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1 Introduction

Hankel operator acting on Bergman spaces is an important area of research in the theory of operators
acting on spaces of analytic functions. Most of the theory of Hankel operators on standard Bergman spaces
is well understood, but not so much is known for large Bergman spaces. The function and operator theory
acting on large Bergman spaces on the unit disc D of the complex plane C is just developing, and it is
our purpose to study big Hankel operators acting on such spaces. For a strictly subharmonic function ¢
on D and 0 < p < oo, let LE consist of those Lebesgue measurable functions f : D — C such that

1fllzs = { / If(z)e‘O(z)l”dA(Z)}p <00, 0<p<oo,

11l = sup |f(2)|e ¥ < o0, p= o0,
zeD

and consider the weighted Bergman space AL, = LY NH (D). Here, H(D) denotes the set of all holomorphic
functions in D and dA is the Lebesgue area measure on C. We also use L? to stand for the usual Lebesgue
space LP(ID,dA).

In this paper we are interested in Af; with the weight function ¢ € W, which was first introduced
in [10]. To describe Wy precisely, let Cy be the family of all continuous functions p on D satisfying
lim|,| p(2) = 0. Set

ﬁz{p:D%R:pGCO,HpHL: sup p<2)_p<m)|<oo},
z,wED, z#w |Z—’LU‘
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and let Ly consist of those p € £ with the property that for each ¢ > 0 there is a compact subset £ C D
with
p(2) = pw)] < elz —wl

whenever z,w € D\ E. The class W is defined as

2 . 1
Wy = {QDGC (D) : Ap > 0, and I p € Ly such that NS p}.
Here and afterward, the expression A ~ B means that there exist two positive constants ¢; and ¢y
independent of the functions being considered such that c;A < B < ¢ A.

It is easy to verify that Af; is a Banach space when 1 < p < oo, and Ai is a Hilbert space. These
spaces are also called large Bergman spaces because they usually contain all the standard Bergman
spaces. Examples of weighted Bergman spaces with ¢ € W, include exponential Bergman spaces, double
exponential weighted Bergman spaces, and also some non-radial weighted Bergman spaces (see [10, 14]).
With the Bergman reproducing kernel K (-,-) on Ai one can define the Bergman projection P as

P(g)(z) = / 9K (2, £)e 2 OdAE).

For 1 < p < oo, P is bounded from L?, to A%, and P | A, the restriction on AP, is just the identity
operator Id (see [10] for details).

Given some symbol function f, one defines the so-called Hankel operator H; as

Hy(g) = (Id = P)(fg). (1.1)

From [10] we know that
N
F_{ZajK(.,zj):NeN, a; €C, z; €D forlgjgN}
j=1

is dense in A?. Therefore, to let Hy make sense on I' we naturally consider those f in the symbol class S
defined as
S = {f measurable on D : fg € Llw for g €T}

(from [10, Theorem 3.3, [[K(-, z)[|ee < 00 so that P(fg)(z) is well defined for f € S, g € I' and z € D).
The purpose of this work is, for 1 < p,¢ < oo, to characterize those f € S such that Hy is bounded (or
compact) as an operator acting from AP to LY. The descriptions obtained are presented in Section 4.

As in [10], we write BDK (Borichev-Dhuez-Kellay) to be the weight class introduced by Borichev et al.
[3]. We know BDIC C Wy and Wy \ BDK # (. The Bergman space A? with ¢ € BDK has been studied
in [2,3,6,7,9,14, 15].

Given Banach spaces X and Y, and some linear operator from X to Y, we use || - [|x and ||T]x—v
respectively to stand for the norm on X, and the operator norm of 7. Throughout this paper, we use C
to denote positive constants whose values may change from line to line, but do not depend on functions
being considered.

2 Some preliminaries

We are going to present some basic conclusions that will be used in the following sections. Let ¢ € W,
with \/%@ ~ p € Ly. We define a distance d,(z,w) on D as

L, dt
dzw) =it [ 1 (0=
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where the infimum is taken over all piecewise C1 curves v : [0,1] — D with v(0) = z and v(1) = w. It is
mentioned in [5] that d,(-,-) is equivalent to the Bergman distance 3, (-, -) induced by the Bergman metric

1 0?log K(z, 2)

dz ® dz.
5 o0z O

The estimates on the Bergman kernel play an important role in our analysis. The following lemma
comes from [10].

Lemma 2.1. Let ¢ € Wy with ﬁ ~ p € Ly. There are positive constants C1,Co,0 and d such that

0P (2)Fo(w)

K(z,w)] < C;—————e 7% for 2 weD
el O o)
and
Kz w) > 0 o () < d
Z, W > or Z,Ww < d.
* p(2)p(w) .

For K,(-) = K(+,2) € H(D) and 0 < p < oo, with Lemma 2.1 and an elementary calculation as that of
[10, Corollary 3.2] we obtain

2_
1|y = e p(2) 72 (2.1)

Write £, , = HKIz‘fipr to denote the normalized reproducing kernels in AZ.
(]

For z € D and r > 0, set
D(z,r)={w:|w—z| <r}

to be the Euclidean disc with the center z and the radius r. Write
B,(z,r) ={weD:d,(w,z) <r} and D"(z)= D(z,rp(z)).

The following lemma is from [10].

Lemma 2.2. Let p € L be positive. Then there exists a > 0 with the following properties:
(i) There exist constants C1 and Cy such that

Crp(w) < p(z) < Cop(w) (2.2)

for z €D and w € D*(z2).
(ii) There exists a constant B > 0 such that

D"(z) € DP"(w), D"(w) C DP"(2) (2.3)

forwe D"(z) and 0 <r < a.
(iil) There exist positive constants c1 and co such that

B,(z,c17) € D"(2) € B,(z,car) (2.4)

forzeDand 0 <r < a.
Moreover, if a is small enough, we can take C; =1/2, Cy =2 in (i) and B =4 in (ii).
For our analysis we need a covering lemma which is almost identical to [8, Lemma 3.1].

