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Abstract In this paper, we present and analyze an energy-conserving and linearly implicit scheme for solving
the nonlinear wave equations. Optimal error estimates in time and superconvergent error estimates in space
are established without certain time-step restrictions. The key is to estimate directly the solution bounds in
the H2-norm for both the nonlinear wave equation and the corresponding fully discrete scheme, while the
previous investigations rely on the temporal-spatial error splitting approach. Numerical examples are presented
to confirm energy-conserving properties, unconditional convergence and optimal error estimates, respectively, of

the proposed fully discrete schemes.
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1 Introduction

We present an energy-conserving and linearly implicit scheme as well as the unconditionally optimal error
estimates for solving the following wave equation:
ug = Au— Xu— F'(u), (x,t) € Qx (0,7T],

u(z,0) = up(x), w(x,0)=ui(x), ze€ (1)

with the periodic boundary condition, where A > 0 is a constant, €2 is a polygonal or polyhedral domain
in RY (d = 2,3), up and u; are sufficiently smooth, and F € C%(R) is the nonlinear potential. For
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simplicity, we assume that € is a rectangular or cubic domain. Nonlinear wave equations are widely used
to model plenty of complicated natural phenomena in a variety of scientific fields [11,12,28,34]. In the
past several decades, it has been one of the hot spots in the numerical analysis of different schemes for
the equations [3,8,15,33,35].

There are many papers that consider error analysis of the fully discrete schemes for the nonlinear
problems under the following assumption (see, e.g., [7,9,10,16]):

[F"(u™) = F'(up)| < Llu™ — up], (1.2)

where u" and uj are, respectively, the theoretical and numerical solutions, and L > 0 is the Lipschitz
coefficient. A classical model satisfying (1.2) is the sine-Gordon equation, whose nonlinear term is sin(u).
However, as pointed in [15], the assumption (1.2) is not the typical behavior of the general nonlinear
wave equations and thus its range of the actual applicability is limited.

In order to deal with the non-Lipschitz nonlinearity, one common way is to impose a priori boundedness
of the numerical approximations uj. In classical finite element analysis, the numerical solutions in the
maximum norm are usually estimated by

< [Rpu™ || + [[Rpu™ — up || e
< |[Rpu™ ||z + Ch™ 2| Rpu™ — uj|| 2
< ||Rpu™||poe + Ch™2(7P 4 BT+, (1.3)

[l Lo

where Ry, is the projection operator, and r + 1 and p are convergence orders in spatial and temporal
directions, respectively. Consequently, a time-step restriction 7 = O(h%) is needed in (1.3) (see, e.g.,
[6,13,14,25,26]). Such a time-step restriction appears widely in the numerical analysis but is not always
necessary in actual applications.

Unconditional convergence means that the established error bound is valid without the above-
mentioned time-step restriction. To achieve the unconditional convergence, a temporal-spatial error
splitting approach is presented recently [18-20,22,23]. The key idea of the approach is to introduce a
time discrete system, whose solution is denoted by U™. Then one can obtain the following error estimates:

U2 < C and  |RyU™ — uj||r2 < Ch2.
The boundedness of the numerical solutions is obtained by

lupllzes < |RRU™ —upllpe + [|[RAU™ — ToU"™ || Lo + (| ZnU™ || Loo
Ch=2(|R,U™ — ul || 12 + ||RWU™ — T, U™|12) + U] 2

<
< Ch* 42 4 ||U™| g (1.4)

Here, Z,U™ denotes the interpolation function of U™. It implies that the numerical solutions is bounded
if the temporal and spatial step-sizes are sufficiently small, respectively. Then the error estimates can
be proved by following the usual way. In spite of the interesting and instructive work, additional error
estimates in different norms are required in the proof, and so far, most unconditional convergence results
are focused on nonlinear parabolic problems.

The nonlinear wave equations (1.1) have several remarkable features. First, the models (1.1) are
energy-conserving, i.e.,

E(t) = /Q(uf IVl + Nuf2 + 2F(w))dz = E(0).

Second, the typical nonlinear terms are non-Lipschitz continuous. Third, the solutions have different
regularities. A natural question is whether we can develop some effective unconditional convergence
numerical schemes for nonlinear wave equations, taking all the remarkable features into account.

In the present paper, we present an energy-conserving and linearly implicit scheme for solving the
nonlinear wave equations (1.1). The scheme is of order 2 in the temporal directions and no additional
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initial iterations are required. The construction of the scheme is based on the recently-developed scalar
auxiliary variable (SAV) approach combined with the finite element methods, classical Crank-Nicolson
methods and extrapolation approximation. We show that our fully-discrete schemes conserve the energy
and are convergent without certain time-step restrictions. Unlike the previous temporal-spatial error
splitting approach, we estimate the solution directly in the following procedure: (1) obtain the bounds in
the H2-norm of the solutions for both the nonlinear wave equations and the corresponding fully discrete
schemes; (2) establish the bound for numerical solutions by applying the embedding inequality; (3) obtain
the unconditionally optimal error estimates in time and superconvergent error estimates in space.

