) that

/ (curlw) - npds = 0,
F

which together with the vanishing degrees of freedom (2.3) implies

/ curlvds = 0.
F
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Since curlv C Py(K;R?), we acquire from the unisolvence of the nonconforming linear element that
curlv = 0. Employing the fact that curl : (x — zx) x P (K;R?) — P (K;R?) is injective, we see that
there exists a ¢ € Pr41(K) such that v = Vq. By the vanishing degrees of freedom (2.2), it holds that
0¢,q = 0, which implies that we can choose ¢ € P11 (K) such that g|. = 0 for each e € £(K). Noting
that k =0, 1, we acquire ¢ = 0 and v = 0. O

By comparing the degrees of freedom, we see that the lower order nonconforming element (K, Wy (K),
No(K)) for H(gradeurl, Q) is very similar to the Morley-Wang-Xu element (see [43]) for H?((2).

Next, we give a norm equivalence of the space Wi (K). To this end, recall the Poincaré operator
Kr :P1(K;R3?) — (x — k) x P1(K;R3) in [25,29], i.e.,

1
Krq:=—(x—zk) x/ tq(t(x — xk) + xx)dt.
0

Then we have the identity (see [25, Theorem 2.1])
curl Kg (curlw) = curlv, Vv € Wi(K). (2.5)
By the inverse inequality, we have

IKkallox S 32 lallce ) S hcllallo,  Va € Pr(K;RY). (2.6)

Lemma 2.2. For v € Wy (K), there exists a q € Pr11(K) such that
v = Vq+ Kg(curlv), (2.7)

lall3 xS hiclleurlwl o +hie Y 11QE(v - te)l3... (2.8)
e€&(K)

Proof.  Take a vertex § € V(K). Due to (2.5), v — Kg(curlv) € W} (K) N ker(curl), which means
v — K (curlv) € VP;41(K). Choose ¢ € P11 (K) such that v — K (curlv) = Vg and ¢(6) = 0. By the
fact that ¢ € Po(K), the norm equivalence of the Lagrange element and the inverse inequality, we have

lalf.e Shi Do Nalfe Shic D lNalliee =hk Y lla(@) —a@)lF~(

ecE(K) ecE(K) ecE(K)
Shic D h2odlieey Shic Y llollf.-
ce€(K) ce&(K)

Since drq = Q¥ (0:q) = Q¥ (v - t.) + Q¥ (K (curlw) - t.) on edge e, we get from the inverse inequality that

lalls.x S Bk Y (1QE(w - to)lIF e + 1Kk (curlw)|ff )
ecE(K)

S hicIKr(curl )|l i + b D 1QEw - )5
ee€(K)

Finally, we conclude (2.8) from (2.6). O

Lemma 2.3. For v € Wy (K), we have the norm equivalence

g x =~k D Qe -t +hk D Q% ((curlv) x n)|If p. (2.9)
ecE(K) FeF(K)

Proof.  Since curlv € Py (K;R?), by the norm equivalence of the nonconforming P; element,
leurlw|[§ ¢ S he Y Q% (curlw)|§
FeF(K)

Shre Y (1Q%((curlv) x n)[If 7 + Q% ((curlv) - n)[If £).
FeF(K)
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From (2.4), we get

hicl| Q% ((curlv) - n)[IF p S M| Q ((curlw) -n)P S hee Y Q2w - t)?

e€E(F)
S Y RQR-t)fe < Y Qw5
ecE(F) e€&(F)
Combining the last two inequalities, we have
lewlollf x S > Q@ -t)l§e+hr Y 1Q%((curlv) x )5 p. (2.10)

e€€(K) FeF(K)
Applying Lemma 2.2 to v, we derive from (2.7), the inverse inequality, (2.6) and (2.8) that

101l & < 21IVall§ x + 20Kk (curlw)[[§ x < hillallf i + P lleurl v][§ «
<

hiclewlwll o +hie D Qv -te)ll3..
ecE(K)

Then we acquire from (2.10) that

ll§ x Shic D Qe -tols. +hi D I1Q%((curlw) x n)|[f p.
ecé(K) FeF(K)

The other side of (2.9) follows from the inverse inequality. O

2.3 Basis functions

We figure out the basis functions of Wy (K) in this subsection. We refer to [48] for the basis functions of
Wi (K). Let A1, A2, A\3 and A4 be the barycentric coordinates of the point & with respect to the vertices
1, T2, T3 and x4 of the tetrahedron K, respectively. Let F; be the face of K opposite to ;. The vertices
of Fy are denoted by x;,, x;, and x;, with l; <y <l3. Set t;; := x; — x;, which is a tangential vector
to the edge e;; with the vertices x; and x;, and similarly define other tangential vectors with different
subscripts. For ease of presentation, let

1
M., (v) := o / v-t;jds, Mp,(v) = /F (curlv) x nds,
wlJeij ]
1
) = S V) /F (curlv) - (e x Vi;) x mo)ds,
1
Mp, 2(v) = SRV X V) /l(curlv) ~((ng x V) X ny)ds.

The degrees of freedom Mg, 1(v) and Mg, 2(v) are equivalent to Mg, (v), i.e., (2.3).

2.3.1 Basis functions corresponding to the face degrees of freedom

Define

1 1
Crii= 8N =3)(x—xk) x (N x VN,) + 1(:1:1 —xg) -V, + —ny

16

-

(8/\1 — 3)[(4/\11 — 1)711 — 4(:13 — mK) . an/\lJ

&=

1 1
+ Z(ml — .’BK) -anAli + Enl

for ¢ = 1,2. We show that ¢ g, 1 and g, o are the basis functions being dual to Mp, 1(v) and Mg, 2(v),
respectively.
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Lemma 2.4.  Functions @p, 1 and @, 2 are the basis functions of Wy (K) being dual to Mg, 1(v) and
Mp, 2(v), respectively, i.e.,

Me(son,l) = MG(LPFL,Q) = 07 Ve S E(K)v (211)
MF(‘-PFZ,I) :MF((PFZ’Q) :0, VFEI(K)\{F[}7 (212)
Mp 2(pr.1) = M, 1(¢r2) =0, Mg 1(pr.1) = Mg 2(pr2) = 1. (2.13)

Proof.  Apparently, @ 1 ti,i, =0. By ng ¢, =0, VA, - 1,5, = —1 and N |61112 =0, we get

Me,,, (Pr1) = 77— (BN =3)(x — k) -1 — (1 — TK) - T0)ds
12 4|elll2‘ 61112
——é(w —xzg) N ——(x;,—xTg) N
=7 K 1= gl K I

Noting that
Tr — T + 3(.’1)[1 — .’BK) =x; + 3:1]‘11 —dx g = 2:Bll — T, — Ty,

is parallel to the face Fj, we have
(wl — T + 3((12[1 — iL‘K)) ‘n; = 0.