Lemma 2.3. Let p € L be positive. There are positive constants o and s, depending only on ||p|L,
such that for 0 < r < « there exists a sequence {zj}j‘il C D satisfying

() D =Ujs1 D"(2);

(i) D (25) N D" (z) = 0 for m # ji

(i) {D?*(2)}52, is a covering of D of finite multiplicity.
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A sequence {z;}72, satisfying Lemmas 2.3(i)-2.3(iii) will be called a (p,r)-lattice. Given some (p,7)-

lattice {2;}32,, by Lemma 2.3(iii) we have some integer N so that

o0

ZXDBr(z <N for zeD. (2.5)
j=1

Here and afterward, yg is the characteristic function of a subset F of . In what follows we always
take a > 0 as that in Lemmas 2.2 and 2.3. The next lemma has already been obtained for ¢ € BDK in
Arroussi’s dissertation [1].

Lemma 2.4.  Let ¢ € Wy, 0 < p < 00, and let {2;}52; be some (p,r)-lattice with 0 <r < a. Then for
A={\;}72; € 7, we have Z;’;l Njkz; p € AP, with the norm estimate

o0
E :)‘jkzy‘ P
j=1 L

Proof.  We treat the case where 1 < p < oo first. Let ¢ be the conjugate exponent of p. For f € H(D),
by [10, Lemma 3.3] we have

< O Aen- (2.6)

C

e~ )P
£ <

/ F(w)e= ¢ PdA(w), =€ D. (2.7)
Dr(z)

Hence,

Z Ye @(z])|q <CZ/ e w(§)|qu( 13)

" (25)

< CIK.S,

Then, for each NV, Holder’s inequality implies

N N % N %
S Ak, p(2)] < (Zw) (Dkzj,p(znq)
J=1 j=1 j=1
< Al ( 3 |Kz<zj>e¢<2j>|qp<zj>2)

j=1
S Ol Aler [ K| g, < o0

Q=

This implies that Z k., p converges uniformly on compact subsets of D. Furthermore, for any
g € A,
oo
|)‘J9 %))
| 0 Y L2 ‘ =
Z Besi Z 1Kz Iz

< CZ INillg(zi)e™ ) |p(z)*

j=1

clup(z / e Opaae))”

< ClAlerllgll -

-y
j=1

Therefore,

o0
<D Ik 9) 2| < CIAer gl s

Jj=1
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[10, Theorem 4.3] tells us that the dual of AL is A% for 1 < p < oo and the predual of A% is A}D. From
these we obtain (2.6) for 1 < p < oco.
For 0 < p <1, by (a+b)? < a? + b for a,b > 0 we have

N
> Ak p
j=1

This completes the proof. O

oo

p
<D NPIE 1Ty = M-
Ly j=1

In our analysis, we need to use the notion of Carleson measures. Here is the definition.

Definition 2.5. Suppose p is a positive Borel measure on D and 0 < p,q < oo. If the embedding
Id : A7, — LY(D,e”%dyu) is continuous (or compact) then y is said to be a g-Carleson measure (or a
vanishing ¢-Carleson measure) for A?.

As on the classical Bergman spaces we are going to use ji, to characterize Carleson measures shown
in the following proposition. For ¢ € BDK, the weight class introduced in [3], all conclusions in Propo-
sition 2.6 except the estimate (2.9) were represented as [14, Theorem 1] (although it is given there in
a different form). Fortunately, the proof of that in [14] works well in the present setting with only one
adjustment that the test function F, ,, ,(z) there should be replaced by

Fo(z) = ka,w(z) = p(a)QKa(Z)eﬂo(a)v

because F, ,, »(#) is available only when ¢ € BDK (particulary, ¢ must be radial) (see [3,14]).
Given p as above and 0 < r < «, set

Sy mD"(2))
HO =T
where |D"(z)| denotes the area measure of D"(z). Notice that |D"(z)| ~ p(z)2.

Proposition 2.6.  Let u be a positive Borel measure on D.
(i) For 0 < p < q < oo, p is a g-Carleson measure for AY if and only if

—~ _4a
sup ir (2)p(2)20"#) < oo
zeD

for some (or any) r € (0,a]. In addition, p is a vanishing q-Carleson measure for A?, if and only if

for some (or any) r € (0, ).
(ii) For 0 < ¢ < p < 0o, p is a g-Carleson measure for AL if and only if p is a vanishing q-Carleson
measure for AL if and only if
fir € L=
for some (or any) r € (0, q].
When u is a q-Carleson measure for AP, it holds that

(p’
~ 1 1_1 .
1d)| a2 Lo (,e-aeapy = 1) 7p(2)* ™3 | if 0<p< g < o0 (2.8)
and
~ 1 .
il 4z pap e-avapy = (@)l 2o i 0 < g <p<oo. (2.9)

Proof. ~ 'We only present the proof of the estimate (2.9). For this purpose we first prove

PO
()7l e, < ClA| 47— La(e-a¢dn)- (2.10)



426 Hu Z J et al. Sci China Math  February 2022 Vol. 65 No.2

As in [14] we use an argument of Luecking [13]. Let {2;}32, be some (p,r)-lattice, and take {¢;}32, to be
a sequence of Rademacher functions on [0, 1]. For A = {);}32, € ¢? consider the function G; defined as

Zw] e

From Lemma 2.4 we know [|G¢[ 4z < C||Aller. If po is a g-Carleson measure for A%, then

[ 11 ) < Iy oo v I

Integrating with respect to ¢ from 0 to 1, applying Fubini’s theorem, and invoking Khintchine’s inequality
we obtain

/ (zwk%,p ) e dp(2) < O oo aogp M-

On the other hand, by Lemmas 2.1-2.3 and (2.7), one gets

[ (S e o
203 [ (S W)
2O% [ e )
r Zk
> CZ Ak p(2) 2 7 iy (22
k=1
Therefore,

Z |)\j‘q(p(2k)2*?qﬁr(2’k)) < C||Id||1q45HLq(D’er#)||)\||<l;p'

