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1 Introduction

It is well known that the Virasoro algebra V is one of the most important Lie algebras in mathematics and
in mathematical physics because of its widespread applications in quantum physics (see [21]), conformal
field theory (see [15]), vertex operator algebras (see [16,19]), and so on. Many other interesting and
important algebras are closely related to the Virasoro algebra, such as the Schrédinger-Virasoro algebra
(see [23,24]), the twisted Heisenberg-Virasoro algebra (see [3,25,30]) and the mirror Heisenberg-Virasoro
algebra D (see [6,20,28]) which is the even part of the mirror N = 2 superconformal algebra (see [6]).
The mirror Heisenberg-Virasoro algebra D has a nice structure (see Definition 2.1) which is similar to
the twisted Heisenberg-Virasoro algebra. This algebra is the main object we concern in this paper.
Harish-Chandra modules and weight modules with infinite-dimensional weight spaces have been
the most popular modules in the representation theory for many Lie algebras with the triangular
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decomposition G = G, @ hDG_. To some extent, Harish-Chandra modules are well understood for many
infinite-dimensional Lie algebras, for example, the affine Kac-Moody algebras in [11,22], the Virasoro
algebra in [5,17,33], the twisted Heisenberg-Virasoro algebra in [3,30], the Schrodinger-Virasoro algebra
in [27,38] and the mirror Heisenberg-Virasoro algebra in [28]. There are also some researches about
weight modules with infinite-dimensional weight spaces (see [8,13,20,32]).

Recently, non-weight modules over G attract much attention from mathematicians. In particular,
Whittaker modules and U (h)-free G-modules have been widely studied for many Lie algebras. Whittaker
modules for sly(C) were constructed by Arnal and Pinzcon [4]. Whittaker modules for the arbitrary finite-
dimensional complex semisimple Lie algebra g were introduced and systematically studied by Kostant [26],
where he proved that these modules with a fixed regular Whittaker function (Lie homomorphism) on a
nilpotent radical are (up to isomorphism) in bijective correspondence with central characters of U(G).
In recent years, Whittaker modules for many other Lie algebras have been investigated (see [1,2,7,9,
14, 34, 35]). The notation of U (h)-free modules was first introduced by Nilsson [36] for the simple Lie
algebra sl,,11(C). At the same time, these modules were introduced in a very different approach in
the paper [37]. Later, U(h)-free modules for many infinite-dimensional Lie algebras are determined, for
example, the Kac-Moody algebras in [10], the Virasoro algebra in [31,37], the Witt algebra in [37], the
twisted Heisenberg-Virasoro algebra and W(2,2) algebra in [12], and so on. In the present paper, we
study the Whittaker modules and U(Cdy)-free modules over D. Also, we study the tensor products of
Whittaker modules and U(Cdp)-free modules.

The rest of the paper is organized as follows. In Section 2, we recall notations related to the mirror
Heisenberg-Virasoro algebra D and collect some known results on Whittaker modules and U(Cdp)-free
modules over V), including also two important lemmas on tensor product modules for later use. In
Section 3, we give the necessary and sufficient conditions for the Whittaker modules W, = over D to be
irreducible (see Theorem 3.4). In Section 4, we determine all the D-module structures on U(Cdp), and
find the necessary and sufficient conditions for these modules to be irreducible (see Theorem 4.3). In
Section 5, we give the necessary and sufficient conditions for the tensor product of a Whittaker module
W, and a U(Cdp)-free D-module Q(A, o, B) to be irreducible (see Theorem 5.3). Furthermore, we show
that two such tensor product modules are isomorphic if and only if the corresponding Whittaker modules
and U(Cdp)-free D-modules are isomorphic (see Theorem 5.4). Consequently, we obtain a lot of new
irreducible non-weight modules over D.

Throughout this paper, we denote by Z, N, Z,, C and C* the sets of integers, positive integers, non-
negative integers, complex numbers and nonzero complex numbers, respectively. All the vector spaces
and Lie algebras are over C. We denote by U(G) the universal enveloping algebra for a Lie algebra G.

2 Notations and preliminaries

For convenience, in this section we recall some notations and collect some known results.

