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Abstract This paper introduces a new family of mixed finite elements for solving a mixed formulation of the
biharmonic equations in two and three dimensions. The symmetric stress o = —V2u is sought in the Sobolev
space H(divdiv,Q;S) simultaneously with the displacement v in L2(Q2). By stemming from the structure of
H(div,Q;S) conforming elements for the linear elasticity problems proposed by Hu and Zhang (2014), the
H(divdiv, ©;S) conforming finite element spaces are constructed by imposing the normal continuity of dive on
the H(div,;S) conforming spaces of P, symmetric tensors. The inheritance makes the basis functions easy
to compute. The discrete spaces for u are composed of the piecewise Pj_o polynomials without requiring any
continuity. Such mixed finite elements are inf-sup stable on both triangular and tetrahedral grids for k£ > 3, and
the optimal order of convergence is achieved. Besides, the superconvergence and the postprocessing results are

displayed. Some numerical experiments are provided to demonstrate the theoretical analysis.
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1 Introduction

Let © C R? be a bounded Lipschitz polyhedral domain with d = 2 or d = 3. Given a load f € L?(Q),
consider the biharmonic equation

Ay=f in Q,

(1.1)
u=1u, =0 on ON.

Here, A2 is the biharmonic operator, n is the unit outer normal to the boundary 9, and u,, := du/dn.
Many attempts have been made to approach the biharmonic problem (1.1), ranging from conforming
and classical nonconforming finite element methods, discontinuous Galerkin methods to mixed methods,
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such as [9,12,21,27,30,37-39], to name just a few. On triangular grids, the lowest order of polynomials of
the H? conforming finite elements is 5, i.e., the Argyris element [2,20], and it can be reduced to the Bell
element [20,43] with 18 degrees of the freedom. On tetrahedral grids, a Py element constructed in [49] is
the lowest order conforming element. In general, due to the high degrees of the freedom with higher order
derivatives of the H? conforming elements, in addition to the complexity in construction, the computation
is relatively costing. Nevertheless, some conforming finite elements are developed [20,22,32,36,42-44,48].

One way to reduce the high degrees of the freedom is to use nonconforming finite elements, such
as the Morley element [20,41,43], the Adini element [1,20,43], the Veubake element [23], a class of
Zienkiewicz-type nonconforming elements in any dimensions designed in [45], and other higher order
nonconforming methods [14,26,29,33,37,46]. The other way is to adopt different variational principles
to avoid computational difficulty. A popular choice is mixed finite element methods. For example, the
Ciarlet-Raviart method [21] turns (1.1) into a lower order system by introducing an auxiliary variable
¢ = —Au, and casts the new system in the variational form, and then considers the Ritz-Galerkin method
corresponding to this variational formulation. However, such decoupling may not be valid if the polygonal
domain is not convex (see [50]). Instead of ¢ = —Au, the matrix of the second partial derivatives of w,
o = —V?2u is introduced in the Hermann-Miyoshi method [30,40]. A further mixed method for (1.1) is
the Hermann-Johnson element, and the auxiliary variable introduced is the same as the Hermann-Miyoshi
method, while the continuity of nTon is imposed on o.

In this paper, a more intrinsic variational formulation is considered, and it is also known as the
Hodge-Laplacian boundary value problem of the divdiv complex. In [7], the well-posedness of the Hodge-
Laplacian boundary value problem is discussed. The mixed finite element method seeks the stress o =
—V?2u in the Sobolev space H(divdiv,2;S) with

H(divdiv,;S) := {7 € L*(Q;S) : divdivr € L*(Q)}, (1.2)
equipped with the squared norm
1711} aivaivy = 17113 + [ldivdivrf3. (1.3)

Here, S denotes the set of symmetric R?*¢ matrices. Simultaneously, the mixed method seeks u € L2(€2)
such that

(o,7)+ (divdivT,u) =0 for all 7 € H(divdiv,;S),

. (1.4)
(divdive,v) = —(f,v) for all v € L*(Q).

It is not easy to construct an H(divdiv,€;S) conforming element, and the symmetry of the tensor
makes things more complex. A family of H(div;S) conforming finite elements for elasticity equations is
proposed in [31,34,35]. If dive € H(div) holds for all & € H(div;S), then o € H(divdiv;S) follows. The
relation triggers an idea to obtain the H (div div, £2;S) conforming elements by imposing the continuity of
nTdive on H(div;S) conforming spaces. A question arises naturally how to characterize this additional
continuity appropriately.

Attempts have been made in [47]"), where the stress space is composed by the aforementioned H (div;S)
conforming elements [31, 34, 35], and the displacement space chooses the Pj conforming finite element
with & > 2. However, the L? norms are not optimal. In [24,25], a depiction of the Sobolev space
H(divdiv,Q;S) is introduced, and the discontinuous Petrov-Galerkin method is considered. Recently,
some finite element spaces for H(div div, Q;S) conforming symmetric tensors are constructed on triangles
[15] and tetrahedrons [16]. These elements are exploited to solve the mixed problem (1.4) and the optimal
order of convergence is achieved. In two dimensions, a simple application of Green’s formula shows

(divdive,v)x = (o, V) + Z (nTdive,v), — Z (on,Vv),
ccE(K) ec€(K)

D Hu J, Ma R, Yang X. A new mixed FEM for fourth order elliptic problems. Unpublished, 2017
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with the unit out normal vector n = (n1,n2)" and the unit tangent vector t = (—na,n1)T below. Expand
(on,Vv). = (nYon,d,v). + (tTon,dv).. A further integration by parts gives rise to

(divdive,v)x = (o, V) x — Z Z sign&a(tTUn)(a,)v(a)
e€&(K) acle
- Z [(mTon, o). — (0;(tYon) + nTdive,v),] (1.5)
ecE(K)

with

) 1, if a is the end point of e,
Slgne a = . . .
' —1, if a is the start point of e.

Based on (1.5), besides the normal-normal continuity, the stress tensor is continuous at vertices and
another trace involving the combination of derivatives of the stress is identified. The basic design of the
H(divdiv, §2;S) conforming finite elements in [15] follows.

However, it is arduous to compute the basis functions for the elements in [15,16]. Motivated by
[31,34,35], this paper introduces a more straightforward characterization of the H (divdiv;S) N H(div;S)
space. Instead of involving combination of derivatives of stresses, the continuity of on and n'dive is
imposed in the design of the new H(divdiv;S) conforming elements. Correspondingly, the finite elements
obtained in this paper are more regular than those in [15,16]. Actually, the new elements are subspaces
of the elements proposed in [15,16]. The H(div;S) bubble functions presented in [31, 34, 35] possess
vanishing on on each face. Therefore, the basis functions corresponding to the degrees of the freedom
nTdive can be expressed linearly by the basis of these bubbles. The remainder basis functions can
be derived by the former nTdive basis and the basis functions given by [31,34,35]. Besides, the new
H(divdiv;S) conforming finite elements in two and three dimensions can be constructed in an almost
unified way, while the degrees of the freedom in [16] are fairly sophisticated.

In addition, a vectorial H! conforming finite element on triangular grids is introduced, and this element
plus the H(divdiv;S) conforming finite element forms the discrete divdiv complex. In this paper, the
exactness of the finite element analogy of divdiv complex is proved on a contractible domain. Actually,
by rotation, the two-dimensional divdiv complex is equivalent to the strain complex. Conforming finite
elements for H(rotrot;S) are obtained in [15] in two dimensions. By using piecewise polynomials based
on the Clough-Tocher split of the triangle, some lower-order H(rotrot;S) conforming finite elements are
constructed to obtain the discrete strain complex in [18].