Hence, M, ,, (¢r,1) = 0. Since ny = LIH VN, 4z —2x) - VA = 4N — Land (A, +N) e, = 1, it
follows that

n; V)\l ng - V)\l
M, = 8N\ —3)ds + ——=——= (1 —4(x; — -VA
len) = gt G-+ o1 - a0 9
mn; - V/\l

Similarly, we can show that M.(¢p 1) = 0 for other edges and M.(¢F, 2) = 0. Hence, (2.11) holds.
On the other hand, by the identity
curl((z —xx) X q) = (x —xk)divg — ((x — xzk) - V)q — 2q,

we find that for ¢ = 1,2,
1
curlpp, ; = 1 curl((8\; — 3)(x — xx) x (ny x VA;,)) =2(1 — 3 \)n; x V.

We conclude (2.12)-(2.13) by the fact that 1 — 3); is the basis function of the nonconforming P;
element. O

2.3.2  Basis functions corresponding to the edge degrees of freedom

Next, we construct the basis function corresponding to the degree of freedom M, (v). Recall the
basis function of the lowest order Nédélec element of the first kind A;VA; — A;VA;.  Thanks to
(2.11)—(2.12), the function \;VA; —\;VA; can be modified by ¢, 1 and ¢, 2 to derive the basis function
of Wy(K) corresponding to the degree of freedom M., (v).

Lemma 2.5. Let

4
Pe,y = ANVA = VA 4D (ioma + hen 2)
=1
with constants 1
¢y = (VA X V) - (g x V) x )

(V)\ll X V/\l2) - Ny

and
= !
h,2 (V/\12 X VM) c Ny

(V)\j X V)\z) . ((’I’Ll X V)\ll) X ’I’Ll).
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Then
Meij (@eij) =1, Me(‘Peij) =0, MF(Lpeij) =0
for each e € E(K)\{e;;} and F € F(K).
Proof.  The identities M., (pe,;) = 1 and Mc(pe,;) = 0 follow from (2.11) and the fact that

€ij
Meij (/\zV)\] — /\jv>\1) =1, Me()\iV)\j — AJV/\Z) =0, Vee E(K)\{e”}
On the other hand, we get from (2.12)-(2.13) and curl(A;VA; — A\; V) = 2VA; x VA, that
MFL,T(‘Peij) = MFl,r(AiV)\j — )\JV)\z) + C;‘,jr =
forr=1,2. O
In summary, we arrive at the basis functions being dual to the degrees of freedom Mp, 1(v), Mp, 2(v)
and M., (v).
(1) Two basis functions on each face F; (1 <1< 4),

1 1 1
Pr,.i = 1(8)\1 —3)(x—xK) X (N x VA,) + Z(wl —xi) -V, + Enl

for ¢+ = 1,2, where xx is the barycenter of K.
(2) One basis function on each edge e;; (1 <@ < j <4),

4
Pey = AV = NV A (¢ 0m1 + ¢ yen 2)
=1

with constants 1
- VA x VX)) ((n VAL n
Cl’l (V)\ll X v>\l2) -nl( i ) (( e ZZ) ” l)

and 1
Cy = 2SR I(V)\] X V) - ((ng x V) X ny).

3 Nonconforming finite element Stokes complexes
We consider the nonconforming finite element discretization of the Stokes complex (1.1) in this section.
The homogeneous version of the Stokes complex (1.1) is

05 HH(Q) 5 Ho(gradeurl, Q) <2 HE(:R?) 2 12(Q) — 0,

where
Hy(gradcurl, Q) := {v € Hy(curl,Q) : curlv € HJ(Q;R?)}.
Since Hy(curl, Q) N Hy(div, Q) = H}(Q;R?), it holds that

Hy(gradcurl, Q) = Hy(curl?, Q),

where
Hy(curl®, Q) := {v € Hy(curl,Q) : curlv € Hy(curl, Q)}.

We can use the Lagrange element, the nonconforming linear element and the piecewise constant to
discretize H*(Q), H*(;R?) and L?(Q) in the Stokes complex (1.1), respectively. Take the Lagrange
element space

V7= {v, € HY(Q) : vj, |k € Ppi1(K) for each K € Ty}

with k£ = 0, 1, the nonconforming linear element space

Vy = {vh € L*(O;R?) : vy, |k € P1(K;R?) for each K € T;, and / [vn]ds = 0O for each F' € }'}L}
F
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and the piecewise constant space
Q= {qn € L*(Q) : qn |k € Po(K) for each K € T}.
Here, [v] is the jump of vy, across F. Define the global H (gradcurl)-nonconforming element space

Wy, := {v, € L*(Q;R?) : vy, |k € Wi (K) for each K € Tj,, and all the
degrees of freedom (2.2)-(2.3) are single-valued}.

According to the proof of Lemma 2.1, it holds that
/ [curlvy]ds =0, Yv, € W), F¢cF;. (3.1)
F

To prove the exactness of the nonconforming discrete Stokes complexes, we need the help of the Nédélec
element spaces (see [37,38])

Vi = {vy € H(curl, Q) : vy |k € V(K for each K € Ty},
where Vi¢(K) := P (K;R?) + (& — xx) x Po(K;R3) with & = 0,1. Apparently, Vi¢(K) C Wj(K). The
degrees of freedom for V,°(K) are

/’U teqds, Y q € Pg(e) on each e € E(K). (3.2)

It is observed that the degrees of freedom (3.2) are exactly the same as (2.2). By the finite element de
Rham complexes (see [2,3]), we have

Vi Nker(curl) = VV}Y. (3.3)

The notation ker(A) means the kernel space of the operator A.