Definition 2.1.  The mirror Heisenberg-Virasoro algebra D is a Lie algebra with the basis
1
dmshrye,l\meZ,re 3 + Z
subject to the following commutation relations:

[, dn] = (M —n)dpgp + —_—

[dma hr] = _rhm-‘rm
[h'm hs] = T6r+s,0l;
e, D] = [1,D] = 0

form,neZandr,sG%—&-Z.
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The Lie subalgebra spanned by {d,,,c | m € Z} is the Virasoro algebra V, and the Lie subalgebra
spanned by {h,,l|r € % + Z} is the twisted Heisenberg algebra H. Moreover, H is an ideal of D and D
is the semi-direct product of ¥V and H. It is clear that D, V and H are all Z-graded Lie algebras.
Definition 2.2. Let G = @,.,G; (resp. G = @1’6%2 G;) be a Z (resp. 3Z)-graded Lie algebra. A
G-module V is called the restricted module if for any v € V, there exists an n € N such that G;v = 0 for
i > n (resp. i > 3n). The category of restricted modules over G will be denoted by Rg.

Note that if V' is a V-module, then V can be easily viewed as a D-module by defining HV = 0, and
the resulting module is denoted by V. Generalizing the result in [18] from highest weight modules to
restricted modules over H, for any H € Ry with the action of I as a nonzero scalar [, we can give H a
D-module structure denoted by HP via the following map:

1
dn = o > hpihe, Yn€Z, n#0, (2.1)
keZ+%
1 1
do — 25 Z h_ g hyr) + 6 (2.2)
kezZ+%
1
hy+— hy, Vre§+Z7 c— 1, I—1. (2.3)

Definition 2.3. Let G be a Lie algebra. Suppose that f is an automorphism of G and V' is a G-module.
The following actions:

z-v=f(z)v, VeeGueV
give V a new G-module structure, denoted by V’'. Then V and V' are called equivalent G-modules.
Remark 2.4. It is easy to see that equivalent modules over the Lie algebra have the same irreducibility.

For convenience, we define the following subalgebras: for any m,n € Z, set

D =N Cdio Y Ch_pyiyr @ Cec@®Cl

izm 1€Z 4
,D(m,foo) _ Z Cdm+z fas) ZChH_% + Ce + Cl,
= i€z
V(m) = Z (Cderi + (CC,
<y
H = Z Chppyiry +CL
1€ZLy

Lemma 2.5 (See [28, Theorem 6.2]).  Let V be an irreducible D%~9-module for some q € Z, such
that the action of ¢ andl on V are the scalars ¢ and 0, respectively. Assume that there exists an integer
t > —q satisfying the following two conditions:

(a) The action of hy 1 on'V is bijective.

(b) By 1V ="0=dnqV for alln>t.
Then the induced D-module TndD ., (V) is irreducible.

Recall that for any m € Z,, let v, : V™ — C be a Whittaker function, i.e., a Lie algebra
homomorphism. Then we have the one-dimensional module Cw,,, over VM) with x - Wy, = Vm (X) Wy,
for € V™). The induced V-module

Wi/Jm = Ind\‘j("”) wam (24)

is called the Whittaker module over V with respect to ¥,,.

Lemma 2.6 (See [29, Theorem 7]).  For any m € N and any Whittaker function i, : V™) — C, the
Whittaker module Wy, is irreducible if and only if (¥ (dam), ¥(dam—1)) # (0,0).
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For A € C* and « € C, denote by Q(A, ) = CJt] the polynomial algebra over C. It is well known that
Q(A, ) is a V-module with the actions

c(f(t) =0, dn(ft)=A"t+ma)f(t+m), VmeLZ.

Thanks to [31], we know that Q(\, @) is irreducible if and only if o # 0, and (A, 0) has an irreducible
submodule tQ(\, o). Moreover, we have the following lemma.

Lemma 2.7 (See [37, Theorem 3]).  Let V be a V-module. Assume that V viewed as a U(Cdy)-module
is free of rank 1. Then V = Q(\, «) for some A € C* and o € C.

We conclude this section by recalling two results about the tensor product for later use.