We remark that the key to constructing the energy-conserving schemes is the SAV idea, which has
been applied successfully to the gradient flows [1,29-31]. Very recently, the idea was introduced to
develop energy-conserving schemes for the conservative laws [4, 5,21, 24]. However, much attention has
been paid to the stability and energy-conserving properties, and no unconditional convergence results of
fully discrete SAV schemes for nonlinear wave equations are found in the literature. This is the main
motivation and contribution of the present study.

The rest of this paper is organized as follows. In Section 2, we propose a fully discrete scheme for
the nonlinear wave equations (1.1). In Section 3, we present a detailed proof to show the energy-
conserving properties and unconditional convergence for the temporal discretization. Error estimates
for the fully discrete solution is established in Section 4, where we prove that the approximation error
is unconditionally optimal in time and superconvergent in space (under the H'-norm). In Section 5, we
present several numerical examples to confirm the theoretical results. Finally, conclusions are presented
in Section 6.

2 The linearly implicit method

In this section, we present a fully discrete numerical scheme, which preserves the discrete energy.
Suppose

Ei(u) = / F(u)dx > —co
Q
for some cg > 0, i.e., it is bounded from below, and let Cy > ¢g so that

E1(u) + Cy > 0.

We introduce the following scalar auxiliary variable (SAV):

r(t) = VE@), E(u) = /Q F(u)dz + Co,
and rewrite (1.1) as

Uy =,
r
vy = Au— du — mf(u)a (2.1)

Tt utdl’,

— | 1w
= —— U

2/ E(u) Ja
where f(u) = F'(u).

Let 75, be the usual regular triangulation of the polygonal domain 2. Denote by hs the mesh size
of Tn, where hr is the diameter of the element T' € Ty, and h = maxpe7,. Let V3 be the classical
finite-dimensional subspace of H!(Q), which consists of the usual continuous piecewise polynomials of
degree k (k > 1) on Ty, i.e.,

Vi={velC’Q):v|r €Py, VT € Tp},

where P, denotes the space of polynomials of degree no more than k.
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Let 7 = % with N being a given integer and t, = n7, n=0,1,..., N. Define

u" =u(x,t,), V" =v(x,t,), 1" =r(ty).

For any sequence of the functions { "} . we define for all n (n =0,..., N — 1),
Dfn-i—l fn—i—l _ fn - 1 N f7L+1 + fn
D, n+1 . _ ntg . 3fN _ n—1 ntg . )
f . L P cer o, .

Note that for n = 0, we define f% = fo.
To design an energy-conserving and linearly implicit numerical scheme, which is easy to implement and
efficient, we consider the following fully discrete Crank-Nicolson Galerkin SAV method: find u"'H e W,
”H €V, and TZH €Rforn=0,..., N — 1 such that for all (wp, () € V}, X Vj,
nal
(D-,—’LLZ+1, wh) = (@h+2 ’ wh)7

n+3%

(Dyopt ) = *(Vﬁz+%7VCh) — (A An+27Ch) <7ahlf(~n+2) Ch)
By, %)

n+l ~n+2 n+1

r
h / ~77,+2 /

- U;LL ) d{I)7
where

and initial values are chosen as
(ug,vg,rg) = (Rpug, Rpui,/ E(up)).

Here, Rpuq is the Ritz projection of ug, which will be defined later.
Equivalently, we rewrite the above scheme (2.2) into the following linear form:

2 2

(4 — TQAh+7'2/\I)uZ+1,wh) + %(uﬁ“, b1) (b1, wr) = (g, wp) + T

5 (upy,b1) (b1, wp) (2.3)

for all wy, € V},, where
(Apup,vp) = —(Vup, Vo)

and

~n+2
by = RICDE . g = (AI+72Ap — AN} + d7v)k — 27707y
~n+
Eu, *)
Choosing wy, in (2.3) to be the basis function of V}, leads to a linear equation of the form

Au™ 4 (u" T b )by =g

for some matrix A and vectors by, by and g. By taking the inner product with b; in the above equation,
we obtain (u"*!,b;) and then derive u"*!. Hence, the scheme is easy to implement and very efficient.
We also refer to [30,31] for more detailed information.

