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Abstract In this paper, we study large m asymptotics of the I' minimal m-partition problem for the Dirichlet
eigenvalue. For any smooth domain Q@ C R™ such that |Q| = 1, we prove that the limit lim, oo I5,(2) = co
exists, and the constant ¢ is independent of the shape of Q. Here, 1L (Q) denotes the minimal value of the

normalized sum of the first Laplacian eigenvalues for any m-partition of Q.
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1 Introduction

Let 2 be a bounded, smooth domain in R™, and m > 1 be a positive integer. We consider the following
so-called I' minimal partition problem.

Problem 1.1.  Find a partition of Q into m, mutually disjoint subsets Q;, j = 1,2,...,m, such that
Q= U;”zl Q;, and it minimizes the I energy functional Z;“:l A1) among all admissible partitions.
Here, A\1(A) denotes the first eigenvalue of Laplacian A on A with the zero Dirichlet boundary condition
on 0A.

The existence of the minimal partition and regularity of free interfaces have been studied by many
authors (see [4,5,7-10,13,15] and the survey articles [2,11,12]). In [9], Caffarelli and Lin proved the
equivalence between Problem 1.1 and the following problem.

Problem 1.2. It holds that
m = {y e R™, Zyiyf = O}.

k£l
Find u € H}(Q,%™) such that

/u?d;vzl forany j=1,...,m
Q

and that v minimizes [, |Vul* dz among all such maps in Hg(Q,5™).
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Problem 1.2 obviously admits a minimizer v = (u1,us,...,Uy,). It is proved in [9] that u is locally
Lipschitz continuous in € (and Lipschitz continuous up to the boundary when 0 is smooth), and
Q ={reQ:uj(x) >0} (j=1,...,m) are open subsets of 2 whose boundaries 02; are smooth away
from a relatively closed subset S C 2 of Hausdorff dimension at most n — 2. Moreover, {€;}"; gives
a partition of {2 that minimizes Z;”Zl A1(8;). It is shown later by Alper [1] that the set S is rectifiable
and of bounded (n — 2)-dimensional Hausdorff measure.

In this paper, we are interested in the asymptotic behavior of the minimal partition as m — oco. Our
main theorem is as follows.

Theorem 1.3.  Let Q be a bounded, smooth domain in R™ with | = 1. Then

lim [} (Q) =co for some positive constant co independent of 2. (1.1)
m— o0
Here,
ll (Q) o E?;l A1 (Q])
m - ml_;’_% )

m
Q= U Q; is an I*-minimal m-partition.

Remark 1.4. For Q C R?, by the hexagonal tiling construction and the Faber-Krahn inequality, one
can easily get the following lower bound and upper bound for the constant cg:

A (D) < co < M (H), (1.2)

where D is the 2-D unit-area disk and H is the unit-area regular hexagon.

It should be noted, in the above theorem, the smoothness of {2 does not play any role here, and the
smoothness assumption is just for convenience. The problem of large m asymptotics was considered first
in [9] and they proved that

m

Z Al(QJ) = mAm(Q)a

j=1
where A,,,(Q) is the m-th Dirichlet eigenvalue of Q. They also made a conjecture that the limit
lim,, 00 [1,(Q) exists and for the case Q@ C R?, the minimal partitions for large m will be close to a
regular hexagon packing pattern and the constant c¢g equals A;(H). Theorem 1.3 here verifies the first
part of the conjecture, while the second part (regular hexagon pattern) remains open though one can very
well expect it in a stochastic sense. In recent years some attempts have been made to a related issue. For
examples, Bourgain [3] and Steinerberger [14] have improved the lower bound in (1.2) by showing that
I1L(Q) > A\ (D) + &g for some sufficiently small constant . Their tools are a quantitative Faber-Krahn
inequality and some packing properties of disks in R2. In [6], Bucur et al. studied this so-called “hon-
eycomb conjecture”, and they gave a proof under the assumption that every Q; (j =1,...,m) is convex
and the regular hexagon minimizes A\; among all convex hexagons with the same area, which is itself an
interesting open problem.

In Section 2, we prove Theorem 1.3. The proof will be concentrated on the case n = 2. For n > 3 one
can apply the same arguments with only some obvious modifications. We first prove the limit exists for
the unit cube, and then we prove the statement for general domain ) by approximating it using smaller
dyadic cubes of the same size. Here for the upper limit, one uses a simple comparison construction. For
the lower bound, we use the setting employed in [9], i.e., by considering harmonic maps into singular
spaces. A surgery on minimizing sequences of harmonic maps yields a desired lower limit bound.

