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Abstract We consider the following fractional Schrodinger equation:

(~AYu+V(yu=uP, u>0 inRY, (0.1)

where s € (0,1),1 <p < %f%z, and V(y) is a positive potential function and satisfies some expansion condition
at infinity. Under the Lyapunov-Schmidt reduction framework, we construct two kinds of multi-spike solutions
for (0.1). The first k-spike solution wuy is concentrated at the vertices of the regular k-polygon in the (y1,y2)-
plane with k£ and the radius large enough. Then we show that uj is non-degenerate in our special symmetric
workspace, and glue it with an m-spike solution, whose centers lie in another circle in the (ys,ys)-plane, to
construct infinitely many multi-spike solutions of new type. The nonlocal property of (—A)® is in sharp contrast
to the classical Schrodinger equations. A striking difference is that although the nonlinear exponent in (0.1) is
Sobolev-subcritical, the algebraic (not exponential) decay at infinity of the ground states makes the estimates
more subtle and difficult to control. Moreover, due to the non-locality of the fractional operator, we cannot
establish the local Pohozaev identities for the solution w directly, but we address its corresponding harmonic
extension at the same time. Finally, to construct new solutions we need pointwise estimates of new approximate

solutions. To this end, we introduce a special weighted norm, and give the proof in quite a different way.
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1 Introduction
In this paper, we consider the following problem involving the fractional Laplacian operator:

(=AY u+V(yu=uP, xRN,
w>0 inRY,

(1.1)
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where s € (0,1), 1 < p <2 —1, 25 = 22 is the fractional critical Sobolev exponent, and (—A)* is the

fractional Laplacian operator defined as

(=A)u = c(N,s)P.V./ Mdy

gy |z —y[NF2

where P.V. is the principal value and ¢(N, s) = 725+ 2 T'(s + $)/T(—s) (see [8,11]).

The fractional Laplacian operator, appearing in many areas including biological modeling, physics and
mathematical finance, can be regarded as the infinitesimal generator of a stable Lévy process (see [1]).
This operator is well defined in clln L, where

loc

P S S 1105 PR
{UE loc /]RN 1+|I|N+25 T <00

For more details on the fractional Laplacian, we refer to [8] and the references therein. Particularly,
this nonlocal operator (—A)® in R can be expressed as a generalized Dirichlet-to-Neumann map for a
certain elliptic boundary value problem with local differential operators defined on the upper half-space
Rf“ ={(y,t) : y € RN ¢t > 0}. More precisely, for any u € HS(RN), set

iy, t) =Pslul = [ Psly—zt)u(z)dz, (y,t) e RYT,
RN
where
t25
Ps(x,t) = B(N,s) ————x=+
(5.0) = HN0)

with a constant B(N, s) such that [px Ps(x,1)dz =1 (see [7]). Then @ € L?(¢t'~2, K) for any compact
set K in RY ™! va e L2(¢1725, RV and @ € C°(RY ). Moreover, @ satisfies

div(t!=2*Va) =0, =z e Ry,
— lim 720y, t) = ws(—A)°uly), a(y,0) =u(y), =eRY
—

in the distribution sense, where w, = 21=25T(1 — 5) /T'(s). Moreover, it holds that
Ha”LQ(tl—z@,RiJrl) = ws|ul| -

Without loss of generality, we may assume ws, = 1. Problems with fractional Laplacians have been
extensively studied recently (see, for example, [2-7,12,14], [13,15,16,19,21,23-25], [26,27,29,30] and the
references therein).

Recall the well-known results about the ground state of the following equation:

(~AYutu=u, u>0, zcRY u0)= max u(z). (1.2)
zER

Let N >1,s€(0,1) and 1 < p < 2% — 1. Then the following hold (see [14, 15]):

(i) (Uniqueness) The ground state solution U € H*(R™) of (1.2) is unique.

(i) (Symmetry, regularity and decay) U(z) is radial, positive and strictly decreasing in |z|. Moreover,
U € H*TH(RN) N C>®(RY) and satisfies

01 C’2

N

with some constants Cy > Cy > 0.
(iii) (Non-degeneracy) The linearized operator Ly = (—A)* + 1 — pUP~! is non-degenerate, i.e., its
kernel is given by
kerLo = span{d,,U, 0,.,U, ..., 0, U}.
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Moreover, by [15, Lemma C.2], for j =1,..., N, d;,U has the decay estimate

C

102, U1 S 75 ppes

Let k be an integer and consider the vertices of a regular polygon with k edges in the (y1,y2)-plane

2(7 -1 2(5—1
xj:(rcos (jk )ﬂ-,rsin (jk )71-,0), i=1...k,

given by

where 0 denotes the zero vector in RY=2. For any point y € RV, we set y = (¢/,v"), v/ € R? and
y"” € RN=2, Define

Hs:{u:uiseveninyi,i:2,...,N,

2mg 2mg
u(rcos (9—|— Z‘]),rsin (0—1— ?),y”) :u(rcos@,rsin@,y”)}.

k
W, (y) = Z U, (), Uz, (y) =U(ly — z;]).

Set

In this paper, rather than working in the usual energy space, we construct multi-spike solutions in the
weighted L space, in order to directly obtain the pointwise estimates of the solutions. Precisely, we set

k 1 -1 N
|lull« = sup (Z(l—i—m—xi)]"*%‘)) lu(z)|, 0¢€ <0,2+25>, (1.4)

N
z€R i=1

where 6 < & + 2s implies N +2s — 6 > & and thus ||g||. < oo implies g € L*(R").
We assume that V(y) = V(|y|) satisfies as r — +o0,
(V1) 3a >0, a € ({22 N 4 2s) and v > 0 such that

N+2s+17
% =1 a O L
(7") + Tia + roty )°

Our first existence result is the following theorem.

Theorem 1.1.  Suppose that s € (0,1), 1 < p < 2% —1 and V(y) satisfies (V1) further with o > ﬁ
when p > 2. Then there is an integer ko > 0, such that for any integer k > kg, the problem (1.1) has a

solution ug of the form
U, = Wr + Lk,

_ N+2s N+2s . .
where @, € Hy N C(RN), r =1y, € [rok¥+2i—a  r1kN+2i—= | with some positive constants o < r1, and as
k — +oo,

1 1
* < C TP 1. 0
||¢k|| (Tnun{Q,l}a + 7‘9>

with 0 € (§ + 5,5 + 2s).