By the duality between ¢/9 and ¢?/(P~9) we have

p—q

(X o077 ) 7 < CIMAI o (211)

Meanwhile, it is easy to verify that for z € D"(zy),

pz)*fir(2) 777 < C > p(2)*fir(25) 7=
§:D7 (2 )ND7 (21,)#0
Therefore,
7, <30 [ BTG < O3 o) ()7
k=1"D"(zk j=1

This and (2.11) imply (2.10).
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To prove the other direction, for f € H(D), applying (2.7) and Holder’s inequality, we obtain

/|f )9e =) dp(z) < Z/ (2)|9%e= ) dp(z)

"(z5)

<CZﬁr(Zj)P(Zj)2 sup [ f(&)|%e 1
; €D (z;)

a

< O(Zﬁ (z])p 7p(z;) ) <Zp z)?  sup |f(£)pep<p(§)>p
j=1

£€€D"(z;)

(i p) (Z /D ey Pe‘W“dA(O)

<l 2 1719,
This means
1
dl[ 42— LD, e-sedn) < CHWH" = CllG) el e
From this and (2.10) we obtain (2.9). O

3 Some d-estimates

By Lemmas 2.1 and 2.2(iii), we have some a > 0 such that K,(£§) = K (&, z) does not vanish for £ € D*(z).
Given any r € (0,a/3] and a (p,r)-lattice {z;}32,, let {1);}52; be some partition of the unity subordinate
to the covering {D"(z;)}52,. Precisely,

;€ C*(D), Suppy; C D"(z;) and ; >0, Zy;j =1.
j=1

Set

1 o0
) = T 2=

j=1

_ / G2, €) F(E)dA(E).

Lemma 3.1. Letp e Wy and 1 < p < oo. Then T is a bounded linear operator on Lf;.

Define an integral operator T as

Proof. ~ 'We use interpolation to prove this lemma. By (2.7) and Lemmas 2.1 and 2.2 we have
K, (2) 15 (8) (e
Z e =S K@)
E je{k:6€D" (1)}

< Co#® / K. ()]e#©dA(Q).
D27 (¢)

Write
e—?(©)

Q=9 = =20

| K@l 9da) (3.1)
D2 (&)
We have

G(2, 8] < CQ(z,9). (3.2)
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For f measurable on D, set

Ty(f)(2) = / Q=€) [(E)dAE)

Dr(z)
and

Ty(f)(z) = / Q=€) F()AA).

D\D"(2)
To prove the conclusion of the lemma, from (3.2) we need only to prove that both Ty and T% are bounded
on LY. For T, by Lemma 2.2, we have

ITL(F) e < /

D

( [xoo©Qeolr@ag Jeraac)
-/ f(f)l( / xmz)(g)cz(z,g)e¢<z>dA<z>)dA<§>
< [l [, eeoeiae aie

Putting the expression of Q(z,¢) inside and using (2.1), we obtain

eftp(z)

1 —#(&) - 2]e—?©) >
Tl < [0l ([ [ Kl Oiaaae Jaac)

e—¢(

—o(2)
e_‘P(S) - 1 z
) /D 7 (/z>2r(£) €= zlp(e) el 4L )> e

<C -2 gA ot
< / F©)le © /D e B ®

By using polar coordinates, it is easy to see that

dA(z).

1
dA <C ,
/D o E A < 0l

so that we finally obtain

1T ()l <C /D F(©)]e™#DdAE) = C| f s

proving that Ty is bounded on L}. Similarly,

Tz =swpe [ QG olf©A©

z€D
N v —e(x)=¢(0)
<clfligs [ e L Gl 4A(C) dA(E)
1
<Clfhzs [, | F g A©

<Ol fllzg-

Set Moo to be the multiplier that Me. (f) = fe¥. It is easy to see that M. is an isometry from LP
to LT, with the inverse M,-.. Therefore, M.-»T1 M. is bounded both on L' and L. By interpolation,
M—.T1 Mo is bounded on LP which implies 77 is bounded on LY.

For T5, applying Lemma 2.1, we have

. f(€)]e#® =)
IT2f2) < /D\Dr(z) 1€ — 2[p(&) (-/[J2T(£) (G 2) dA(O)dA(Q

() —(©) ~0d () dA(C)
Lo F©)le ( e ) »
) /D\Dr(z) € 2 p© /Dw) o0 ©
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(2) —(&)
e mol( o) g4 )dA .
PEE /D\Dr(z) PG /Dzr@e ()

On the other hand, d,(-,-) is a distance on D. From Lemma 2.2(iii), there is some constant C' such that
for ¢ € D*"(¢),

dp(§,2) < dp(§,¢) +dp(C, 2) < C+dp(C, 2).

Thus, for ¢ € D*"(¢), we have
e—adp(C,z) < Ce—adp(ﬁ,z).

It follows that

e®(2)
p(z2)?

With this estimate and [10, Corollary 3.1] we obtain

A
Az <€ [ ([ @O eeaa ) 520

AN <O [ @k RO T )

p(2)?
¢ [ ( [ S e Jaac)
= e ———dA(z
D p p2)?
<Ol fllry-
Similarly, for p = co we have
1
Teflez <sup—sy [ @O ot DaA).
7 2ep p(2)? Jo\pr(z)
il A
< Lo sup/ —
® 2ebJp p(z)Z
SOl fllzg-
With the same approach for 71, by interpolation we know that 75 is bounded on L, as well. O

Set C2° to be the family of all C'"* functions with compact support in D. Given f Lebesgue measurable
on D, for z = x + iy one can define the weak derivative % and g—;j (see [4]). Set

af 1{8f ,6f}

0z 2\oz oy

and
of 1(of  .of
Z =0 i)
0z 2| 0x y
Since we deal with functions of one complex variable, we can use df to stand for % for short.