Furthermore, the new H(divdiv,;S) conforming finite elements space developed for d being 2 and 3
are capable of discretizing the mixed formulation (1.4) with the optimal order of convergence.

The rest of the paper is organized as follows. In the subsequent section, the construction of H(divdiv;S)
conforming finite elements in two dimensions as well as in three dimensions is presented. Correspondingly,
a vectorial H' conforming finite element in two dimensions is introduced to establish the discrete complex,
which is proved to be exact on a contractible domain. In Section 3, the new conforming elements are
exploited to discrete the mixed problem (1.4). The well-posedness is proved and the error analysis follows.
Besides, superconvergence and postprocessing results are displayed. In Section 4, numerical examples are
presented to demonstrate the theoretical analysis results. In the end, the appendix provides some ideas
to construct the basis functions by a specific example.

Throughout the paper, an inequality o < [ replaces @ < ¢f with some multiplicative mesh-size
independent constant ¢ > 0, which depends on Q only. While & ~ 8 means that a <  and 5 < «
hold simultaneously. Standard notation on Lebesgue and Sobolev spaces are employed. For a subset
G C Q, (,+)¢ denotes the L? scalar product over G, and ||-|o.c denotes the L? norm over a set G. |||
abbreviates ||-[o.o. Other cases are similar. Let D(G) denote the set of all the infinitely differentiable
compactly supported functions on G. Let P(G) stand for the set of all the polynomials with the total
degree no greater than [ over G. Notation X could be R, R4, M, T, S and K in the text. Correspondingly,
it denotes the space of scalars, vectors in d dimensions, matrices in R?*?, traceless matrices in R4*¢,

Rdxd Rdxd

symmetric matrices in , and skew-symmetric matrices in , respectively. Dimension d is either 2
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or 3 in this paper, and it coincides with the shape of G. For example, any variable in D(G;S) is a
symmetric matrix on G and it is infinitely differentiable compactly supported. Similarly, P,(G;X) can
be defined in the same way. Generally, D(G;R) is simply abbreviated as D(G), and so does P,(G) for
P,(G;R). Define the curl operators below:

curlp = (=0,p,0,¢)" for all p € D(YR), d=2,
curlyp = (9,03 — 0.p2,0.01 — 0pp3, Outps — Oyp1)  for all p € D(Q;R?), d=3.

The symmetric gradient operator is denoted by e(u) = 1/2(Vu + (Vu)T). Generally, for a column vector
function, differential operators for scalar functions will be applied row-wise to produce a matrix function.
Similarly for a matrix function, differential operators for vector functions are applied row-wise. However,
curl® will be the curl operator applied column-rise.

2 The conforming finite element spaces

This section covers some preliminaries and the construction of the new H (div div, §2;S) conforming finite
elements in both two and three dimensions. Besides, a vectorial H'(£;R?) conforming finite element
space is introduced, and a discrete case of Hilbert complex is obtained.

2.1 Notation

Suppose that 7}, is a shape regular subdivision of € consisting of triangles in two dimensions and tetra-
hedrons in three dimensions. Define A the maximum of the diameters of all the elements K € 7. Let
En, Fr and V}, be the set of all the edges, faces, and vertices of € regarding to 7y, respectively. Given
K € Ty, let £(K) denote the set of all the edges of K, and h. stands for the diameter of edge e € &j,.
Furthermore, when d = 3, define the set of all the facets of the tetrahedron K as F(K), and hp stands
for the diameter of the face F' € Fj. Let n and t be the unit outer normal and unit tangential vector
of 0K, respectively. More specifically, when d = 2, t. denotes the unit tangential vector along e € £(K),
and mn. is the normal counterpart. While d = 3, given e € £(K), the unit tangential vector t., as well as
two unit normal vectors, 1.1 and n. o are fixed. For a facet F' € F(K), the unit outer normal vector np
as well as two unit tangential vectors tr; and tr o are fixed. Within the context, ¢; and n; abbreviate
tr; and ne ;, respectively, ¢ = 1,2. Besides, the union of all the vertices of K is denoted by V(K). The
jump of u across an interior d — 1 face G shared by neighboring elements K and K_ is defined by

[ulg :=ul|x, —ul|x_.

When it comes to any boundary face G C 91, the jump [-]¢ reduces to the trace.
For ensuing analysis, let RM (K) denote local rigid motions. When K is a triangle with z = (z,y)T
€K,

c1+c
RMa, (K) = {( ! ?’y) 1, ¢a, 3 € R}. (2.1)
Co — C3X
If K is a tetrahedron with = (,y, 2)T € K, then
C1 — C4Y — C5Z2

RMp,(K) = o+ caw —cgz | 1 c1,c0,03,c4,05,06 ER 5. (2.2)

C3 + C57 + CgY

Define
Ph = {q - L2(Q) : qlK - Pk*Z(K) fOI' all K c 77;,}

Set P, to be P, A, and Py A, in two and three dimensions, respectively.
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Besides, RT}, is the Raviart-Thomas element space [13], i.e.,
RT,(K;RY) = P (K;RY) 4 2Py (K).

Notice that
(k+1)(E+2)(k+4)
5 .

Denote by RT the lowest order Raviart-Thomas element space on 2.

dimRT},(K;R?) =

2.2 The construction of the conforming elements on triangular grids

On each triangle K, denote by \;, ¢ = 1,2,3 the barycenter coordinates. The finite element shape
functions are simply formed by Py (K;S), k > 3. Some results are presented in the following two lemmas
for later use.

Lemma 2.1 (See [11]).  Given K € Ty, suppose that 1 € Py(K;R?) satisfies divip = 0 and ¥ - n ok
= 0. Then there exists some q € AMyAaA3Py_2(K) such that

9 = curly.

Lemma 2.2 (See [8,17]).  Given K € T, suppose that T € Pi(K;S) satisfies divr = 0 and ™n |k
= 0. Then there exists some q € (A AaX3)>Py_4(K) such that

T=Jq
with
2%q 9%
2
Jq :=< o f;’?qay). (2.3)
T 9z oy ox?

The degrees of the freedom are defined as follows:

o(a) forall a € V(K), (2.4)
(on,¢). forall ¢ € Py o(e;R?), ec E(K), (2.5)
(divo - n,q). forall g€ Py_1(e), ec€&(K), (2.6)
(0,V%q) forall g € P._s(K), (2.7)
(o, Veurlg)x for all ¢ € My AaA3Pr_3(K)/Py(K), (2.8)
(0,Tq)k for all ¢ € (A A2A3)* Py_u(K). (2.9)

Remark 2.3.  Any function ¢ € M A2A3P,—3(K)/Po(K) means ¢ = A\ AaA3q for some ¢ € P,_5(K) as
well as [} pdx = 0.

Degrees of the freedom (2.4)-(2.6) characterize the continuity of the space H(divdiv;S). With the
help of Lemmas 2.1 and 2.2, (2.8)—(2.9) can be used to derive the unisolvence. Besides, the degrees of
the freedom (2.4)—(2.5) are exactly the characterization of the continuity of H(div;S) in [31,34], and the
continuity of (2.6) across edges leads to dive € H(div;R?).

The global finite element space is defined by

Yk, = {1 € H(divdiv,Q;S) : T |k € P,(K;S) for all K € T,
all the degrees of the freedom (2.4)—(2.9) are single-valued}. (2.10)

Theorem 2.4.  The degrees of the freedom (2.4)—(2.9) uniquely determine a polynomial of Py (K;S) in
the space Xy n, defined in (2.10).
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Proof.  To start with, it is easy to check that the number of the degrees of the freedom (2.4)—(2.9) is

k(k —1) (k—1)(k—-2) (k—2)(k—3)
T At T Tl
= dim Py (K;S).

