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1 Introduction

One of the most important results on rigidity of minimal submanifolds is the following theorem due to
Simons [21], Lawson [14], Chern et al. [8] and Li and Li [16].

Theorem A. Let M be an n-dimensional oriented compact minimal submanifold in an (n + p)-
dimensional unit sphere S"TP. If the squared length of the second fundamental form of M satisfies
S < max{ﬁ, %n}, then M must be one of the following:

(i) the great sphere S™ with S = 0;

(ii) the Clifford torus Sk(\/%) X S”fk(\/”%k) with S=n forl<k<n—1;

(iii) the Veronese surface in S* with S = .

This derives an optimal pinching theorem for minimal hypersurfaces in a sphere.
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Theorem B. If M is a compact minimal hypersurface in the unit sphere SPT1, and if the squared
length of the second fundamental form of M satisfies S < n, then S =0 and M is the great sphere S™,

or S=mn and M is one of the Clifford tori Sk(\/g) X S"*k(q/”T_k), 1<k<n—1.

According to this result, Chern et al. [7,8] proposed the famous Chern conjecture for minimal hyper-
surfaces in a sphere (the standard version of the Chern conjecture) in the late 1960s. This conjecture
was listed in the well-known problem section by Yau [35] in 1982. In [17], Miinzner proved that if M is a
compact isoparametric minimal hypersurface in S**!, then g € {1, 2, 3, 4, 6} and S = (g — 1)n, where g
is the number of distinct principal curvatures of M. In 1986, Verstraelen, Montiel, Ros and Urbano
(see [23]) gave the refined version of the Chern conjecture. Afterwards, Xu and Xu [30, 31] formulated
the stronger version of the Chern conjecture.

The Chern conjecture for minimal hypersurfaces in spheres can be summarized as follows.

Chern conjecture. Let M be a compact minimal hypersurface in the unit sphere S"*1.

(A) (Standard version) If M has constant scalar curvature, then the possible values of the scalar
curvature of M form a discrete set.

(B) (Refined version) If M has constant scalar curvature, then M is isoparametric.

(C) (Stronger version) Denote by S the squared length of the second fundamental form of M. Set
ap = (k —sgn(5—k))n for k€ {m € Z*;1 < m < 5}. Then we have

(i) for any fixed k € {m € Z*t;1 <m <4}, if ap < S < agy1, then M is isoparametric, and S = ay, or
S = ag+1;

(ii) if S > as, then M is isoparametric, and S = as.

It is seen from the above that the Chern conjecture consists of several pinching problems. Notice
that the first pinching problem has been solved due to Theorem B. The second pinching problem is an
important part of the Chern conjecture, which has been open for almost fifty years.

The second pinching problem. Let M be a compact minimal hypersurface in the unit sphere S™+1.
(i) If S is constant, and if n < S < 2n, then S =n or S = 2n.
(ii)) If n < S < 2n, then S=n or S =2n.

In 1983, Peng and Terng [19, 20] initiated the study of the second pinching problem for minimal
hypersurfaces in the unit sphere, and made the following breakthrough on the Chern conjecture.

Theorem C. Let M be a compact minimal hypersurface in the unit sphere S*+1.

(i) If S is constant, and if n < S <n+ ﬁ, then S = n.

(ii) If n < 5, and if n < S < n+ d1(n), where §1(n) is a positive constant depending only on n, then
S =n.

During the past three decades, there has been some important progress on the Chern conjecture (see
[6,12,13,23] for more details). On the aspect of the standard version of the Chern conjecture, Yang
and Cheng [32-34] improved the pinching constant 13- in Theorem C(i) to %. Later, Suh and Yang [22]
improved this pinching constant to %n A general version of Suh and Yang’s result for hypersurfaces with
constant mean curvature and constant scalar curvature can be found in [28].

In 1993, Chang [3] proved the Chern conjecture (B) in dimension three. More generally, Chang [4] (see
also [9]) proved that all the compact hypersurfaces with constant scalar curvature and constant mean
curvature in the unit sphere S* are isoparametric. In 2017, Deng et al. [10] showed that any closed
Willmore minimal hypersurface with constant scalar curvature in S® must be isoparametric.

On the stronger version of the Chern conjecture, Wei and Xu [24] investigated the Chern conjecture (C)
and proved that if M is a compact minimal hypersurface in S**', n = 6 and n = 7, and if n < S <
n + d2(n), where d2(n) is a positive constant depending only on n, then S = n. Later, Zhang [36]
extended the second pinching theorem due to Peng and Terng [20] and Wei and Xu [24] to the case of
n = 8. In 2011, Ding and Xin [11] obtained the following important rigidity result.