2 Proof of Theorem 1.3

We first prove the following lemma.
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Lemma 2.1. Let Q be a unit cube in R%. For any m > 0 and k > 1, it holds that

Im(Q) > L2 (Q)- (2.1)

Proof.  Let s =1,(Q). By the existence of the I'-minimal m-partition, there is an m-partition {€;}72,
of @ such that 327", A1 (€;) = m?s. Now we divide Q into k* identical cubes {Q7}¥, with edge length 3
In each @, we put a translated and scaled copy of the same m-partition as {€2; }}”:1, which is denoted
by {Q; 4. As a result we get an mk2-partition of @, and we have

@< (X (5 @) [z
1<i<k? M 1<g<m

Here, we have used the degree —2-homogeneity of A; with respect to scalings. O

Proof of Theorem 1.3.  Step 1. Consider the unit cube Q. We show that there exists ¢y such that

lim [}
m—r00

m(Q) = Co-

Define
a(Q) = liminf 1} (Q).

m—r o0

For any € > 0, there exists an integer m. such that I}, (Q) < a(Q) + 5. For any m > m., there exists
k € N such that k2m. < m < (k+ 1)2m8. By Lemma 2.1, we have

l(1k+1)2m£ Q) <1, (Q).

2
Let {Qj}gkil) " be the minimal (k + 1)?m.-partition of Q. By grouping together some of the sub-
domains €2, we can obtain a new m-partition of @), denoted by {Q; 721, and then we deduce that

Doy M) < ((k+ 1)2m5)2l,1m(62) < (k""l>4 (G(Q) + 5).

m?2 m?2 k 2

L. (Q) <

Let k. be sufficiently large such that
ke +1 4 €

Im(Q) < a(Q) +e,

Then for any m > k2m., we have

which implies that
limsup L, (Q) < a(Q).

m—r0o0

One can deduce from the above proof that

lim lrln(Q) = lim l(1m+o(m))(Q)'

m—r0o0 m—r o0
Step 2.  For any bounded, smooth domain € C R? such that |Q| = 1, we prove

limsupl! () < lim I} (Q) = a(Q).

m—oo m—00

For any ¢ > 0, there is k € N, such that

ij Q;CQC <3Q Qj> U (QQW) (2.2)

j=1 =
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Here, {Q;}5_; and {Qg1i}!_; are smaller dyadic cubes of the same size and {Qr4i}i_; satisfies

1
€
Z @il < -
i=1
If k> 1, welet m = (k—1)n+t, where m,n,t € Nand t < (k —1). Then we have

k
e <i(Ue)
j=1
C(EDR@ ) /0

Q5 Q5
Here, the second inequality comes from the construction of the partition that divides each of Q; (j =
1,...,(k—1)) into n sub-domains and divides the last cube @ into ¢ sub-domains. Let n be sufficiently

large or equivalently m sufficiently large. We can guarantee that the value of the last line is less than
a(Q)(1 + €), which leads to that limsup,, . [ () < a(Q).

Step 3.  We are left to prove liminf,, , I (Q) = a(Q). Given ¢ > 0, by (2.2), Q can be approximated
by smaller dyadic cubes. Then we have

o= (((a)o( Vo)

It suffices to show that given m large enough,

n(( Q@j) U (i_LlJlQHi)) > (1-2)a(Q). (23

Actually, (2.3) is implied by the following Lemma 2.2.

Lemma 2.2. Let Q be a domain in R? with |Q| = 1. T is a straight line that separates Q0 into two
sub-domains Dy and Dy with the areas o and 1 — «, respectively. Assume there exists a constant ¢ such

that
1

1
. 1 _ . 1 _
Ainmlm(\/aDl) —n}inoolm(m%) -

lim 7} (Q) =c.

m— 00

Then

Let us assume this lemma and proceed with our proof. Note that (U§:1 Q;)U (Uéz1 Qk+i) is the union
of k+1 small cubes, whose areas added up to (1+0) for some 6 < §. By proper scalings and by repetitive
applications of Lemma 2.2, we can then get that

k 1
Jim_ lL((le Qj> y (HQHZ-)) = s D IL(Q) > (1 - 2)al@)
which yields the conclusion (2.3). The proof of the theorem is then completed. O
Proof of Lemma 2.2.  Without loss of generality, one assumes I' = {z = 0} and
Di={z=(x,y) €Q:2<0}, Dy={z=(z,y) €Q:2 >0}
Note that by the same arguments as in Step 2, we have

limsup ! (Q) < c.

m—0o0
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It suffices to prove for any € > 0, there exists m. such that if m > m., then
11(Q) > c(l—e). (2.4)

In the rest of proof we always fix £ > 0 and we always assume m is large enough (depending on &
that will be specified later). We need to study Problem 1.2, which is the equivalent formulation of the
minimal partition Problem 1.1. Let u = (u1, ..., u,) € H}(Q,X™) be a minimizer of Problem 1.2. Then
{supp(u;)}jL; gives a minimal m-partition of Q2. Denote

Q; = supp(u;).