Remark 1.2. Using the standard finite-dimensional reduction method in the energy space H*(R),
we also construct some multi-spike solutions. In fact, a partner problem was considered in [22], where a
similar existence result related to the nonlinear fractional scalar field equation

(-Au+u=K(z)u”, u>0 inRY (1.5)

was obtained in H*(RY), where K (|z|) is a positive radial function and 1 < p < {+25.

However, it is worthwhile to point out that in Theorem 1.1, we propose quite a different new proof of

the existence result. Particularly, in the procedure, a pointwise estimate of the solutions is established
when we consider the problem in some weighted L> space, which plays an important role in our study
on the non-degeneracy result and other relative problems.
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Another main goal in this paper is to find a new solution to (1.1), whose shape, at the main order, is

n

k
ur Y Us + > Uy, (1.6)
j=1 =1

jf
for large integers k& and n, where

2(5—1 2(7—1
pj = (07O,tcos U )W,tsin U )ﬂ-,
n n

I

) j=1,...,n, 0eRN™

N42s N+2s
and ¢ € [ton¥+2s—a fn¥izs—a].

However, it seems hard to obtain a true solution by perturbation arguments. The main reason lies in

the observation that if we want to make a small correction to obtain a solution for (1.1) of the form

k n
w=Y Up + Y Up +wkn (1.7)
j=1 j=1

with n >> k, the estimate of the correction function wy, ,, is dominated by the parameter k. In other words,
it is hard to see the contribution to the energy from those bumps Up,. Therefore, it is very difficult to
use a reduction argument directly to construct solutions of the form (1.7).

To overcome this difficulty, we have to modify the approximate solutions. Following the idea in [17,18],
we replace Z?Zl Uz, by uy to obtain a better approximate solution u +Z?=1 Uy, , where uy, is the k-spike
solution of (1.1) given by Theorem 1.1. For this purpose, we need that the solution uy is non-degenerate.
By non-degeneracy we mean that the linearized operator

L€ = (—A)*¢ + V(y)E —pul "¢

has a trivial kernel in H, N H*(RY), i.e., if £ € H, N H*(RY) satisfies Lj,¢ = 0, then ¢ = 0.
To this end, we impose conditions on V as follows:

ay a9 1
V(T):1+ﬁ+ra+1 +O(T°‘+2)7

Vi(r) = -2 —aQ(O‘+1>+o< ! )

T potl rat2 rat3
where N > max{4s,4 — 2s}, and if p < 2,

e { 4(N + 2s) 8(N +2s)
1p(N+2s)—2(1—s) pBp—D(N +2s) +2(p+ (N —2) —8(N + s — 1)’
2(N + 2s) (Bp—1)(N +2s) — 8)(N + 23)} (1.9)
(p—1)(N +2s) 22p(N+s—1)— N —4s) [’ '

while if p > 2,

}<a<min{N—|—25—2,
—2s

2(N + 2s)

N <a<N+2s—2, (1.10)

and a; > 0 and a9 are some constants.

1 4(N+2s) 2(N+2s) N 426
Remark 1.3. Note that when s > 3, PNT2s)—2(1=%) < (pfl)(NJr;s)izs. From p < §553, we know
that if N > 6s, p < 2, while if N > 4s, p < 3.
Especially, we further mention that in the case of p < 2, « satisfying (1.9) exists. For example, we can
directly check that a exists when s = 2, p = %, N>6,ors=4%p= %, N > 6, ors:g,p: %, N >4,

2 3
_3 ,_3
ors=1,p=35,N2=5.

Theorem 1.4.  Suppose that V(y) satisfies (1.8). Then the solution uy, constructed in Theorem 1.1 is
non-degenerate in Hy N H*(RYN). That is if € € Hy N H*(RY) satisfies Li,€ =0, then £ = 0.
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As a consequence of Theorem 1.4, we can construct new multi-spike solutions.

Theorem 1.5.  Suppose that V(y) satisfies (1.8), N > 4 and o < %N. Let uy, be a solution in
Theorem 1.1 and k > 0 is a large even number. Then there is an integer ng > 0 depending on k, such
that for any even number n > ng, (1.1) has a solution of the form (1.6).

The main difficulty in the proofs of Theorems 1.4 and 1.5 lies in the non-local property of the operator
(=A)*. First, although with Sobolev-subcritical nonlinearities, the weak algebraic decay of the ground
state of (1.2) makes the estimates become extremely hard to control, in sharp contrast to the classical
Schrédinger equations. Moreover, due to the non-local property of the fractional operator, it is almost
impossible to build and apply the local Pohozaev identities directly. To overcome it, we also study the
corresponding harmonic extension problem at the same time and several kinds of integrals that never
appear before have to be handled now. Another difficulty comes from the construction of new multi-spike
solutions. The key point is to give the pointwise estimates of the new approximate solution. To this end,
we adopt some special weighted norm, reflecting the interaction between the pre-existing solution uy and
the n-spikes concentrating at n other new points.

The rest of this paper is organized as follows. We prove Theorem 1.1 and obtain precise pointwise
estimates of the multi-spike solutions in Section 2, which are needed in the proof of the non-degeneracy
result. In Section 3, we consider the equivalent harmonic extension problem, establish some local
Pohozaev identities corresponding to the extension solution and prove the non-degeneracy result. Some
sharp estimates involving the integrals in the local Pohozaev identities are also established in this section.
The construction of the new solutions will be carried out in Section 4. We put some basic estimates in
Appendix A.

2 The existence problem

In this section, we give the existence result of multi-spike solutions for the problem (1.1).
Recall

H, = {u s even in yo, u(y',y") = u(y', [v"]),

2mq 2mq
u(rcos <9+ Zj),rsin <t9+ ?),y”) :u(rcosﬁ,rsinﬁ,y”)}.

Define ) 2(5—1 2(5—1
Z]: a:j7 ,Ij_(T‘COS (j; )ﬂ-,rsin (]; )71"0)’ ]:17,]6
Then -
|x; — 1| = 2rsin%, i=1,...,k
For any A > NJ'\*,'@_S“, it holds that (see (A.1) for details)
i\
k 1 () , A>1,
Z 2, — 21 <oqgN (2.1)
, j — 1
=2 i klI}l\k, A<l
r
Let

k
E), = {u € H,N C(RN),Z/N UP~! Zjudy = 0}.
j=1"E
Define the linearized operator

k
Lo:= (A o+ V(y)e —pWr e, with W, =Y U, U, (y)=Uly— ;).
j=1
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For h € Hy N C(RY), we first consider the following linear problem:
k

Lv=h+by U7,

J

=1 (2.2)

k
Z/RN UP ™ Zjudy = 0
j=1

for some v € E} and b, € R.