Theorem D. Let M be an n-dimensional compact minimal hypersurface in the unit sphere SP+1. If
n 2 6, the squared norm of the second fundamental form satisfies 0 < S —n < g3, then S =n, i.e., M
is a Clifford torus.
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In 2016, Xu and Xu [31] gave a refined version of Ding and Xin’s rigidity theorem.

Theorem E. Let M be an n-dimensional compact minimal hypersurface in the unit sphere S**t. If
the squared length of the second fundamental form satisfies 0 < S —n < g5, then S =n and M is a
Clifford torus.

In 2017, Lei et al. [15] verified the following rigidity theorem on the stronger version of the Chern
conjecture for minimal hypersurfaces in a sphere.

Theorem F. Let M be an n-dimensional compact minimal hypersurface in the unit sphere SPT1. If
the squared length of the second fundamental form satisfies 0 < S —n < {g, then S =n and M is a
Clifford torus.

It is well known that the possible values of the squared length of the second fundamental forms of all
the closed isoparametric hypersurfaces with constant mean curvature H in the unit sphere form a discrete
set I (C R). More generally, the following conjecture can be viewed as a general version of the Chern
conjecture.

Generalized Chern conjecture. Let M be an n-dimensional closed hypersurface with constant mean
curvature H in the unit sphere S*t1.

(i) Assume that ¢ < b and [a,b] NI = {a,b}. Ifa < S < b, then S =a or S = b, and M is an
isoparametric hypersurface in S™+1.

(ii) Set ¢ = sup,;t. If S > ¢, then S = ¢, and M is an isoparametric hypersurface in S"*1.

In 1990, Cheng and Nakagawa [5] and Xu [26,27] provided an affirmative answer to the generalized
Chern conjecture for the case of a = nH? and b = a(n, H), independently. Precisely, they proved the
generalized Simons-Lawson-Chern-do Carmo-Kobayashi theorem for compact hypersurfaces with constant
mean curvature in spheres.

Theorem G. Let M be an n-dimensional compact hypersurface with constant mean curvature in S*+1.
If S < a(n, H), then either S = nH? and M is a totally umbilic sphere, or S = a(n,H) and M is a

Clifford torus. Here, a(n,H) = n+ Q(Sil) H?— Z((Z:f)) Vn2H* + 4(n — 1)H?2, and H is the mean curvature
of M.

In the case of low dimensions, the second pinching problem for compact hypersurfaces with constant
mean curvature in spheres was studied by many authors. In the case of arbitrary dimensions, Xu and
Xu [30] proved the following second pinching theorem.

Theorem H. Let M be an n-dimensional compact hypersurface with constant mean curvature in the
unit sphere S"TL. There exists a positive constant vo(n) depending only on n, such that if |H| < vo(n),

and B(n, H) < S < B(n,H) + %, then S = B(n,H) and M is one of the following cases: (i) Sk(\/g)

237
n—k n—=k < <n—1:(ii 1 1 n—1 12 .
X SPTE(W/PE) and 1 <k <n—1; (11)S(W)><S (W) Here,
3 22
n o n(n—2) 5 n|H| +/n2H? +4(n — 1)
= 4(n —1)H? = .
B(n,H) n+2(n71)H —|—2(n71)\/nH +4(n—1)H? and u 5

In this paper, we improve Theorem H and prove the following second pinching theorem for hypersurfaces
with small constant mean curvature in a sphere.

Main theorem. Let M be an n-dimensional compact hypersurface with constant mean curvature in
the unit sphere S"™1. There exists a positive constant y(n) depending only on n, such that if |H| <

v(n), and B(n,H) < S < B(n,H) + {5, then S = B(n,H) and M is one of the following cases: (i)

S’“(\/%) X S""“(\/@) and 1 <k <n—1; (ii) Sl(\/11+7) x gn—l(\/ﬁ).