Take a fixed small number § (also depending on € only, which will be determined later). We define the
following regions:

) )
Ss = {z = (z,y) € Q:dist(z,T) < 2} = {z =(z,y) €Q, |z| < 2},
D) = D;\S5, D)= D5\Ss.

Then we classify the sub-domains in the partition {€2;}72; according to their intersections with Ss, D}
and Dj, ie.,

A(;:{QkIQkﬂD;:@},
B(;:{QkaﬂDi:Q]},
C(;:{QkZQkﬂD/l;é@, QkﬂDé#ﬁ}

We are mostly interested in sub-domains in Cs. Take €2; € Cs. Define the sub-region of Ss:

d )
S(T7T+g):{z655:r<x<r+2}, r e {—2,0]_

Note that for each r, S(T’M%) is a region with half width of Ss. Obviously, there exists r; € [—%, 0] such
that

1
/Qns \u | < 2/{}1@. (2.5)

("‘jﬂ‘j+2) J

Let &; be a smooth cut-off function such that

V| <

| o

)
§(2)=1 iz 8, . s &(z)=0 onxzrj-&-z;

. Ja, IV (&5u)l?
Clalm. If W

A1) < Ci(e).

Proof.  We calculate directly

fQj [V (&uy)? - (
fQj &us2

> (14 £)A1(£2), then there exists a constant C which depends on ¢ such that

9
Jn@) (262)

= [ 19 P + 260,96 Vus + €90 > (145 @) [ e 2o
Q; 5 Q

J

By integration by parts, we have

/|vuj|gj /Al ) (us6,) —/legjujvg-vuj.

J

/Qj V& 1Puf > %M(Qj)/ﬂv(uﬁj)?

J

Thus (2.6b) implies
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By the assumption on ¢;, we conclude that

640

Al(Qj) < =02

Let Ds be the subset of Cs that consists of all these sub-domains that satisfy (2.6a). According to

the above claim, for any Q; € Ds, A\1(€;) < C1(¢), and by the well-known Faber-Krahn inequality, there

exists a constant Cy(g) such that [Q2;] > Cs(e). Then we can control the number of sub-domains in Ds
by a constant only depending on &, but independent of m, i.e., #Ds < Cs(¢).

=: C4(e). O

Based on u, As, Bs, Cs and Dy, we can then define modified vector-valued functions v and w such that
supp(v) C D} U S5 and supp(w) C D5 U S5. We follow the following schemes:

(i) If Q; € As, then v; = u;.

(ii) If Q; € Bs, then w; = u;.

(iii) If Q; € C5\Ds, then we have by definition

Jo, IV (&us)?
Jo, 1&5u4!?

By noting that { =0 on {z =r; + %}, the line {z = r; + g} divides Q; into two sub-domains Q} and 2,
where

< (1 n ;)MQJ-). (2.7)

Q) C D{US;s, QFCDyUSs.

Moreover, we have u;§&; |Q; € Hy () and ;& |Q§ € Hy(23). We denote

Jon 1965012 o 19 &5 2
T ‘= — (15 T2 '=— — (5
Jor 16512 Joz &
Clearly, (2.7) implies that
)
min{7, 7} < (1 + 5))\(Qj).
If 71 < 79, then we let
v = % on le, v; = 0 elsewhere.
\/fg_} I€5us]?
Otherwise, let
w; = % on Q?, w;j = 0 elsewhere.

T e leul?

Es = {le :Qj € C5\Ds, 1 < 12},
Fs = {Q? :Qy € Cs\Ds, 11 > T2}

We also denote

(iv) Finally, we rearrange the vector of functions v and w such that

suppv; # 0, suppvj € AsUE; forall j=1,...,m;.
suppw; # 0, suppw; € BsUF; forall j=1,...,mo.