Lemma 3.1. It holds that
W), Nker(curly) = VY.

Proof.  Since curl : (z — z ) x P1(K;R?) — P;(K;R3) is injective (see [2,3]), we have

W, Nker(curly) = {vy, € Wy : vy |k € VP41 (K) for each K € Tp},
V¢ Nker(curly) = {vy € V¥ vy, |k € VPri1(K) for each K € Ty}

Noting that the degrees of freedom (2.2) and (3.2) are the same, we see that

W), Nker(curly,) = Vi¢ Nker(curly,).

Thus we finish the proof from (3.3). O
Lemma 3.2.  The nonconforming discrete Stokes complex
C g V curly, g divy
R=V/—=W, —V, —> 9, =0 (3.4)
15 exact.

Proof. ~ We refer to [6,19] for div, V) = Q) and Lemma 3.1 for W), N ker(curl,) = VV)?. By the
definition of Wy, apparently we have from (3.1) that

curly, Wy, C Vi’ Nker(divy,).

Then we prove
curly, Wy, = Vi’ Nker(divy,)
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by counting the dimensions of these spaces. Indeed, we have
dim curly, W, = dim W), — dim V)Y + 1

= (k + 1)#5h + 2H#Fn — #V, — k#E, + 1
= H#Ep + 24#Fn — #Vn + 1

and
dim V;7 Nker(divy) = dim V;) — dim Qy, = 3#F), — #7Th,.
Finally, apply Euler’s formula #V, — #&, + #Fn — #7T, = 1 to end the proof. O
Corollary 3.3.  The nonconforming discrete Stokes complex with the homogeneous boundary condition
05 Vi 5 Who < Vi % Qno — 0 (3.5)

is ezact, where Vi) := VI N H(Q), Qno := Q1 N L3(Q) and
Who := {v, € W), : all the degrees of freedom (2.2)—(2.3) on 9 vanish},

Vi = {vh IS 7 / vpds = 0 for each F € fh\fﬁ}.
F

The space V}5, possesses the norm equivalence (see [7, Subsection 10.6])

lvrllin = [valin,  Yon € Vig. (3.6)

Equip W)y with the discrete squared norm

ol gradeurty = [0nl15 + lcurly vu|[§ + [curly v[f f-
Since curly vy € Vi for any v;, € Wiy, applying (3.6) to curl, vy gives

Vn i, (gradeurly = |vallo + [curly valin, Vo € Wi

Next, we focus on the commutative diagrams for the Stokes complexes (3.4) and (3.5). For this, we
introduce some interpolation operators. For each K € Ty, let I} : H*(K) — Py41(K) be the nodal
interpolation operator of the Lagrange element (see [17]), and I3, : H'(K;R3) — P (K;R?) be the nodal
interpolation operator of the nonconforming linear element (see [7]). We have (see [6])

div(Ifv) = Qg dive, Vv e H'(K;R?), (3.7)
v — Ivllox + hilv — Ixvhx < hlvljx, Yve H (KR, j=1,2. (3.8)

Define IYS : H'(curl, K) — Wj,(K) as the nodal interpolation operator based on the degrees of freedom
(2.2)—(2.3). By Lemma 2.1, we get

Iffq=gq, VqeW(K). (3.9)
Lemma 3.4. It holds that
lv = IfEvllo. i S P olkgr i + hiklolo i, Vo€ H?(K;R?). (3.10)

Proof.  Set w = v — Q% v for ease of presentation. By the norm equivalence (2.9) and the definition
of IY?, we obtain

1T wl§ e ShE D 1QEIFw) - )5+ 1k D 1Q%(curl(Iffw) x n)|§ &
ec&(K) FeF(K)

=hie Y 1QEw )5 +hk Y 1Q%k((cwlw) x n)f

ec&(K) FeF(K)
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<hie Y lwld,+h% > lleurlw] .
e€E(K) FeF(K)

Then we obtain from (3.9), P (K;R?) C Wy (K) and the trace inequality that

lo = I3[} i = llw — T wl§ o < 20|wllf x + 21T wl§ «

Slwlg+hic D lwllge+hk Y Jewlw|f s
ecé(K) FeF(K)

Slwl§ e +hr > ([wlf§ g+ hi|w
FeF(K)

%,F + h%{HCUﬂWHg,F)

S Hw”g,K + h%(|w|%,K + h}l(lw|%,K'

Therefore, the inequality (3.10) holds from the error estimate of Q%.. O
Lemma 3.5.  The operators I3, I3 and I3, satisfy the following commuting properties:
V(I{v) = I{(Vv), Yve H*(K), (3.11)
curl(Ifv) = I (curlv), Yo € H'(curl, K). (3.12)

Proof.  On each edge e € £(K), it follows from the definitions of Iy, and I’ that

/(V(If(v) — I (Vv)) - tegds = /(%e (If;v —v)gds =0, VqePgle).

e

On each face F € F(K), we have

/ curl(V(I{,v) — I (Vo)) x nds = / curl(V(I{,v — v)) x nds = 0.
F F

Hence, (3.11) holds from V(I{,v) — IS (Vv) € Wi (K).
On the other hand, we obtain from the Stokes formula that

/ (curl(Ifv) — Iy (curlw)) - nds = / curl(Iffv — v) - nds
P F

:/(nxV)-(Iig(cv—v)ds
F
:/tR((I}qfva)ds:O.
F
By the definitions of IS and I,

/ (curl(I{fv) — Iy (curlw)) x nds = / curl(Ifv — v) x nds = 0.
F F

Therefore, (3.12) follows from the last two identities. O

Now introduce the global version of I, I, I, and Q. Let I : H*(Q) — V7, I}° : H'(curl, Q)
— Wi, I : HY(Q;R3) — V@ and IE : L2(Q) — Q) be defined by (Ifv) | = I%(v|x), (I¥ )|k
= I (v|k), (Iiv) |k = I} (v]|Kk) and (I{;Qv) |k = Qr(v]|K) for each K € Ty, respectively. As the
direct result of (3.7), (3.11) and (3.12), we have