Remark 1.1. When n € {6,12,24}, we construct a family of compact isoparametric hypersurfaces
{Mi}ie(ty,ey) in S**1 whose squared norm of the second fundamental form S; satisfies the pinching
condition B(n, H) < Sy < B(n,H) + {g. But the conclusion of the main theorem does not hold for
{M;}tc(ty,t,)- Therefore, the assumption |H| < (n) in the main theorem cannot be removed.
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2 Hypersurfaces with constant mean curvature in a sphere

Let M be a hypersurface in the unit sphere S”*!. Denote by V and V the Levi-Civita connection on S"*1
and the induced connection on M, respectively. Let h be the second fundamental form of M. For the
tangent vector fields X and Y over M, we have the Gauss formula VxY = VxY + h(X,Y) (see [1,25]).
We shall make use of the following convention on the range of indices: 1 < 4,j,k,... < n. Choose a
local orthonormal frame {e;} for the tangent bundle over M. Let v be a local unit normal vector field
of M. Set h(e;,e;) = hijv. Denote by S the squared length of the second fundamental form of M, i.e.,
S = Zz g h2 We denote by h;;;, the covariant derivative of h;;. It follows from the Codazzi equation
that h,jp is symmetric in 7,7 and k.

From now on, we assume that M is a compact hypersurface with constant mean curvature in S"*!.
Then ), hi; = nH. The following Simons type formula can be found in [29, 30]:

1
FAS=8(n-5) —n?H? 4+ nHfs + |Vh|?, (2.1)
1

—A|Vh|2 (2n+3 - S)|Vh|* - %|v5|2 + |V2h|? — 3(A - 2B) + 3nHC, (2.2)

where

Z hijkhijihkmhmi, B = Z hijkPrimPimhiji,

1,5,k,l,m i,3,k,l,m
k
C= E hijkhijihkr, — fr = Trace h".
i,5,k,1

A — 2B is called the Peng-Terng invariant of M (see also [15]). Notice that

|HC| < |H|VS|Vh|?. (2.3)
Integrating (2.1) and (2.2), we get
/ |Vh|?dM = / —n) +n?H? — nH f3)dM (2.4)
and
/M |V2h|2dM = /M [(s —2n —3)|Vh|* + 3(A - 2B) + g\vs*\? —3nHC |dM. (2.5)

Choose a local orthonormal frame such that h;; = \;d;;. Then Y, N\, = nH, >, A2 =S, fu =, Ak
and
A=2B = N, (A —2))).
.5,k

We have the following integral formula (see [29]):

2
[ a-zmari = [ (g5t - g3 550 - 5 Yan (2.0
M M 4
Define
G= Z 214+ MAj)2 =2[Sfa — f2— 82— S(S —n) + 2nH f3 — nH?.
Then we get
/ (A—2B)dM = / <1G + |Vh? - 1v52) dM. (2.7)

Following [29], we have

3(A—2B) < f* VITH L gionp, (2.8)
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Denote by h the traceless second fundamental form of M. By diagonalizing h;;, we have h” =\ i0ij,
where \; = \; — H. Taking S = |h|? and fj = Z()\ )*, we have § = S —nH? and fs3 = f3+3HS +nH3.
So Vh = Vh and VS = VS. From (2.1), we obtain
1 - o
FAS = —F+ |Vh|?, (2.9)
where F = S2 — nS — nH2S — nH f5. So
o 1 - o o 1 - o o o
VS|? = §ASQ — SAS = 5A52 + 2SF — 25|Vh|%.
Thus, we have
/ |VS[2dM :/ (28F — 2S|Vh[?)dM, (2.10)
M M
/ FdM = / |Vh|?dM. (2.11)
M M
Put
3

Bn,H)=n+ 2(nn7 1)H2+ Z(n_f)) Vn2H* +4(n —1)H?, f(n,H) = B(n,H) —nH>.

As we did in [29], when S > B(n, H), we have
F>0. (2.12)
Moreover, if F =0, then § = ﬂ(n, H). Following [30], we have the following estimate:

F2
|V2h|? > §G+ 37 (2.13)
4 2(n+4)S

3 An estimate for A — 2B

We need the following two inequalities from [15].

Lemma 3.1. For all z,y,z € R, we have
2@y +yz+ze+2)° < (x—y) ey +1)*+ (@ —2)* (22 + 1)* + (2 —y) % (yz + 1)2

Lemma 3.2.  Let s be a positive number satisfying s > 6, and let Dy = {(x,y) | 2? +y* < s}. For any
point (z,y) € Ds, we have

16 10
— (2% +day +4)% < (3— s) (x —y)*(1 + zy)>.
With the aid of the above lemmas, we now prove the following estimate.