Here, my = #As + #FEs and mo = #Bs + #F5.
Now we are ready to prove (2.4). One calculates

Z?:l fQj V|2

m?2

S ZQjeA5 fQj [V, |* + ZQjem fQj [V |* + ZQJECJ\D(; fQj |V, 2
Z 3

m
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S [ ware X [ wope Boank o T vur
/m2 o, / i 1+¢/5 1+¢/5

Q;eB;s
(ZQ cAs [ IV, ? +ZQ €Es J Vo2 +ZQ ,€Bs J IV, ? +ZQ cF;s [ IVw;|?) 2.8)
> m2(1+¢/5) '
Define
Di= |J @ D= | @
QjEA,;UE,; QjEBgUF(s
By the construction above we have
D, C D, uUS;s C ( + 1O>Di for i =1,2,
where § < d(¢) is small enough. Hence we obtain that
m 2 (Dy) > (1-S) tim 1L (Dy) = 2=</5, (2.9)
m—oo L 5/) m—oo ™ 1 o ’ ’
1—-¢/5
1 &Y gt _L17¢€/
n}gnocl (Dy) > <1 5> mlgnOO l,,(D2) 1o & (2.10)

Note that by our construction, v € Hg(Dy, ™) and w € H}(Da, ™), my + my = m — Cs(e). We
take m sufficiently large such that

m — Cs(e)\’ € 1 = 1—¢/4 1 = 1—¢/4
_ >1—- = > — > —0. .
( - ) >1 5 Iy, (D1) > ¢, 1, (D2) > o ¢ (2.11)

Here, we have assumed that m; and mg also go to infinity when m goes to infinity. If the latter is not
true, then it is even easier to conclude (2.4), and we shall omit the details to the readers. By combining
(2.8)—(2.11), we can deduce that

1 - 2 1 271 2 1 2
TTLQ(;/;% |Vuj| ) P m(mllml(Dl) +m21 (Dg))

> (1(41r ;/55422 <ﬂf >

1-—
< 1—¢/4/m— Cg ?
T 14¢/5
1— _
| G-z o e
1+¢/5
This completes the proof. O

Acknowledgements This work was supported by National Science Foundation of USA (Grant Nos. DMS-
1501000 and DMS-1955249).

References

1 Alper O. On the singular set of free interface in an optimal partition problem. Comm Pure Appl Math, 2020, 73:
855-915

2 Bonnaillie-Noél V, Helffer B. Nodal and spectral minimal partitions—The state of the art in 2016. In: Shape Opti-
mization and Spectral Theory. Warsaw: De Gruyter Open, 2017, 353-397

3 Bourgain J. On Pleijel’s nodal domain theorem. Int Math Res Not IMRN, 2015, 2015: 1601-1612
Bucur D. Minimization of the k-th eigenvalue of the Dirichlet Laplacian. Arch Ration Mech Anal, 2012, 206: 1073-1083
Bucur D, Buttazzo G, Henrot A. Existence results for some optimal partition problems. Adv Math Sci Appl, 1998, 8:
571-579



10

11
12

13
14

15

Geng Z'Y et al. Sci China Math  January 2022 Vol. 65 No.1

Bucur D, Fragala I, Velichkov B, et al. On the honeycomb conjecture for a class of minimal convex partitions. Trans
Amer Math Soc, 2018, 370: 7149-7179

Bucur D, Zolesio J P. N-dimensional shape optimization under capacitary constraint. J Differential Equations, 1995,
123: 504-522

Buttazzo G, Dal Maso G. Shape optimization for Dirichlet problems: Relaxed formulation and optimality conditions.
Appl Math Optim, 1991, 23: 17-49

Caffarelli L A, Lin F H. An optimal partition problem for eigenvalues. J Sci Comput, 2007, 31: 5-18

Caffarelli L A, Lin F H. Singularly perturbed elliptic systems and multi-valued harmonic functions with free boundaries.
J Amer Math Soc, 2008, 21: 847-862

Helffer B. On spectral minimal partitions: A survey. Milan J Math, 2010, 78: 575-590

Lin F H. Extremum problems of Laplacian eigenvalues and generalized Polya conjecture. Chin Ann Math Ser B, 2017,
38: 497-512

Mazzoleni D, Pratelli A. Existence of minimizers for spectral problems. J Math Pures Appl (9), 2013, 100: 433-453
Steinerberger S. A geometric uncertainty principle with an application to Pleijel’s estimate. Ann Henri Poincaré, 2014,
15: 2299-2319

Sverak V. On optimal shape design. J Math Pures Appl (9), 1993, 72: 537-551