Lemma 2.1.  Given 6 € (0,5 +2s) and h = hy, € H, N C(RY), there exists some solution (vy, by,)
to (2.2).

Proof. By a standard argument, it suffices to prove the following a priori estimate:
[vll« < CllA]l. (2.3)

The proof of (2.3) consists of two steps.
Step 1. It follows from (2.2) that

k
03 [ U iy = [ (Caye s Vi - e ) Zudy
) RN
- / (V(y) = ) Zo — pWE™t — U2 Yy — pZ)dy. (24)
RN

Recall that Z; = 2921 From the decay of U in (1.3) and the definition of || - || in (1.4), we obtain
or

/ (V(y) — 1) Zyvdy
RN
k

1 1 1
< C/ v||sd
o TFF 7 = 2D 78 & T = apreml

1 1
< .d
C/]RN 1+ |y|» (1+ ]y — $1|)2(N+25)79 ”U” Yy

e : 3 : foll.d
V|«
v 1 [yl (L g — 2 V72 g (T [y — a2 0
1 1 k N+2s—6 1
<0+ e Il + 0(2) el =0l ) 2.5)

with some o > 0.
If p > 2, we estimate

k p—1 k k p—2
/ (wpr—t — Ugfl)vzldy < C||v|\*/ <( Umj> + U_f;? Ug, + ( U$_7.> Uml)
RN RN i—2 =2 i—2
k

J J

1
X |Z
2 T

k k p—1 k k p—2
:Cllvl\*Z/Q <<ZUTJ> +UP2N UL, + (ZU%) le)
1=1"% j=2 j=2

=2

dy

k
1
Z E dy. 2.6
X‘ 1|j:1 (1+|y_33j|)N+25_9 Y ( )

Next, we compute the items in the sum separately.



Guo Q et al. Sci China Math ~ May 2023 Vol. 66 No.5 983

For [ =1, in view of the facts (1.3) and (2.1), we have

k p—1 k p—2 k 1
—2
L) s (S oo
— = - —

Jj=2

k p—1 k k
<C ( Uz) +ur2N"U,. >|Z | dy
o Z J 1 z:: J 1 ; 1+ Iy_x | N+25 0

Jj=2

(2
= (1+|y—x )N+2s (1+ |y — a1])2N+4s—0 Yy

Jr/ i )pl : ! dy
S mrmars) S m e e

k
d
/Ql 1+|y—x1| p(N+2s)— ejz 1_|_|y_x‘N+25 Yy

k

1 K 1 1
d
+/szl (1+ [y — |- DNF29) ;2 (1+ |y — |+ ; 1+ |y —a; )Ntz

(p—1)(N+2s) N+2s—0
< C(k) ; C(k) _ 0<1> @.7)
r r ro

with some o > 0. In the above, we used the fact that p — 1 > iv(}zjg;)‘ since N +2s < a(N + 2s + 1),
and N 4+2s—6 > W since 6 < %+28.
For [ # 1, we have

k p—1 k k p—2 k
U,. Ur—2\ "y, U,. U, —d
L((Se)" o = (S5) )8 r=ipesees

Jj=2 J Jj=2 =1
k p—1 k p72 k
<o ((Zm) +(Zwm) w)ay grp
i j=2 j= j=1
~ 1
ef 8 :
0 ;2(1+Iy—x V) Wy — a P
k p—1 k 1 1
d
+/m <§<1+|y—x ) M) Z (Tt Iy — ;DN (L1 [y — e Voo
1 1 -2k 1
+ d
I, <1+|yx1|>2<N+25><Z<1+y—x ) D e T
k (p—2)(N+2s) k N+2s—0 1
< 0() 0 c() = 0<>, (2.8)
r r ro

N+25 «

where the last inequality holds because a > %2 = (p—2)(N +2s) > ,and o > 0.

If p < 2, we can prove it in a similar way.
At last, we compute

k
1 1

iy Z0)| < || T« > d

e 201 < el /RN A Ty = m V2 o Ty —ay ez

1
< | e[ d
0T (] e "
k . . ,
" / dy)
; o] (1+ |y — xq|)N+2s 32:22 (1+ |y _xj|)N+25_9
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dy k N+2s—6
<trale( [, et (7)) 29

Combining the above estimates (2.4) and (2.5)—(2.9), we obtain that there exists some constant o > 0

satisfying

V| *
|bk|<c(” ” +||hk||*).

TU

Step 2.  We show the a priori estimate by contradiction. Assume that there exist hy with ||hg|l. — 0,

||lvg|l« = 1 and
N+2s N+2
r=r € [rokNHSfa,rlkNHsja].

We first claim that for any R > 0,

[0kl Lo (UE_, Br(as)) = O (2.10)

Indeed, assume that for a fixed j, we know that

|vkllLo (Br(z;)) =7 > 0.

Note that Br(z;) C Q;. Let 03x(y) = vi(y + ;). Then

k p—1
(-8 0+ Vit o —p( UG -0 t9) o=
=1

with
k

hi(y) = hi(y + ) + b Z Uzy — i +y)P 10U (x5 — 23 + ).
i=1
We observe that hj — 0 uniformly on compact sets in view of the assumption ||hg|[« — 0 as k — +oo.
From the uniform Holder estimates, we also obtain equicontinuity of the sequence v;. Thus, passing to
a subsequence, we may assume that o, converges, uniformly on compact sets, to a bounded function @
satisfying
19|l Lo (Br(0)) = v > 0.

In addition,
1L+ D27 oo ey < 1

and v satisfies the equation
(=AY 49 —pUP~to =0 inRY.

The non-degeneracy result yields that ¥ must be a linear combination of the partial derivatives 9,,U,
i=1,...,N. But the orthogonality conditions and the fact that v is even in y;, j = 2,..., N imply that

/RN Ur—19,,Uv =0,

and then v = 0, which is a contradiction to the assumption |[v |z (Bg(z,)) = 7 > 0. So we proved the
claim (2.10).
On the other hand, it holds that

[kl < CUllvkll oo (t_, Breyy) + 1HEll)- (2.11)
In fact, (2.2) implies that vy, satisfies that

(=A) v + W(y)vr = g,
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where W (y) = V(y) — pWP~1(y) and gp = hs, + by, Zle Uf;le satisfy that

inf W(y) >0, |grll« < oo
?JGRN\U?:1 Br(z;)

Following the argument in [9, Lemma 2.5], we obtain (2.11).
Combining (2.10) and (2.11), we indeed obtain that ||vi||. — 0, which again leads to a contradiction

and (2.3) is proved.
Finally, applying (2.3), we can use the standard method to obtain the existence result of the linear

problem (2.2), for the details of which one can refer to [9]. O

Now we consider the following problem:

k
Lo=1lx+R(p)+bp Y UP'Z; (2.12)
j=1
for ¢ € Fy and by, € R, where
k k
==Y (V(y) = YU, + WP = UE,
j=1 j=1

and
R(p) = (W, + @)? — WP — pWP .

