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Abstract In this paper, we prove the global well-posedness of the 3-D magnetohydrodynamics (MHD) equa-
tions with partial diffusion in the periodic domain when the initial velocity is small and the initial magnetic

field is close to a background magnetic field satisfying the Diophantine condition.
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1 Introduction
In this paper, we study the 3-D incompressible MHD equations in the periodic domain T3:

Ou — pAu~+u-Vu+Vp=>b-Vb,
Otb+u-Vb—vAb=10>-Vu,
Vb=V-u=0,

u(0) = ug(z,y,2), b0) =bo(z,y,2).

(1.1)

Here, (u,b,p) denotes the velocity of the fluid, the magnetic field and the pressure, respectively. The
constants p, v > 0 are the viscosity coefficient and magnetic diffusivity, respectively.

When g > 0 and v > 0, the local existence and the uniqueness of the classical solution, and the global
existence of the weak solution to the MHD system (1.1) are classical. In the 2-D space, it is well known
that the classical solution is global in time, and the weak solution is regular and unique. However, the
global existence of the classical solution and the regularity of the weak solution are challenging open
problems for the 3-D MHD system. Let us refer to [16] and the references therein for more classical
results and the introduction.

When p > 0 and v = 0, the global existence of the weak solution remains open even for the 2-D MHD
system. When p = 0 and v > 0, the global existence of the weak solution to the 2-D MHD system was
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proved by Lei and Zhou [9]. In the latter case, the regularity and the uniqueness of the weak solution are
very interesting open problems (see [6] for further results).
In [6], Cao and Wu studied the 2-D anisotropic MHD system as follows:

{6tu1/18§u1/25§u+u~Vu+Vpb-Vb, (1.2)

Orb — 77185() — 7728217 4+ u-Vb=b-Vu.

They proved the global well-posedness of the system (1.2) in the following two cases: v > 0, 12 > 0 or
ve > 0, n1 > 0. However, it remains open for the other two cases: v1 > 0, n1 > 0or vy >0, 72 > 0
(see [5] for further results).

Initiated by Lin and Zhang [12], there are many works [11,14,15,20] devoted to the global well-posedness
of the MHD system with partial diffusion > 0 and v = 0 in R? under a strong constant magnetic field
B = (0,1) (see also [10]). In this case, the linearized MHD system could be reduced to a degenerate
damped wave equation

OPu — pAuy — 3§u =0.

Thus, the background magnetic field provides a weak stabilizing (damping) effect. On the other hand, null
structure of nonlinear terms due to the divergence-free condition plays an important role for nonlinear
stability. In the case of R3, the problem becomes more difficult due to the absence of null structure.
Abidi and Zhang [1] proved the global well-posedness of the MHD system in R3 under a magnetic field
B = (0,0,1), and Deng and Zhang [7] further proved the explicit decay estimates of the velocity and
the magnetic field. One of the key ingredients is to introduce a new coordinate system based on the
Frobenius-type theorem, which helps overcome the trouble due to the absence of null structure in three
dimensions. Let us mention some global well-posedness results [3,4, 8,17, 18] under a strong magnetic
field when p and v are small or = v = 0.

In this paper, we will study the global well-posedness of the MHD system in T® with x> 0, v =0 or
u =0, v >0 under some background magnetic field B. Before stating our main result, let us first point
out the main trouble in this case. For example, when B = (0,0,1) and g > 0, v = 0, we consider the
solution to (1.1) of the form

u= (u1(t,z,y),us(t, z,y),0), b= (b1(t,z,y),b2(t,x,y),1). (1.3)

Then u” = (uy(t, 2, y),us(t, ,y)) and b = (by(t,2,7), bo(t, z,y)) satisfy the following MHD system in T?:
O — pAul + v - Vul + Vp = b - V", (1.4)
Ol +ul - Vb = b Vbl '

To prove the global well-posedness of the MHD system in T2, the first step is that the global well-
posedness of the system (1.4) should be established for small data. However, it remains open to our
knowledge. Recently, under some symmetry assumptions on the solution which exclude the existence of
the nontrivial solution of the form (1.3), Pan et al. [13] proved the global well-posedness of the MHD
system in T?3.

To overcome the difficulties mentioned above, we consider the background magnetic field w € R?
satisfying the so-called Diophantine condition: for any k € Z3\ {0},

c

jw- k| >
LIl

(1.5)

for some ¢ > 0 and r > 2. The key point is that for w satisfying the Diophantine condition, it holds that

fllze < Cllw-Vflgr, if /3 fdxdydz = 0.
T
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For simplicity, we still use the notation b to denote the perturbation b — w. Then the perturbation
(u, b) satisfies
Ou— pAu~+u-Vu+Vp=w-Vb+b- Vb,
Ob+u-Vb—vAb=w-Vu+b-Vu,
V-b=V.-u=0,
u(0) = ug, b(0) = by.