Lemma 2.8 (See [32, Lemma 8]).  Let V be a module over a Lie algebra G, g be a subalgebra of G, and
W be a g-module. Then the G-module homomorphism T : Indg(V QW) —=>V® Indg(W) induced from
the inclusion map VoW =V & Indg(W) is a G-module isomorphism.

Lemma 2.9 (See [20, Lemma 3.1]).  Suppose that V and W are V-modules, and H, K € Ry are
irreducible with nonzero action of l. Then

(1) any D-submodule of VP @ HP is of the form (V)P @ HP for some V-submodule V' of V; in
particular, VP @ HP is an irreducible D-module if and only if V is an irreducible V-module;

(2) VP @ HP 2 WP @ KP if and only if V=W and H = K.

3 Whittaker modules over D

In this section, we determine the necessary and sufficient conditions for the Whittaker modules over D
to be irreducible.

Assume that ¢ : H(® — C is a Whittaker function, and that Cwg is the one-dimensional module
over H(®) defined by z - wy = ¢(x)wy for x € H(®). Then for the Whittaker H-module

Wy = Ind2 ) Cuwy,

we have the following result.
Lemma 3.1.  The Whittaker H-module Wy is irreducible if and only if ¢(l) # 0.

Proof.  We first assume that ¢(I) # 0. For any nonzero v € Wy, v is a linear combination of vectors in
the form
R R R we,
—r— —3 —3

1 —1

where ig,%1,...,i € Zy by the PBW theorem. Let (v) denote the submodule generated by v of Wy. It
is not hard to see wy € (v). Thus (v) = Wy, which implies that Wy is irreducible.

Now we assume that ¢(l) = 0. Then it is easy to see that h_1wg is a Whittaker vector, which implies
that h_ 1wy generates a nonzero proper submodule of Wy. So W, is not irreducible. 0

Now for any m € Z, let ¢,,, : D™% — C be a Whittaker function, and Cuw,,, be the one-dimensional
module over D0 defined by z - w,,, = @m(r)w,,, for z € DO, In the rest of this section, we
determine the irreducibility of the Whittaker D-module W, , = Indgm,g) Cw,,, . Each irreducible quotient
of W, (if it exists) is called the irreducible Whittaker D-module with respect to ¢,,. It is clear that

em(d2m+j) = Pm(lmyj_1) =0, VjeEN,

since @y, ([D™), DMO]) = 0. In particular, if m = 0, then W, is a Verma module, which has been
studied in [28].

First, we consider W, with ¢,,,(1) = [ # 0. We define a new Whittaker function ¢, : V™ — C as
follows:

POm(€) = pm(c) — 1,
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/
o (dy) =0, Vk>2m+1,

m—1
1 1
P (dr) = pm(di) - Z P (higp3)om(hy_ioy) —dopg, Vm<k<2m.

Then we have the Whittaker V-module
W, = Indy ., Cwy

where Cw,, is the one-dimensional module over V(™) defined by z - w,r = ¢! (z)w, for z € V™).

Proposition 3.2.  Suppose that m € Z, and p,, and ¢., are given as above with ¢, (1) # 0. Let
H =U(H)w,,, bein W, . The following observations hold:

(1) W,,, 2*HP ® me. In particular, this agrees with [28, Proposition 5.1] if m = 0.

(2) Suppose m € N. Then W, is an irreducible D-module if and only if

Om(dom) #0  or 20m(1)om(d2m—1) — @m(h,, ) #0.

(3) Each irreducible Whittaker module over D with respect to p,, is isomorphic to HP @ QP , where Q
is an irreducible quotient of V-module W,
Proof. (1) For V(™ -module Cwy: , we can easily give Cwyr  a D" =) _module structure by defining

Hw,r = 0. The resulting module is denoted by Cg,(m" . By the PBW theorem, we can define the
linear map

—o0)

—00)

(m,—o0) (m,
™ : IndDmo  Cw,,, - H” @ CD' ,
qr q1 g0 qr q1 d0
h_r_% -~-h_1_%h_%w¢m — h_r_% -~-h_1_%h_%w¢m ® Wy -
It is clear that 7 is a bijection.
Claim 1. 7(hw,,, ) = hw,,, @ wy for h € U(H).