Theorem 3.2. Let ¢ € Wy. Given f measurable on D such that pf € L}o, set

Sk [ O
) = 3 Ko R e (33)

Then u solves the equation Ou = f weakly in D. Furthermore, for 1 < p < oo there is some constant
C > 0 such that

lullzy < Clioflly- (3.4)
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Proof.  For a function f with pf € LP, one has
< O/ fpll Lz, which gives (3.4).
For f € C*(D), the Cauchy-Pompeiu formula tells us that (see [4, Theorem 2.1.2])

%3]

9 [ [
oz Df*ZdA

Sci China Math

February 2022 Vol. 65 No.2

u(z) = T(fp)(z). Then Lemma 3.1 implies |[ul|z»

&) = f(2)

for z € D.

Then for ¢ € C°(D) and f € Li , (3.5) and the fact that K, € H(D) imply

Set

We have

loc?

o¢

3 [ i) BN _ ke
(5.0 [ TG rOaae.52) =t ohre

_\ o[ e
U = 3 1K o) | e e,

u(2)] < U(2).

By the fact that Supp; C D"(z;), applying Lemma 2.1 and [10, Corollary 3.1], we get

U(z) <

<

j=1

=1

¥;(§)

p(z)P(E) 4

2 eP(zi)+e(2)
C / f
Z p(2)p(2) D7 (z5) 1€ — Z||

3] e wwmra;

2. e¥(2) 0 (€) e
) p(2) /D,.(zj) € -2 1p(€)f(8) [dA(€)

¥ (?) )
o> Lol

— r(2) Jo l§ -2

Write €2 = Supp ¢ which is compact. Then,

fve

99
0

Hence, we can apply Fubini’s theorem to obtain

Therefore,

/

j=1

- Z)sz (6)

¥;(§)

F(epaa(e), 5

(e )5

?(2)|aa:) <€ /Q %@) dA(z)g e
<o)<, ) |p<f>f<f)e—¢<f>|dA(f>gws) | e
<o 2 ol |p<f>f<s>e—¢<f>|iwxg)m(s)
<o| =, fmeser g
< oo,

aae) ) 5

¥4

99
9z

Z>L2

©)

p(z) /D |§j(§z)| 1p(&)f(€)e ¢ E|dA(€)

1

(2)dA(2)

(2)dA(z).

dA(z)



Hu Z J et al. Sci China Math  February 2022 Vol. 65 No.2 431

waj, L2
—(f ) r2

With this we know 2% = f weakly. O

4 Hankel operators from AP to L%

Recall that
N

F{Zaszj :NEN,ajEC,szID)forlgjgN}
j=1
and
S = {f measurable onID):ngL}o for g € T'}.

[10, Corollary 4.2] tells us that I' is dense in A% for all 0 < p < cc. From [10, Theorem 3.3, |[K (-, z)|| Lo
< 00. This implies that P(fg)(z) is well defined for f € S, g € " and z € D. Hence, for f € S the Hankel
operator Hy is densely defined on AP. Therefore, a function f € S can be used as the symbol to define
a Hankel operator on AZ.

The following lemma sets up a bridge between Hankel operators and the solution to the d-equation in
Theorem 3.2.

Lemma 4.1. Let ¢ € Wy with ﬁ ~ p € Lo, and suppose that f € S with p0f € S, where the
derivative is in the weak sense. Then for g € I', it holds that

Hy(g) = u— P(u), (4.1)
where
w2 =3 K0 [ =S e Br© dat) (1.2

Proof.  Since pdf € S, for g € T' we have gpdf € L}D. For u defined as in (4.2), Theorem 3.2 implies
u € LY, with

lullze, < Cllg(odf) s (4.3)
Meanwhile, fg € L}o for g € I'. Then, fg—u € L}p, and Theorem 3.2 tells us that
O(fg—u) =gdf —du=0
showing that fg —u € AL. Since P |4y = 1d, we have
P(fg—u)=fg—u.
Therefore,
Hy(g) - (u— P(w) = fg— P(fg) — (u— P(w) = (fg —u) — P(fg —u) =0,

from which (4.1) follows. O

To characterize the boundedness (or compactness) of Hankel operators Hy, we need an auxiliary
function G, ,-(f) which is an analogue of the one first introduced in [12], when Luecking studied Hankel
operators on the standard Bergman space AP. Let ¢ > 1 and 0 < r < . For f € L we define G, (f)
to be

loc

Gor(f)(2) = inf { <|DT1( TN h|‘1dA> "ihe H(D’“(z))}, 2eD.
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For fe Ll (D), 1< g<ooand0<r < a, write

loc

1
1 q
My (1)) = { raa
! |D7(2)] Jpr(2)
to be the g-th mean of | f| over D"(z).
Our analysis on the Hankel operator going from A?, to L will be carried out in two cases where

1<p<g<ooand 1< qg<p< oo, respectively.

Theorem 4.2.  Let p € Wy with ﬁ ~pe Ly, andletl <p<qg<oo. Sets= % — %. Then for
f €S, the following statements are equivalent:
(i) Hy : AL, — L% is bounded;
(ii) for some (or any) 0 <r < «, p**Gy,(f) € L>;
(iii) f admits a decomposition f = fi + fa, where f; € CY(D) satisfying
P S| € L, (4.4)
and fo has the property that for some (or any) 0 < r < a,
p** My (f2) € L. (4.5)
Furthermore, for 0 <r < a,
1H )| az 22 = 1p* G (f) ]| Lo (4.6)

Proof. (i) = (ii). For a as in Lemma 2.2, Lemma 2.1 tells us that there is some constant C' > 0 such
that

: 2
5eg1af(z) k. p(E)] = Cp(2) 7 e¥®) >0 for z € D.