9+ 6(k—1)+ 3k +

_3(k+1)(h+2)
2

It suffices to prove if degrees of the freedom (2.4)—(2.9) vanish for o € P, (K;S), then o = 0. Given any
v € Py_o(K), integration by parts and the zero degrees of the freedom (2.5)—(2.7) lead to

(divdive,v)x = (o, VZ0) g — Z (on, V). + Z (dive - n,v). = 0. (2.11)
e€&(K) e€&(K)

This implies divdive = 0. Together with (2.6), according to Lemma 2.1, there exists some ¢ €
)\1)\2>\3Pk_3(K) such that

divo = curly. (2.12)
For any function ¥ € A\jAoA3Pr_3(K)/Py(K), integration by parts plus (2.5) and (2.8) shows

(curlyp, curly) g = (dive, curld) k

= —(o,Vcurld) g + Z (on,curld), = 0. (2.13)
ec&(K)
Besides, (2.4)—(2.5) result in
(dive,v)g =0 forall v € RMa,(K). (2.14)

Taking v = (—y, )T in (2.14) and using (2.12) for replacement, we have

(dive,v)x = (curlp,v) g = 2/ pdx = 0. (2.15)
K

Note that (2.13) and (2.15) lead to ¢ = 0, and thus dive = 0. Furthermore, due to (2.4)—(2.5), according
to Lemma 2.2, dive = 0 entails the relation o = J¢ for some ¢ € (A A2)3)?Py_4(K). This and (2.9)
conclude o = 0 immediately. O

Remark 2.5. The degrees of the freedom dive - n in (2.6) can be replaced by 9, (nTon) since
dive - n = div(on) = 9;(tTen) + 0, (nTon).
Let a.,; and a. 2 be the start and end point of the edge e, respectively. Integration by parts leads to
(Ot on),v). = tTonv et — (tYon,dw). for all v € P,_1(e).

The first term can be covered by the degrees of the freedom (2.4), and the second term can be derived
by the degrees of the freedom (2.5).

2.3 The construction of the finite element divdiv complex on triangular grids

Define
H'(div, Q;R?) := {v € H(;R?) : dive € H'(Q)}.

The vectorial space V}, C H(div, 2;R?) is introduced in this subsection, and the discrete exact complex
is established. On a triangle K € Ty, the shape function space is Py, 1(K;R?), and the degrees of the
freedom are

v(a), Vov(a) forall a € V(K), (2.16)
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(v,¢). forall ¢ € P._3(e;R?), e < E(K), (2.17)
(divv,q)e for all ¢ € Py_o(e), ec€E(K), (2.18)
(v,Vq)k forall ¢ € P,_35(K), (2.19)
(v,curlg)  for all ¢ € (A A2A3)? Py_4(K). (2.20)
Then the space V}, is defined by
Vii={v e HY(R?) : vk € Poy1(K;R?) for all K € Ty,
all the degrees of the freedom (2.16)—(2.20) are single-valued}. (2.21)

Theorem 2.6. The degrees of the freedom (2.16)—(2.20) wuniquely determine a polynomial of
Py y1(K;R?) in the space Vi, defined in (2.21).

Proof.  To start with, it is easy to check that the number of the degrees of the freedom (2.16)—(2.20)
equals the dimension of Py, 1(K;R?). In fact, both of them are

(k+3)(k +2).

It suffices to prove if degrees of the freedom (2.16)—(2.20) vanish for v € Py (K;R?), then v = 0.
Actually, (2.16)—(2.17) lead to

v]e=0 forallee&(K). (2.22)
The combination of (2.16) and (2.18) results in
divv | =0 forall e € E(K). (2.23)
This leads to dive = A\; A Agr for some r € P,_3(K). Besides, according to (2.19),
(divv,q)x =0 for all ¢ € Pr_3(K). (2.24)

Thus r = 0 and dive = 0. This and (2.22)—(2.23) guarantee that there exists some p € (A A2)3)? Py_4(K)
such that
v = curlp.

This and (2.20) conclude v = 0. O

According to (2.22)—(2.23), the vectorial H! conforming finite element space V}, is H*(div) conforming.
Remark 2.7. For k = 3, V}, is a piecewise polynomial of degree 4, which happens to be P4A! presented
in [4, Section 7]. It is an ingredient in the Bernstein-Gelfand-Gelfand (BGG) approach [10] for the Arnold-
Winther elasticity element [5].

Remark 2.8. It is straightforward that the space Xj A, is a subset of H(divdiv, ;S) N H(div, £2;S).
Actually, X A, is able to preserve the Hilbert complex

C

symcurl divdiv
—_—

H(divdiv, ;S) N H(div, ;S)

RT H'(div, Q;R?) L3(©) — 0

in the discrete case on a contractible domain Q. The commuting diagram in [15] can also be constructed
here.

Before establishing the exact complex for the finite elements, the exact complex for bubble function
spaces is constructed below. Define

XO/kH(K) = {v € Py 1(K;R?) : all the degrees of the freedom (2.16)—(2.18) vanish}, (2.25)
Xolk(K) :={o € P,(K;S) : all the degrees of the freedom (2.4)—(2.6) vanish}, (2.26)

Pr_o(K) = Py_s(K)/Pi(K). (2.27)
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Lemma 2.9. Given K € Ty, it holds that

divdivE, (K) = Py_o(K).
Proof. Tt is straightforward from (2.11) that

divdivSy (K) C Pp_o(K).

It suffices to prove Pj_o(K) C divdivE,(K). Actually, if the inclusion does not hold, then there exists
some q € Py_o(K) and ¢q # 0 such that
(divdivr,q)x =0 for all T € Xy (K).

Integration by parts as in (2.11) leads to
(1,V3q)x =0 forall T € ¥3(K).

According to the degrees of the freedom (2.4)—(2.9), there exists T € ik(K) such that (7,V?q)x # 0 as
long as V2q # 0. Hence,
Vig=0.

This implies g € P;(K). The contradiction occurs. This concludes the proof. O

Lemma 2.10.  For any triangle K, the polynomial complezes

C 1 divdi
RT P (K R?) — L pu(K;S) VAV pG(K) —— 0
and
C o symcurl o divdiv o
00— Vi (K) Sh(K) — > Pra(K) — 0
are exact.

Proof.  The first polynomial complex follows directly from [15, Lemma 3.1]. The exactness also follows
from the existence of homotopy operators (see [18,19]). To obtain the second complex, let o := symcurlv

for any v € Vi1 (K). It suffices to prove o € i (K). According to (2.16), o(a) = 0 for all a € V(K).
For ¢ € Py_5(¢;R?),

(on, @) = (nTon, ¢ -n). + (tTon,¢ - t). =1 +II.

The calculations in [15, Lemma 2.2] lead to some identities

nTon =nTo,v, (2.28)
1
tTon =tTow — idivv7 (2.29)
1
dive -n = §8tdivv. (2.30)

Combined with (2.16)—(2.17), (2.28) leads to I = 0. Combined with (2.16)—(2.18), (2.29) leads to IT = 0.
The identity (2.30) plus (2.16) and (2.18) result in

dive-n =0 on each e € E(K).

The previous arguments lead to o € X (K) and symcurl V41 (K) C 5 (K).
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On the other hand, a direct calculation leads to

dim(3,(K)) = (k — 1)+ W

dim(divdivXo)k(K)) = %k(k —1)-3= dim(J%H(K)),

74,

dim(Visr (K)) = (k—2) — 1,

These result in . . .
dim(divdivEg(K)) = dim (g, (K)) — dim(Vg41 (K)).
Together with Lemma 2.9, the exactness of the complex follows. 0

Lemma 2.11 (See [7]).  The divdiv Hilbert complex

symcurl divdiv

RT

H3(Q;R?)