Theorem 3.1. Let M be an n (> 6)-dimensional hypersurface in S"*1. Let n be a positive number.
If B(n,H) < S < B(n,H) + 2, then 3(A —2B) < (S + 4+ ¢/4G)|Vh|?. Here,

24 16 _ 16(8(n,H) — n)
5 Otn e BT Wy Dn(Bn H) + 5)°

Y=

Proof.  From the definitions of A and B, we have

B(A-2B) = > BT+ AT AT =200 — 200 — 20A)

1,7,k distinct
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+3 ) RE;(A2—4ANN) =3 hZ AL
4,7 distinct %
By the definition of G, for distinct i, j, k, we get
G =20\ — N2+ A2+ 200 — )21+ XA6)2 + 200 — M) (1 + Xe)?

Applying Lemma 3.1, we obtain

CONA — 20 — 20, — 4
< [4()\1 — )\j)Q(l + )\i)\j)Q + 4()\J — /\k)2(1 + /\j)\k)Z + 4(/\1 — )\k)Q(l + )\l)\k)Q}%
< V2G.

Since (n, H) > n, we have ¢ > 2—; — % > 2. Thus we get
A2+ AT AL =200 — 200 — 200 < S+ 4+ /UG,

Note that S > 8(n, H) > 6. By Lemma 3.2, we have

(16 10 3
—(ANA + AP +4) < 5 (3 - S) (N —X)%(1+ /\i/\j)g]

/24 16\ 17
< i
<|(5 %)

<

(/24 16 3
(5 e
el

Thus we get
A — AN = AT+ N 4 — (AN + AT +4) < S+4+ VUG

Therefore, we obtain

3(A_23)<(S+4+€/1TG)( S o hp+3 )] h?ij)

1,7,k distinct 1,5 distinct
< (S +4+ /9G)| VA

This completes the proof. O

4 Proof of the main theorem

Now we are in a position to prove our rigidity theorem on the generalized Chern conjecture for hyper-
surfaces with constant mean curvature in a sphere.

Proof of Main theorem.  Without loss of generality, we assume that H > 0. Notice that we have the
pinching condition

Bln, H) < S < Bln, H) + 1.

Combining (2.3), (2.5), (2.7), (2.10) and (2.13), we have
0< / [(s —2n —3)|Vh|? +3(A - 2B) + g|v5|2 —3nHC — iG} dM
M

< / Ks —on - 2) VhP + g(A _9B)+ %(s"F _SIVAP) + 3nH\/§|Vh|2} M
M
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< / {(_ Sg_on_ 3)|Vh|2 +3(A=2B) + 3nHVS|VAP
» 4 2 2

+ — - nH2>F + nH2|Vh|2} }dM

D(n, H)
g/ [(?’Snisz )|Vh|2 §( 2B)]dM,

where qo = qo(n, H) = §D(n, H) + 3nH\/B(n, H) + 7% and D(n,H) = 8(n, H) —
When n = 3, from (2.8) and (4.1), we have

0</ Sny YIT—4
ar 4

4

18 2

9 17—4 19 3
B S N
M L8 4

17

where ¢; = %D(n, H) + qo. There exists an explicit positive constant v(n), such that if |H| <
then ¢; < 0.2. Then the coefficient of the integral in (4.2) is negative for |H| < y(n).

6 2

When 4 < n < 5, with the aid of [30, Lemma 3.2], we have

3n (5 2+((n) 3 )
< - - -7 —
O\/M_s (4 5 Bn, H) = 5 + qo| [Vh[*dM
B n ¢mn) 3 2
7/M A 2+q2}|Vh| dM
5 023x5 3
< he - = hl2dM
/M_8+ 5 2—|—q2]|V| ,

1
(D( JH) + 9”) 3 + qo] |Vh|*dM

1499

(4.2)

v(n),

(4.3)

where ¢o = qo — (3 — %("))D(n,H), ¢(4) = 0.16 and ¢(5) = 0.23. There exists an explicit positive

constant y(n), such that if |H| <
negative for |H| < v(n).

v(n), then g2 < 0.2. Then the coefficient of the integral in (4.3) is

When n > 6, we assume that M is a compact hypersurface with constant mean curvature in S"*1,

which satisfies |H| < v(n) and 8(n, H) <

S < B(n,H) —|— 2 where 7 is a positive parameter.