Lemma 2.2. Forf e (% + s, % + 25), it holds that

1 1
< — 4+ —— ] 2.1
el < €( %+ ~mmurgr ) (213

amin{%,1}

Proof.  First, it holds that

k C k 1
Viy) = 1)U, | <
;( () )e, 1+‘y|a;(1+‘y_xj|)N+2s
k
1 1 r .
ﬁZ(l+|y—xj|)N+25*9’ |y—$jo|<§v Fjo €{1,...,k},
<cy (2.14)
1 1 .,
] x>t ovie{1,.. k)
Tz(lﬂyffﬂjl)N“S*"’ y=zl> 3 Vied }

Jj=1

For any y € Oy, [y —z;| > |y — x1] and |y — x| > Clo; — x1], 7 = 2,...,k, so if p > 2, it holds that

k k
—1
wr-Yun<eyunu,
j=1 j=2

k
1 1

<C ,

2 T a0 (=

k
1 1

<C . 2.15

=V 2 o=, (215)

If p < 2, since 0 € (§ + s, 5 + 2s), we have

27
07%(N+25)>0,
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and hence

k k
wr-Sou
j=1

<CcY UiUS

Jj=2

1 1
<C . _
Z (]_ + |y — (El‘)é(N-i-Qs) (]_ + |y _ xj‘)§(N+28)

Jj=2

1 k 1 1

< _
ST (L |y — @y |)N2s—0 Sty xlDeJTv(zwzs) |21 — a;|B(N+29)

1 k 1
(Lt [y =2 JNVF2o70 5 g — | BV H29)7

<C (2.16)

Combining (2.14)—(2.16), we obtain (2.13). O

Sketch of the proof of Theorem 1.1.  In view of Lemma 2.2, we apply the contraction mapping theorem
to prove that there exists some ky > 0 such that for any k& > ko, (2.12) has a solution ¢, € E;. In
addition,

1 1
ol < Clil. <c<rmm{w+re). (2.17)
Let
I(u) =+ / ((=)iuf + V(gy2)dy — —— [ Jup*de
2 RN p+1 RN '

By the standard arguments, we have the expansion of the energy functional as follows:

7«04+<7

I(W + o) —k<A+a£1(BZ+0(1))U(x1x2)+O( ! >>,

where o > 0 is some small constant, and A, B; and By are some positive constants.

The function

ClBl CLBl 32 kN+25

o~ Bt oM)U(l21 —a2]) = — 27 = —

has a maximum point in

e Ni2s NFIFa N+2s
. KBQ(NHS) _5) . ,<BQ(N+2S) +§> . ]

kN+2s—a kN+2s—a |,
Bla Bla

where 6 > 0 is a small constant. Therefore, we can prove that (1.1) has a solution wuy of the form
up = W, + o, with o5, € E, N H¥(RY), » =, € Sg and as k — 400,

1 1
||50kH* < C(rmm{gwl}o‘ + 7«0)

This completes the proof. O

3 The non-degeneracy of the solutions

3.1 The Pohozaev identities

We consider the following two equations:

(~A)u+ V(=
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and
(—A)° ¢+ V(y)¢ = puP~ e

In order to apply local Pohozaev identities, we quote the extensions of u and £ to have

1259\ o o NI
div(t'=?Va) =0 in R

3.1
i 03y, 1) = ~Vu+ P, a,0) = u(y), yeRY )
—
and )
div(t'=2VE) =0 in RY T (52)
~lm F0E () = ~V)E+pur e €, 0) =€), yeRY. |
Define

Br(wo) = {y € RY : |y — z9| < R} CRY,

By ,(x0) ={Y = (y.1) : |y — wo| < R,0 <t < p} SRYF,

a/BE,p(ﬂfo) ={Y = (y,t) : |y — 70| < R,t =0} CRY, (3.3)
&"Bj (o) ={Y = (y,1) : [y —wo| = R,0 <t < porly—zo| <Rt =p}C RYH
8B§’p(a:0) = 8'B§7p(x0) U 8”B§7p(m0).

Let Q = Bgr(zo) and Q1 = BE ,(%0). We also denote the integral infinitesimal elements on the surfaces
in Rf H and RN by do’ and do, respectively. We have the following lemma.

Lemma 3.1. It holds that

Lo, (0u OE | OE Ou / I
— tl 2s _ , _> : d tl 2s ,,'d /
\/E)IIQ+ (81/ ayl + ov ayz) + g+ <vu7 v5>lj a

; — uP€v;)ds = 8‘/( )
+ [ g —wrenya

Proof.  From the first equations in (3.1) and (3.2),

o€ 1o s Ol
div(t172°Va) =— dydt / div(t172°VE) =—dydt = 0,
/m iv( Vu)ayl ydt + - iv( Vf)ayZ Y

which then gives

/ 12000 08 dS—/ t1’2sVﬂ~Va—§dydt+/ tl*ga—“,da’—/ p-2sgé. v
ot ot oy’ P ot

ov Oyt v Oyt oy’

o€
1-2s 1-2s
/Q tlur(l)t Oyl u—a dy — /Q 7}Hn t 6t§ dy = 0.

Since
—/ =257 v85d dt — / tl-2sy¢ . v@dydt
o+ dy’ a+
:—/ tl_zsi_(Vﬂ,V@dydt: —/ t1725(Va, VE)rdS
o+ Ay’ oot
and
. _ . 8{ § _ ou
_ 1-2s p—1l¢
/Q}g%t éwayl /QH / ( =+ (puP ¢ V(y)f)ayi>dy

/ (uP€ =V (y)€u)v;ds,
Q

we obtain (3.4). O
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3.2 Non-degeneracy

Let uy, be a solution to (1.1) of the form uy = W, + ¢p with ¢ € Ex N H*(RN), r = 1, € Sk and as
k — +oo,

1 1
lenll < C(rnn{l}a N re>’

where 0 € (§ + s, & +2s).
Now we prove the non-degeneracy result by contradiction. Suppose that there exists some k,, — +o00
satisfying [|&n]|Le = 1 and Ly, &, = 0, where the linear operator is defined by

L, & = (—A)°E+ V(y)& —pub '¢.