(1.6)

Our main result is stated as follows.

Theorem 1.1.  Consider the MHD system (1.6) with p =1, v =0 or p =0, v = 1. Assume that
(ug,bo) € HN for N > 4r + 7 satisfies

lluoll v + [|boll v < e,

/ uo(z,y, z)dzdydz :/ bo(z,y, z)drdydz = 0. (1.7)
T3 T3

If € is small enough, then there exists a unique global solution (u,b) € C([0,+o0); HY) to the system (1.6)
satisfying

@)l zress + 6 | res < CL+1)72,
[u() ||z~ + [[6@) [z~ < Ce

for any t € [0, 400).

Remark 1.2. Let us give some remarks about our result.
(1) If the initial data satisfies (1.7), the solution to the system (1.6) will preserve this property, i.e.,

/ u(t,x,y, z)dedydz :/ b(t, z,y, z)dxdydz = 0
T3 T3

for any t € [0, +00).

(2) If the initial data is smooth, then the decay rate of (u,b) can be arbitrarily big.

(3) In the next section, we will show that the Diophantine condition is satisfied for almost all the vector
fields w in R?. However, when the components of w are rational numbers or when one component of w is
zero, w does not satisfy the Diophantine condition.

(4) In [19], Wei and Zhang proved the global well-posedness of the 2-D MHD system with g = 0 and
v =1 in the periodic domain when the velocity and the magnetic field are small. Therefore, there is no
obstacle mentioned above in this case. Then a natural question is whether the Diophantine condition can
be removed in this case.

2 The Diophantine condition and the Poincaré type inequality

Let us first prove that for almost all w € R?, there exists ¢ = c(w) so that the Diophantine condition (1.5)
holds. Indeed, for any ¢ > 0 and ball B, consider the set

Ey,c={weB: |k -w <elk|™"}.
Then we have
|Ek.e| < Ce|l<;|_r_17

which gives

U Ek,e

kEZ3 k#£0

<Ce > |k < Ce
kEeZ3,k#0
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due to r > 2. This means that

=0.

N U B

€>0 keZ3 k#0

Next, we explain why the Diophantine condition is reasonable for our result by comparison with the
proof in [7], where Deng and Zhang considered the 3-D MHD system with g = 1, v = 0 in R3. They
used the Lagrangian formulation. In Lagrangian coordinates, the perturbation system can be written as
the form

Y — AY, —3Y = F(Y),

where 0y, = bo-V,. A key idea is to introduce a new coordinate system so that 0y, is transformed into w-V
if by — w is small and compactly supported. However, in the torus, a similar coordinate transformation
can be made only when w satisfies the Diophantine condition (see [2, p.137]).

In this paper, we will not follow the approach of the coordinate transformation introduced in [7].
Instead, we find that the following Poincaré type inequality with the derivative loss is enough to obtain
our result.

Lemma 2.1. Ifw € R? satisfies the Diophantine condition (1.5), then it holds that for any s € R,
[fllze < Cllw -V fllga+r
if f € H""(T?) satisfies [ fdrdydz = 0.

The proof is a direct consequence of the Plancherel formula for the Fourier series.
Let us conclude this section by the following classical lemma.

Lemma 2.2. Let k> 1. It holds that

1 gllms < CUIf Lo lgll e + llgllzos [1f | e),
IV*(f9) = FVllee < CUV flleellgllmr—r + gllnes | £l )-

3 The MHD system without magnetic diffusion

In this section, we consider the 3-D MHD system without the magnetic diffusion

Oy —Au+u-Vu+Vp=w-Vb+b-Vb,
Ob+u-Vo=w -Vu+b-Vu, (3.1)
Vb=V -u=0.

3.1 Energy estimates

Let (u,b) € C([0,T]; HY) be a solution to the MHD system (3.1).
Lemma 3.1.  For anyl € [0,N] and t € [0,T), it holds that

d
2 (IOl + 6@ 150) + 1Vl 5
< Cllu@lls + 1)z + llu(®) 12 + 16O 7 (@)1 + [16E)17)-
Proof.  For [ = 0, the basic energy law gives
1 d(
2dt
Taking V* (1 < k < 1) to the system (3.1), and then making the L? inner product with (V*u, V*b),
we obtain

lu(®)llZ= + 16OIZ2) + [IVu(®)]|Z: = 0.

1d
5 77 (IVF0lZ2 + IV ullZe) + V5 7
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:/ V’“(b~Vu)~kad:c+/ V(W - Vu) - VFbde — [ V*(u-Vb) - VFbda
T3 T3 T3
+ [ VRO -Vb) - VFude + [ V¥w-Vb) - VFudz — [ V*(u-Vu) - Viude
T3 T3 T3

=h4+L+Is+ 14+ Is+ Is.