Then,
1

P(fk=p) € H(D"(2))

z,p
and

1H 7 (zp) |7 =/lekz,p(f)—P(sz,p)(€)|qe_q¢(5)dz4(§)

1 q

q _ e~ 4v(&)
> ) s QIO — g PUE ()] 0
2 1 4
>0 ¥ [ 150~ g PUR©)] 440
> C{p(2)** Gy, (f)(2)}". (4.7)

On the other hand,
HHf(kzyp)Hngg < HHf”qu_)Lg, ||kz,quLg = ||HfHZ;g_>Lg>-

Therefore, we have
p(2)** Gy (F)(2) < CllHyl gy s for all z € D. (4.8)

From this, the statement (ii) follows.
(i) = (iii). Suppose [[p**Gyr(f)llL= < oo for some r € (0,a]. Fix a (p, §)-lattice {z;}52,, and
take {1;}52, to be a partition of the unity subordinate to {D?(z;)}32, satisfying p(z;)[0¢;] < C for

j=1,2,... With a normal family argument we may find some function h; € H(D"(z;)) such that

1 .
m e |f —hj|%dA =G ,.(f)(z), j=12,... (4.9)
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Set

fi(z) =Y hi(2)0i(2) € C(D)

1

and fo = f — f1. Define J, = {j : z € D"(2;)}. Then, p(z;) ~ p(z) for j € J., and
[T == Xpr(ep(2) < C. (4.10)
j=1

As that on [13, pp. 254-255], for z € D it holds that

p(2)|0f1(2)| < C Y Gar()(2). (4.11)
JjeJ:
This implies
p(2)2 0 f1(2)] < Cllp* Gy (f)llL=  for z € D. (4.12)
On the other hand,
F2(2) = Y (f(2) = hy(2))w(2),
j=1

and by (2.5) only at most N terms are not zero in this summation. Hélder’s inequality implies

Then, by (4.9),

Mwmma<c§ZQDL”AWJU—MWWWQQ

Jj=1
<0 / f—h; qu)
; D7 ()] Jpr oy |f = hjl
<C DY Gorlh)z). (113)
e
Hence,
p(2)% My (f2)(2) < Cllp* Gopr(f)| L= for z € D. (4.14)

Notice that the condition (4.5) is independent of r € (0,a]. We reach the condition (iii) from (4.12)
and (4.14).
(iif) = (i). If we set du = |f2|?d A, then

Q=

Ar(2)3 = My, (f2)(2). (4.15)

The assumption (4.5) and Proposition 2.6 imply that p is a g-Carleson measure for AL with
1d]| 42— Lo (e-avan) = 107 Mo (f2)ll Lo

By the boundedness of the Bergman projection on L,

1Hy,9l L2 < Cllf2gllLe
1

= C(/ |g|qeq“"d,u> !
D
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< Od|[ a2 - Lo e-av a9l Lz,
< Op** My (f2) |l L=llgll e - (4.16)

Next, we suppose that f; satisfies (4.4). With the fact that s < 0 and p?**T'9f € L*, we know
p|0f1] € L. Now, for g € T, take u as in (4.1) so that

U2 = 3K, (0) [ a0 ).

Theorem 3.2 and Lemma 4.1 tell us
Hy (9) =u—P(u) and |lullpz < Cllg(pdfi)lrs-
From the boundedness of P on L we obtain
1H g gllzs < A+ 1Pllzz—ro)llullze < Cllg(pdf1)]| o - (4.17)
Meanwhile, if we consider the measure dv = [p|0f1]]?dA, it is easy to see that

5.(2)8 <C sup p(&)|Ff1(6)]. (4.18)
£eDr(z)

Hence,
~ N1 =
p(2)*D(2)5 < Ol p* M fil]| Lo

It follows from (4.4) and Proposition 2.6 that v is a g-Carleson measure for A?, with

1Al 42— Lo(pie-sean) = 1070 f1]]] Lo
Then
l9(p0f1)llLe < Cllp** D1l - llgll -
Hence,
1Hp9llLs < Clo** Mo fi |l - llg]l o
With this and (4.16), we obtain

1H |z o < CLIP* O Lo + 119% My.r (f2)ll 2=} (4.19)

This gives the implication (iii) = (i), finishing the proof of the equivalence among (i)—(iii). The norm
estimates (4.6) come from (4.8), (4.12), (4.14) and (4.19). O

The next result describes the compactness of H; when p < ¢g. For ¢ > 1, we understand that Hy :
AP — L is compact if and only if whenever {gm }5°_ is a bounded sequence in AP, converging to zero
on compact subsets of D, it follows that ||Hgm| 2 tends to zero.

Theorem 4.3. Let ¢ € Wy with ﬁ ~p€ Ly, andletl < p<qg<oo. Sets= % — %. Then for
f eS8, the following statements are equivalent:
(i) Hy : AL, — L% is compact,
(ii) for some (or any) 0 < r < o, limp,|1 p**Gyr(f)(2) = 0;
(iii) f admits a decomposition f = fi + fa, where fi € CY(D) satisfying
lim p(2)**9f1(2)] =0 (4.20)
|z]—1
and
|l}m1 p(2)* My (f2)(2) =0 (4.21)
z|—

for some (or any) 0 <r < a.
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Proof.  Let Hy be compact from A?, to LZ. It is easy to see that {k. , : z € D} tends to 0 weakly in A7
as |z| = 1. Then, for 0 < r < « fixed, from (4.7) we have

p(2)**Gar(f)(2) < ClHp (k)]s — 0

as |z| — 1. So, (i) implies (ii).
Suppose now that (ii) holds for some r € (0, @]. From (4.11) and (4.13) we know

p(2)*THBf() < C Y pl2)* G (£)(2)

FISOP

and
p(2)%* Myr(f2)(2) < C Y p(2))* Cor()(2)).
JjeJ:
From these estimates, the statement (iii) follows easily.

Finally, we prove the implication (iii) = (i). As in the proof of Theorem 4.2, we know that both
dp = | f2|9dA and dv = [p|0f|]7dA are vanishing ¢-Carleson measures for AP. With (2.7) we know that
the unit ball of A7, is a normal family. Then, for any bounded sequence {gm} in AL converging to zero
uniformly on compact subsets of D, we have

V5 ()2 <c( /D Ileqlgmlqe_q“”dA) o,

and by (4.17),
15y, (gm) g < Cl(plOf1))gmllLg = 0.