H?(Q;S) L?(Q) — 0
is exact on a contractible domain €.

Similar to [15, Subsection 3.3], the interpolations with commuting properties can be constructed as
follows. Denote by Ik A, : H*(K;S) — Pi(K;S) the local nodal interpolation operator based on the
degrees of the freedom (2.4)—(2.9). For any 7 € P,(K;S), llx A, 7 = T is easy to verify. For the shape
regular mesh 7y,

lo.x + hic|T — Uk p, Tk + hi|T — Uk a,Tlox S hic|Tls (2.31)

|7 — g A,T
holds for 7 € H*(K;S) with 2 < s < k + 1. Integration by parts leads to
divdiv(IIg A, 7) = OF ,divdivr for all 7 € H*(K;S). (2.32)

Here, Q{f_2 : L?(K) — P,_o(K) is the L? projection operator. It may be later denoted by Q§—27Ad’
d = 2,3, to distinguish the dimension of K.

Denote by I : H*(K;R?) — P, 1(K;R?) the local nodal interpolation operator based on the degrees
of the freedom (2.16)(2.20). For any v € Py (K;R?), Ixv = v is easy to verify. For the shape regular
mesh T,

[v = Ixvllo,x + hiclv — Ixv ke S hiclvls x (2.33)

holds for v € HS(K;RQ) with 3 < s < k+ 2. The proof of Lemma 2.10 shows

o

Ik p,(symecurly) — symecurl(Ixv) € ¥y (K).

Hence, according to Lemma 2.10, there exists © € V41 (K) such that

symeurld = I a,(symcurlv) — symcurl(Ixv), (2.34)

I9]l0.x < hi |k A, (symeurly) — symeurl(Ixv)||o k- (2.35)
Let Igv := Ixv + 9. It is also easy to verify Ixv = v for any v € Py (K;R?) and
symeurl(Ixv) = g a,(symcurlv) for all v € H?(K;R?). (2.36)
It follows from (2.31) and (2.33) that
v — Ixvllox +hrlv — Ixkvik S hilvls (2.37)

with 3 <s <k +2.
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For each K € Ty, let I), : H3(Q;R?) — Vj, be defined by (Iyv) |k := Ix(v|g). pa, : H2(S) —
Sk, is defined by (Il a,7) |k = g a,(T|k) as well as Qp a, : L2(Q) — Pua, is defined by
(Qh.000) I = Qf 5 0, (0] K)-

It follows immediately

divdiv(Il a,T) = Qn a,divdivr  for all 7 € H?(;S), (2.38)
symecurl(I,v) = I s, (symcurlv) for all v € H3(Q;R?). (2.39)
Lemma 2.12. The sequence
l . .
RT — v — 2 syn,— T P00

is a complex, which is exact on contractible domains.

Proof. 1t is straightforward that
diniVZk7A2 C Py,

To obtain Pj, n, = divdivEy a,, it suffices to prove P, A, C divdivXy a,. If the inclusion does not hold,
then there exists some g € Py A, and ¢ # 0 such that

(divdivr,q)o =0 for all 7 € Z a,.
Lemma 2.9 shows ¢|x € P1(K) for all K € 7j,. Let the only nonzero degrees of the freedom of 7 be
(divT - ne, [gle)e = ([¢le, [g]e)e on some e € &

Integration by parts leads to

0= (divdivr,q)o = Y (divr - n,q)ax = |l[gle
KeTn

0,e-

This shows [g]e = 0. The arbitrariness of the choice of e € &, leads to ¢ = 0. The contradiction occurs.
In addition, (2.39) implies
symcurlVy, C 3, A,.

By counting the dimensions,

3
dim¥p a, = 3#Vh + (3k — 2)#E, + ik(k - 3)#Th,
dimsymcurlV,, = 6#V, + (3k — 5)#E, + (k— 1)(k — 3)#Th — 3,

1
dimdivdivXy, A, = §k(k — 1)#Th.

Here, #S is the number of the elements in the finite set S. According to the Euler’s formula #&, + 1
= #Vh + #7717

dim¥j A, = dimsymcurlV}, + dimdivdiv3, a,. (2.40)

This concludes that the complex is exact. O

2.4 The construction of the conforming elements on tetrahedral grids

In this subsection,  is a bounded polyhedron in R3. Given a tetrahedron K € Tj,, the finite element
shape functions are formed by P, (K;S), k > 3. Some results and notation are introduced here for ensuing
use.
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Lemma 2.13 (See [11]).  Suppose that K € Ty, 1 € Py(K;R?) satisfies divyp = 0, and ¥ - n |sx = 0.
Then there exists some 9 € Wy1(K;R?) such that

Y = curld,
where Wi,1(K;R3) is defined by
Wii1 (KGR?) :={¢p € Py 1 (K;R?) : p x n|p =0 for all F € F(K)}.
Define
My 2(K;S) i= {1 € Pyio(K;S) : (I —mn™)7(I —nn") |p = Ap(1) = 0 for all F € F(K)}
with Ap(7): F — (I — nn™)S(I — nn™) being defined by
Ap(T) = (I —nn")(2e(tn) — 0,7)(I — nn").

Here, F is a plane with unit normal n.

Lemma 2.14 (See [3]).  Suppose that K € Ty, is a tetrahedron, T € Py(K;S) satisfies divr = 0 and
T |gx = 0. Then there exists some € My12(K;S) such that

7 = curlcurl*¢.
In addition, define
Wi_1(K;R3) := curlW,(K;R*)/RMx, (K) (2.41)
and
M (K;S) := curlcurl® My 2(K;S). (2.42)

The degrees of the freedom are

o(a) foralla e V(K), (2.43)
(tron;,q)e, (nionj,q)e, 1<i,j<2 forallq€ P,s(e), ec&(K), (2.44)
(on, ) forall ¢ € Pp_3(F; ]R3) F € F(K), (2.45)
(dive -n,q)p forall ¢ € P,_1(F), F € F(K), (2.46)
(0,V?q)x forall g € Py_o(K), (2.47)
(0, V) forall ¢p € Wy_1(K;R?), (2.48)
(o,7)k forall 7 € My(K;S). (2.49)
The degrees of the freedom (2.43)—(2.45) are exactly the characterization of the continuity of H (div;S)

in [31,34], and the continuity of (2.46) across each interior face leads to dive € H(div; R?).
The global conforming finite element space is defined by
Ypng i={7T € H(divdiv,S) : 7|k € Pp(K;S) for all K € Ty,

all the degrees of the freedom (2.43)—(2.49) are single-valued}. (2.50)
Theorem 2.15.  The degrees of the freedom (2.43)—(2.49) uniquely determine a polynomial of Py (K;S)
defined in (2.50).
Proof. Note that given any 9 € Wy(K;R3), © x n|px = 0 and an integration by parts lead to
(curlyp, u) g = (¥, curlu) i for any w € RMa,(K). This, (2.41) and curlRMa,(K) = Py(K;R3) imply

dimWj,_; (K;R?) = dimcurlW, (K;R?) — 3

— dimW;,(K;R?) — dimV Pyyr (K) — 3
= dimRT),_3(K;R?) — dimPy,_3(K) — 3
2k% — 3k% — 5k — 12

c .
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The number of degrees of the freedom (2.49) reads (see [3, Theorem 7.2])

k3 — 3k? — 4k + 12
5 .