Let

Em(y) = Em(y + ka,l)‘

Lemma 3.2. It holds that
- oU
m b—r-, 3.5
Eu(v) = by (35)

uniformly in C*(Bgr(0)) for any R > 0, where b is some constant.
Proof.  In view of |£,,| < C, we may assume that &,, — & in Cjoc(RY). Then ¢ satisfies that

(—A)’€+E=pUP'E RV,

which gives that

Since £ is even in Yjs J = 2,..., N, it holds that by = --- = by = 0. O
Decompose
k
" Uy, ;
Em(y) = bm Z o tem

7j=1
where &, € Ey_ . By (3.5), by, is bounded.
Lemma 3.3. It holds that

min{ 251 1}
1 1 ’
* < -4 - .
Hé.m”* = C<T9 + Tamin{§,1}>

Proof. Tt is easy to check that

L, & = (=), + V)&, —puf '€,
FoU,,
— (=AY + V(y) — pul ) (gm . 81")
j=1

k
aU, . ou, . oU, .
- _ —A)* Tk ,j Lhm,j p—1 Tk i

Jj=1

k
aU’I‘ —_— _ _ aUT .
O (TR R e )

j=1
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First, we estimate that

k k
(V(y) - 1) Emod |
’ JZ:‘T or 1+|y|“;(1+|yij|)N+2s
k
1 1 1
< C< + ) ’
ra = b ; (1+y— xj|)N+23—9
which gives
(V(y) - 1) Ek: Wetns || <o Ly 1
y j_]. a’l" % 'r'C! re
Second, when p > 3,
k
le km J (’97“
k
Uy, .
= -1 -1 Tk,
N j:Zl((Wr‘m + SDkWL)p B ngrn:j)Tj
: v Oy,
= Z (( Tl Z Thp i + @km> — ng_"'17)a):“
J=1 i#j
S (S " ouU.
ka Tk, j
<o(%(3 U) L ) ST
=LA J=1i#j
k k p—2 ouU k oU
Lkm ,j -2 Tk i 2
> <Z U“) e e DU 87’) +0(¢%,,)
J=1 “i#j j=1
k . X
<C i .
Jz:; (1+ |y — ;| )N+2s=0 (Z T 1 — Tk, |12 e, I )
For p < 3,
k
oU,
Z(uz—l _ 5—1j) km ,J
j=1 k 87’
k
Uy, .
= -1 -1 Lhkim
= | S0 U ) e
y v Uy,
= (( Thyp i +Z zkm1+(Pk,,L> —Ugl:j])a’;"’]
J=1 7]
k k B aU Eoop e 0U
= Tk, 2=t QUy,
< c(z_; (; Uain ) 00, s > s
k k
1 1 bt
<C ( - + gl )
D e e O D T T

On the other hand, since &, € Ey,  , we apply the standard method to prove that

Ik Emlle = cll&nlls,

which immediately implies (3.6) and concludes the proof. O
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Lemma 3.4.  Under the assumption in Theorem 1.4, it holds that &,, — 0 uniformly in C*(Bg(0)) for
any R > 0.

Proof.  Following a counterpart result in [18], we outline the main steps and drop the subscript m for
simplicity.
Step 1.  The Pohozaev identity (3.4) implies that

ov
L&+ [ (V) - Dugwn — wem)do = [ Sheudy, (3.7
fele} o JYy
where
= B%|Ik.1—mk,2|(xk71)7 Q= B;lxkafzk,zlyﬁ(xk’l)

(see the notation in (3.3)) with some small constant p > 0, and the bilinear form is defined as

- 0u OF | 0 i /
L(u,§,Q) = /a”mt (auay +8V3y (Vi V§>uz>da + aﬂufz/lda.

On the other hand, one can rewrite it as

L(u,&,Q) = /Q (((—A)Su +u— u”)(%gl + ((A)*¢+ ¢ —puplﬁ)gyul>dy + /852 uP&rydo. (3.8)

In fact, from
_ 8§ _ - ou
div(t' =2 dydt div(t' 72 VE) ——dydt = 0
[ ) g+ [ div ) Sy
we have

ou o€ ¢ du _ SN
tl 77(1 tl 2s ~—d /o / tl 2s id /
/8\//9+ aV 8 + ~/8”Q+ (91/ 3y 7 9" Q+ <vu’ V§>V 7

/ lim ' ~2%0, 61— (95 dy / lim '~ 258t§—dy 0,
o t—0 oyl Qt—=0
which gives that

L(u,&,Q) = /hmt1 259, uﬁdy /hmt1 259, f—dy—k/ ulrrdo
Q oyt Q o0

t—0 t—0

/Q(((A)Su+u)6;1+((A)S§+f)ay1>dy

s 0 R 1., Ou
:/Q(((—A) u—l—u—up)afygl—i—((—A) E+E—puf 1£)W)dy—|—/(mup§u1da,

which implies (3.8).

Step 2. The main terms can be calculated directly as follows:

- 1 1
<]Zl g ) (B’ +o0(1) +O(WH> (3.9)
by observing that
agfj Uy xj|)< ‘z = ZI ’ (COS 2(j ; DT i 20 ; 1)77’0>> (3.10)
and
(ay ey O a0

or Oor PYa; or
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Step 3. We calculate the error terms as follows.
Firstly, in order to deal with E(Zle Us,,&5,Q), we apply Lemma A.3 with 5 =N +2s—60 < N and
t < p, and deduce that on y € 9" QF it holds that

1
<C dz
Z/N |y—z|+t YNH2s (1 4 [z — a;|) N +25—0

1
<C ;
; (]_ + |y _ xi|)N+2570

and similarly,

k
- 1
VEn(y,t) < C§ N+25—0"
2 A+ ly—a)" 7

In the following, we use (2.17), Lemma 3.3 and LP-estimates for the fractional Laplacian operator [21].
We assume that if p € (1,2),

a>max{ (N + 2s) (8—(p—1)(N+2s))(N+zs)}
(p(p—1) +2)(N +2s) —4(1 — 5)° 2(N +4s — 2) :
while if 2 < p < 3,
4(N + 2s) (8 — (p — 1)(N + 25))(N + 2s)
a>maX{p(N+2s)—2(1—s)’ 2(N+4S—2) }7
and if p > 3,
! 0> 4(N + 2s)

3(N+2s)—2(1—s)’

which can be satisfied by (1.9) and (1.10). By taking 7 =1 > N]Q;f;sa, we have

oU,, 1
E LEn, Q) <l d
E( or agma ) CHgm” 50 (1 < |y _ SL‘1|)2N+4S—9_2T g

i=1
1
m” |£L’1 _ 1.2|2(N+2s)7072‘r

1 1 min{%,l} (2(N+2<) 0—27 N—l) 1
< C ﬁ + m r- N+2s T N+2s/) = ¢ W .