Then, limy, oo [Hf(gm)|[ze = 0, and this tells us that Hy is compact from A% to LE. O

Next, we proceed to characterize the boundedness and compactness in the case where 1 < ¢ < p < o0.

Theorem 4.4. Let p € Wy with ﬁ ~pe Ly, andletl <g<p <oo. Sets= % — Then for
f €S8, the following statements are equivalent:

(i) Hy : AL, — L% is bounded;

(ii) Hy : AY — LY, is compact; 1

(iii) for some (or any) 0 <r < §, G (f)(2) € L=;

(iv) f admits a decomposition f = f1 + f2, where

1
i

freC (D), pldfi| € L* and M,,(f;) € L* (4.22)

for some (or any) 0 <r < a.
Furthermore, for 0 <r < § fived,

[1Hpllap—rg = 1Go.r (NIl 2 (4.23)

Proof.  (ii) = (i) is trivial. We need only to prove the implications (i) = (iii), (iii) = (iv) and
(iv) = (ii).
(i) = (iii). For r € (0,q] fixed, take {2;}52, to be some (r/4, p)-lattice. By Lemma 2.4, for A = {\;}

€ (P, we have
(oo}
Z )‘j kzj P
=1

As in [13] again, take {¢;}72; to be a sequence of Rademacher functions in [0, 1]. From the boundedness
of Hy, we have

HHf ( > Aj%(t)kzj,p)
J=1

< C A |er-
Ly

< Hillag—rg -
q

@

> Aibi(t)k=,
j=1

S ClH g g lIMer-
L

L ®
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Meanwhile, by Khintchine’s inequality,

00 q
(X vostm,, )| a
0 j=1 Ly
q
/D ~a9() JA (2 /0 Z/\]gbj VH (k2 p)(2)| dt

-/ (iwwf(kzj,p)( >|2)qe W) A (2).

This, together with the previous estimate, gives

a

© 2
[ (S P e ) ) e 0dACz) < U 1N
=1

On the other hand,

q

CZ/ ( >|Ak||Hf (=i p) (2)) %99V dA(2)
(2

=c Z M [ U@ hn(a) = PR p) (e dAG).

D7 (zx)

As in (4.7),

/Dr( : F(2)kzy p(2) — P(Fksy ) (2)]%e™ PP dA(2) > CL{p(21)2 G () (1) 1.

Therefore, joining the previous estimates, we obtain

o0

D o) G (F) ()} < CIH I 1o IHIAG 1T o

k=1

By the duality between ¢#/7 and ¢¢/(P=9)  we have

D Gor(f)(z)] 7= = Io(z (D)5 < ClH77, o

k=1 k=1

This can be viewed as the discrete version of the statement (iii). Since

Goz(f)(w) < CGqr(f)(2) for we D2(z),

we have

> D2 (21)| G ()77 (21)

N
Q

This gives the statement (iii).

(4.24)

(4.25)
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(iii) = (iv). As in the proof of Theorem 4.2, set f; = Z;’;l hjy; € C*(D) and fo = f— fi. By (4.24),

prq ].

Gas (1) (2) < O Gor(£)777 (u)dA(u).
D= (z))] /D% (2))

From (4.11) we have

[o(2)|0f1(2 <C Y Gos(f)rilz)
jEJ
|Dr | Z/T( ‘Z(U)dA(u)
C

S TDr ] Sy ST AW

ntegrating both sides on D against the measure dA, and applying Fubini’s theorem, one gets
Integrating both sid D inst th dA, and lying Fubini’s th t

/[ (B ()] dA(2)

< C [ oA [ xpwo )G (D75 (wdA()
<c Gq,r(f)ﬁ(U)dA(U)- (4.26)
D
Notice that 1 > 1. By (4.13) and (4.24) we obtain
o 1 . 7
My, (f2)(2) < Z (|DT( ) Jor (ND72(z,) |(f = hy)l dA)
1
SO ‘Dr( )‘ D2 () quy.(f)(f)dA(f)
1 1 s
<5 . G (DA}

This and Fubini’s theorem turn out
[Mqr(f2)ll 1 < CllGgar(Il 1 (4.27)

In addition, it is trivial that the condition M, ,.(f;) € L* is independent of 7. We see that (4.26)
and (4.27) give the statement (iv).

Now we prove (iv) = (ii). First, we claim that both f; and p|df;| are in S. In fact, apply [10,
Lemma 3.3] to get

/ (K. ()l PO dAE)

1 e~ %)
< C/D|f2(§)|<p(£)2 /DW(O |K. () dA(()) dA(E)
= e~ () s ; 1
C/DIKZ(C)I /DXD r2(6)(OIf (E)\p@2 dA(§) dA(C)

¢ [ M1, (1 £DQIK. Ol OdAC)
<€ [ My (RDQI.Ol ),

By Holder’s inequality with the exponent % = % and its conjugate exponent denoted by t, notice also
that [|K |1 < oo and

[ IR(OK. (Ol aA©) < CIM, ()], - 1K s, < .
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This implies f € S, and f1 = f — fo € S. For p|dfi|, notice that p|df,| € L+ with 1= % > 1. Then

/D P(O[0f1(E)K.(&)|e # O dA(€) { / 1p(€)Df1(€

It follows that p|dfi| € S.
As before, write dv = [p|0f1]]%dA. Applying Hélder’s inequality with the exponent p’%q and its
conjugate p/q, we get

<>} 1Kl < oo,

wirs - {f,y pé@( ))||1qu<<>}& e
<o [{[ W ORI 4A(Q) ) 5z dA(©
~C / OBAQNAQ) < .