3 Unconditional energy preservation and convergence for the temporal
discretization

In this section, we prove that the Galerkin SAV method (2.2) preserves the energy unconditionally.
Moreover, we establish the convergence analysis of the SAV approach with minimum assumptions.
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We begin with the energy preservation property of the Galerkin SAV approach. Define the energy

7 1 n n n n
B = \/2(||vh||2 H VU2 + Allupl?) + ()2 1<n <N,

Here, ||ul|? = (u,u) = ||u[|?,. Taking
(wn, Gn) = (o™ — v up ™ — upy)

and multiplying the third equation of (2.2) by ri"** + 7, we derive

%(IIUZHII2 = Rl + 1IVup 2 = Vb 2 + My 712 = Mg [?) + ()2 = () = 0.
Consequently,
Etl=E"=E° Vn>1.
Now we consider a time-discrete system of the equations
DU = e,
LERE)

1

E(U"3) (3.1)

/ FOH U — U™ da
Q

D,V = AUz — AU —

R’n+1 _ R’n — 1

2\/E(U"F2)

subject to the periodic boundary condition and the following initial conditions:
U%x) = uo(x), VO(x)=ui(z).

As we may observe, the numerical solution (u}, vj, ') can be viewed as the Galerkin approximation of the
above time-discrete system of the equation. To study the convergence of the temporal discretization (3.1),
we need some preliminaries.

First, for the simplicity of notations, throughout this paper, we denote by C' a generic positive constant,
which depends solely upon the physical parameters of the problem and is independent of 7,k and n, and
it is not necessary to be the same at every appearance. We adopt the usual notations for Sobolev spaces,
e.g., W™P(I) on the sub-domain I € Q equipped with the norm || - |[ym.» ; and the semi-norm |- |ym.» 1.
We omit the index I when I = Q. Especially, when p = 2, we set W™P(I) = H™(I), ||-[lwmw.r = |||l gm 1
and |- |wmw» ;= |- |gm 1. The notation o S 8 implies that « is bounded by 8 multiplied by a constant
independent of 7, h and n.

Second, we present the Gronwall inequality, which plays an important role in our later convergence
analysis and error estimates.

Lemma 3.1 (See [17]). Let 7, B and ay, bk, ck, Y for integers k > 0 be nonnegative numbers such
that

an, +TZbk < TZWkak —1—7ch + B forn>=0.
k=0 k=0 k=0
Suppose that 7y, < 1 for all k, and set o, = (1 — 7y,)~'. Then
an —|—7'Zbk < (Tch +B> exp (TZ’kak).
k=0 k=0 k=0
Lemma 3.2 (See [2]). Let I = [a,b] and a(t), B(t),u(t) € C°(I). Suppose 3(t) > 0 and

u(t) < a(t) +/ B(s)u(s)ds, Vtel.

Then .
u(t) < a(t) + / a(s)B(s)els Bdrgs i eT.
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Now we are ready to study the convergence of the solution of (3.1). Taking the inner product of the
first two equations with V"t — V7 "+l U™ and multiplying the third equation of (3.1) by R**! + R",
we derive

1
SUVPEE = VP2 VU2 = VU™ 4 MU = AU ) + (R = (R)? =0,
which indicates that
IV + 10" |l + [R* 1, VI<Sn<N.

As pointed out in [29], the energy stable scheme is not sufficient for the convergence which typically needs
bounds in higher norms. Following the idea in [29], our convergence analysis is along this line: we first
start from the energy preservation to derive the error bounds in higher norms (i.e., the H? estimates) for
the solution U™, and thus obtain L* for U™ thanks to the embedding theory, and then we use the bounds
in H2-norms to show that the numerical solution U™ converges to the exact solution u™ in some suitable
norms as 7 tends to zero. To this end, we need the bounds in the H?-norm of the PDE system (1.1).
The error bounds for the solution of (3.1) are similar to those of the PDE system.

Note that most of the convergence and error analysis for linearly implicit scheme are based on the
so-called Lipschitz assumption, i.e.,

\F’(ul) — F/(U/Q)‘ < L\ul — ’lL2|7 Vul,uz. (32)

The above assumption greatly limits its range of applicability. Following the basic idea of [29], we adopt
the following assumption instead of the Lipschitz assumption in our convergence analysis:

[f' (@) < C(zl” +1), p
(@) <C(lzlP+1), p

>0, ifn=1,2 0<p<4, ifn=3; (3.3)
>0, ifn=12 0<p<3, ifn=3.

It has been proved in [29] that if f(u) satisfies the conditions (3.3)—(3.4), then for some o (0 < 0 < 1),
it holds that

17 @)l[zoe + 1 (W)llze < CL+ VA7) < €] VAul| + Ce (3.5)

for any € > 0 with C, being a constant depending on e.
We present the following estimates for the exact solution of (1.1).