V(I{v) = I}(Vv), Yve H*(Q), (3.13)
curly, (Ifv) = Ij(curlv), Vv € H'(curl,Q), (3.14)
divy,(Ijv) = IF dive, Vve HY(Q;R?). (3.15)
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Combining (3.13)—(3.15) and the complex (3.4) yields the commutative diagram

R —S> H2(Q) —> H(curl, Q) —2 H1(Q;R3) Y 12(Q) —>0

llﬁ iIfLC iI}SL l 152
di

W, vy ——" -9, 0

curly,

and the commutative diagram with homogeneous boundary conditions

0 —S= H2(Q) —> Hl(curl, Q) — HI(Q;R3) —Y> 12(Q) —= 0

l l l (3.16)

Who

curly,

4 Mixed finite element methods for the quad-curl problem

In this section, we advance the mixed finite element method for the quad-curl problem

(curl)*u = f in €,
divu =0 in €, (4.1)

uxn=(curlu) xn =0 on JQ,

where f € H(div,Q) with divf = 0. The quad-curl problem arises in the inverse electromagnetic
scattering theory (see [8]) and magnetohydrodynamics (see [48]).
Due to the identity curl®> v = —Awv + V(divv) and the fact that

(curlu) n=(MxV)-u=(nxV)-(nxuxn)=0 on df,
the quad-curl problem (4.1) is equivalent to

—curlAcurlu = f  in Q,
divu =0 in €, (4.2)

uxn=curlu=0 on 0f).

Then a mixed formulation of the quad-curl problem (4.1) is to find u € Hy(gradcurl, Q) and X € H}(Q)
such that

(Veurlu, Veurlw) + (v, VA) = (f,v), Vv e Hy(gradcurl, Q), (4.3)
(w, Vi) =0, Vpe Hy(Q).

Replacing v in (4.3) with Vpu for any p € H}(2), we obtain A = 0 from the fact that div f = 0. Thus
it follows from (4.3) that

(Veurlu, Veurlv) = (f,v), Vv € Hy(gradcurl, Q).
4.1 Mixed finite element methods

Based on the mixed formulation (4.3)—(4.4), we propose the mixed finite element method for the quad-curl
problem (4.1) as follows: find u;, € Wjo and \j, € Vf;qo such that

(Vi eurly up, Vi curly vp) + (v, VAR) = (F,vn), Yon € Wiy, (4.5)
(Uhavﬂh) = Oa VMh € V}iqo
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Now we show the well-posedness of the mixed finite element method (4.5)—(4.6) and the stability. To
this end, we recall the discrete de Rham complex and the corresponding interpolation operators (see [2]).
Based on the degrees of freedom (3.2), define I : H?(K;R3) — V,¢(K) for each K € Tj, by

/If{v-tequ:/v-tequ, Vv e H?*(K;R?), qePile), ec&(K).

Then we have

Ifv=v, VYveV(K), (4.7)
curl(v — I§v) o S hilewrlv)y g, Vo € H*(K;R?),
[z vlox S lvllog, Vv e Wi(K).

Let If : H*(Q;R3) + W), — V¢ be determined by
(Iﬁvh)|K = I%(’Uhh(), VK €Ty

The operator I is well defined, since the degrees of freedom (2.2) for Wi, (K') and (3.2) for V¢(K) are
the same. We have Ifv, € V)5, := V¢ N Hy(curl, ) when v, € W,
Let the lowest order Raviart-Thomas element space be (see [37,40])

Vi = {v), € Ho(div, Q) : vy, |k € Po(K;R3) + 2Py(K) for each K € Tj,}.
We have the discrete de Rham complex (see [2])
curl d div

c v
0= Vi — Viig — Viip — Qno — 0.

Denote by I : H}(4R3) + Vi3 — V4 the nodal interpolation operator. Then the commutative
diagram (3.16) can be extended to the following three-line commutative diagram:

0—Ss H2(Q) —L> Hi(curl, Q) —2% HI(Q;R?) — 12(Q) —0

c s 2
lliz lli lI}L J{I,f

curly,

0——V, Wi Vi Qno 0 (4.10)
l[ lI,i ll;f \LI
0_C vy, v Ve, curl Ve div Ono 0,
where I is the identity operator.
Lemma 4.1.  We have
inf |lv—Vqllox S hxllcurlv|ox, YveWy(K), KecT,. (4.11)

q€P, 41 (K)

Proof.  Due to (2.5), v — K (curlv) € Wi, (K) Nker(curl), which means that
v — Kg(curlv) € VP41 (K).
Choose ¢ € Piy1(K) such that v — K (curlv) = Vq. Apply (2.6) to get
o = Vallo.se = I (curl v)llo.xc S hrcllewrlvllo i

which indicates (4.11). O
Lemma 4.2. [t holds for any K € Ty, that

lv — Igvllox S hillcurlvlox, YVve Wi(K). (4.12)
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Proof.  Employing (4.7) and VP11 (K) C V,°(K), it follows that
v—Ifv=(v—Vq)—Ii(v—Vq), Vqe&Pr1(K).

Then we get from (4.9) that

lv = Il

0.6 < [lv = Vdlox + k(v = Va)llo.x S llv—Valox,
which together with the arbitrariness of g € P41 (K) implies

v—I%v < inf v—V .
l K ||0,K N e (K) | QHO,K

Thus the inequality (4.12) follows from (4.11). O
Lemma 4.3.  We have the discrete Poincaré inequality
||’Uh||0 5 HCUI‘lh ’UhH(), Vo, € ’Cg, (413)

where K¢ := {vy, € Wiy : (vi, Vai,) = 0 for each q;, € Vit
Proof. By the fact that Ifvy, € Hy(curl,(2), there exists a ¢ € H{(£;R?) such that (see [1,18,24])

curlyp = curl(Iivy), [|Y|1 < [leurl(Z;vh)]o- (4.14)

Let

I : Hy(curl, Q) — Vi

and N
I!: Hy(div,Q) — V4

be the L? bounded projection operators devised in [16]. The operators I 5 and fj‘f possess the following
properties:
curl(Ifv) = Il (curlw), | Ifv]o < |vllo, Vv € Hy(curl, ). (4.15)

By the commuting properties of :f,i and I ff, it follows that
curl(Ifep) = I (curlep) = I (curl(Ifvy)) = curl(Ifvy).
By (3.3), there exists a g5 € V}% such that Ifv), — fﬁl/) = Vgy,. Because (vy, Vgp) =0,
Zonl1§ = (Lion. Tion — Iigp) + (Tiwn, Iiap)
= (Ifvn — on, Ifvy — If) + (Tfvn, Iap).