It is easy to see that
Iy +I5 = 0.

By Lemma 2.2, we have
L] < ClIbl| Lo [IVull g+ ]| V*0]| 22 + O Vul| <[] g [ V]| 2

S O(IIblIE + [ Vul =) V*0]|72 + éHV’“HUII%z-
Here, we used the facts that

Bl sz < CIIVFbllz2,  IVull e < CIVE ul e
Similarly, we have

16l < Ol + IV ull o) [V5uls + IV a3

For I, we get by integration by parts that

L=—[ VFb®b) - V*Vudr,
T3

which along with Lemma 2.2 gives
. 1
s < CIBIZ< IV BIIZe + gVl
For I3, we have
I3 = 7/ (VE(u - Vb) — u- VV*D) - VFbda,
T3

which along with Lemma 2.2 gives
I3 < OVl L= [ VFbl[72 + C| VO] oo [V u] 2 [ VFD | 2.

Summing up (3.2)—(3.7), we conclude that

d
Z(IVF0lGa + 1V ullZe) + [Vl 7e

< C(IVullpoe + Vbl + [ullfee + 101Z) IV ul72 + [V*0]1Z2)
< O(IVullz + VBl + [lullF + 101172) (IVEullZs + [IVFD]1Z2).

This proves the lemma.

Lemma 3.2. Assume that

sup ([u()lla~ + [16()[|ax) <0
te[0,T]

)

for some 0 < 6 < 1. Then it holds that

d 1
- § —/ Viu - Vi(w - Vb)dz + = ||w - Vb||%1s
dt Jrs 2

0<s<r+3

< (24 C68)||ull3rss + C82||b]|3s-

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.8)
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Proof.  Applying V*® (0 < s < r + 3) to the first equation of (3.1), and multiplying it by V*(w - V),

then integrating over T3, we obtain

IV*(w - V0)|7-

T3

— | VPAu-V(w-Vb)dx — [ V(b-Vb)-Vi(w- Vb)dx

T3 T3
1+ Jo 4+ J3 + Jy.

For J3, we have
1 X '
s < ZIIVH (@ VO)lIZ + IV 2 7.

By Lemma 2.2 and (3.8), we get

[ S| <[V (- VU2V (w - VD) 2

<
<
< < |V (w - Vb) |72 + C8*||Vul|F..
Similarly, we have

1 S
4] < IV VO2a + Co e

For J;, we use (3.1) to obtain that

d

J=— [ Vu-V(w-Vbdzr— | Vu-V*(w-Vob)dz
dt T3 T3
d
=— [ V- -V¥w-Vbdz+ [ V(w-Vu)-Vb-Vu)dx
dt Jps T3
+ | V(w-Vu) Vi(w-Vu)dz— | V(w-Vu)-V*(u-Vb)dz
T3 T3
=: % VSU'VS(W'Vb)dSC+J11+J12+J13.
T3

By Lemma 2.2 and (3.8), we get

|J11| + | i3] < Clul|%ess,
|J1a| < || Vul|%e..

This shows that
d

S <= [ ViV (w - Vb)da + (1 + C8)||ul|Zer

dt Jps

Summing up (3.9)-(3.13), we conclude the lemma.

3.2 Proof of Theorem 1.1

/ Voo -Vi(w-Vb)dz + [ V(u-Vu)-V*(w- Vb)dz
T3

Clllullpee Vullgs + [Vull e ull ) IV (@ - VD) L2
1
8

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

Given the initial data (ug,by) € H", the local well-posedness of the system (3.1) could be easily proved
by using the energy method. Thus, we may assume that there exist 7' > 0 and a unique solution

(u,b) € C([0,T); HV) to the system (3.1). Furthermore, we may assume that

sup ([lu(t)|l g~ + [6()]|a~) <6
te[0,T]

for some 0 < § < 1 to be determined later.
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First of all, it follows from Lemmas 3.1 and 3.2 that
d
0<s<r+3

AU s + gl Tl

< CAd[ullprea + CA(l[u(®) = + 10(E) | 212) 1D(E) 177+
+(2+ CO)llullFyrrs + CO|[b]|Zs,

where A > 1 is a constant to be determined later.