For h € U(H), h can be written as a linear combination of vectors in the form

ROy BRI ERE R B

—r—1 —1- 1+3 si+3

by the PBW theorem. Without loss of generality, we can assume

_ 9 L1 q0 PopPr .. pPs1
h7h7n% WO R R B

where ¢;,p;,t,71,51 € Zy for 0 <i <7 and 0 < j < s;. We compute

m(hws,,) = W(h(gl_% R hqo lthp"h’l’jrl -~h§:l%w¢m)
= om () om(hy)? <pm(h1+ L) "‘Pm(ha-&-%)pslﬂ(hqj;l,%"'hqjl,%h(ﬁ)%wsﬂm)

= Sﬁm(l) ‘Pm(h )P Sam(hl-«- )Pt "‘Pm(hs1+l)pslhq:1 1 "'hq,ll,%h?%wsom X Wy

7‘175
qr s
= hfrlré "'hq—ll—%hf%@m(l) Pm(h)om(hy )Pt oy, 1) 1wy, @ we,
_ q1 qo ty,Po 1 P1 Ds
= h_;l_% "'h—1—%h_%l hY! h1+% ...h51:_%w<pm @ Wy

This proves Claim 1.
Next, we show that 7 is a D™ ~°)_-module homomorphism. Notice that for any

v = h?“k_% ~--h‘fl_7h 1We,, € IndD<m 0 (Cw@m,

where ¢;, k € Z4 and 0 < i < k, we have the following claim.
Claim 2. 7(h,v) = h,7(v) and 7(d,v) = d,7(v) for any r € Z + 5 and n € Z with n > m.
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By Claim 1 and the definition of 7, we deduce

w(hv) = W(hrhqfkfé N 7%hqj’%w¢m) = hrhlfék,% N %h@%wwm ® Wy

1 —1— m
=, (h*

1 Rt AT w,, ® Wy ) = hr”(h(fk_l b R wg, )
2 2 2 : 2 2

—1 1 -1

= h,m(v
and

w(dnh‘fk_% e 'hq_ll_%h?%w@om) = 7([dn, hq_kk_% T hq_ll_%h(f)%]w«:m + h(ﬁck_% Rt

_ dk q1 qo0
= [dn, h_k_; - 'h_l_;h_;]wwm & Wer
2 2 2

+ @m(dn)h‘f"k_% e h’fl_%h‘ﬁ’%wwm ® Wer . (3.2)

Using the definitions of m and ¢}, and the equalities (2.1) and (2.2), we see

dnﬂ(h(ﬁ"kf% .

_ ax a @
= dn(h,k,% - 'h,l,%h,%wcpm ® Wy, )

q1 q0
o hilféh%w%n)

= dnh(ﬁck,l e hq,ll,;h(flwwm ® Wy + h(ﬁck,l e hq,ll,;h(flwwm ® dpwy;,
2 2 2 ) 2 2 2 }

— qk q1 q0 dk q1 q0
= [d"’h—k—% -~'h_1_%h_%]w«9m & Wy + h_k_% "'h_l_%h_%dnwwm ® Wer
/
+ hq_kk_% e hq_ll_%h(?% Wy, @ @p, (dn)wer,

= [dn, h‘f’k_% - hq_ll_%h‘f’%]wg,m ® wer, + @m(dn)h™ 1 - A" hq‘)%w% ® Wer . (3.3)

1
2 —l-5 =

Combining the equalities (3.1)—(3.3), we have proven Claim 2. Furthermore,
m(ev) = en(v), 7(lv)=Ir(v), VYove IndgE:f;)(m)Cw@m

are clear. So Ind@ﬁlﬁlj&f’cw% ~ AP C@Wﬁw) as D" ~>)_modules. Then by the property of induced

modules and Lemma 2.8, we have

D ~ TndP? D —o2) ~ TP D Dlm-—ee)
thm = IndDm,o)wam = IndD(m,,m) (IndD(m,o) (C’U_)@m) = IHer(m,,oo) (H X (CAP;H

)
~ (m,—e0) ~
=~ HP @ Indp (o) (CT )= HP @ WD .