Secondly, under the same condition, it holds similarly that

k
U, 1
ﬁ(g@km, ar,Q> :O<k‘ro‘+1)
i=1

1
/E)Q(V(y) — Dupdmrrdo = O(kroc-&-l)'

In fact, we assume that if p € (1,2),

dls

Thirdly, it holds that

8(N + 2s) (8—(p—1)(N+2S))(N+28)}.

@ = max { o+ 1)+ DN +25) —4(2s + 1) 2((p + 2)(N + 25) — 2(25 1+ 1))

if2<p<3,
4(N + 2s)

IV 29 — 225+ 1)




992 Guo Q et al. Sci China Math  May 2023 Vol. 66 No.5

if p >3,
2(N +2s)

3(N +2s) —(2s+1)’
which can also be satisfied by (1.9) and (1.10). Thus,

| (@) - Dungndo
o0
1 1 min{pT-Hvz} 1 2
< ) . P - 1
(5 ) [t )(Z =) 1

1 1 min{ 2352} ¢ 1 1
< Cl — — 7 — do = —_—
(r9 + ,ramln{z,l}) o /E)Q (L + |y — 2| 2V+25—0—7) 197 0<k:ra+1>

3 . N+4+2s—a
with 7 =1 > o

Finally, it holds that

o >

k

3p—1

1 1 min{=%— p+1} 1
p R -
/asz UpEm1do < C(re + ramin{g,1}> /69 (1 + |y — a1 ) PO (N+25—0-7) vido

_ 1
=o0 Tpail )

In fact, the estimate holds if p € (1,2), N > max{4s,4 — 2s} and

max{ 8(N + 2s) (8—3(p— 1)(N+25))(N+25)}
pBp—1)(N+2s)+2(p+1)(N—-2) =8N +s—1)" 2(2p(N+s—1)— N —4s)
((3p = 1)(N + 2s) — 8)(N + 2s)

SO T Op(Nts—1) - N —4s)

(3.11)

while if p > 2,
4(N + 2s)

2p - 1N +3(p—1)s—(p+2)’
which again can be satisfied by (1.9) and (1.10).
Step 4. We combine (3.7) and (3.9)—(3.11) to obtain that

o . 1 1
/Qukfma—yldy = b (B + 0(1)) s + 0<kra+1>. (3.12)

On the other hand, from (2.17) and (3.6), we can also find

ou, 1 1
/ -1,1 _ T1ys/ -1,1
[ Gl vy =t [ 0 RV Dl o i ).

a>(

Moreover, by the assumption (1.8),

ou,
U;E1 1 V/ —1 1d
UVl

ou

:/ Ug sV (ly+zi)ly+ a7 (y" +21)dy
RN 424 Y

ou aay (a4 1)as < 1 )) y! 4zl
= U~ - - +0 d
AN &ﬂ( ly +z1]*tt |y +aq]ot? o™ ) ) g+
ala+1)a
:(Wﬁ)I(ANUUﬂyX¢F@+ﬁOO~ (3.13)

Step 5.  Combining (3.12) and (3.13), we obtain

b D ([ U D6 o)) = bl o) o ) (B

which gives b, — 0. O
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Proof of Theorem 1.4.  Firstly, by Lemma 3.4, &, — 0 in Cjoc, implying that &,,(y) — 0 in Br(7k,;)
forany j=1,...,k.
On the other hand, if N > 2 — 2s + 6, which means

N+4+2s—0-1>1

and can be satisfied by N > 4, we can prove that (see (A.2))

! <CUR) in RY\ | Balon,):

k k
s (T o —ai) VP20 S

i=1 j=1

Then by Lemma 3.3, we have

k
1
i=1 ’

Hence, if we choose R > 1 sufficiently large, it holds that

k
()l <1 in RN\ ) Brlaw,).
j=1
To sum up we have seen that &,,(y) = o(1) in RY, which is a contradiction to the assumption
[€mllze = 1. .

4 Construction of new solutions

Let uy be the k-spike solutions obtained in Theorem 1.1, and k be a large even integer. Then we know
that uy is even in each y;, i = 1,..., N. As mentioned before, uy, is radial in ¥ = (y3, Y4, .-, YN)-
Now we take n > k as a large even integer, and set

20 — 1 20 —1
(j )W7tsin (j )W70>7 i
n n

pj:(0,07tcos =1,...,n,

where
N42s N42s
te [tOn N+2s-a finN+2s-a ]

Then we define
Xs_{ueHS:uiseveninyl,l_l,...,N,
: * 27Tj 3 27T.7 * *
u(yl,yg,tCOSG,tslna,y):u y1,y2at005 9+7 ,tSlD 9+7 » Y Y :(957---7yN) .
n n

We notice that u; and Z?Zl Up,, both of which belong to X, separate from each other. Let

(0,07y33y4707"'70) P]> 71—}

> cos —
|(y3, ya)] 7 |p;] n

Dj; = {y =, ys3,ya,y") ER®* x R? x RNV~ <
We aim to construct a solution of the form

n
u:ukJrZUpJ + w,

j=1

where w € X is the perturbation term. Define

n p—1
Qnv = (_A)SU+V(y)U—p(uk+ZUpj> v, Vve X,
j=1
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oU,,
Set Y; = —;+, j=1,...,n. For g, € X, we consider the following linear problem:

Qnwn = gn + an Z Ugj_ly}‘,
j=1

/RNU]’)’J__IYjwn:O, j=1,...,n

with some constants a,,, depending on wy,.
To obtain a better control of the error term, we introduce the norm

n —1
T —— (+ ) (). (1.2)
2ERN (1 + |$‘ N+42s—6 ; 1 + |x—p | N+2s 0

As in Lemma 2.1, we first solve the linear problem (4.1).
Lemma 4.1.  Given 6 € (0,5 + 2s), there exist (wp,a,) to solve (4.1) with some g, € X, NC(RY).

Proof. It suffices to prove the following a priori estimate by three steps:
[wllex < Cllgnles- (4.3)

Step 1. It follows from (4.1) that
k
n Z/ Ugj_ly}yldy = / (=A)’wn + V(y)wn — plug + Wt>p_lwn — gn)Y1dy
— JRN RN

= /RN((V(y) — )Yiwn = p((ug + Wi)P ™! = UP"Hw, Y1 — gnY1)dy.