Proposition 3.3.  Assume that u is the solution of (1.1), ug € H3 uy € H? and (3.3)—(3.4) hold.
Then for any T > 0,
(IAu]l + [[Au]| + [VAu|)(T) S 1.

Proof.  First, multiplying u; on both sides of (1.1) and using the integration by parts yield

d
— <||u7f||2 + [Vl + Aul® + 2/ F(U)) =0,
dt 0

which indicates that

ol + el + | Pl S 1. (36)
On the other hand, we multiply A%u; on both sides of (1.1) and again use the integration by parts to
obtain
1d 2 2 2
5 g Auel” + VA" + Al Aul%) = —(Af(u), Auy). (3.7)

Integrating with respect to time from 0 to ¢ and using the Cauchy-Schwarz inequality yield
([Au]* + [V Aul? + | Aul®)(2)

< (IIAutH2+IIVAU\\2+>\IIAUI|2)(0)+/O (1Aue | + [ Af(u)[*)(t)dt. (3-8)
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By (3.5) and the identity
Af(u) = f'(w)Au+ " (u)|[Vul*,
we have that for all 0 < 6 < 1,
" ()| oo [Vl Za + 1 ()| o || Au]

CULL" @llze + ILf @)z ) IVl s + [|Aull)
O+ IV Au*)(IVulZs + | Aul).

1Af ()]l

<
<
<

As for the term ||Vu||p4, we use the Sobolev embedding theory and the interpolation inequality about
the spaces H® (see, e.g., [27]) and then obtain

IVullzs < CIVullgas < CIVull' V5V Au||® < OV Au| ¥,
Moreover, by using the integration by parts and (3.6), we have
IAul* < CIVAu][|Vull < OV Au].
Consequently,
IAf ()] < CL+ [IVAU|P)([Vullza + [[Aul®) < O+ [[VAu|?).
Substituting the above inequality into (3.8) gives
([Au]* + [V Aul? + X Aul*)(2)

t
< (1A + |V Aul* + M Au[*)(0) + 1 +/0 (1A |[* + |V Aul|*) (t)dt. (3.9)

By the Gronwall inequality in Lemma 3.2, it holds that
(Au|? + VAl + N Au]?)(t) S ([Au|? + [ VAu[? + X[ Au]?)(0) + 1 < 1.

This finishes our proof. 0

Similar to the proof in the above proposition, we also have the following H? estimates for the solution
of (3.1).
Proposition 3.4.  Assume that (U™, V"™, R"™) are the solutions of (3.1) and (3.3)—(3.4) hold. Then

AU + [[AV"]]? + [VAU™||? S 1. (3.10)
Proof.  First, we have that from the first equation of (3.1),
D,VAU™! = VAV"*3.

Multiplying the above equation with V(V" ! —V") and the second equation of (3.1) with A2(U" 1 —U™),
and then using the integration by parts, we obtain

VAU — [VAU |2 + [AVPFHZ — JAV?2 + AJAU™ T2 = A AU™ |12
2Rn+% Frn4 1 n+1 n
= (VRO VAU - ),
E(U"+)

Writing

fl(ﬁn-i-%) _ 2Rn+%f([7n+%)
E(U"tz)
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and summing up the above equation for all n from 0 to m yield
IAVO]Z + AAU™ 2 — X|AU®|?

||VAUO||2 + HAVm+1H2 _
[T7"2)),VAU")

||VAUm+1 H2 _

= (VA@™2), VAU™) — (VA(U?), VAU?) +Z (A(O"2) -
n=1
(3.11)

= (VAU™N), VAU™ ) — (Vf(U?),VAU?) + I, — I,

2R™*E f(U™H)
E(Um-i—%)

where

fl(Um+1) —

and
I = (VAU™Y = V(0™ 2), VAU,

I =Y (V(A(O""2) = f1(T"F3)), VAU™).

n=1
Since R™ is bounded and E(U) is bounded from below, we have that from (3.5)

e|lVAU™ | + C.. (3.12)

IVADU™H] < CA+[F U™ ll=) <

Consequently,
1
+ ZHVAUOH2 + C. (3.13)

1 1
|(vf1(Um+1)7VAUm+1) (Vfl( 5) VAUO)| < ZHVAUWLJAHQ

On the other hand, we note that

VA" %) = VAO"?)
=[O VU — (U VO

= O 3)(VO"E = VO™ + (f(07%) =

= SH@H)V(V"=3 =30 3) + ZRIO0™E + (1 - 0)0"

), where in the last step, we have used the first equation of (3.1), which yields

Ay vt
BE [\ B i DA v/ i

for some 6 € (0,1

- N 1 N R
VO - VO = VAU - 30" - U ?) = %V(V"‘% —3pm—i),
By (3.12) and the fact that
vV + VU™ 51,
we have
IV f(T"2) = VA (T™2)|2 < 72l VAT 2| + e[ VAT 2|2 + | V(V" =5 — 3V77%)|12 + C?),
and thus

m
JARS Z (IVAU™|? + |[VV™|?) + C.