(2) From Lemma 3.1, we know that HP is an irreducible D-module. Then from (1), Lemmas 2.6
and 2.9, we obtain the statement in (2).
(3) follows from (1) and Lemmas 2.9 and 3.1. O

Now we consider the Whittaker D-module W, =~ with ¢, (1) = 0. Let a = >, %hi_%, where

a; € C and only finitely many of a;’s are nonzero. Then we have the automorphism 6, = exp(ada) of D
such that

1
aa(dn) = dn + Z aihn_H‘_% + § Z aia—n—i+1l7
1€Z 1E€EZ
Qa(hr) = hr + a77,+%l,
Ou(c)=c, 0,(1)=1

fornEZandreZ—F%.

Proposition 3.3.  Suppose that m > 1 and @, : D" — C is a Whittaker function with p,,(l) = 0.
Then the Whittaker D-module W, is irreducible if and only if gom(hmf%) # 0.
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Proof.  Sufficiency. Since @m(hmfé) # 0, we may choose ag,a_1,...,a_, € C such that

©m(dm) (1) Om(hy_z) -+ @m(h_1) ao
@m(dmﬂ) _ 0 <)07n(h’rn—%) o om( %) a_1

: N 0 : ’
P (dam) 0 Pm(hn_1)) \a-m

where we define ¢, (h_1) = 0. Then

0
0= Spm(dn) + Z (_a‘i)@m n+zf— Zazafn z+1§0m(l) vYn>=m, (34)

i=—m zEZ

e B Then
we have the Lie algebra automorphism of 6, : D — D. Let ng,; be the new Whittaker module with
the action z o wy,,, = 0o (x)w,,, for any x € D, which is equivalent to W, . By the definition of 6, and
the equality (3.4), it is easy to see that di o w,,, = 0 for & > m — 1, and the actions of % and c are
unchanged. Therefore, without loss of generality, we may assume that

’L**

since pm (1) = 0 and @ (dom+;) = @m(hy,—14;) = 0 for all j € N. Define o = — S0 241,

em(de) =0, Vk>m-—1. (3.5)

Define Wy = Indg(?,f;)((?w@m Then {d“” L odgwe,, | (m—1,...,00) € ZT'} is a basis of Wy by the
PBW theorem. It is not hard to see that hm_% acts injectively on Wj.

Claim 3. W, is an irreducible D9 _module.

By the PBW theorem, for any v € Wy, we may write v in the form of

v= E a;d"w,,

ISYAHS

where d* = d:;” ~---d?, and only finitely many a; € C are nonzero. Denote by supp(v) the set of all
1 € ZT' such that a; # 0. Let >~ denote the reverse lexicographical total order on Z7', i.e., for any

i, €L}
J = © < there exists 0 < k < m — 1 such that (j; = is, V0 < s < k) and ji > ig.

Let deg(v) be the maximal element in supp(v) with respect to the reverse lexicographical total order on
Z7'. Note that deg(0) is not defined and whenever we write deg(v) we mean that v # 0. Suppose that
ve Wy \ Cuw,,,,, deg(v) =4 and p = min{s : i; # 0}. Then it is straightforward to check that

deg((h’m—p—% - Qom(hm_p_%))v) = ’L — €p7

where €, denotes the element (...,0,1,0,...) € Z" with 1 being in the (p + 1)-th position from right.
Thus W, is an irreducible D(©:%-module. Claim 3 is proved.
Therefore, W, = Indg(o,m Wy is an irreducible D-module by Lemma 2.5 (with ¢ = 0 and t = m — 1).
Necessity. Assume that ¢, (hmfé) =0. Let w = hféwg,m € W, . Then it is clear that lw = 0, cw =
©m(c)w and
Amriw = @ (dmai)w  and hi+%w = gpm(hi+%)w, Vi€ Zy,

since (1) = 0 and h;_1w,,, = 0 for i 2 m. Let (w) denote the submodule generated by w of W,
By the PBW theorem, we know that (w) has a basis

dhe e dpry dy ThT 1 "'hq,ll,,hq,;w
where p;,q;, 7 € Zy,5 € Ly, for s <i<m—1and 0 < j <r. It is easy to see that w,,,, ¢ (w), which

implies that (w) is a nonzero proper submodule of W, So W,,,, is not irreducible if ¢ (h,, 1) =0. O
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Now we combine Propositions 3.2 and 3.3 into the following main theorem.