Combining (2.5), (2.7) and (2.13), we have

/M(A — 2B)dM =

N

We estimate g as follows:

F o
—=S—-n—nH?-—

S

>§—n—nH2—

(1 1
~G+|Vh|? - |v5|2] dM
1\/1 _2 4

[
:/M_

F2
i1 + 2|vk9|2 - 2nHC} dM
n

2

(n+4)S

2 4 ,
§S—§n—1 |Vh|* +2(A —2B)

+4)8

ang
S
nHS3/?
S

>§—ﬂc—nH2—nH ﬁc(n,H)—&—ﬁ
n

Zg—é—%

F 1
|V2h|? — ——— 4+ |Vh|? — 4|v5|2} dM
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and

|

R HS’B/Q
SS—n—nHQ—I—nio

<S—n—nH?>+nH ﬁo(mH)—l—ﬁ
n

where g3 = nH /3 + % +nH? and g1 = nH\/B + % — 2nH?. This together with (2.10) implies

2
/ {3|VS|2 - Fo]dM
Mm L4 (n+4)S

_ /M { [;’(5 _p- F]F ro5- é)WhF}dM

(n+4)S
N ° q3 R N 9
< - —(B8— dM
/M{[b(S 6)+n+4]F+2(6 $)vh| }
bn q3 9 3 2}
< on Va2 + 2(8 = 8)|Vh|?|dM, 47
[ (5 e+ 5 - sywn (4.7
where b = 2 — %ﬂ‘ From (4.4) and (4.7), we obtain
n., o bn 3(8—n) q3 2
- > ——=4+=5-—- — h 2nHC'|dM. 4.
/M(A 2B)dM /MKl 6+6S ; 5 ] |Vh|* +2nHC (4.8)

Let o be a positive parameter. Using Theorem 3.1 and Young’s inequality, we get
3(A—2B) < (S+4+ YYG)|Vh|> < (S +4)|Vh]* + %wﬁc + 3%\%\3. (4.9)
Let € and s be positive parameters. From (2.9), we have the following estimate:
/ |Vh|>dM = / _F|Vh| + 1|Vh|AS] dM
M ML 2

[ 1
_/ FIVh| - <VVh,VS>]dM
M L 2

[ 1
g/ F|Vh| +¢|V2h|> + —|VS|?|dM. (4.10)
ML 16¢
Together with (4.6) and the pinching condition, we obtain
- )
/ F|Vh|dM g/ 26SF + 0F|Vh|2}dM
M ML 8kS

/ 2(/3’ + n)fiF + S_n+Q4|Vh|2]dM
M L n 8k

N

- )
- /M _2(54— Z)Ii-i- 8K(S—n—i—qz;)} |Vh|>dM. (4.11)

Combining (4.9)—(4.11), we get

o 1 o2 . on 1 )

1
+e|V2h|* + —|VS|?| tdM.
16¢
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This together with (2.5) and (2.7) implies
1
3/ (A—-2B)d / { (S + 4)|Vh|* + wa ( (A—23)—2|Vh|2+2|v5|2>
M
+oo|(2(a+5 LS ntan) ) VAP + o |vSP
30 BRI 16
—|—€( —(2n+3—85)|Vh]* +3(A—2B) + g|VS|2 - 3nHC’)] }dM
This implies
/ {G(A _9B) - 7|VS + 2n€HC] dM
M g

g/ {S+421/102+2>< [2<é+n>n+1(sn+q4)s(2n+3S)]}|Vh|2dM, (4.12)
M 3 3o n 8k

where

2 1 2 1 3e
0=3— o — 207" = 2o’ + — :
3¢a o e, T 6¢a +3 16€+

We restrict o, ¢ and H such that 6§ > 0
By (2.10), we get

|VS|?dM = 2/M[(S — B)F + (B — S)|Vh|*|dM

z/M [ZF + (8- S)|Vh|2} dM
:2/M (5 S + >|Vh|2dM (4.13)

Combining (4.8), (4.12) and (4.13), we obtain

M

N

Og/M{SH_;WJF;X [2<B+n)”+;(5—n+q4)—s(2n+3—s>]

n bn  3(6—n) q3 9
2 — L Y - - — h|*dM
+ T(ﬁ S+77> < 6+ S ; 5 I |Vh|

- / zn(0+ €>HOdM. (4.14)
M (o2

Let O(x) denote any continuous function satisfying O(0) = 0. Then ¢3, g4 and g5 all belong to the class
of O(H). We also have 8 =n+ O(H). Take