Lemma 2.6 tells us that v is a ¢g-Carleson measure for AL. Equivalently, the embedding
Id: AY, — LY(D,e”%dv)

is compact with

[l SOl 2, < CllAOANNY L < oo,

s La(D,etedy)
Meanwhile, since both f; and p|df;| are in S, for g € T, as in (4.17), we have
1Hy,gllzz < Cllg(pdf1)llLs = ClIA(g)l| La,e-sean)-
Hence Hy, is bounded from A? to L with the norm estimate
1Hp | ar e < Cllplofilll - (4.28)

We claim that Hp, is compact as well. To see this, let {g}5;_; be any bounded sequence in AP with
the property that lim,, o SUp,c g |gm(2)] = 0 on any compact subset K C D. We are going to prove
Hy (gm) = 0in L% as m — oo. For this purpose, for each m pick some h,, € I' so that

1
gm — hmHLf,’, < m

Set

o0

_ ; $;(§) 5
() = Y- Koy (2) [ =B @R E)A)

j=1
Then, Oy, = hpy,of; and
HumHLZ, < CHhm(pgfl)HLZ, = CHhmHL‘I(D,e*WdV)-
Notice that Id : AY, — L9(D, e~ %dv) is compact, s0 limy, o0 [|m|LeD, e~ v dr) = 0, showing that
im s = 0.

Then, as Hy, (hm) = tm — P(um), we get

i [y (r)llze < (U [Pl sze) Tm gy =0. (4.29)
On the other hand, by (4.28),

i [ Hp, (g~ b2 < 1 lagoszs 1 (g — ol = 0.
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This, together with (4.29), implies
i [ Hpy (9)lzs < tim {1, (9 — Bl + 15, ()25} = 0,

which gives the compactness of Hy, from A?, to LZ.
Finally, we consider the compactness of Hy,. Similarly, du = |f2]|9dA is a vanishing g-Carleson measure
for AL. Equivalently, Id : AY — L9(D,e”9?dp) is compact. By

[1Hyp, (9)llzg < Cllf2gllzg = ClId(9)La, e-avap) (4.30)

with the similar approach for Hy, above we know Hy, is compact from A% to L% as well. This finishes
the proof of the implication (iv) = (ii).
Furthermore, from (4.28), (4.30) and (4.26), (4.27), we have
[Hllar—rz < Cinf{||Hy, laz s + 1Hp2llaz e} < CllGor (Ol 1

where the “inf” is taken over all the decomposition f = f; + f2 as (4.22). This and (4.25) imply (4.23).
The proof is completed. O

5 Simultaneous boundedness of H; and H?

For f e L] (D) with 1 < ¢ < oo and 0 <7 < o, set

1

for) = e fdA,

Dr(z)

- fDr(z)wdA}

Dr(z)

and

Osc(f)(2) = sup [f(§) = f(2)].

£€B(z,r)

Lemma 5.1. Let 1 < qg<o0,0< s <00, —00<7y<oo, and let f € LL (D). Then the following

loc
statements are equivalent:
(i) for some (or any) 0 < r < «, both p'Gy,(f) and p?G, - (f) are in L*;
(ii) for some (or any) 0 < r < «, one has p* MO, ,(f) € L*;
(iii) f = f1 + fo with f1 € C(D), and for some (or any) 0 < r < a,
p?Osc,(fi) € L* and p"Mgy.(f2) € L°. (5.1)
Furthermore,
197G (Nl + 107G (Pllzs = 107 MOgr(f)ll e (5.2)
Proof. By definition, we know
Gar(f)(2) S MO¢r(f)(2) and  Ggr(f)(2) < MO (f)(2), (5.3)

which give the implication (ii) = (i).
Similar to [11, the estimate (2.7)], for fixed r > 0, we have some constant C' independent of z such that
lu —u(2)||La(Dr(z),aa) < Cllvl|La(pr(z),a4)

for all real-valued functions v and v so that u+iv € H(D"(z)). From this, as done in [11, Proposition 2.5],
we know

MO, (f)(2) < C{Gq.r(f)(2) + Gy (F)(2)}- (5:4)
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This means that (i) implies (ii).
Suppose f = f1 + f2 is as in the statement (iii). From

! g}

MOy, (f1)(z) = {|D7( )| Dr(z
< 20sc,(f1)(2)

and MOy ,(f2)(z) < 2M, (f2)(z), we know that f satisfies (ii).
To prove the implication (ii) = (iii) we set fi(z) = fpr(.) and f2 = f — f1. As in the proof of [16,
Lemma 8.3] we have

1

| 5O - oA

Oscr2(f1)(2) S CMOq,(f)(2) and Mg, a(f2)(2) S CMOq,r(f)(2).

In addition, it is easy to see that the condition (5.1) is independent of » € (0,«]. Then (iii) follows
from (ii). The equivalence (5.2) comes from (5.3) and (5.4). O

Lemma 5.2. Let1 < g <o00,0<s <00, —00 <7y <00, and let f € L (D). Then the following
statements are equivalent:

(i) for some (o ang) 0 < r < @, gz 1 {p(2)Gar (1)) + p(2)Gar(P(2)} =

(ii) for some (or any) 0 <7 < a, lim|,j1 p(2)"MOgr(f)(2) = 0;

(iil) f = f1 + fo2 with f1 € C(D), and for some (or any) 0 < r < a,

Ilgl{p( 2)70sc,(f1)(2) + p(2)" Mo (f2)(2)} =

The proof of this lemma can be carried out with the same approach as that of Lemma 5.1 and will be

omitted here.

Here are three theorems for simultaneous boundedness (or compactness) of Hankel operators Hy and Hy
from A? to L{.