Theorem 3.4. Let m € N and ¢y, : Dm0) 5 C be a Whittaker function.
(1) If pm(l) # 0, then the Whittaker D-module W, is irreducible if and only if

om(dam) 0 or 20m(L)em(dam—1) — pm(h m——) # 0.
(2) If om(l) =0, then the Whittaker D-module W, is irreducible if and only if gom(hmfé) # 0.

4 U(Cdp)-free modules over D

In this section, we determine the D-module structure on U(Cdy). Also, we give the necessary and sufficient
conditions for these modules to be irreducible.

For any A € C* and «, 8 € C, denote by Q(\, o, ) = C[t] the polynomial algebra over C. It is not
hard to see that we can give Q(\, a, §) a D-module structure via the following actions:

dim (f(1)) = Am(t +ma)f(t+m),
he(f(1)) = BA"f(t + )
c(f(t) = ( (t) =
form € Z,r € Z+ L and f(t) € Q(\, a, B).
Remark 4.1. In the above actions, we always fix a \g € C* such that A = A\2. Then we denote
AT = A3 forréZJr%.
Moreover, we have the following lemma.

Lemma 4.2. (1) Q(X,0,0) has an irreducible submodule tQ(A,0,0).
(2) Q\, a, B) is an irreducible D-module if and only if a #0 or 8 # 0.

Proof. Tt is clear from the irreducibility of V-module Q()\, @) and some simple computations. O

Now, we state the main result of this section.

Theorem 4.3. Let M be a U(D)-module such that M, when considered as a U(Cdy)-module, is free
of rank 1. Then M = Q(X\, a, B) for some X\ € C* and a, 8 € C. Moreover, M is irreducible if and only
if M 2 Q(\ «,B) for some A € C* and «, 8 € C with («, 8) # (0,0).

Proof. Tt is clear that M = Q(\, «) = C[t] as V-modules from Lemma 2.7, where A € C*,a € C and
C[t] is the polynomial algebra. So we can assume that

cf(t) =0, dnf(t)=A"{t+ma)f(t+m)
for m € Z and f(t) € C[t]. Now, we consider the action of h, for r € Z + % First, it is not hard to see
that
he(f(#)) = R f (do)(1) = f(t+r)hr(1) (4.1)

for any 7 € Z+ % and f(t) € C[t]. Next, we consider the following two cases.
Case 1.  h,(1) =0 for some r € Z + 3.

It is easy to get that h.M = 0 by the equality (4.1). Then we have hyM = 0 for any s € Z + % by the
defining relations of D. Thus HM = 0. It shows that M = Q()\, a, 0) as D-modules.
Case 2.  h,(1) #0 for any r € Z + 1.

First, we show the following claim.
Claim 4. h,(1) € C* for any r € Z + 1.

Assume that there exists ro € Z + § such that h,, (1) = Zf;% a;t’ with k., >0 and ay, # 0. Choose
seZ+ % such that srg < 0 and s+ rg # 0. Define
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where by, # 0. Now, we have [hs, hy](1) = 0. Thus

0= hshyy (1) — hpyhs(1) = he X(t) — hy Y (2)
=X{t+s)Y(t)—Y(t+ro)X(t)

kro . . Frg
= (;ai(t+ s)i> (;z_:objtj> — <;Z_;ij(t+ro)j> <;altz>

= a,, br, (skr, — roks)throthe=1 4 (lower order terms in t),

which leads to a contradiction. Claim 4 is proved.
Now it is clear that IM = 0 from Claim 4. Define h,(1) = a, € C* for r € Z+ 1. Then

Tty = —Thmar(1) = [dpn, (1)
- dmh7(1) - hrdm(l) - ardnL(l) - hrdm(l)
= a,(A"(t + ma)) — (A"t + 7+ ma))a,

= —ra,\",
which implies that a4, = A™a, for m € Z and r € Z + % So we have a D-module isomorphism
M = Q) a, )\_%a%), £ ¢,

The remaining part follows from Lemma 4.2. In conclusion, we complete the proof. O

5 Tensor products of Whittaker modules and U (Cdy)-free D-modules

In this section, we show that if Q(\, o, §) and W,, = are irreducible D-modules, then the tensor product
module Q(\, o, 8) @ W, is also irreducible for A € C*, a, 8 € C and m € Z,. Moreover, we prove that
QN o, B) @ W, = QA1 a1, 81) @ W, if and only if Q(X, a, 8) = Q(A1, a1, f1) and W, =W, . In
fact, we get the more general results.