The remainder degrees of the freedom can be counted easily. Thus the number of all the degrees of the
freedom (2.43)—(2.49) is

dika (K; S) =

(k+1)(k+2)(k +3),

which equals dim Py, (K;S).

Suppose that o € Py(K;S) and all the degrees of the freedom (2.43)-(2.49) are zero. Then the
unisolvence for Py (K;S) follows from o = 0. For v € Py_o(K), integration by parts and the zero degrees
of the freedom (2.45)—(2.47) lead to

(divdive,v) g = (o, VZ0)x — Z (on,Vu)p + Z (dive - n,v)p = 0.
FEF(K) FEF(K)
Therefore,
divdive = 0. (2.51)
This, Lemma 2.13, (2.46) and (2.51) ensure that there exists a function ¢ € W (K;R3) such that
dive = curly.
Furthermore, for all 9 € W, (K;R?) with curld LRMa, (K), (2.48) and (2.45) result in
(curly, curld) g = (dive, curl?)
= —(o,Veurld)g + Z (on,curld)r = 0. (2.52)
FeF(K)
On the other hand, (2.43)—(2.45) lead to the following orthogonality:
(dive,v)gk =0 for all v € RMa,(K). (2.53)

This and (2.52) prove ¢ = 0. Hence dive = 0. Furthermore, (2.43)—(2.45) lead to on = 0 on OK.
According to Lemma 2.14, dive = 0 entails the relation o = curlcurl”y for some ¢ € My2(K;S).
Consequently, (2.49) concludes o =0 . O

Remark 2.16.  Alternatively, M (K;S) from (2.42) can be defined by
My (K;S) := {0 € Py(K;S) : dive =0, on = 0}.

The number of the basis of the H(div;S) — P bubble function space X := {o € P;(K;S) : on = 0}
introduced in [35, (2.9)] is dimPy_2(K;S), and the range of divXg p is Py—1/RM. Furthermore, restricted
to the bubble functions, the adjoint of div operator is —e. The dimension of My (K;S) can also be derived
by the subtraction of the dimension of the range of e(Py_1/RM) from dimPy_»(K;S), which reads

k3 — 3k? — 4k + 12
5 :
In addition, the basis functions of the space M (K;S) can be constructed by those bubbles in [35].

dimM (K;S) = 6 dimPy,_5(K) — 3dimPy_y (K) + 6 = (2.54)

Remark 2.17.  The continuity of dive - n can be replaced by 9, (non). However, different from two
dimensions, the replacement cannot be done for the interpolation of the degrees of the freedom (2.46).
In fact, for any v € P,_1(F),

(dive - n,v)p = (divp(on),v)r + (On(nTon),v)r

= —(on,Vrv)r + (njron,v)or + (On(nTon),v)r. (2.55)
Here, divp(on) := (n x V) - (n x (on)) and Vpv := (n x Vv) x n. The first two terms of (2.55) are
not any of the degrees of the freedom defined in (2.43)—(2.49).
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3 Mixed finite element methods

Recall that the dimension d in this paper is either 2 or 3. This section exploits the space P, A, and the
anterior H(divdiv,2;S) conforming finite element spaces i a,, d = 2,3, to discretize the biharmonic
equation. The mixed finite element approximation for (1.4) is to find o, € Xk a,, and up € Py A, such
that

(oh, 1) + (divdivry, up) =0 for all 7, € g A, (3.1)
(divdivoy,,vp) = —(f,vn) for all vy € Py a,. |

3.1 The BB condition

In this subsection, the discrete inf-sup condition is proved to obtain the well-posedness of the mixed
finite problem (3.1). Define T(X) := {K € T, : KNX # (0} and N(T(X)) := #7T(X) with X being
a vertex a € Vj, or an edge e € &,. The proof of the Babuska-Brezzi (BB) condition is based on a
quasi-interpolation ﬁh’Ad with d = 2, 3.

Recall the L? projection QﬁAd onto Py A, (K). When d = 2, define

I p, : HY(4S) N {r € L2(4S) : divr € H'(Q;R?)} = S a,

as follows: for any 7 € H'(;S) N {7 € L*(Q;S) : divr € H' (4 R?)},

ﬁh,AzT(a) = W Z (QkK,IA2T)(a)7

K'€T(a)

((ﬁh,AQT)n, @) = (Tn, @), for all ¢ € P_s(e;R?),

(div(ﬁh,AzT) ‘n,q). = (divr - n,q). for all g € P,_1(e),

(ﬁ;LAQT, V2q)K = (r, V2q)K for all ¢ € Py_o(K),
(ﬁh7A2T, Veurlg)x = (7,Veurlg) g  for all ¢ € M A3 P,—3(K)/Po(K),
(a7 Tk = (1,T@)k for all g € (MA2As)2Py_a(K)

for each a € V, e € &, and K € Tp,.
When d = 3, define I, 5, : HY(Q;S) N {r € L?(;S) : divr € HY(Q;R3)} — X o, as follows: for
any T € HY(Q;S) N {7 € L*(7;S) : divr € H(Q; R3)},

~ 1 ’
Uy n:7(a) = s (Qk.a,7)(a),
: N(T(a)) K,EXT:(G) e
~ 1 ’ .
(tg‘nh,AsTnja q)e = Xt/ Z (tE(QﬁAgT)nja q)€7 1 < J < 2 for all qec Pk*2(6)7
NI 2,
~ 1 ’ .o
(i My, 0T, q)e = N(T(e) Z (nf (Qha,TINj,q)er 1<i,j <2 forall g€ Pyposle),
K'€T (e)

ﬁh,A3rn, @)r = (tTn, ) for all ¢ € Pp_3(F;R?),

divﬁh,A3T ‘n,q)p = (divr -n,q)rp for all ¢ € P,_1(F),

ﬁh,ABT, V2q)k = (1,V?q)x for all ¢ € Pp_»(K),

0,7, V) = (T,V)x  for all ¢ € Wy_1(K;R?),
(p,p, T, %)k = (T,3p)k  for all ¢ € M, (K;S)

for each a € Vy, e € &y, F € Fy, as well as K € Tp,.

(
(
(
(

Theorem 3.1.  Assume the triangulation Ty, is shape reqular. There exists a constant 3 independent
of h such that the following BB condition holds:

(divdivTy, vp,)

inf sup > 6 >0. (3.2)
VnEPh Ay T, ESE A, ||7'hHH(divdiv)||UhH0
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Furthermore, the stability for (3.1) is obtained.

Proof.  For any vj, € Pj, a,, according to [28], there exists some ¢ € H'(Q;RY) such that diveg = v,
and [|@|1 < ||lvnllo- There exists some 79 € H'(Q;S) such that divry = ¢ and ||7o[|1 < ||@]|o-
For any q € Pj, a,, integration by parts leads to

(divdivﬁh,Adﬂq) = (ﬁhyAdT,VQq) - Z (ﬁhyAdT n,Vq)ox + Z (div(ﬁhyAdT) ‘M, Q)oK

KeTy, KeTy,
= (Ta v2q) - Z (T 'n, VQ)aK + Z (diVT 'n, Q)aK
KeTy KeTn
= (divdivT, q).
This implies
divdivIl, o, 7 = Qp a, (divdivT). (3.3)
The estimates
|7 —pa,7lli S hsfi|7'|s + hs+1*i||div7'||s, s>1, i=0,1 (3.4)

follow by standard techniques.
Due to (3.3)—(3.4), it holds that

ldivdiviT, o, mollo = | Qn.a,divdivrollo = [|Qn.a,divello S 8l S llvalo-

Thus Hﬁh,AdTO”H(divdiv) < ||vn]lo- The replacement 73, = ﬁh,,AdTo proves the BB condition (3.2).
Additionally, by the Babuska-Brezzi theory [11,13], for any 7, € i o, and vj, € P, A,

(7~'}“ Th) + (diniVTh, %Jh) + (divdiv?h, Uh)

7ol £ (@ivaiv) + [Unllo S sup

ThEXk,Ays ||Th||H(diniv) + ||UhHO . (3'5)
’Uheph‘Ad
This ensures that the problem (3.1) is well posed. O

Remark 3.2.  The H?(;S) regularity for 7 is required if one employs the interpolation operator II;, A,
in (3.2). The proof of Theorem 3.1 somehow reduces the regularity requirement of the interpolation.
Nevertheless, the exactness of the divdiv Hilbert complex in Lemma 2.11 ensures the existence of T €
H2(%S) for any v, € P p,-

3.2 Error analysis

The stability of (3.1) allows the following error estimates.