Due to (4.15) and (4.14), we get

1 Z5 o3 < [15on — onllol[ Zivn — Iiabllo + [ L5 onllol1 2540

S 5w = wnllo(H5vnllo + [19111) + [[T5vnlloll9]ly

S Mo = vallo([Trvnllo + lleurl(Zivn) o) + (|5 vn ol leurl(Z5vn) [fo

= ([lon = Tyvnllo + [[eurl(Tyon) o) [[5vnllo + lvn = Tionllo|lcarl(Tivn) o-

Thus we have
[ L5 vnllo < [lvn — Tpwvnllo + [leurl(Zzon) o,

which indicates

[onllo < llon = Lioallo + [[eurl(Tion) o

S llvn = Ipvallo + [leurl(vy, — Tivp) o + [[curly, vp o

Therefore, (4.13) follows from (4.12), (4.8) and the inverse inequality. O
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Lemma 4.4.  We have the discrete stability

||ﬁhHHh,(gradcurl) + |Ah|1

(Vh curly, wy, Vj, curly, ’Uh) + (’Uh, Vxh) + (ﬁh, vﬂh)

< sup (4.16)
(nosin) EWho X VS, [onl 11, (gradeurty + [1n]1
for any @y, € Wi and \j, € V-
Proof.  For any v, € K¢, by using (4.13) and (3.6), we derive the coercivity
lvnl £, (gradeury S [lcurly vall1n S leurly, valyp.
Since VV,fO C Who, we have the discrete inf-sup condition
Un, Vi Vh, Vi Vp, Vin
= sup VAR o nVm) o (O Vi)
vaVthO HUhHO ’UhGVthO ||vhHH;l(gradcurl) v €EWho H/UhHHh,(gradcurl)
Thus the discrete stability (4.16) follows from the Babuska-Brezzi theory (see [6]). O

Thanks to the discrete stability (4.16), the mixed finite element method (4.5)—(4.6) is well posed. As
the continuous case, replacing vy, in (4.5) with Vi, for any u, € Vj%,, we obtain A, = 0 from the fact
that div f = 0 again. As a result, the solution u; € Wy satisfies

(Vycurly up, Vi curly vy) = (f,vn), Yop € Why. (4.17)
4.2 Interpolation operator with lower regularity

In this subsection, we define an interpolation operator on Hjy(gradcurl,2). Since the interpolation
operator I is not well defined on Hy(gradcurl, ), we first present a regular decomposition for the
space Hy(gradcurl, ).

Lemma 4.5.  We have the stable regular decomposition
Hy(gradcurl, Q) = HF(Q;R?) + VH; (Q). (4.18)
Specifically, for any v € Hy(gradcurl, Q), let vo € HZ(Q;R?) and X € curl H3(Q; R3) satisfy

(V0e, V2x) + (Veurl x, VA) =0, Vx € Hi(Q;R?), (4.19)
(Veurlvg, Vi) = (Veurlv, V), V€ curl H (S R?). .
Then there exists a v1 € H}(Q) such that v = vy + V1 and
[v2ll2 S |eurlofy,  villi S [[vllo + [[vzllo- (4.20)

Proof.  Recall the de Rham complex with homogeneous boundary conditions (see [18, the second part

of Theorem 1.1])
05 H3(Q) 5 HA(RY) 2 HYO;R?) 2% 12(Q) — 0,

which is exact for Q being contractible. For p € curl H3(Q;R3) € HE(Q;R3), by this complex, there
exists a w € HZ(; R?) satisfying

curlw = p,  |wllz < |ph-
Then we have the inf-sup condition

v,V Veurlw, V
= YV o (Vewlw, V)

|1 weH2(Q;R3) |w]l2

By the Babuska-Brezzi theory (see [6]), the problem (4.19) is well posed, and

curlvy = curlv,  |Jvzll2 + ||A|l1 < |curlvl;.

Finally, we finish the proof by the fact that curl(v — vy) = 0. O
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For v € Hy(gradcurl, 2) satisfying curlv = 0, by (4.20), we have vo = 0 and v = Vu;.

Now we apply the regular decomposition (4.18) to v € Hy(gradcurl,Q). Let I;Z : H}(Q) — V)
be the Scott-Zhang interpolation operator (see [41]). Noting that I} can be applied to va, we define
ITY° : Hy(gradcurl, Q) — W as follows:

Y := Iy + VI Zvy.

Clearly, we have
(Vo) = V(I;)%v), Yov € Hy(Q). (4.21)

We acquire from (3.14) that
curly, (II{v) = I (curlv), Vv € Hy(gradcurl, Q). (4.22)

Combining (4.21)—(4.22), (3.15) and the complex (3.5) yields the commutative diagram

0 —=> H}(Q) —= Hy(gradeurl, Q) <> HI(Q;R3) — > 12(Q) 0
T
0 C V;ﬁ] v Who curly, Vhso divy, Qho 0.
Lemma 4.6.  Assume v € H'(Q;R3) and curlv € H2(Q;R3). Then
o — 0]l < A(folh + eurlo]y), (123)
[|curly (v — II{)|o + hlcurly (v — II)|; < A?|curlv)s. (4.24)

Proof.  Noting that Vv, = v — vy, we have |vi|s S |[v —v2|1 S |v|1 + |curlv];. Since
v — I = vy — I}°vy + V(v — I} %0y),
we acquire from (3.10), the error estimate of I7Z and (4.20) that

[ = T vjo < [v2 — I“vsllo + o1 — I 7 v1[y

S hE w22 + hlvil2 S h(Jv)y + |eurlw)y).
Employing (3.8), we see from (4.22) that
[|curly (v — )| = [[curlv — I} (curlv)||o < h?|curlv)s

and
lcurly (v — II{v) |1 = |curlv — I} (curlv)|; < hlcurlvls.