Proposition 5.1. Let A € C*, o, 8 € C with («, 8) # (0,0), and V be an irreducible restricted module
over D. Then Q(\,a, ) @ V' is an irreducible D-module.

Proof. Tt is clear that for any v € V, there exists N(v) € Z4 such that dp,v = hv =0 for m,r > N(v)
by the definition of restricted module. Now suppose that M is a nonzero submodule of Q(\, o, 8) ® V.
We only need to show M = Q(\ «, 5) @ V.

Claim 5. There exists a v € V' \ {0} such that 1@ v € M.

Take a nonzero element w = Z?:o t' ® v; € M such that v; € V, v, # 0 and s is minimal.
Let N = max{N(v;) : i =0,1,...,s}. Then dy,(v;) = hy(v;) =0 for all m,r > N and i = 0,1,...,s.
If 8 # 0, then we get that

BTN hw = Z(t +r)@ueM
i=0

for r > N. We can write the right-hand side in the form

S
Zriwi eM, Vr>N,
i=0

where w; € Q(\,a,8) ® V are independent of r. In particular, ws = 1 ® vs. Taking r = % + N,
$4+ (N+1),....5 + (N +s), we see that the coefficient matrix of w; is a Vandermonde matrix. Thus
each w; € M. In particular, ws = 1 ® v, € M.

If 8 =0, then o # 0. Similarly, using the action of d,,w (m > N), we can show that Claim 5 holds as
well.
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Claim 6. M =Q(\a,p)RV.
From Claim 5, we have that 1 ® v € M for some nonzero v € V. Note that

A (t? @) = A" (t +ma)(t +m)! @ v =N"t{t +m)’ @ v+ A" "ma(t +m)’ @v (5.1)

for any j € Z, and m > N(v). Thus by induction on j, we deduce that #/ @ v € M for all j € Z, i.e.,
QN o, 8) @ v € M. Define
W={weV:Q\apf)@wc M}

It is clear that W # 0 since v € W. We need to prove that W is D-submodule of V. For any w € W,
m € Z and r € % + 7Z, we compute that

A QN o, B) @ w) = (N, @, 8) @ w + Q(\, o, ) @ dyyw C M,
he (AN, , B) @ w) = b QN 0, B) @ w + Q(\, o, f) @ hpw C M.

Thus, Q(\, a, 8) @ dp,w and Q(N, o, 8) @ hyw C M, ie., dpw, hy,w € W. These show that W is a nonzero
submodule of V. Thus W = V since V is irreducible, which implies M = Q(X\, o, 8) ® V. We complete
the proof. O

Proposition 5.2. Let A\, \; € C* and a, a1, B, 51 € C. Assume that V and Vi are irreducible restricted
modules over D. Then Q(\, a, ) @V and Q(A1, a1, f1) ® Vi are isomorphic as D-modules if and only if
N a,B) = (A1, a1,61) and V 2 V] as D-modules.

Proof. Tt is clear that the sufficiency is trivial. We only need to show the necessity. Let ¢ : Q(\, o, 8)@V
— Q(\, a1, 1) ® V; be a module isomorphism. For any nonzero element 1 ®@v € Q(X, o, 5) @ V', suppose
that (1ov) = Y0 t'@w;, where w; € V; and wy, # 0. Let N, = max{N (v), N(wp), N (w1),..., N(wp)}.
Then d,v = dp,(w;) = hpv = hyp(w;) =0 for myr > N, and i =0,1,...,p.

Claim 7. A=)\, a=q«p and 8 = f;.