Theorem 3.3.  Let (o,u) € H(divdiv,$;S) x L%(Q) be the solution of (1.4) and (oh,un) € Sk.a,
X Py n, be the solution of (3.1). Assume o € H*TH(Q;S), u € H*1(Q) and f € H*=Y(Q), k > 3. Then

lo = onllo S ol (3.6)
lu—wunllo S h**Holerr + A5 ulk-1,

lo = ol maivaiv) S P o lkgn + B flroa
Proof.  Theorem 3.1 leads to

h,A,0 = ol H@ivaiv) + [|Qr,a,u — unllo
(Hh,AdU — O'h,Th) =+ (diniVTh, QhAdu — uh) + (diniV(Hh,AdU — o'h),vh)

< sup .
ThETK, Ay, 170 || £ (@ivaiv) + [[vrllo

vh€Ph, A,
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According to (1.4) and (3.1),
(I, pn 0 — on, ) + (divdivry,, Qn a,u — up) + (divdiv(Il, A0 — op),vp)
= (I a0 — 0, 7).
This shows
11Ih,A,0 = onllm@ivaiv) + [|19n,a,u — unllo S [Hp,a,0 = ollo. (3.9)
Additionally, together with (2.31) the standard interpolation error estimates for d = 2, as well as the

same results hold for d = 3, the convergence results (3.6)—(3.8) follow from (3.9). O

3.3 Superconvergence

Introduce the space
H2(T) == {v e L*(Q) :v|x € H*(K) for all K € T, }.
Define the corresponding mesh-dependent norm in two dimensions,

03 ha, = D 103+ D (PG + ke IVl o)

KeTy ec&y

as well as in three dimensions,

05 na, = D 0Bk + Y, BRllllle,r +het Vo] Fl5 r)-
KeTn FeFp

Lemma 3.4. For d being either 2 or 3, there exists some constant 5 > 0 such that the following BB
condition regarding to the mesh-dependent norm holds:

(divdivTy, vp)
sup ——— 2~

> ﬁ|vh|2}h’Ad for all vy, € Py, (3.10)
ThEDK, Ay ll7nllo

Proof.  Let v, € Pp a,. For d =2, let the degrees of the freedom of 7, € ¥y A, for each K € Ty, be

Th(a) =0 for all a € V(K),

(Thm, @)e = (hy ' [Von], @)e for all ¢ € Pr_o(e;R?), e € E(K),
(divr, -1, q)e = —(h.%[vn], ) forall g € Py_1(e), e € E(K),
(Th, V2 Q) = (V?uy,, V3q)k  for all ¢ € Pp_o(K),
(1h,Veurlq)g =0 for all ¢ € M A3 P,_3(K)/Po(K),

(h, Jq@)k =0 forall g e I%’Arg,kﬁ(K).

Consider

(divdivTy, vp) = Z (divdivry, vp) K

KeTh

= Z (11, Vi) ic — Z (divr, - n, [vp])e + Z (Thm, [Vop])e
KeTy, ecelp eely

= > IVPulg+ D (e lonlllf o + b M IIVonllIF o)
KeTy ec&y

= |Uh|§,h,a2-

The scaling argument leads to

ITnllo S vnl2,n,a,-
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Therefore,

divdivry,, vy,
(divdivrn, vn) R |vnl2p,a-
[7nllo

This proves (3.10) in two dimensions.
When it comes to d = 3, the same techniques are applied. Let 7, € ¥; A, on each K € T}, with

Th(a) =0 for all a € V(K),
(tron;,q)e =0, (njon;,q).=0, 1<i,j<2 forallqe Py_s(e), ecE(K),
(hn, @)r = (hp' [Vor], @)r  for all ¢ € Po_s(F3RY), F € F(K),
(divry, - n,q)r = —(hp’[vn], @) forall g € P,_((F), F € F(K),
(11, V@) =0 for all ¢ € Pp_o(K),
(Th, V@) =0 for all ¢ € Wy_1(K;R?),
(th, 7))k =0 for all 7 € My(K;S).
This leads to
(divdivTy, vp,) = ‘vh|§,h,A3'

The scaling argument in this scenario results in

ITnllo S [vnl2,n,as-

This proves (3.10) in three dimensions. O

Babuska-Brezzi theory [11,13] and the BB condition (3.10) lead to the following stability results: for
any ;h (S Ek,Ad and 5h S P}L,Ad7

(%h, Th) + (diniVTh, 5}1) + (diniV7~‘h, ’Uh)

Trllo + [Onl2pa, S sup .
7 o o ThEDK, A s ”Th”O + ‘Uh|2,h,Ad (3.11)

U €Pn, Ay

The stability result (3.11) gives rise to the following superconvergence results.

Theorem 3.5.  Suppose that (op,up) € Tpa, X Pua, is the solution of the mized finite element
method (3.1). Assume o € H**1(;S). Then

|Qnu — unl2p,ny S Ao g
3.4 Postprocessing

The superconvergence of |Qpu — upl2,n A, is used to get a high order approximation of displacement in
this subsection. Define u; € Pyy2(7p) as follows: for each K € Ty,

(V2uj,, V2q)k = —(on, V@) for all ¢ € Ppys(Th), (3.12)
(uh, @) = (un, @)k for all ¢ € Pi(Th). (3.13)

Theorem 3.6.  Suppose that (op,up) € Ty, X Pua, is the solution of the mized finite element
method (3.1). Assume u € H**3(Q;S). Then

lu—ujlonn, S B ulks.

Proof.  The proof of Theorem 3.6 is similar to [15, Theorem 4.4], and the details are omitted here. [J

4 Numerical results

Some numerical results are presented in this section to verify the error analysis and convergence results
in the previous sections.
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4.1 Example 1

The computational domain is Q = (0,1) x (0,1) with the homogeneous boundary condition. The load
function f = A%y in (1.1) is derived by the exact solution

u(z,y) = 2%y*(y — 1)*(1 — z)*.

Use the H(divdiv;S) conforming finite element 33 o, for oy, in the problem (3.1) and the piecewise
linear space Pj, a, for up. T is uniform in this example. The initial mesh is shown in Figure 1. The errors
are reported in Table 1. As shown in Theorem 3.3, the optimal order of convergence for both o and w is
achieved in the computation. Besides, the superconvergence can be observed. The errors ||Qpu—upl/o and
|Qru — upl2,n,n, are fourth order of convergence, and |Qpu — up|2,n,A, are fourth order higher than the
optimal one. In addition, fourth order of convergence is achieved for |u—uj}
solution uj .