Similarly, it holds that
~ . m—+1
IVAD™2) = VAU™ P <7 Y (IVVPP + [VAU"|?) + Cer?.

n=m-—1
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Then
m—+1

1
11| < 72 Z (IVV™)? + €| VAU™||?) + Cr? + 1||VAU’”+1H2.

n=m-—1

Substituting (3.13), we see that the estimates of I; and I into (3.11) yield

1
VAU 4+ AV 4 AJAU™ 2

m—+1
< AVOP + [VAUC|? + MJAUC|? + C7 )~ (IVAU™|]? + |AV™]?) + C.

n=1

By the Gronwall inequality, we have
[FAU™H + AV 2 4 AJAU™H P < [AVOIP + [VAUOJ + AJAU)? < €.
In the case A = 0, we note that

AU™ = AU™ + —(AV™ T 4 AV™).

T
2
Then -

AU < [JAU™ + §IIAVm+1 +AV™,

which yields
|AU™H | < AU+ C < C.

This finishes the proof of (3.10). The proof is completed. O
As a direct consequence of (3.10) and the embedding inequality, we have

[U"lee < CIAU™ < C, V. (3.14)

Remark 3.5. Following the same argument as in [29], we conclude that: assume ug € H?; when 7
tends to zero, we have U™ — u" strongly in L>(0,T; H37¢), Ve > 0, weak-star in L>°(0,T; H®), V" — o™
weak-star in L>°(0,T; H?), and R" — r"™ weak-star in L>(0,T).

Theorem 3.6.  Suppose that u is the solution of (1.1) satisfying
lluollzrz + llull Lo (0,7, m2) + lluellL2(0,7),m2) + llueel L2 (0,1, m2) S 1-
Then (3.1) admits a unique solution (U™, V™, R™) such that
[u" = U™ g + o™ = V| + " = R"| S 7°.

Proof.  First, we define

E;,=u"-U", E}=v"-V" E!=r"—R", H(u)=
By taking t =, 1 in (2.1) and using (3.1), we obtain

A 1
DB}t =By 4T,

D, EM = AEIYE NEMTE _pnt g (untE) ¢ RO H(DE) 4T, (3.15)
1

B B =g / (H (") (" =) = HU (U™ = U"))da + T,
Q

where 1Y, T and T3 denote the truncation errors, i.e.,

n+i 1 el
T, = Du"t! —uy +oT2 — e
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A | n+3 1\ a4l i+l 1 1
Ty = A(u"T2 — " 2) + Do — o) 2 AT e a4 (P — e ) H (w2,

Ty = 7(Dyr"*t — r$+%)—% / H@"™3)(Drum™ — o) da,
Q

Multiplying the first equation with E"*! — E" the second equation with E"*! — E" and the third
equation with E"T! + E™ in (3.15), and then summing up three equalities, we obtain

%(HEﬁﬂll2 — 1B+ IVES? = IVELIP + MEZH? = MER?) + B — B2
— (Io, DE™Y) + (To, DE"™Y) — (Ty, DE™) + 2(Ty + L) ENT 2, (3.16)
where
I = it (H(U™T2) — H(u"" 7)), (3.17)
I= /Q (H(u"3) — HO™ ) — u")da, (3.18)

We next estimate the terms T; and I; (i < 3), respectively. By the Taylor expansion, it holds that
ITul S 72 Tl S 7% |Ts S 7°
By (3.14) and the fact that f € C?(R), we have
[HU™)| + [H' U]+ O]+ UM <1, V.
Then there exists some 6 € (0,1) such that

~ ~ ~ 1
[H(@™2) — Hu""3)|| = |H' (002 + (1 - 0)u"+3)(Ey "2 + @tz — o3|

~ 1
ST B,

and thus
Nn-&-l *‘n—i—l
LI S T2+ I1E], Ll ST+ | EVT2).
Consequently,
A1 NPT § _ Anl ~ 4l
(T3 + I3)Er 2| S r|ER T2 2 r Y (|2 + | Ts[2) S 70+ r (1B T2 2+ | BT )R). (3.19)
Note that ) )
IDEZ| = 7| B2 + || S 72 + 7| EV TR
Then

(B2 +To, DEZHY] S 7|l + 7| Tol2 + 7 DEZ2 S 75+ r(IBS 22 + | BT3P, (3.20)
On the other hand, in light of the second equation of (3.15), we have
(T1, DEMY) = 7(Ty, AERTE NEDTE _pnt i gluntd) ¢ R HO) 4+ Ty)
— (VT VEM ) £ r(Ty, —AER Rt (o3 4 RS H(D™E) 4 ).
Noticing that
I# i ) R O = B )+ R et ) - B )|

1 ~ 1
SIESTE | 42 || ETR,
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we have . § ) )
(T, DEIY)| S P2 (IVEL 2| 4+ | B 2|2 + 72+ B2+ |ED T2 ).