This ends the proof. O

4.3 Error analysis

Hereafter we assume that u € Hy(gradcurl, ) possesses the regularity curlu € H?(Q;R3), which is true
for 2 being convex (see Lemma A.1). Applying the integration by parts to the first equation in (4.2), we
derive
— (Acurlu, curlv) = (f,v), Vv e Hy(curl, Q). (4.25)
We first present the consistency error of the nonconforming method (4.5)—(4.6).

Lemma 4.7.  We have for any v, € Wy that

(Veurlu, V), curly, vy,) + (A curlw, curly, vy,) S hlcurluls|curly, vp 1 p. (4.26)
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Proof.  Due to (3.1), we have

Z (O (curlw), curly, vi) oK
KeTy

Z Z L (curlw) — Q%0,, (curlw), curly vy) g

KeTn FEF(K)

Z Z L, (curlw) — Q%0 (curl w), curly, vy, — Q% curly, vi)p

KeTn FEF(K)

< h|curl u|z|curly, vi |1 p-
Thus (4.26) follows from the integration by parts. O
Lemma 4.8.  We have for any vy, € Wy that
(Veurlu, Vi, curly vp) — (f, vn) S h(|curlulz + || fllo)|curly vp 1, p- (4.27)
Proof.  We see from (4.25) with v = Ijvy, that
(A curlu, curly, vi) + (f,vi) = (A curlu, curly, (v, — Ifvg)) + (f, vn — Ifvp).
Applying (4.8) and (4.12) gives

—(Acurlu, curl, vp) = (f, vn) S [|A curlul|of|curly (vn — Tyvn)|lo + (| fllollon — Iivnllo

S h|curlu|2|curlh 'vh|1,h + h||f||0||curlh ’UhHo.
Together with (4.26), we derive
(Veurlu, V), curly vy,) — (f,vp) < hleurluls|curly, vy, + B Fllollcurly, vplo-

Hence, (4.27) follows from (3.6). O

Now we can show the a priori error estimate.

Theorem 4.9. Let uw € Hy(gradcurl, Q) be the solution of the problem (4.1), and w, € Wyo be the
solution of the mized finite element method (4.5)—(4.6). Assume u € H'(;R?) and curlu € H?(Q; R3).
Then we have

lw = wnl g, (gradeury S h([[curlullz + [uly + [ £llo)- (4.28)
Proof. It follows from (4.27) that

(Vi curly (IT7w), Vy, curly vy,) — (f, vn)
= (Vj curl,(II{°u — w), Vj, curly vy,) + (Veurlw, Vi, curly vy,) — (f, vn)

< leurly, (TI9°w — w)|q p|curly vp|1,p + B(|curlwls + || f|o)|curly, vp|1,n- (4.29)

On the other hand, by the discrete stability (4.16) with wj, = IT{“u—uy, and An = 0, we see from (4.17)
and the fact up, € Kf that

HH?;” - u}LHHh (gradcurl)
(Vi curl, (II7°w — wy,), Vi, curly, vp) + (I w — wp, Vi)

S sup
(nn) EWio X Vi [0n | a1, (eradeurt) + [1n]1

_ sup (Vi curly, (II7°w), Vi, curly vp) — (F,vr) + (I u — uw, Viug,)
(Vnan ) EWno X VS, vnl m, (eradeurt) + (11

Vi, curly, (TIu), Vy, curl, vy,) — (f, v
<l Igeufo + sup (eIl w), Vi curly o) = (£,00)
v EWhpo th||Hh(gradcurl)
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Hence, we obtain from (4.29) that

Hﬂicu - uhHHh (gradcurl) ~ S lw— Hg 'U'HH;L (gradcurl) T h(|curlwlz + || fllo)-

Thus,
H’LL - uhHHh(gradcurl) 5 Hu - HZCUHH;I(gradcurl) + ||Hibu - uh”Hh(gradcurl)
S lu— Hicu”Hh,(gradcurl) + h(leurluls + || flo)-
Finally, (4.28) follows from (4.23) and (4.24). O

Remark 4.10. As illustrated in [6, Subsection 7.9], the convergence would deteriorate if we use the
nonconforming finite element space Wy to the discretized Maxwell equation

curlcurlu = f  in Q,
divu =0 in Q,

uxn=0 on 0f).
Next, we estimate ||curly, (v — up)||o by the duality argument. To this end, consider the dual problem
—curl A curlw = curl curl Ij (TI9°uw — wp,)  in Q,

diva =0 in €, (4.30)

uxn=(curlu) xn =0 on 05,

where u € Hp(gradcurl, ). The first equation in the dual problem (4.30) holds in the sense of
H~'(div, ), where
H'(div,Q) == {v e H ' (Q;R?) : dive € H'(Q)}

is the dual space of Hy(curl, §2) (see [11]). Thanks to (4.10) and (4.22), it holds that
curl I§ (TEu — uy,) = Ij curly, (THu — wy,) = I(I}; curlu — curly wy,) = Ij curly (u — wp).  (4.31)
We assume that the dual problem (4.30) possesses the following regularity in this section:
@)y + [Jeurl @y < |lcurl curl If (TT°u — ) || -1 < || I curly (w — us)|fo- (4.32)

The regularity (4.32) holds for the domain € being convex (see Lemma A.1). Similar to (4.25), it holds
from (4.30) that

— (Acurlw, curlv) = (curl Iy (ITY“u — uy,), curlw), Vo € Hy(curl, Q). (4.33)

Theorem 4.11.  Let u € Hy(gradcurl, Q) be the solution of the problem (4.1), and up € Who be the
solution of the mized finite element method (4.5)—(4.6). Assume that the regularity (4.32) holds. We
have

lleurly (w — un)llo < ¥ Fllo + AP (leurlwllz + ful). (4.34)

Proof. Tt follows from (3.8) that

Z (On(curlw), I, curlw — curla)gx
KeTn

Z Z ), (curlu) — Q%0, (curlw), I curl @ — curl @) g
KeT, FEF(K)

< h?|curl uls|curl @ls.
Applying (3.8) again, we get

(Veurlu, Vi, (I, curlu — curlu))
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= Z (On(curlw), I curlw — curlw)gx — (A curlw, I, curlw — curlw)
KeTn