Using the similar arguments as in the proof of Lemma 2.1, we can obtain that a,, = o(1). In fact, here
we use the following simple fact that

|z; — pj| > max{r,t}.

Step 2. We show the a priori estimate by contradiction. Assume that there exist g, with ||gn |l — 0,

|wn ||+ = 1 and
N42 N+2s
t=t, € [LLQ?”LN‘"2g o tlnN+2* ”}.

We first claim that for any R > 0, it holds that
lwnllzoe (Br(0)) + llwnll W, Brm;) = 0- (4.4)
Indeed, it is standard to show
leonllzo= Uz, Brps) = 0-
Moreover, using the non-degeneracy theorem 1.4, we also conclude
||wn||Loo(BR(O)) — 0.
In fact, assume that [wy ||z~ (Bx(0)) = 7 > 0. Note that w, satisfies
n p—1
(—A)'w+ V(y)w — p<uk + Z Upj> W= Gn, (4.5)
j=1

where g, = g, + a, Z?:l Ugj’le uniformly converges to 0 on compact sets.
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From the uniform Holder estimates, we also obtain equicontinuity of the sequence w,. Thus, passing
to a subsequence, we may assume that w,, converges, uniformly on compact sets, to a bounded function w
satisfying ||wl| Lo (Br(0)) =7 > 0. Moreover, w satisfies the equation

(A w4+ V(y)w — pui_lw =0.

The non-degeneracy of uy as in Theorem 1.4 yields that w must be 0, which is a contradiction to the
assumption [|wy, ||z (B, (0)) =7 > 0. So we prove the claim (4.4).

Step 3. It holds that
[wnlles < ClllwnllLo(Br(0)) + lwnllLoeUr, Baw,)) + [Ignll)- (4.6)
In fact, (4.5) implies that w,, satisfies
(_A)Swn + W(y)wn = Gn,
where

W) = V) o+ g U,,j)p_1<y>

and
n

gn =0gnt+an Z Ugj_llfj
j=1
Taking any R > 0 satisfying r <« R < t, and for any [ =1,...,n and any y € D; \ (Br(0) U Br(p;)), we
have

n k n
1 1
) <
(“’”;U”f)(” C(Z(mywmsw 1(1+|ypj|>N+25>

Jj=1 Jj=

< Ck L C L - C
S RN+2570 RN+25 = |p1 ,pj|N+25'

Thus,

in Wiy) >0, |[gn|ls < o0.
yERM\UT_ o Br(p;) ®) I

Following the argument in [9, Lemma 2.5], we obtain (4.6).

Combining Steps 2 and 3, we indeed obtain that ||wy, ||+« — 0, which again leads to a contradiction and
we complete the proof of (4.3).

Finally, applying (4.3), we can use the standard method to obtain the existence result of the linear
problem. For the details, one can refer to [9]. O

Set .
W= U,,.
j=1

Now we aim to construct a solution u of (1.1) with
n

U = Uk+ZUp,- + w,
j=1

where w € X is a small perturbed term satisfying

n

> URTYw =0.

j=1
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Thus, w satisfies
an = Zn + Rn(w);

where
k
== (V(y) = DUy, + (uk + Wy)? Z
j=1
and
Ry (w) = (up + Wi +w)? — (ug, + Wi)? — p(uy + Wi)P~t

N +s, 4 +2s),

Lemma 4.2.  Suppose that V satisfies (1.8). If further o < %N, then for 0 € (

it holds that
1 1
1 [ sx < (tw + t9> (4.7)

with some small § > 0.

Proof.  First, it holds that

Viy)—1DU,.| <
> (Viy) = 1)U, 1+|y\az_:(1+|y—pj|)1v+28

j=1
1 « . '
?Z 1—|—|y p|N+2‘3 6’ |y—p]0|<§a 3]06{1,...771}’
<¢ - (4.8)
1 o . .
7’2 1+ |y —pj | YN+25—07 ly —pjl = 5 Vjie{l,...,n}.
It 2, then for any y € D, (] B%(0) with some R > r, we have
p= vy % ’
|p1 - xz‘\ = \/m >t
for a’ny Z - ]-7- . .7k. ThuS ‘y —_ l’j| ~ |y|’ and
(e + W = = U,
j=1
< C(Z UB Uy, + UpHuge| + Up1|uk|p—1)
<C
(1 + |y pl N+25 ¢ Z |p1 Pj |N+2é
k
1 1 {
+ Cy, ( n )
ZQ \pl - :L'j‘NwLstG (1 + |y _pll)(N+23)(p71) (1 + |y — le)(N+23)(p71)
k
1 1
C
(1+ |y — pa|)NF25—0 ; [p1 — p; |V T2s
1 N 1 )
(14 |y|)V+2s—6

+ Ck Z < Ip1 — ‘N-&-QS 0 ((1 Ty — pr|)N 250
! ) (4.9)

C 1
< = +
tz+o ((1+ ly —pr[)NF2s=0 (1 4 [y|)N+2s—6
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where in the last inequality, we used § < N +2s — 0.
For any y € D1 N Br(0), |y — p1| ~ ¢, and |ux| < Cp implies that

1

U Co(l+RyN*¥2—0_____ —
‘ k| 0( ) (1+‘y|)N+2379

Hence,
(e + W) Z
(ZU”‘lU +Up_1|uk|+Up1|uk|p_l>
j=2
(zn: 1 1 N CO(1+R)N+28—9 )
= (L4 [y =pr YV (L4 [y —py JVF25 0 (1 + [yPNF2=0 (1 4 [y — pa|) V420

1
S 5( (1+1]y - p1 <N+25)(P DT (1+y|)N+2S>

1
= + . 4.10
S 6<<1+|y PSR <1+|y|>N+2s—0) (4.10)

Now we consider the case p < 2.
We take some R > r. Then for 6 € (5 +s, & +2s) and §— 252 (N +2s) > 0, it holds for y € D;NB%(0)
that

(u + Wy)?P —uf — ZUP

j=1

c(ZUP’%Up% n Upuk>

Jj=2

<C
(1+ |y — pa|)N+2s-0 Z < (1 [y — po|)0~ TN H29) [py — | EOVF29)

1 1
+C I i
Z |p1 —z; | (N+28 0) <(1 + ‘y _p1|)§(N+25) (1 + ‘y _ $j|)2(N+2S)>

<C 1 N 1 Z”: 1 N 1
= (L4 |y —pr|)N+25=0 " (1 + [y[)N+25—0 “ py _pj‘%(NJrQs) +5(N+25—0)

j=2
C 1 1
< .
< (Ao * ) )
where in the last inequality, we used N
3 g(zv +25—0)

again.
On the other hand, since |ux| < Cp, which is independent of k, for y € D1 N Br(0), |y — p1| ~ ¢, and
|ug| < Cp implies that