Plugging (3.19)—(3.21) into (3.16) yields
1
2
ol 1 ol ol ol

ST BEP A BT+ IVETTE P 4 B BT,

Summing up all n from 0 to m and using the initial values, we obtain

[EZFHZ + IVED P+ ME? + B
m—+1

<O+ Cr Y (IBLIP + IVERI? + MELN® + |EP ).

n=0

Then the desired result follows from the conclusion in Lemma 3.1.

4 Error estimates for the fully discrete solution

(B2 = B + IVELH? = IVER® + MEZ = MEL®) + (B - (B7)?

1741

(3.21)

In this section, we establish the error estimates for the solution of (2.2). By the error decomposition, we

have

wh —wp =wt =W+ W —wpy =w" - W"4en, w=u,v,r.

In light of the conclusion in Theorem 3.6, we only need to estimate the term e, (w = u,v,r). To this

end, we first define the Ritz projection operator Ry, : H}(Q) — Vi, by
(V(v = Rpv),Vw) =0, YweV,.
Then e (similar for e?!) can be decomposed into
en=U"—uy =&, +n,, & =R U"—upy, n,=U"—-RyU".
According to the standard finite element method (FEM) theory [32], it holds that
v — Rpvl|zz + R V(v — Rpo)|le < Ch®||ol|lgs, Yv € H¥(Q)N Hg(Q)

for1<s<k+1.
Note that the exact solutions of (3.1) satisfy

(DTU"-H, wy) = (f/n+%’wh)’
(DTVn+17 Ch) = _(VUH+% ) VC}L)_A(UTL+% ) Ch) - (én+%H(0n+%)7 Ch)7
1 ~ 1
R — R" = 5/ HU" 2) (U™ —U™)de.
Q
Subtracting (2.2) from (4.2) gives the following error equation:
L
(Dr&x ™ wn) = (67 w) + Ra(wn),

(DLE10) = —(VET V) -MNET2, ) — (@2 H(art2), ¢u) + Ra(Ch) + L(Cr),

1 ntl
eﬁ“ —ep = 5/ H(ﬁh+2)(fﬁ+1 — &0 )dx + Rs + I3,
Q

where

(4.3)
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and
Ri(wn) = (7072 wn) — (Dot ),
Ro(Gn) = — (Vi ™, V) =A@ 2, G) — (D™, o),
12<<h>=<fz”+%< (@ %) — HU™ 1)), 0). )

=5 [ HE e = e,

I= / (H@O™5) = H(@ ) —Um)de

Theorem 4.1.  Suppose that u is the solution of (1.1) satisfying
l[wollmrr+s + l[ull oo 0,1y, 161y + Nuell 2o,y meeny + el 2o,y ey S 1
and (U}, vy, ry) is the solution of (2.2) with
(uf, v, 79) = (Rpuo, Rnur, v/ E(ug))-
Then
[Rpo™ = vl + [|Rhu™ = up || g + 7™ = 7| S BEFE 72, (4.5)
Proof. ~ We first estimate the terms & and ). By taking

(wn, Cn) = (D&, DELH)
and multiplying the third equation of (4.3) by 2er T _ el 4 en we derive
%(HEL’“II2 =€ 1P+ IVETHZ = IVEP + AT — IAERI?) + (e )2 = (er)?
= Ra(DE) + B(DEET) = Ru(DE™) + 2(Rs + e,
where R; and I; (i < 3) are given in (4.4). Summing up all n from 0 to m and using the initial error
&o=6=0,
we obtain

1
SUETHE + V€ + Mer %) + e+
m .
Z € + L(DET) = Ri(DET) + 2(Rs + I3)e; " 2). (4.6)

To estimate the terms on the right-hand side of (4.6), we shall first make the hypothesis that there
exists a positive constant C, such that
[upllLe < C. (4.7)

This hypothesis will be verified later by using the method of mathematical induction.
Due to (4.7) and the fact that f € C?(R), we have

[H (ui)| + [H (up)| + [f ()| + [f"(wp)| S 1, V.