Theorem 5.3. Let ¢ € Wy with ﬁ ~p€ Ly, andletl < p<g<oo. Sets= % — %. Then for
f €S8, the following statements are equivalent:
(i) Hy, Hy: AL — L% are simultaneously bounded,
(ii) for some (or any) 0<r<a, p*MO,,(f) € L>;
(iii) f admits a decomposition f = fi + fa, where fi; € CY(D) satisfying
p**0sc,(f1) € L and p**M, . (f2) € L™
for some (or any) 0 <r < a.
Furthermore,
[ Hllaz o + 1HFllan o 2o = [19* MO (f)| Lo (5.5)
Theorem 5.4. Let ¢ € Wy with \/%W ~p€ Ly, andlet 1 <p < qg<oo. Sets= % — %. Then for
f €S, the following statements are equivalent:
(i) Hy, HT : AL, — LL are simultaneously compact;
(ii) for some (or any) 0 < r < a, limy,|_1 p**(2)MOq,(f)(2) = 0;
(iii) f admits a decomposition f = fi + fa, where fi € CH(D) satisfying
lim p?(2)0sc,(f1)(:) =0 and  lim ()M, (f2)(2) = 0
|z|—1 |z|—1
for some (or any) 0 <r < a.
Theorem 5.5. Let ¢ € W wzth ——=~p€ Ly, and let 1 < g<p<oo. Sets= % — %. Then for

f €S8, the following statements are equwalent
(i) Hy, Hy : AL, — L% are bounded;
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(i) Hy, Hy: AL, — L% are compact;
(iii) for some (or any) 0 <r < o, MOy (f) € L+
(IV) f=fi+ fo with f; € C(D),

Osc,(f1) € L* and M, . (f2) € L:

for some (or any) 0 <1 < a.
Furthermore, ||Hf||A$—>L$ ~ ||MOq7r(f)||L%.

Proof.  The proof of Theorem 5.3-5.5 are in the same approach, so we only write out the one for
Theorem 5.3 here.

Theorem 4.2 tells us that the statement (i) is equivalent to
P2 Gor(f) + p*Gon(f) € L.

This by Lemma 5.2 is equivalent to the statement (ii). The equivalence between (ii) and (iii) comes from
Lemma 5.2 as well. O

When f is holomorphic, it is trivial that H; = 0. Furthermore, for fixed 0 < r < a there are two
positive constants C'; and Cs such that

Crp(2)| ()] < MOg,(f)(2) < ngesgp( )p(€)|f’(€)\-

Therefore we have the following theorem on Hankel operators with conjugate holomorphic symbols. The
case where ¢ € BDK and p = ¢ = 2, was previously obtained in [9].

Theorem 5.6. Let ¢ € Wy with \/%@ ~ p € Ly, and set s =
feSNHD), the following statements are true:

(i) For p < q, H7 is bounded from AY to L if and only if p?stLfl € L H? is compact from AL
to LY if and only if lim. 1 p**T' f'(2) = 0.

(ii) Forp > gq, H7 is bounded from AY, to LZ if and only if Hf is compact from AL to L% if and only

if pfl € L+,

for 1 < p,qg < oo. Then for

A

1
q

Acknowledgements The first author was supported by National Natural Science Foundation of China (Grant
No. 11771139). The second author was supported by Ministerio de Educacién y Ciencia (Grant No. MTM2017-
83499-P) and Generalitat de Catalunya (Grant No. 2017SGR358). Part of the work was done while the first
author visited the Department of Mathematics at University of Barcelona to which the first author expresses
thanks for the hospitality and stimulating environment. The authors thank the referees for their careful reading

and helpful suggestions.

References

1 Arroussi H. Function and operator theory on large Bergman spaces. PhD Thesis. Barcelona: Universitat de Barcelona,
2016

2 Arroussi H, Park I, Pau J. Schatten class Toeplitz operators acting on large weighted Bergman spaces. Studia Math,
2015, 229: 203221

3 Borichev A, Dhuez R, Kellay K. Sampling and interpolation in large Bergman and Fock spaces. J Funct Anal, 2007,
242: 563-606

4 Chen S, Shaw M. Partial Differential Equations in Several Complex Variables. AMS/IP Studies in Advanced Mathe-
matics, vol. 19. Providence: Amer Math Soc, 2001

5 Constantin O, Ortega-Cerda J. Some spectral properties of the canonical solution operator to & on weighted Fock
spaces. J Math Anal Appl, 2011, 377: 353-361

6 Constantin O, Peldez J A. Boundedness of the Bergman projection on LP spaces with exponential weights. Bull Sci
Math, 2015, 139: 245-268

7 Constantin O, Peldez J A. Integral operators, embedding theorems and a Littlewood-Paley formula on weighted Fock
spaces. J Geom Anal, 2016, 26: 1109-1154



442

10

11

12

13

14

15

16

Hu Z J et al. Sci China Math  February 2022 Vol. 65 No.2

El-Fallah O, Mahzouli H, Marrhich I, et al. Asymptotic behavior of eigenvalues of Toeplitz operators on the weighted
analytic spaces. J Funct Anal, 2016, 270: 4614-4630

Galanopoulos P, Pau J. Hankel operators on large weighted Bergman spaces. Ann Acad Sci Fenn Math, 2012, 37:
635-648

Hu Z, Lv X, Schuster A P. Bergman spaces with exponential weights. J Funct Anal, 2019, 276: 1402-1429

Hu Z, Wang E. Hankel operators between Fock spaces. Integral Equations Operator Theory, 2018, 90: 37, 20pp
Luecking D H. Characterizations of certain classes of Hankel operators on the Bergman spaces of the unit disk. J
Funct Anal, 1992, 110: 247-271

Luecking D H. Embedding theorems for spaces of analytic functions via Khinchine’s inequality. Michigan Math J,
1993, 40: 333-358

Pau J, Peldez J A. Embedding theorems and integration operators on Bergman spaces with rapidly decreasing weights.
J Funct Anal, 2010, 259: 2727-2756

Pau J, Peldez J A. Volterra type operators on Bergman spaces with exponential weights. Contemp Math, 2012, 561:
239-252

Zhu K. Operator Theory in Function Spaces, 2nd ed. Mathematical Surveys and Monographs, vol. 138. Providence:
Amer Math Soc, 2007