1

ug| < Co(1 + R)N 25~ 9—.
‘ k| ( ) ( +‘y|)N+2s—9

Hence, we obtain

(up + Wy)? Z
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J

" p P rp P
<C Up, Up; + Upyuy,

<C(n 1 1
h =5 (Lt ly =) 22 (L |y — py ) 2 (V29

1 1
+ Co(1 + R)N*2576 5 )
O( ) (1 + |y|)N+2570 (1 + |y —p1|)§(N+25)

n

1 1 1 1
<c E N — Tz )
((1 + |y — pi|)NFT2s=0 (14 |y|)N+2s—0 Z Ip1 — pj|§(N+2s) to

=2

C 1 1
< —= . 4.12
t7+6 ((1 + |y —p1DN+2$_9 + (1 + |y|)N+28—9> ( )

Combining (4.8)—(4.12), we obtain (4.7). O

By direct computation, it is easy to obtain the following estimate for R, (w).

Lemma 4.3. It holds that
min{p,2
| B (@) s < Cllofi™7%).
Now we consider the following problem:
Qunwn = ln + Rn(w) + an, Z U;;;lyvj,
j=1
wy, € X, (4.13)

—1 o
Z/RNU;; Yjw, = 0.
j=1

Applying a standard method, we can prove the following proposition in view of Lemmas 4.1-4.3.

Proposition 4.4.  There exists an integer ng > 0 such that for each n > ng and

N+42s N+2s
te [to’I’L N+2i-a tin N+257a]’

the problem (4.13) has a solution w,, for some constant a,,. Moreover, w, is a C' map from

N42s N2s
[t()n N+zi-a tinN+2-a ]

to X, and

1 1

Now we are ready to prove Theorem 1.5. Let

F(t) :I(uk—FZUpj —l—wn).
j=1
Then to obtain a solution of (1.1) of the form

u:uk—l—ZUpj—i—wn

j=1

is reduced to finding a critical point of F(¢) in [ton RESTEE ,tin N]i;isa].
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Proof of Theorem 1.5.  First, we claim

F(t) = (uk + Z Upj> +n0O (taia>

j=1

In fact, since

<p(uk+ZUpj +¢),¢> —0, VéeB,

j=1
with

B, = {u € X,NCR"): Z/ UP~Yudy = o},
Jj=1

we have

I(u;C + Zn: Uy, + wn> = (uk + Z ) D2 (uk + Z Up, + Cwn) (W, W)

7j=1 Jj=1

- I(uk T Z UP;‘) + O(/ (Jwn [P+ Jwn ] + [lnwn] + |Rn(wn)wn|)dy>
=1 By

Then we compute

I(“k"‘ZUpJ‘) :I(ZUZ’J) +I(uk)+z‘/RN UiUpjdy
j=1

j=1 j=1

1 n p+1 n
- + U,. — U,.
it L (o) - (S)

Since o < min{%, N + 2s} < min{p(N + 2s — 0), N + 2s}, we have
> [ avnw<0S [ (S ) mrmpe
2 Jen N T a7 Trly—p )"

n
:O<W>,

/D (uf Wy + ukth)dy‘

p+1
- (uk)p'ﬂ) dy.

and for some small 7 > 0,

/ (U Wy + ukth)dy‘ =n
RN

k

1 P 1
<Cn/ < ) d
D, 22(1+|y—*mDN+%‘9 Ity —p Ve

=1

+Cn — — dy
= 1 1 + |y _ J)i|)N+2S 0 (1 |y pll)p(NJrQs T)

~o()
Then we see that

n 1 n p+1 n p+1 i n
S [uttmtr= g [ (e tm) (E0n) -t )av=o0(g5),
=1 =t ’
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which gives

(o 350) 1.

j=1 J

Up]) + I(up) + o(taﬁo).

n

1

Hence, we find that

F(t) = 1<i1 U,,j) +I(uy) + o(tcﬁo)

B DnN*t2s n

where A, B and D are positive constants. Finally, the critical point for F(¢) can be obtained by using
the method similar to that in [22]. O
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Appendix A Some essential estimates

G=m 1)7" N+42s—a

»J=1,...,k for any A > S3=5-

Zm_mp: QTAZ = 1)7r

Recalling that |z; — 1| = 2rsin , we have

1 . .
(2r)* Z G- 1)7T + 2rr if k is even,

2 2 1
gk
(27“))‘], A G if £ is odd
A
N EL 1 (k) , A>1
<C(> d o<\ (A1)

A klnk

S, A<

r

Lemma A.1 (See [28]).  For any positive constant o < min{«, 8}, there exists some constant C > 0
such that

1 1 < C ( 1 + 1 )
ATy =l O+ =P~ e ml \OF = aeme Ty —eg)oe )
Lemma A.2 (See [19]). For any x € Qy and n € (1, N + 2s], there is a constant C > 0 such that

U <O -
LT T (L fy — )N a1

Lemma A.3 (See [20]). Let p > 6 > 0 be two constants. Suppose (y—x)?+t> > p*,t >0 and a > N.
Then when 0 < 8 < N, it holds that

/ 1 ds < C( 1 1 n 1 >
z <
ry (4 [2)2(1+ |y — 2 —2|)P (L4 ly—a)fte=N " (1+ [y —af)orhF=N



1002 Guo Q et al. Sci China Math ~ May 2023 Vol. 66 No.5

and
/ dz < C I
'\By0) E+ 2L+ ly—z—z)f = 1+ |y —a[)f go-N’

when N < [3, it holds that

/ dz <C’< 1 1 + 1 1 )
RN\ By(y—z) (EF+12)*A+y—z—2z))f = "\ (A +Jy—z)fte=N " (1+]y—a)f 5N )

where C' > 0 is a constant independent of 6.

Some technical difficulties arise when the number of spikes goes to infinity. To deal with these
difficulties, we use the following lemma.

Lemma A.4 (See [10]). For ally € RY and alll € N, it holds that

[+1

where p = |x1 — o).

Applying this lemma, we estimate that for y € RV \ U?:1 Br(xj),

M»

= 1+‘y,x )N+25-0

1 > 1
< +
Z (14 |y — z;|)N+2s—0 ; . Z (1+ |y — ;| )N+2s—0

{7z —y|<§}

+cz L+ 1) s < CUR). (A.2)