Then
|Rs| S Th*H, |Ro(DETY)| S WM DEF.

By the Taylor expansion, there exists a 6 € (0,1) such that

_nt3 Tt S _n+tg n ~NT 3 4
|H(@;, %) = HO™ )| = | H (0 + (- 00+ 2 = 0|
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~ 1
ShML L ET .

Then
n n+3 n rntg
[I(DEH] S (BT + 162 IDIDET M, sl S (WM + 16072 ),

and thus

m m ~ i N

S 2R, m)"’“‘ < ORI 1 jen ),

n=0 n=1
On the other hand, we choose

w, = DEH!

n (4.3) to obtain
n n+t1
IDEH < T2 || + R,

which yields, together with the Cauchy-Schwarz inequality,
U, nal
|L(DE)] + |Ra(DET| S Th2FHD 7 (€572 17 + (16072 |2).

Consequently,

m

Z (DESH| + | Ro(DETH)] S R2ETD TZ (&2 + 1€ )1%).

As for the term
> Ry(DE
n=0

n (4.6), we recall the definition of Ry in (4.4) to obtain

m N m 1 .
Ry(DE) | = |("F = Dot e Z iR Do - Dol €
< CRMHYIEr Y| + Orht Z €1l
n=1
. 1
< CRPED Loy |len ) + Zler TP,
n=1
Substituting the above inequality and (4.9)—(4.10) into (4.6), we obtain
m—+1
&1+ IVETHHIZ + T 17 + e 1P S B2 47 Y (€017 + ler P + [1€211%)-
n=0
By the Gronwall inequality given in Lemma 3.1,
€0 + el + e S h*FE, V> 1.

Then from the triangle inequality and the conclusion in Theorem 3.6,

[Bro"™ —op || + [ Rau™ — s + |r"™ = 1]

< Er+ gl + led| + [ Ba (o™ = V)l + [|Bn (w = U™ + "

The proof is completed.

— R S 72
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(4.8)

(4.9)

(4.10)

(4.11)
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Remark 4.2. Note that the optimal convergence rate for the H!-error approximation is O(h*). The
error estimate in (4.5) indicates that the Galerkin SAV solution u} is superclose to the Ritz projection
of the exact solution Rju™ under the H'-norm, which is one order higher than the counterpart optimal
convergence rate. As a direct consequence of (4.5), we have the following optimal error estimates:

o = ol + = il S B+ 7,

[ = vl + ™ = wll + [ = | S BM 42

To end this section, we prove the inequality (4.7).
Lemma 4.3.  Under the conditions of Theorem 4.1, it holds that

i~ < Cuy ¥n>1,

where the constant C, is independent of T and h.

Proof.  We will show the above inequality by induction. To this end, we first denote by Z,U € V}, the
interpolation function of U. By the approximation theory, we have

|ZoU = U + |ZoU — RU|| S B U2, 1 ZaUl |z S U zoe-

Note that
up Lo = [[Rnu’l|Lee < C.

By (4.11) and the inverse inequality ||v|| < h™2|[os| for all vy, € Vi, we obtain
lunllLe < llup, = RaU Lo + [RRUT = ThU || o + | Z0U || 1o
SO 4 U =) < Co(W?™% + U 12).
Now we choose a positive constant hy which is small enough to satisfy
Cih? < C.
Then for h € (0, h1], we derive that
upllLee < C+ U2 < Cs.
Therefore, we can choose the positive constant C, independent of h and 7 such that
C. = max{2(|U" ||z, |lup |z }-

Then (4.7) is valid for n = 1. Next, suppose that (4.7) holds for all | < n — 1. We will show that it is
also valid for n. Thanks to (4.11), we have

|up — RL,U™|| g < ChFHL

Then
lupllzee <llupy — RaU"||Loe + [[RAU™ = ZnU™ || + [ ZnU" || =
—4d n n n n n
S Ch72 ([Jupy = RpU™ || + [|RRU™ = ZU™ ) + U™ || oe
C.
2
Let hy be small enough to satisfy
L O,
Then for h € (0, hq], we derive that
Cy

This completes the induction. O
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5 Numerical simulations

We present several numerical results to confirm our theoretical findings in this section.