1 7
57178’ 0—7178’ KR = 5 77—].8
Thus we have
288 24 12431 196 784 6323
= L L OH == "2 L O(H), 0= —— + o+ O(H).
v 19n + 5 +OWH), 7 5670 513n +O(H), 513n + 2835 +O(H)
It follows from (2.3) that
€ € n 9 9
—2n(0+—= |HC <2n|0+ = |H/B+ —=|Vh| = O(H)|Vh|".
o o 18
Therefore, from (4.14) we obtain
784 13 674512 + 902646n + 4299120 9
0< - O(H)||Vh|*dM
/M [ (1539n * 2430> 1939140(n + 4) (H)|IVhi
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< + O(H)||Vh|2dM

/ (784 13 674507 + 9026461 + 4299120

" 1539n ' 2430 1939140(n + 4)

B / [ 362902 + 1266900 — 347760
M

H hI2dM. 4.1
1939140(n + 4) +O(H)|[Vh (4.15)

When n > 6, there exists a positive constant v(n), such that for |[H| < (n), we have 6 > 0, and the
expression in the square bracket of the right-hand side of (4.15) is negative. This implies |Vh| = 0.
From (2.11), we have S = B(n, H).

When H =0, S = 3(n, H) becomes S = n. Then M is one of the Clifford tori

S’“( k)xsn—k( "_k) 1<k<n—1.
n n

When H # 0, the principal curvature of M satisfies

Mlz"':unfle_ ,un:H""

Therefore, M is the Clifford torus

(s ) x5 () s
V14 p? V 1+ p?

VP A1) , .
where y = MV };I 40D hig completes the proof of the main theorem. O
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Appendix A

When n = 3k, where k € {2,4, 8}, we construct the following example, which implies that the assumption
|H| < v(n) in the main theorem cannot be removed.
We take

3v/3uy 3V3
T

3u - - - - - 3 -
F(u) = Ug - 3U5UZ + 75(U1U1 + U2U2 - 2U3U3) (UlUl - U2U2) + T(U1U2U3 + U3U2U1),

where Uy, Us, Uz € F, ug,us € R, u = (Uy, Uz, Us, ug,us) € R3*+2 k€ {2,4,8} and
C for k =2,

F = { H (quaternions) for k = 4,
O (octonions) for k = 8.
Cartan [2] showed that M; := {u € S***1 : F(u) = cos3t} forms a compact isoparametric family of

hypersurfaces of dimension 3k in S?**!. In fact, for each ¢, M, is a tube with a constant radius over a
standard Veronese embedding of FP? into S3#+1.
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cos 3t—cos t—/3sin t
sin 3t )

with the same multiplicity k. Hence the mean curvature of My is cot 3t.

Precisely, M; is an isoparametric hypersurface with 3 distinct principal curvatures

cos 3tfc'(?s t+\/§ sint and 2 cos‘AtJrcos 3t
sin 3t sin 3t
By a direct computation, we have

cos3t—cost—\/§sint_ cott + 3 B t( 7T)

- = = co - =
sin 3t 1—+/3cott 3

cos 3t — cost + v/3sint cott — /3 T
- = =cot|{t+ =),
sin 3t 1+ vV3cott 3

2cost + cos 3t

————————— = cott.

sin 3t

Using the formula

N-1 .
> cot? (y + ’N”> = N2cot?(Ny) + N(N — 1)
i=1

due to Muto [18] (see also [17]), we obtain that the squared norm of the second fundamental form of M;
equals 6k + 9kH?. Since

27k3 ., 3k(3k —2
H* —
2(3k — 1) 2(3k — 1)
27k, 3k(3k —2
H
2(3k — 1) 2(3k — 1)

a3k, H) = 3k + ) VIkZH* 4+ 4(3k — 1)H?2,

B(3k, H) = 3k + ) VOE2HA + 4(3k — 1)H?,

f(H?) :=6k+9kH? — 3(3k, H) is strictly decreasing in H? with f(0) = 3k, limy_, f(H?) = —oo, there
exist two positive constants Hy and Hs with Hy < Ha, such that f(H7) = 3% and f(H3) = 0. Thus, we
have t; and ¢ satisfying H; = cot 3ty and Hy = cot 3t for 0 < ¢y <t; < §. For any to € (t2,t1), My, is
an isoparametric hypersurface with mean curvature Hy = cot 3ty € (Hy, H3), whose squared norm of the
second fundamental form Sy satisfies 8(3k, Hy) < So < 8(3k, Hp) + %, but the conclusion of our main
theorem does not hold for M.

Therefore, the condition |H| < v(n) cannot be removed for n € {6,12,24}.
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