2,h,, With the postprocessing

//
/
/
/
/
/
/
/
/
/
/
/
/
/
/
/
/
/
/
%
/
e
(a) The initial mesh of the uniform triangulation (b) The initial mesh of the non-uniform triangulation
/ /
/// ///
4 /
/
/
/// //
/
/
/
yd
/
/
//
/
/
/
/
//
// //
/ /
/ /
/ /
// //
/ /

/
/
/

(¢) The initial mesh of the triangulation for the L-shape
domain

Figure 1 The initial mesh
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Table 1 The error and the order of convergence on uniform meshes

llo = onllo h™ |[divdiv(e — op)lo h™ [lu — up|lo h™

1 1.3900E—02 - 1.5552E4-00 - 9.2528E—-04 -
2 5.1722E—-03 1.43 1.0180E+4-00 0.61 2.8527E—-04 1.70
3 4.2279E—-04 3.61 3.0838E—01 1.72 1.0686E—04 1.42
4 2.9243E-05 3.85 8.0510E—02 1.94 3.0080E—05 1.83
5 1.9079E—06 3.94 2.0341E-02 1.98 7.7431E—06 1.96
|Qru — unllo h™ |Qnu — unl2,h,Ay h™ lu —ufl2 n A, h™

1 3.2820E—-04 - 2.8601E—03 - 2.4999E—-02 -
2 9.7954E—-05 1.74 1.8199E—03 0.65 5.9936E—03 2.06
3 7.3858E—06 3.73 1.7841E—04 3.35 5.0637E—04 3.57
4 4.7511E-07 3.96 1.3361E—05 3.74 3.4275E—-05 3.88
5 2.9848E—08 3.99 9.1053E—-07 3.88 2.1900E—06 3.97

Table 2 The error and the order of convergence on non-uniform meshes

llo = onllo h™ |[divdiv(e — op)lo h™ [lu — up|lo h™

1 5.7827TE—03 - 1.0671E+4-00 - 3.4324E—-04 —
2 4.4357E—04 3.70 3.1255E—-01 1.77 1.1681E—04 1.56
3 3.1802E—-05 3.80 8.1188E—02 1.94 3.3490E—05 1.80
4 2.1183E—06 3.91 2.0490E—02 1.99 8.6457E—06 1.95
5 1.3611E—07 3.96 5.1346E—03 2.00 2.1787E—06 1.99

|Qru — unllo h™ |Qnu — unl2,h,Ay h™ lu —ufl2 n A, h™

1 1.1435E—04 - 1.9830E—03 - 6.7217E—-03 -
2 7.7707TE—06 3.88 1.8557TE—04 3.42 5.3202E—-04 3.66
3 5.1056 E—07 3.93 1.4758E—05 3.65 3.8076E—05 3.80
4 3.2260E—08 3.98 1.0220E—06 3.85 2.5243E—-06 3.91
5 2.0211E-09 4.00 6.6842E—08 3.93 1.6174E—-07 3.96

4.2 Example 2

Compute Example 1 on non-uniform triangulations. The initial mesh is shown in Figure 1. The errors
and convergence rates are displayed in Table 2. The computation shows that the nonuniformity of the
mesh does not downgrade approximability.

4.3 Example 3

The L-shape domain 2 = (—1,1) x (=1, 1)\ ([0, 1] x[-1, 0]). Figure 1 shows its initial mesh. Let w := 37/2,
and « = 0.544483736782464 is a non-characteristic root of sin?(aw) = a? sin®(w) with

Gaw(0) = g1(cos((aw — 1)8) — cos((ar + 1)8))

o <a ! Csin((a— 1)0) - i sin(a+ 1)9))

and

9= i 1 sin((a — 1)w) — - Jlr 1 sin((a + 1)w),
g2 = cos((a — 1)w) — cos((a + 1)w).

The load function f = A2%u in (1.1) is derived by the exact solution

u(z,y) = (1—22)*(1 — y*)* (V22 + y2) g0, (0).
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Table 3 The error and the order of convergence for the L-shape domain

llo = onllo h™ |[divdiv(e — op)lo h™ [lu — up|lo h™

1 3.0154E4-00 — 1.1771E+02 — 2.7847TE—-01 —
2 1.6652E+00 0.86 4.9184E4-01 1.26 4.8223E—-02 2.53
3 1.1244E+00 0.57 2.1869E+-01 1.17 2.1671E—-02 1.15
4 7.7274E-01 0.54 1.3617E4-01 0.68 7.2229E—-03 1.59
5 5.3096E—01 0.54 9.2420E+00 0.56 2.5820E—-03 1.48

|Qru — unllo h™ |Qnu — unl2,h,Ay h™ lu —ufl2 n A, h™

1 5.1725E—-02 — 2.9152E—-01 — 3.8066E-+00 —
2 2.1221E-02 1.29 2.2187E—-01 0.39 2.0648E+00 0.88
3 9.5846E—-03 1.15 1.6895E—01 0.39 1.3956E4-00 0.57
4 4.4346E—-03 1.11 1.1977E—-01 0.50 9.5956E—-01 0.54
5 2.0731E—-03 1.10 8.2704E—-02 0.53 6.5952E—-01 0.54

Use the H(divdiv;S) conforming finite element 33 o, for oy, in the problem (3.1) and the piecewise
linear space Py, a, for uj. The triangulation 7j, is uniform. The numerical results are presented in Table 3.
The convergence can still be observed in the L-shape domain. The convergence rate is degenerate because
the solution possesses singularities at the origin. Nevertheless, it is noted that the convergence rate of
|lu — wp||o is higher than the other errors.
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Appendix A

This appendix provides some ideas to construct the basis for ¥j a,. It is discussed for £ = 3 and d = 2
while the ideas apply for k > 3 and d = 3.
For the case where d = 2 and k = 3, let &1, x5 and x3 be the vertices of a element K € 7;,. The affine
mapping F': K — K reads
x=F(x) =Bz + x;
with
B = (:1]‘2 — &1, 3 — 5131).

Suppose that the triangle K is spanned by (0,0), (1,0) and (0,1), and use = (Z,7)" for the vector in

that coordinate. Thus
0 1 0
':/E\l = ) EQ = ) id = . (A1>
0 0 1

For each edge e; € E(K), the corresponding tangent vector is t; = @x;_1 — ®;11, i = 1,2,3, where
the indices are calculated mod 3. The unit outward normal vector of e; is denoted by n;. By the affine
mapping,

B~ Tn; ~
i =——=—, t;=DBt,;. A2
"B TR, (4.2)
The barycenter coordinates read
A2 =mny - (T1 — @), (A.3)
Az =mng - (T1 — @), (A4)
Ar=1—Xy—As. (A.5)

Define J := det(B). Note that J does not vanish at any point. Define for 7 € H(divdiv, K;S), by the
Piola transform [6],

(x) = % B7(&)B". (A.6)

Some fundamental properties of the Piola transform (A.6) are presented in the subsequent lemmas.
Lemma A.l. If 7 € H(div,K;S) satisfies 7 log = 0, then 7 € H(div, K;S) defined in (A.6)
satisfies Tn |gx = 0.

Proof.  The combination of (A.2) and (A.6) shows that on each edge e € E(K),
™ = %B?BTn = %
Thus 77 |z = 0 implies 7n |, = 0. O
Lemma A.2. Suppose T € H(divdiv, K;S), ¢ € Py_1(e) and e € E(K). If J > 0, then
(divr - n,q)e = (div7 - 71, ).
If J <0, then -
(divr - n,q). = —(divT - 1, §)e.
Proof.  From [6], we have
divr = %B div 7.
Let g(z) = q(Z). Tt holds that
BdivFB~Te| A) ATdivrle| |,

_ (rdvrld &) _WGRs a9,
B-"ale ). T \uBTale?). T J e

(divr - n,q)e = (
This completes the proof. O
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The basis for i a, are formed as follows. For k = 3, only the degrees of the freedom (2.4)—(2.6) are
adopted. The first step is to construct basis functions for the degrees of the freedom (2.6), which are
denoted by 7,4, 1 =1,2,...,09.