Example 5.1. Consider the following Klein-Gordon equation:
Upt = Ugg + Uyy +u —u’ + g1(z,y,t), (z,9,1) € [0,1]* x [0,T], (5.1)
where u(z,y,0), us(z,y,0) and g1 (z,y,t) are given by the exact solution
u(z,t) = exp(—t)z?(1 — 2)*y*(1 — y)*. (5.2)

We test convergence orders of the fully discrete scheme using uniform triangulation with M + 1 nodes in
each spatial direction, and take
N=M and N=M?

for the linear finite element method (L-FEM) and the quadratic finite element method (Q-FEM),
respectively. We list the errors at time 7' = 1 as well as the convergence rates in Table 1. Here and
below, we define

lello = llu® —wp'll, llell = [ Rru™ — up |2

These results indicate that the fully discrete scheme is convergent and has order O(72 + h™*1). We also
test the unconditional convergence of the fully discrete scheme with different spatial step-sizes for every
fixed 7. The Ily-errors at time T = 1 are shown in Figure 1. When the temporal stepsize is fixed, the
Ls-errors tend to a constant. They imply that the error estimates hold without certain time-space grid
restrictions.

Table 1 Errors and convergence orders for 2D problems

L-FEM Q-FEM

M [lello Order [le]l1 Order llello Order llell1 Order
8 4.54E—-4 - 5.56E—4 - 2.47TE—6 - 4.60E—-5 -
16 1.11E—4 2.03 1.61E—4 1.83 2.7T1E-7 3.19 6.85E—6 2.74
24 4.90E-5 2.02 7.40E—5 1.96 7.66E—8 3.12 2.41E—-6 2.57
32 2.74E-5 2.02 4.24E-5 1.96 3.18E—-8 3.05 9.81E-7 3.10
40 1.75E—5 2.01 2.73E-5 1.97 1.62E—-8 3.02 4.88E—-7 3.12
107 ‘ 10° :

—a— =155 —o— =15

—e—:=1/10 —o—=1/10

—A— =1/20 —A—=1720

——=1/40 kel

2-norm errors
2-norm errors

5 10 15 20 25 30 35 40

2

Figure 1 (Color online) L#-errors of the linear and quadratic finite element approximation
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Then we set ¢1(z,y,t) =0, T =100, N = 10 and M = 10, and solve the problem using the L-FEM.
The time discretization is achieved by the linearized Crank-Nicolson (LCN) method and by the proposed
SAV LCN method, respectively. The evolutions of the discrete energies are shown in Figure 2. Clearly,
the energies obtained by the LCN finite element method increase as time goes on, while the one obtained
by our method remains the same. It implies that numerical solutions by the SAV approach conserve the
energy.

Example 5.2. Consider the following sine-Gordon equation:
Ut = Ugy + Uyy + Uz, + sin(u) + go(2,y, 2,1),  (2,9,2,t) € [0,1]* x [0,1], (5.3)
where the initial conditions and g2(x,y, z,t) are produced from the exact solution

u(z,t) = (1 4 t3) sin(27z) sin(27y) sin(272). (5.4)

We still take N = M and N = M3 for the linear and quadratic finite element approximations,
respectively. The numerical errors at time T = 1 as well as the convergence rates are presented in
Table 2. The given results indicate that the fully discrete scheme has order O(72 + h"*1).

Next, we set ga(z,y,2,t) =0, T =20, N = 10 and M = 10, and solve the problem by the linear finite
element method. The evolutions of the discrete energies for the 3D problems are displayed in Figure 3.
Clearly, the discrete energies by the SAV approach remain unchanged, while the ones obtained by the
LCN finite element method increase as time goes on. They further confirm the findings in this study.

0.55 T T
*  LCN method
SAV-LCN method

0.54 1

0.53
8 3 %
<) * %
@ He
c El t
o 052} * g
3 ¥
s A %
2 ;
a

0.51F ﬁ 4

¥ %
: 1
0.50 * *
% *
0.49 ‘ ‘ ‘ ‘
0 20 40 60 80 100

Figure 2 (Color online) The evolutions of the discrete energies

Table 2 Errors and convergence orders for 3D problems

L-FEM Q-FEM

M llello Order llellx Order M llello Order llellx Order
16 6.36E—2 - 4.43E—1 - 10 5.69E—3 - 1.29E—-1 -
20 4.17TE—-2 1.89 2.94E—-1 1.83 12 3.24E-3 3.09 7.41E-2 2.96
24 2.94E-2 1.92 2.08E—1 1.91 14 1.99E-3 3.16 4.91E-2 2.67

28 2.18E—-2 1.94 1.55E—1 1.90 16 1.31E-3 3.13 3.40E—-2 2.75
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*  LCN method
SAV-LCN method

Discrete energies

Figure 3 (Color online) The evolutions of the discrete energies

Conclusion

In this study, we present a linearly implicit numerical scheme for solving the nonlinear wave equations
(1.1). The scheme is developed by combining the SAV approach with the finite element methods, classical
Crank-Nicolson methods and extrapolation approximation. The fully discrete scheme is proved to be
unconditionally convergent and energy-conserving. Numerical illustrations are presented to confirm the

theoretical findings.
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