< h?|curl uls|curl @|s.
Due to (3.10) and the fact that div f = 0, we have
(.5 — T°@) = (f, @ — I°) S B £ o2 S A1) Flofewrl ;.
Combining the last two inequalities, (4.17) and (4.22) implies

(Vi curly (w — up), Vi, curl, IIY“w) = (Veurlu, Vi Ij, curlw) — (f, II5w)
= (Veurlu, Vi (I} curlu — curlw)) + (f, w — I w)

< h2|curlu|s|curl |y + RFHL| flo|curl @), .
Employing (4.22) and (3.8), we get

(Vi curly(w — up), Vi, curly (@ — IIw)) = (V) curly (w — up), Vi (curlw — I curla))
< Jeurly (w — wp)|1p|curlw — I curlaly
<

hlcurly (u — up)|1,p|curl uls.
It holds from the sum of the last two inequalities that
(Vy, curly, (u — uy), Veurla) < (h?[curluly + hlcurly (w —wp)|1n + ¥ £lo)] curl @|o.

Thanks to (3.1), we obtain

- Z (curly(u —up,), O curlw) g
KeTh

= — Z Z (I — Q%) curly(u — up), (I — Q%)d, curlw)sx

KeT, FEF(K)

S hlcurly, (w — wp)|1,p|curl uls.
Hence, we achieve from the last two inequalities that
—(curly (u — up), Acurla) < (h%[curlw|y + hlcurly (w — wp)|1n + REH £lo) || curl |-
On the other hand, it follows from (4.31) and(4.33) that

(I curly (w — wp)||2 = — (I curly, (u — wy,), A curl @)
= ((I — 1Y) curly, (w — up), A curl @) — (curly, (w — up), A curl @)

< (h2|curlu|2 + hlcurly (v — wp)|1n + e 1 £1lo)]|curl @]|2,
which together with (4.32) yields
||I,Cf curly (v —up)|jo S h2|cur1u|2 + hlcurly (uw — uwp)|1n + hk+1||f||0.

Hence,
leurly (uw — up)llo < h2|curlu|2 + hlcurly (u — up)|1n + s Il £1lo-

Finally, (4.34) follows from (4.28). O

5 Decoupling of the mixed finite element methods

In this section, we present an equivalent decoupled discretization of the mixed finite element method
(4.5)—(4.6) as the decoupled Morley element method for the biharmonic equation in [33], based on which
a fast solver is suggested.
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5.1 Decoupling

In the continuous level, the mixed formulation (4.3)—(4.4) of the quad-curl problem (4.2) can be decoupled
into the following system (see [11,47]): find w € Hy(curl,Q), A € H}(Q), ¢ € HE (4 R3), p € LE(Q),
u € Hy(curl, Q) and o € H}(Q) such that
(curlw, curlw) + (v, VA) = (f,v), Vv e Hy(curl,Q),
(w,V7) =0, VT7€HQ),
(V, Vo) + (divep,p) = (curlw,9p), Vb € Hy(R?),
(dive,q) =0, Vg€ L§(9),
(curlu, curl x) + (x, Vo) = (¢, curl x), Vx € Hy(curl,Q),
(w,Vp) =0, Ypue HHQ).

Thanks to the discrete Stokes complex (3.5), the mixed finite element method (4.5)—(4.6) can also be
decoupled to find wy, € Wy, Ay € V%), én € Vi, pr € Qno, un € Wi and oy, € Vj such that

(curly wp, curly vy) + (vp, VL) = (f,vn), Yo, € Wy, (5.1)
(wp, V1) =0, V7, € V)%, (5.2)
(Viodn, Vaon) + (divy, ¥on, pr) = (curly wr, ¥n), Vb € Vi, (5.3)
(divy, én,qn) =0, Van € Qno, (5.4)
(curly wp, curly, xn) + (xn, Vo) = (¢n, curly xn),  Vxn € Who, (5.5)
(un,Voun) =0, Yy, € V5. (5.6)

Both (5.1)-(5.2) and (5.5)—(5.6) are mixed finite element methods for the Maxwell equation. From the
discrete Poincaré inequality (4.13) and the fact that VV, C W}, we have the discrete stability

(curly, wp,, curly, vp,) + (vp, th) + (wp, V1)

1@ | 1 (curty + Pnlr S sup
}(Cul ) (’Uh,’Th)EWh()XV,i}O thHHh(Curl) + |7—h|1
for any wy;, € Wipo and Ay, € V% where the squared norm ||’Uh||%lh(curl) := ||vp||g+||curly, v, ||2. Hence both

mixed finite element methods (5.1)—(5.2) and (5.5)—(5.6) are well posed. The discrete method (5.3)—(5.4)
is exactly the nonconforming P;-F, element method for the Stokes equation.

By replacing vy, in (5.1) with Vyy, for any p, € V,%,, we obtain A\, = 0 from the fact that div f = 0.
Similarly, we achieve o5, = 0 from (5.5). Then (5.1) and (5.5) will be, respectively, reduced to

(curly, wp, curly, vy) = (f,vn), Vo, € Wi (5.7)
and
(curly, wp, curly xn) = (¢n,curl, xn),  Vxn € Who. (5.8)
Theorem 5.1. Let
(wh, 0, @n, Ph, wn, 0) € Who x Vi) X Vi X Qpo X Wi x V5

be the solution of the discrete methods (5.1)—(5.6). Then (up,0) is the solution of the mized finite element
method (4.5)—(4.6).

Proof.  Since (5.6) and (4.6) are the same, we only have to show that uy, € K satisfies (4.17). It follows
from (5.4) and the complex (3.5) that there exists a u), € K¢ satisfying ¢, = curly, @y, which together
with (5.8) yields (curly (un — @), curly xn) = 0,V xn € Whyo. Hence, up, = uy, and ¢, = curly up,. Taking
Yy, = curly vy, in (5.3) with v, € Wy, we derive from (5.7) that

(Vy curly, up, Vy, curly, vy) = (curly, wy, curl, vy) = (f, vp).