Thanks to the fact that
/ udx:/ bdx = 0,
T3 T3

lullzress < ClIVullgrss,  blas < Cllw- Vbllgrss.

we deduce from Lemma 2.1 that

By the interpolation, we have
1611Z7+s < lI0llzr2|b]l v < C8llw - Vb oo
as long as N > 2r + 5. We define
E(t) = A([u(®) | Frrra + 6@ [Fa) = > Viu -V (w
o<s<r+3 7T
D(t) = AITu(t) yesa + 5l THlyse
We take A > 1 so that
E(t) = ([u()l[Frr+a + 160 [77-+a)-

Thus, by taking § > 0 suitably small, we can conclude that

d 1
—F —D(t) <0.
SE(t)+ 5D(t) <0

Furthermore, if we take N > 4r + 7, we get by the interpolation that
9 3 1 1 3
16744 < bl Zs ([l 7 < CO2 [l - VO 7y
which gives
E(t) < Cs2D(H)T < D(t)1,

4
3

ie., D(t) > E(t)3. Thus, we obtain

which implies
Et)<C(1+t)73

Using Lemma 3.1 with [ = NV again, we obtain

d

Z (Il + 6t [7)

dt{A(Hu(t)|§{T+4+||b(t)|%,r+4)— 3 /T3vsu.VS(w.Vb)dx}

- Vb)da,

(3.14)
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< Cllu@®llms + bz + ()12 + (6O 72) ()17~ + 157,
from which, together with Gronwall’s inequality and (3.14), we infer that
(lu®) I~ + 1) 7) t
< (luollFrw + lIboll7~) exp (/0 (lu() gz + D) rrs + llu() I + ||b(T)||§12)dT)
< C(lluollFr + llbollF~) < Ce™.

Taking € small enough so that Ce < %6 , we deduce from a continuity argument that the local solution
can be extended as a global one in time, and it holds that

@)l zess + [ | rres < CA+1)72,
lu@ g~ + 0|y < Ce

for any ¢ € [0,+00). This completes the proof of Theorem 1.1.

4 The MHD system without viscous diffusion
In this section, we consider the 3-D MHD system without the viscous diffusion

du+u-Vu+Vp=w-Vb+0b-Vb,
Ob+u-Vb—Ab=w-Vu+b-Vu, (4.1)
Vb=V -u=0.

We basically follow the proof of Theorem 1.1. Here, we just present a sketch of the proof. Assume

that (u,b) € C([0,T]; HV) is a solution to the MHD system (4.1).
Lemma 4.1.  For anyl € [0, N] and t € [0,T], it holds that

i(\lﬂ(t)l\ip +[bOIF) + VB0

dt
< C(llu®)llzs + 16|72 + lu@) 72 + 1672 (@)l 7 + 16 1 70)-

The proof is similar to that of Lemma 3.1. So we omit the details.

Lemma 4.2. Assume that

sup ()l g~ + [16()|a~) <0 (4.2)
te[0,T]

)

for some 0 < 6 < 1. Then it holds that

d s 1
- — § / Veb- Ve (w - Vu)de + = ||lw - Vul[3ae
d - 2
0<s<r+3
d , .
<= Vb - Vi (w - Vu)da + C||b||%rs + C62||ul|%s .
T3

Proof.  Applying V* (0 < s < r+3) to the second equation of (4.1), then multiplying it by V*(w - Vu),
and integrating over T3, we obtain

[V* (w - Vu)||72 Vb - Vo (w-Vu)dz + [ V(u-Vb)-V*(w- Vu)dz

T3 T3
— [ VALV (w-Vu)dz — | V*(b-Vu) V¥ (w-Vu)dzr
T3 T3
=: Hy+ Hy + H3 + Hy.
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Taking into account the first equation of (4.1) for Hy, we infer that

d . , ;
H=— [ Vb-V(w-Vu)dz— [ V°b-V°(w-Vu)dz
dt T3 T3
d
=— [ V- -V(w-Vu)dz + / Vi (w-Vb)-V*(b- Vb)dx
dt T3 T3

+\|Vs(w-Vb)H%2—/ Vi (w - Vb) - V¥(u - Vu)dz.
T3

By Lemma 2.2 and (4.2), it is easy to prove that

H, < % N Veb- Ve (w - Vu)dz + C3||Vb||%. + [|Vb||%. + C8||Vb|| s ||w]| s
< % N Vb - Vi (w - Vu)dr + C||Vb||3. + C8||ul3s
and
Hy < CO|Vb] 7l Vall e < gl Vully. + Co V0],
Hy < |80 + 2l - Vulfy.,
H, < éllw - Vull3s 4+ C82||b]|3. .
Summing up, we conclude the lemma. O

Now we are in a position to prove Theorem 1.1 in the case where =0 and v = 1.

Proof of Theorem 1.1 when =0 and v =1.  First of all, we introduce
E(t) = A([w®) Frrss + 10 Frse) = Y / Vob- Vi (w - Vu)dz,
0<s<r+37 1°
1
D(t) = AT v + 5 o Vulsse.
By taking A suitably large and ¢ small, we can deduce from Lemmas 4.1 and 4.2 that

d 1
—E@)+=D(t) <0,
SE() +3D() <0

which implies
E{t) < C(1+1t)7%
Then we infer from Lemma 4.1 and Gronwall’s inequality that
a®) [ + 1) < ClluolZn + boliZn) < CE2

This completes the proof of Theorem 1.1. O
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