Recall the H(div, K;S) bubble functions ¥, introduced in [34],

I € EK,b = Z )\¢,1A1+1P1(K)tit?
1<i<3
with
Opmle, =0, j=1,23.

Lemma A.l ensures that 7, ; can be obtained from the basis functions 7, ; defined on the reference
element K. Let the nine basis functions of ¥ 5, be 9y,;, i =1,2,...,9. To be precise,

~ 9n ~ o -
Iy = 5)\2)\3(3/\2 — Dt
~ 9~ ~ o -

Vpo = 5)\3)\2(3/\3 — l)tlfl—r,

~ 9~~~ —~
O3 = §>\3>\1(3>\3 —1)taty,
—~ 9~ ~  ~ —~
Ona = 5 MAs(3M — oty
~ 9 ~  ~ ~
Op5 = §>\1>\2(3)\1 —1)tst,
—~ 9~ ~  ~ ~
I = 5Az/\l(?,AQ — 1)tsty,
O = 2TA Ao Astit)
s = 2TA 1 Ao Astoty |
no = 2TA Ao Aststy .
Assume

9
?h,i = E Oz§-l)'l9h7j, Oé;- e R.
=1

The corresponding basis functions for degrees of the freedom (2.6) on K can be calculated immediately.
Suppose that C denotes the 9 x 9 coefficients matrix consisting of ozg-i), and let C(i,j) = ay). Then

0 0 4/9 2/9 2/3 4/3 1/3 -1/3 1/9

0 0 4/3 2/3 2/9 4/9 1/9 -1/3 1/3

0 0 —40/9 —20/9 —20/9 —40/9 —10/9 20/9 —10/9
—4/3 =8/3 0 0 —-4/9 -2/9 2/9 0 -1/3
C=|-4/9-8/9 0 0 —-4/3 -2/3 2/9 -2/9 —1/9
40/9 80/9 0 0 40/9 20/9 —20/9 10/9 10/9
—8/9 —4/9 —2/3 —4/3 0 0 -1/9 —-2/9 2/9
—8/3 —4/3 —2/9 —4/9 0 0 -1/3 0 2/9
80/9 40/9 20/9 40/9 0 0 10/9 10/9 —20/9

This leads to
R IMAZ  —9A Ao R 3MAZ —9AAa)s
Thi = ~ s ~~ | Th2= A Pt N
YV YSVIRE SVPY _ 5
R —30A1A2 601 AoNs
Thz=|  ~~ = ~ |
601 AoXs —30A; A2
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—3/):2(/)\\% + 8//\\2//\\3 — /):2 + 10/):% — 7//\\3 + /):1) 9/):2/)\\3(/)\\3 — /):1)
9Mors(As — A1) —9AoA2 ’
—3X2(3A2 4+ 12253 — 3X2 + 10A2 — 9X5 + 3A1) 3A2A3(A3 — 3X;)
33 (A3 — 3X1) —3XoA2 ’
30A2(A2 4 6A2A3 — Az + 642 — 5As + A1) 30A2A3(20; — A3)
30A2A3(2A1 — As) 30712 ’

3XaA3(2ha — A1) —3A3(10A2 4+ 12X0A3 — 9o + 3A2 — 3\3 + 3X1)>’
—9AZAs 9NaAs(225 — A1)
IMaAs(2X2 — A1) —3A3(10A2 4+ 8XoAs — TAa + A2 — Az + A1) )

~

Th,8 =

~

Th,9 =

~ ( _3/>\\%X3 3/):2/):3(2/)\\2 - /):1)

30A2\5 3023 (2A1 — A2)
30A2A3(271 — A2) 30A3(6A2 + 6Aads — BAa 4+ A2 — Az + A1) )
Hence 71,4, 1 = 1,2,...,9 follow by the Piola transform (A.6). These basis 7,4, ¢ = 1,2,...,9 satisfy

Thiljle, =0, 1<i<9, j=1,2,3,
die(Th,j) =6, 1<4,7<09.

Here, d; .(-), i =1,2,...,9 are defined by

dl,e(-):/ nldiv(-)\ads, dze(-):/ nldiv(-)\sds, dz.(-)= [ nidiv(-)A2\zds,
el

€1 1

€eg €2 2

n3 div(-) A Aads.

3

/
dic() = [ mfdivdads, dso() = [ nfdivionds, doo) = [ nidiveinds
/

d7,e(-):/ na div(-)\ds, d&e(~):/ nydiv(-)\ads, do.(-) =

€3 €3

The second step is to construct the remainder 21 basis functions 734, ¢« = 10,11,...,30 for X3 a,.
These basis satisfy

'I’lgdiVThﬂ‘deS =0 forall p; € Py(e), ec&(K).

Similarly, recall the rest two types of basis functions in [34], which are vertex-based basis functions and
edge-based basis functions with nonzero fluxes. On the element K € T}, the remainder 21 basis functions
of 33 A, can be derived from the following two classes of basis functions in [34]:
(1) (Vertex-based basis functions) The 9 basis functions in [34] are defined by
Ph,i = ¢1Tia i=1,2,3,
¢h7i+3 = ¢2T’ia 1= 17 27 37
‘)Oh77j+6 = ¢3Ti7 1= 17 27 3

with the Lagrange nodal basis functions in Ps(K):

1
¢ = 5)‘i(3)\i -GN —2), i=1,2,3

10 01 00
Tliz s TQZ: s TgZ: .
00 10 01

(2) (Edge-based basis functions with nonzero fluxes) For e; € £(K), i = 1,2, 3, define

and

1 1
Te, 1 = §(2$i+1 +Ti1), Te2= §(2$i—1 + i)
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The associated Lagrange nodal basis functions are

9 9
Gei1 = sAip1XNic1(Bhig1 — 1), e, 2 = 5)\i71)\i+1(3>\i71 —1).

2

The 12 edge-based basis functions ¢y, 19, .., ¥y, 21 (with nonzero fluxes) in [34] are
1
Gergmini s e i(tmi +mitl), =123, j=12,

respectively.
The basis functions of ¥, A, have the forms

9
Th,i+9 = Ph,i — Zﬂy)‘l’h,j, i=1,2,...,21.
j=1

The coefficients By), cee éi) are constants, given by

(n;rdiv‘ioh,iv >‘l+1)ezv (ngrdivsoh,iv /\l—l)el ’ (ngrdiv‘ioh,iv >‘l—1)‘l+1)€z . 1=1,2.3,

respectively.

Remark A.3. The implementation of 73, ;, ¢ = 10,11, ..., 30 can also rely on the reference element K.

For example, according to Lemma A.2,
(nrlrdivsoh,lv >‘2)8z = (ﬁrlrdiv;ah,l’ )‘2)€1 )

where
Gp1=JB ¢, BT =JB'$:T1B™" =: ¢1 M.
Note that the matrix M; = JB~'T{B~T. This shows
(R divey, 1, Ao)e, = (R div(é1 M), As)e,
= (R M1V, X2)a,
=l M (Vr, A2z, .

The term (6(;51, /):2)51 can be calculated exactly on K. Then some transformations lead to

(nrlrdivcph,la >‘2)G1 ’

which is S1.

(A.8)