Taking m, m; > N,, we have
A"y — A"y ) (1 @) = a(m —mp)(1 ®@ o).
By (A™"dp — A"™dp, )Y(1 @ v) = a(m — mq)Y(1 @ v), we deduce that
P ; p /\1 m ; /\1 mi :
a(m—mq) iz:;t ®w; = izzg { (}\) (t +maq)(t +m)* — ()\) (t+miar)(t+mq) } ®@w;. (5.2)
Thus ((3)™ — (3)™)t**! @ w, = 0 for m,m; > N,. So A = A;. Therefore, the equation (5.2) becomes
afm—m) Y tr@w =Y t{(t+m) —(t+m)'}@w + > ar{mt+m) —mi(t+m)'}®w
i=0 i=0 i=0

for m, my > N,. Then the coefficient of ¥ ® w,, on the right-hand side is (a1 +p)(m —my), which implies
a=p+a,ie, a—a; =p > 0. Similarly, using ¢~ we can get « —a; > 0. So a = a7 and p = 0.
Thus, ¥ (1 ® v) = 1 ® wy. Note that for any r > N, we have

BN (1@ wo) = BA (L ® v) =, (1 8 0)) = hy (1 ® wo) = BN (1 ® wp).

Thus S = ;. Hence, Claim 7 is proved.
Now we define the linear map £ : V' — V; such that (1 @ v) = 1@ &(v) for v € V. Tt is clear that £ is
injective. Note that for any r € Z + %,

AT (1@ E(v) + 1@ E(hr(v) = P(hr(1 @ 0)) = hr(P(1 @ v))
= hr(1©&(v)) = BA" (1 ®&(v)) + 1@ he(€(v)),
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which implies
E(hy(0) = ho(Ew)), VveV, reZt (5.3)
Next, we consider the equation ¥(d,, (1 ® v)) = dmn(Y(1 @ v)) for m > N,. We deduce
A"t @) +FmaA" (1@ E(v)) = A"t @ E(v) + mad™ (1 ® £(v)).

So Y(t®@v) =t ® &(v). Hence 1(d,(1) ® v) = dp(1) ® &(v) for n € Z. Using the equation ¢ (d,(1 @ v))
=d,p(1®@v) for n € Z and v € V, we deduce 1 ® {(d,,(v)) = 1 ® d,,({(v)). It shows

&(dy(v) =dn(&(v), VveV, nelZ. (5.4)
It is clear that ¥(c(1 ®v)) = e(1 ® v) and ¥(I(1 ® v)) = ¥ (1 ® v) imply that

§(c(v)) = cf(v) and  £(U(v)) = LE(v). (5.5)

Therefore, £ is a D-module homomorphism by the equations (5.3)—(5.5). Since £(V) # 0 and V; is
irreducible, £(V') = V;. Thus ¢ is a D-module isomorphism from V' to V;. In conclusion, we complete the
proof. O

It is clear that Whittaker D-modules W, ’s are restricted modules over D. So we have the following
two main theorems from Theorems 3.4 and 4.3 and Propositions 5.1 and 5.2.

Theorem 5.3. Letm e N, A€ C*, a, B € C, and @, : D" — C be a Whittaker function.
(1) If pm(l) # 0, then Q(A\, o, B) @ W, is an irreducible D-module if and only if

m

(m(d2m), 20m (V) pm(dam—1) = ¢m(hpn_1)?) # (0,0) and  (a, B) # (0,0).

(2) If om(l) =0, then Q\, o, ) @ W, is an irreducible D-module if and only if
ol y) 20 and (a,8) £ (0,0).

Theorem 5.4. Let m,mq € Zy, M, A1 € C* and o, o1, 8, B1 € C. Suppose that o, : D9 — C and
Om, : DO — C are the Whittaker functions such that the corresponding Whittaker D-modules W,
and Wy, are all irreducible. The following results hold:

(1) QN o, B) =2 Q(N1, 01, 81) if and only if (A, 0, B) = (A1, 01, 51).

(2) QAN a, )@ W, =2 Q(N\,01,51) W, , if and only if (A a,B) = (A, a1, 01) and W, = W, -
Remark 5.5. Using Theorems 3.4, 4.3 and 5.3, we can obtain many new irreducible non-weight
modules over D.
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