Thus the discrete methods (5.1)—(5.6) and the mixed method (4.5)—(4.6) are equivalent. O
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5.2 A fast solver

We discuss a fast solver for the mixed method (4.5)-(4.6) in this subsection. The equivalence between
the mixed method (4.5)—(4.6) and the mixed methods (5.1)—(5.6) suggests fast solvers for the mixed
finite element method (4.5)-(4.6). We can solve the mixed method (5.1)—(5.2), the mixed method
(5.3)-(5.4) and the mixed method (5.5)—(5.6) sequentially. The mixed methods (5.1)-(5.2) and
(5.5)—(5.6) for the Maxwell equation can be efficiently solved by the solver in [14, Subsection 4.4]. For
the mixed method (5.3)—(5.4) of the Stokes equation, we can adopt the block diagonal preconditioner
(see [20]) or the approximate block-factorization preconditioner (see [10]).

Finally, we demonstrate the fast solver for the mixed methods (5.1)—(5.2) and (5.5)—(5.6). To this end,
define the inner product

o) 7= Nipallwillg,  where Ay =Y~ Nt and pp = Y path;
=1 =1 =1

with {¢;}]? being the basis functions of V% The matrix of (A, pp) is just the diagonal of the mass
matrix of (A, p). Then we introduce the following two mixed methods:

(curly, wp, curl, vy) + (vp, Vi) = (F,vr), Yo, € Wy, (5.9)
(’wh,V’Th) — <>\h77—h> = 0, V1, € ‘/}?O (510)
and
(curly, wp, curly, xn) + (Xn, Vo) = (@n,curly xn), Vxn € Who, (5.11)
(wn, Viup) — (on, pin) =0, Yy € V. (5.12)

The well-posedness of the mixed methods (5.9)—(5.10) and (5.11)—(5.12) follows from the stability of the
mixed methods (5.1)-(5.2) and (5.5)—(5.6).

Lemma 5.2.  The mized method (5.9)—(5.10) is equivalent to the mized method (5.1)—(5.2). The mized
method (5.11)—(5.12) is equivalent to the mized method (5.5)—(5.6).

Proof.  Suppose that (wy,,0) € Wy x V}% is the solution of the mixed method (5.1)—(5.2). By the fact
that A\, = 0, apparently (wy,,0) is also the solution of the mixed method (5.9)-(5.10). The equivalence
between the mixed method (5.11)—(5.12) and the mixed method (5.5)—(5.6) follows similarly. O

Such equivalence in the matrix form has been revealed in [14, (77)—(78)]. The matrix form of the mixed

finite element method (5.9)—(5.10) is
A BT wp _ f
B-D)\ ) \o)

Here, we still use wy,, A, and f to represent the vector forms of wy, A\, and (f, vy) for ease of presentation.
Noting that D is diagonal, we get (A + BTD 'B)w;, = f. The Schur complement A + BTD™'B
corresponds to the symmetric matrix of a discontinuous Galerkin method for the vector Laplacian, which
is positive definite and can be solved by the conjugate gradient method with the Hiptmair-Xu (HX)
preconditioner in [30].

6 Numerical results

In this section, we perform a numerical experiment to demonstrate the theoretical results of the mixed
finite element method (4.5)—(4.6). Let = (0,1)®. Choose the function f in (4.1) such that the exact
solution of (4.1) is

0
u = curl 0

sin®(7x) sin® (7y) sin® (7 2)
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Table 1 Errors ||u — up|o, ||curly (w — up)|lo and |curly (w — wp)|q,p for k= 0 and different h

h [lu —upllo Order [[eurly (uw — up)llo Order |curly, (w — wp)|1,n Order
2-1 1.025E4-00 — 1.050E+-01 — 1.076E+-02 —
22 9.687E—01 0.08 5.306E+4-00 0.98 9.099E+01 0.24
2-3 3.767E—01 1.36 1.618E4-00 1.71 5.374E4-01 0.76
24 1.640E—01 1.20 4.311E-01 1.91 2.820E4-01 0.93
275 7.828E—02 1.07 1.097E—-01 1.97 1.428E+01 0.98

We take uniform triangulations on €. Set k = 0.

Numerical results of errors ||u — upllo, ||curly(w — up)llo and |curl, (w — wp)|1,, with respect to h for
k = 0 are shown in Table 1, from which we can see that they all achieve the optimal convergence rates
numerically and agree with the theoretical error estimates in (4.28) and (4.34). It is also observed from

Table 1 that ||curl,(u — up)||o = O(h?) numerically, which is one order higher than the theoretical order
in (4.34).
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Appendix A Regularity of the quad-curl problem on convex domains

We prove the regularity of the problem (4.2) under the assumption f € H~!(div,2). Similar regularity
can be found in [47, Theorem 3.5] when f € L?(Q;R?).
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Lemma A.1. Assume that the domain Q is convexr. Let w € Hy(gradcurl, Q) be the solution of the
problem (4.2) with the divergence-free right-hand side f € H~'(div,Q). Then

[ulls + lewrl ez < [ F[]-1- (A1)

Proof.  Due to the framework in [11], the problem (4.2) can be equivalently decoupled into the following
system: find w € Hy(curl,Q), A € H}(Q), ¢ € HI (4 R?), p € LE(Q), u € Ho(curl, Q) and o € HL(Q)
such that

(curlw, curlw) + (v, VA) = (f,v), Vv e Hy(curl,Q), (A.2)
(w,V7) =0, VT7€HQ), (A.3)
(V, Vp) + (divap,p) = (curlw,p), Vb € Hi(Q;R?), (A.4)
(divep,q) =0, Vgqe Li(Q), (A.5)
(curlu, curl x) + (x, Vo) = (¢, curl x), Vx € Hy(curl,Q), (A.6)
(w,Vu) =0, VYpeH;Q). (A7)

Here, (-, ) is the dual pair between H ~!(div, Q) and Hy(curl, Q). Since w,u € Hy(curl, Q) N H(div, ),
we have w,u € H'(;R?) (see [24, Subsection 1.3.4]) and

wlly S [lewrlwllo < [ £]-1,
[ulli < lleurluffo < [[¢llo- (A.8)

By the regularity of the Stokes problem (A.4)—(A.5) (see [24, Remark 1.5.6]), we have

@]z S llewrlwllo S [1£]-1- (A.9)

Finally, we conclude (A.1) from (A.8)-(A.9) and the fact that ¢ = curlw. O



